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Abstract

This article comprises of four parts. First, it presents the essentials of DMFT algorithms in classical
Euclidean field theory, with Gibbs measure and Ising models. Second, it discusses an approximation
method to the interacting particles. Third, it investigates an extended impurity problem. The Legen-
dre dual correspondence, properties and formalism of Luttinger-Ward functional, and ®-derivability of
physical quantities are proposed and verified. Finally, this article ends with a revised iterative DMFT

to compute this extended model.

1 Introduction

Traditionally, Feynman’s diagrammatic expansion of many-body perturbation theory provides an universal
method to compute physical quantities [2] in any statistical systems [4, 10]. But such diagrammatic ex-
pansions are, unfortunately, only formal. On the one hand, divergence and renormalization destroys the
strictness of mathematics. On the other hand, applying this method to extremely large systems in statistical
mechanics becomes impossible, see also [11].

However, we could still extract information from this model (i.e. Gibbs measure) by omitting weak
interactions between clusters among the particles. Then we give the local Gibbs measures and tensoring
them in the hope that we retrieve the original local Green’s functions and first moments. The methods we
adopt is the DMFT algorithms that we introduce the following sections. For an exposition in this direction,

see [3, [12].

2 Basic Settings

Let M = RL, v = (Z(¢c—1)L+41, - - - » Tcr) and define the generalized interaction measure

R
du(z) = e"2% Az H Z dé(z. — o)

e=1ge{-1,1}F

where du(z) specifies the global setting. and the partition function

Z= /R du(z)



Theoretically, we could also attempt to compute the global Green’s correlation function G € RM*M

G= <mxT># = %/RM zxldp(z)

But we want to avoid this tremendous computation [6], and approximate this global Ising model into local

impurities. In other words, we define the measure du.(x.), c=1,..., R on RY for each impurity such that
dp(z) = dpr(21) ® - - @ dug(er)

in the sense that we retrieve each of the ¢! diagonal L x L block in the original Green’s function with

dpe(z.). Hence, for each ¢ = 1,..., R, in principle, we want to find A, € REXE such that

dpe(we) = e 37 AetbITe N7 45(x, — o).
oe{-1,1}L

Notice that we call A, € REXE the exact hybridization, with which we retrieve the original ¢** block of the

global Green’s function in RM>*M | Hence, our aim is to choose A, such that
Ge = Gldpc(ze)] = Gldp(z)]e,

where

G, = <:chT

= Z ooTe30(ActAc)a” Z e 30(ActA)o”
He

oce{-1,1}F oce{-1,1}&
This computation is confined in the L x L case, which makes life easier. And we could use the Metropolis

algorithm to numerically solve G, once we know A..

3 Introducing DMFT Algorithms

In order to compute A, € RE*L we use the DMFT algorithm. First, we choose the initial value
AL =o.
Then the initial impurity measure

d,ugo) (ze) = e~ 3% Acte Z ddé(z. — o).

oce{-1,1}%
And the initial ¢*® impurity partition function
20 = [ G@@y= I i
RE oce{-1,1}%



And then follows the initial ¢t block Green’s function

_1 s 1 T
GO = <ICLI:Z>M = E ool e 2040 E e 204
oce{—-1,1}F oce{—1,1}%

Since A, + AEO) = A, +— Et(:o) via the Legendre correspondence, we have
S0 = A+ A0 — (@),

by Dyson’s equation. Then we use the direct sum of {EEO); c¢=1,...,R} as an ansatz for the self-energy of

the original Ising model

2O = P =4, +AD].
1<c<R

Then by the Dyson’s equation for the global setting, we have
GO = (A+A® —nOH~1,

Notice that theoretically A(© € RM*M should vanish. But we want a better approximation. Considering
that the global setting satisfies diag(G) = Idys, we could implement A(®) = diag(A(?)) and diag(G(®)) =
diag((A + A© — xON=1) = 14,,.

Then, let 7. : RM — R be the canonical projection map onto ¢ L-dimensional subspace. We have
AN =xO A+ (7.GO7xT)7L

Hence the iteration continues and Vn € N,

G = (wal) = Y oot ATADIT [ SN ek a0,
© ee{-1yr ce{—1,1}L

And the self-energy,
B = A+ AW — (G~

as well as

o= =i,

1<c<R

And the global Green’s function,
G = (A4 AW — M)~

And the exact hybridization,
AGHD =500 — A, 4 (r,GOVRTY

)

where A ¢ RM*M A — diag(A\(™) are similarly defined as A®) to ensure that diag(G(™) = Idy;.
Notice that we could use Metropolis algorithm to solve explicitly for A once we are fully convinced that

a unique A = diag(\(™) exists.



Notice that Vn € N, G = (A 4+ A — 2= Hence, we know

diag(G"™) — Idy = diag((A+A™ —£00)1) —Tdy
= diag((A — 2™ + diag(\(™)) 1) = Idas
= an(/\("))

where
Fu(A™) = log det (A (O diag()\(”))> - 3 .
1<i<M

Since the map A — 3 )\Z(-") is convex, and since the map A" — logdet (A —xm 4 diag()\("))) is
1<i<M

strictly concave on its domain {\("") € RM; det (A - %M 4 diag()\("))) > 0}, which is a convex set in RM.
Therefore, we could say there is at most one unique maximizer (also denoted as )\(")) of f, : RM — R.
Since the smoothness of f,,(A(™) is obvious, we know immediately that diag(G(™) — Idy; = V£, (A™) =0

because a maximizer is always a stationary point.

4 Interaction Potential Approximation

The Ising model incorporates measure ;o and ji. respectively on RM and RZ, which are not absolutely
continuous with respect to the Lebesgue measure [7]. And this singularity prevents us from using ordinary
methods discussed in the dissertation paper. Hence, we want to find a way to approximate the local singular
measure i, with a measure 7. , on RL, parametrized by a > 0, which is absolutely continuous with respect
to the Lebesgue measure. This section proceeds the previous work of [13].

For Vn € N, we have

dul™ (z,) = e~ 3% (ActA e > dé(z.— o).

oce{-1,1}&
‘We choose
1 & 1 &
Ug(z.) = 5 > i - 1)(af - 1) = i > 6 = 1)(af - 1).
i,j=1 i,5=1

This is the interacting potential energy what we will use to approximate the measure p.. Then, define

dﬁgﬁy) (zc) =€ 32 (At AT )ze—ale(we) 4y

Notice that dngg (x.) — d,ugn) (x.) weakly as & — oo. Therefore, any proper integral with respect to dngla)

converges to its integral with respect to du&n) in R because of the weak convergence.

Now choose a > 0 large enough. We know that aU.(x.) satisfies the strong growth condition. Hence
dom Q) = SL. Moreover, we have the Legendre correspondence A, + A «— G under the potential
energy aU.(z.), where ngo)l = <xcch>ngg And by the above discussed weak convergence of measures, we
are confident that

lim G =G,

a—0o0



where Gﬁn) is the local Green’s function for ut(:n) discussed above.

5 Adding a Linear Term

When H(z) = 22* Az + a*z + U(z), where U(z) satisfies the weak growth condition, we have

Z[A,a] = /e_H(“’)dx,

as well as
Q[A,a] = —log Z[A, a],
as well as
1
GlA,a] = (za™) = m/xw*e_ﬂ(‘”)dx,
as well as

oA = (o) = o [me T an,

We want to compute the self energy X[G, g] and oG, g] such that the probability measure

du ~ e%m*(AfE)xf(afo')*szj

modulo normalization, up to the same second moments G and first moments g with the probability measure
1 —H
me () dx.
Notice that dg turns out to be a Gaussian and hence du ~ e~ 2(#=9)"(G=99") " (@=9) gy, Therefore,
through matrix algebra, we calculate ¥ = A — (G — gg*)~! and 0 = a + (G — gg*) g, see [14]. We want to

consider the transformation rule for this setting e~ ") dz, but we need to define some corresponding

1
Z[A,a]
physical quantities first.

Define G : M1 N My — Sj_v such that G(u) = f:ca:*du, which is specification of second moment. Define
P : My N My — RY such that P(u) = [ zdu, which is the specification of first moments. Notice that the

Legendre dual

FiGg=  sw [H@—/U@}
peG-HG)NP~1(g)

where H(u) denotes the differential entropy, and hence we have

d
FlG.g)=  swp [/M%‘ﬁw/Uw]
HEG—H(E)NP~1(g) dA

where d\ refers to the Lebesgue measure.

When U = 0, we have F[G,g] = sup H(u). Notice that the random variable X achieving
negG=H(G)NP~1(g)
the maximal differential entropy such that E[X,;X,] = G;; and E[X;] = g; follows a Gaussian distribution,

ie. X ~N(g,G— gg*). Hence,

1 N
FIG,g] = 5 Trllog(G — gg*)] + ) log(2me).



Then, for general U : RN — R, we define the Luttinger Ward functional
®[G,g,U] = 2F[G, g] — Tr[log(G — gg*)] — N log(2me)

Going back to the definition of F, we express ® as

D[G,g,U] = —N log(2me) — log[det(G — gg™)] + 2 sup {H(u) — /Udu}
HEG-1(@)NP~1(g)
= —Nlog(2me) — log[det(G — gg*)] — 2 inf 1 +U)pd
og(2me) — log[det(G — gg*)] U S [/( og(p) +U)p x}
= —Nlog(2me) — 2 inf log[(det G — gg*)Y/2p] + U d].
osere) -2t | [ ogl(der - gg7) 20 + D)

Let C = —N log(2me), then we want to formulate the transformation rule for the setting e~*(*)dz. Suppose
T :RN — RY is a linear isomorphism. Then

O TGT*,Tg, U] =C —2 [/(log[(det TGT* —Tgg*T*)"/? . p| + U)pdx}

inf
pdzeG— 1 (TGT*)NP—1(Tyg)

=C-2 (log[(det G — gg*)*/? - |det T - p] + U)pdx]

inf [/
pdzeG—1(TGT*)NP~1(Tg)

Consider the change of variable:

{p:pdz e GHTGT)NP HTg)}={p:|detT|-poT € G HG)NP g)}
={|detT| ™ - poT ' :pdz e GHG) NP (g)}.

Because pdz € G"HTGT*) <= [aza*pde = TGT* < [Tyy*T*p(Ty)|detT|dy = TGT*, where we
let # = Ty <= |detT| - poT € G~Y(G). Similarly, we know pdz € P~1(Tg) <= [axpdz = Tg <~
[ Typ(Ty)|det T|dy = Tg, where we let x = Ty, <= |det T|po T € P~*(g). Hence we have verified that

{p:pdz € G HTGTHYNP (Tg)} ={|detT| ™" - p oT " : pdz € G-HG) NP (g)}.
Hence,

DITGT*, Ty, U] =C —2 [/(log[(detG — gg*)Y? - |det T - p] + U)pdx]

inf
pdz€G—1(TGT*)NP~1(Tg)

=C-2 [|det 7)™ /(log[(det G—gg)? poT 4+ U)po T_ldx}

inf
pdzeG—1(G)NP~1(g)

—C -2 [/(log[(detGgg*)l/z ~p]+UoT)pdx]

inf
pergfll(Icl}')ﬂpfl(g)

= [G,g,UoT).

Hence we have verified the transformation rule for Luttinger Ward functional in this setting.
Before investigating the sparsity patterns of impurity models, we present a natural consequence of the

first moments.



Consider URP — R, depending only on the first p variables. Then,
1 — X
g2 = E/xge H(z) qy

]. 1% *
= E//x2e—§iﬂ Azx—a w—U(wl)dxldxz

1 « . wq—1 -
= Z 3;26_%1‘11411;81—a17;1—U(w1)dx16%(a2+A21w1) A, ((L2+A21.'L'1)e—%y21422y2dy27

where Y2 = T2 + A2_21(a2 + A21£171) and T2 =Yg — A2_21 ((ZQ + Agll‘l). Then,

1 (e 1 1
E/xge H@)qg = E//yge 2y2A22y2dy2dx1

_ %//Aggl(GQ +A21x1)e—%wff411$1—af$1—U($1)e%(@2+A211’1)*A;21(a2+A21l’1)dm1dy2
= —A5 (a2 + Anign).-

Hence, Asags + A2191 + a2 = 0. Notice this result is quite consistent with the two known scenarios where
U:RYN - Rand U = 0. In the first case, everything on the left-hand side vanishes. In the second case,
A= Ay and we have g = go, e H@dz ~ e~ 27 Az 2 qp o N (—A~1a, A7),

Now we come back to discuss the sparsity properties of the impurity model U : R? — R. We have
verified the transformation rule that VT € GL,(R) = ®[T'GT*,Tg,U] = ®[G,g,U o T).

As for the projection rule, we cannot brutally apply the canonical projection map 7 : RY — RP to the
transformation rule. It is routine to give a rigorous but lengthy proof, but an intuitive reasoning may be more
appealing. In a word, we could imagine there is a sequence of linear invertible maps {T} : k € N} C GL,(R)
such that T}, — 7 is a proper sense of metric. Notice that the limit, if exists, must be unique, since GL,,(R)

is a Hausdorff space. Intuitively, we have
O[rGr*, g, U] = klim OT.GTy, Ty, U] = klim DG, g,U o T},] = [G, g,U o).
—00 —00

Hence, ®y[G, g,U] = ®,[G11, 01, U] given that U : RY — R.
The above paragraph provides intuition to understand the projection rule via an informal application of
the transformation rule. However, a more rigorous proof is presented below to complete the picture. Since

(G —gg*) € SV, and gg* € S}, we know G € S% . And write
G G
a— 11 12
Ga1 Ga22
We know (17 is invertible and define

Id 0 ~ G11 0 ~ g1
T = 1 3 G = 1 y 9= —1 :
GGy Id 0  Ga2 — GGy Giz g2 — GGy g1

Then, TGT* = G and Tg = g. Hence, via transformation rule,

dy[G,g,U] = n[G,5,U o T] = ®x[G, 3, U].



Since U : R? — R depends only on the first p variables. Notice that Gis block-diagonal with the same upper
left block as G, and g has the same first p entries as g, we could consider block-diagonal second moments

cases. So now we assume that G € Sﬁr\’+ with
Guii O g1
G = , g= .
( 0 G22> (92

PGVl = s [0 - [va],
HEGN (G)NPR' (9)

Recall the expression for the dual,

Next we define m; : RV — R? and 79 : R — R? to be the projections onto the first p and last ¢ components,
where ¢ = N — p, respectively. Then, with m #p and mo#u being the marginals of p with respect to the
product RY = RP x RY. Recall the inequality for differential entropy H(u) < H(mi#u) + H(ma#tu). Also
notice that m#u € G, *(G11) NP, (g1) provided that p € Gy (G) NPy'(g). Finally, with U : R? — R, we
know [Udp = [Ud(mi#p).

Then,
PGVl S sw (e + Hlnt) ~ [ Udimsi)
neGRH(G)INPR(9)
< sup [H(Ml) - /Ud,ul} + sup H(p2)
w1 €G, M (G11)NP,  (91) w2€GT H(Ga2)NPy  (g2)

= Fp[G11,91,U] + %log ((2me)N =P det Gaa),
where det G = det G11 det Gos. Hence,
PN[G, g, U] < ®p[Gi1,91,U].
Conversely, Vi, € gp_l(Gn) N 7;1]—1(91)’ choose ps € N (0, Ga2) and choose dp = dpg ® dpuo.Then,
FnlG,g9,U] > H(u) — /Udu =H(pu) — /Udm + %log ((2me)N P det Gao).
Since py is arbitrary in G, ' (G11) NP, (g1), we take the supremum over j; and

1
.FN[G,g, U] > ]:p[G11791,U] + 5 log ((2W6>N—p det ng)-

Hence,
@N[Gvga U] Z (I);D[Glla g1, UL

which proves the quality and verifies the projection rule.



Here we comes to our result of sparsity pattern, the formalism of self energy. Notice that

3G Ul o
EN[G,Q, U] = %vﬁbN[G,g, U] — < P[ 11, 91, ] )

0 0
and

O'N[Gag7 U} = a+G71g
=a+(A—XnN)g

_ ai n A A g1 i Ep 0 g1
as Aty Ags ) \—Ay (ag + Asi11) 0 0) \Ax (a2 + Az1g1)

where o = a1 + (A1 — A12A2_21A21 +X,)01 — A12A2_21a2. Hence we have verified the sparsity pattern for
this setting.

Notice that the above discussion of the sparsity patterns of self energies follows a rather conceptual
approach. And we may switch to another avenue which involves more computations. Remember that
Y=A-(G-gg") tand o =a+(G—gg") g

For the sparsity pattern of X, we want to show that 315 = 0, X5 = 0, and X35 = 0. We could show that
(G — gg*)5y = Aoy and (G — gg*)13 = A12. Notice that ¥15 = 0 iff X = 0. Equivalently, by multiplying
both sides by (G — gg*), we need to show that [(G — gg*)A]12 = 0pxq and [(G — gg*)Al22 = Id,.

Notice that (G — gg*)A = (xz* — gg*) A, and

* * * * * * A12
[(zz" — gg*)Al12 = {1’1 (ml xg) -0 (91 92)] <A22>
as well as

[(zz™ — gg™)A]22 = [$2 (xf x;) — g2 (gf g%‘)} (j;j) .

A
Moreover, Agzgs + Az191 + a2 =0 = (gik g;) <A12> = —a}. And of course we know that
22

* * A12 * *
(:vl xg) =x7A12 + x5A0.
22
Choose y3 = x5 + A2_21 (as + As1x1) and we see that

[(xz™ — gg™)Al12 = 21y5 A22 — (1 — g1)as,

as well as

[(z2* — g9") Alaz = yays Azs — Asy (a2 + As1m1)y5 Ass — (Y2 — g2)as + Azy (ag + Azia1)as.



Then,
1 1 .
[(G — gg*)A]12 — E /xlefgwlAuanfalzlfU(a:l)

1 * AL - —L1.*A.
% (/y;ez(azﬁ-Amml) Ads (ﬂ2+A2111)e 2y2A22y2dy2>A22dx1

1
-7 /(:cl —g)aze @z =0

and
(G —g9")Al22 = %/eféqf‘llwl*aimrU(wl)

X (y2y;‘eé(a2+A21$1)*Azgl(a2+A21$1)e—%y;A22y2dy2) A22dx1
1 -1 —Lat Az —alx,—U(zq)

— E A22 (CLQ + Agll’l)e 271 1

% (/y;e%(112+A21’£1)*A221(a2+A21$1)e—éySAzzyzdzD)Aszxl

1
- /(yz — g2)aze” M@ daydys
1

+ E /A2_21 ((12 + A21$1)a;€77{(m)dl’1dy2

= Agy Aoy + goas + Ay asal + Azy Asigras
= qu — A2_21 (ag + Azlgl)l]; + A22a2a§ + A2_21A2191a§
— Id,,

which is equivalent to say that Y15 = 0 and Yoo = 0. Therefore, we reach our conclusion that Xy =

¥, 0
( Op 0). And the sparsity pattern that oy = (00]0 ) follows easily from the sparsity pattern of ¥y and

simple calculations.

Moreover, if we return to our statement of the transformation rule, we are confined to the case where the
transformation T' € GL, (R) is general linear. In fact, other cases may occur. Consider an affine transform
¢ : x +— Tz + b, where T is invertible and b € RY. And we want to explore any similar results to the
”transformation rule” for the Luttinger Ward functional when the map ¢ is not necessarily linear.

Now,

(G, g,U o ¢] = 2F[G, g] — Tr[log(G — gg*)] — N log(2e)

=C-2 inf 1 det G — gg* 1/2 U d
pdxegfll(rcl:)mpfl(g) [/( og|(de 99%)""7pl + U o p)pdz
=C —2|detT|™* inf /1 det G — aa™)1/2 4y 1]
et pdzeg—1(G)NP-1(g) { (log](de 99" ) "po ¢ |+ U)pog dx

Consider the change of variables

{|detT|™" - poo™: pde € GHG) NP (g)} ={p: |det T| - pod € GH(G)NP ' (g)}
={p:pdx € G H(TGT* + Tgb* +bg*T* +bb*) NP~ (Tg +b)},

because |detT| - po ¢ € G~HG) NP~ g) <= [za*p(Tz +b)dz = G - |det T|"" and [ zp(Tx + b)dx =

10



g-|detT|™" = J(yy* — yb* —by*)pdy = TGT* — bb* and [(y — b)pdy = Tg <= [yy*pdy = TGT* +
Tgb* 4+ bg*T* + bb* and [ypdy = T'g + b, which verifies the change of variables.

For simplicity, we denote the condition that pdz € G=HTGT* + Tgb* + bg*T* + bb*) NP~ 1(Tg + b) as
pdz € P. Then,

®[G,9,Uoc¢] =C—2 inf {/(log [(det G — gg*)l/Q\detT\p] + U)pdx].
pdxelP
However,
|det T'|(det G — gg*) = det (TGT* + Tgb* + bg*T* +bb* — (T'g+b)(Tg+ b)*)
Therefore, we reach our conclusion that
D[G,g,U 0 @) =P[TGT* +Tgb* 4+ bg*T* + bb*,Tg+ b, U],

where = ~23 Tz + b is our affine transform.
In the old setting where H(z) = 12*Ax + U(z), we have established the Legendre correspondence

relations VF[G] = A[G], VQ[A] = G[A] and ®-derivative X[G] = 1V ®[G, U]. When we add a linear term
1

to our new Hamiltonian, it becomes H(x) = ;2" Az 4 a*z + U(x).

In this new setting, we would like to know whether there exists any similar relations among these physical

quantities. Now, the partition function Z = f e M@ dz. And the free energy

1
O[Aya] = —logZ = — /exp{—2z*Az —a'xr — U(z)} dz.
By matrix differentiation, we see
1 *  —H(z)
VAQ[A,Q]:E zx'e dz =G

and
1
VoA, a] = Z /xe‘H(I)dm =g.

And given the Legendre dual

FlG,g] = sup [H (1) — / U du]

neg—H(G)NP~1(g)

via a delicate analysis of concave functions, we find
VeF[G,g] =A, and Vy F[G,g| =a.

In this regard we have shown the mapping (A4, a) — (VaQ, V,Q) with its inverse (G, g) = (Vg F, VgF).

Moreover, we already know the Luttinger Ward functional

DG, g,U] = 2F[G, g] — Tr[log(G — gg*)] — N log(2me).

11



Then,
1 1
5Ve® = Ve FIG,g] — 5Ve Tr[log(G — gg™)]

=A-(G-ygg") "

On the other hand,
1 1 *
ivg@ =V, FlG, 9] - ivg Tr[log(G — gg”)]

oy 1
=a—(G-gg) "5 (~29)
=a+(G-yg9" )9,
where we use the result that the differential of the map g — gg* is the linear map g — ¢g. Hence, the

®-derivable self energies
1 1
§VG(I) =2, and ivgé =0.

Now we discuss the DMFT algorithm in this setting. Consider M = RL, and the interaction U, : z. €
RY — Ud(xe), c=1,--- , R satisfying the weak growth condition. We define the Gibbs measure

d,u(x) _ e*%w*Amfa*g; H erC(wc)dwc.
1<c<R

We want to compute the exact hybridization A € RM*M and § € RM such that the other measure

1 ,.% *
® d,U/C(xC) — H e_ixc(Ac‘i‘Ac)xc_(achéc) xc_Uc(xc)dxc
1<c<R 1<c<R

RE*L and first moments g. € R”.

has the same diagonal (local) Green’s functions (second moments) G, €
We are interested in the case where the interactions are extremized, forming into an Ising model. But of

course, there is now an extra linear term in the Hamiltonian. Hence, from the given global Gibbs measure

R
dp(z) = e~z Az—a’z H Z dé(z. — o),

e=1ge{-1,1}L

we want to compute the (local) exact hybridization A, € RF*% and §, € R” such that the product measure
®§:1duc(xc) has the same second moments G. € REXL and first moments ge € REL as the original measure,

where

d,Uc(IEc)) _ 67%12(AE+AC)IC*(achac)*ccchc(mc) Z 5(1,6 . U).
ce{-1,1}F

Hence, given the explicit solutions {(A.,d.),1 < ¢ < R}, we have

_ 1l _ * 1 _ *
Gc _ <xcx:>uc _ § : cote 3% (Ac+Ac)o—(ac+6.) 0/§ e~ 3% (Ac+Ac)o—(ac+d:) o
o

oce{-1,1}&

as well as

_l * _ * _l * _ *
go = <xc>uu _ Z ce 2° (Ac+Ac)o—(ac+68.) U/Ze 50" (Ac+Ac)o—(ac+de) o

ce{-1,1}F o

12



Given the above discussions, we come to the DMFT algorithm to compute the exact hybridization
{(A¢,8.),1 < ¢ < R} and hopefully we could approximate the product measure ®% ;du.(z.).
Initially, we choose Ago) =0, 5£0). Then,

dp{ (z.) = e 3T Actemaz e Z dé(z. — o).
oce{-1,1}F

And we compute the (local) partition function

ZéO) — /d‘ug()) — Z e*%a*Acafa:J'

oce{—1,1}%

And the (local) 2"¢ and 1! moments

G = (rexg) @, and gt = CONOR

Remember that we have the global relations
A—(G—-gg) ' =%, and a+ (G —gg*) 'g=0.

Then we define
DO = e+ AP - (G - g0g0)

as well as
O_(O) ae + 5£0) + (G((:O) o g((:O)gl(cO)*)—lggO)

° =

Then, via the direct sum, we define

50 = @ 20, and 0= @ 0.

C C
1<c<R 1<c<R

Hence we wet the iterative (global) 2" and 1% moments

GO = (A+AQ — O™ 4 (e, g) (@, gl0%)

C C

as well as
9 = ((0%,G) — (@19 (@ ,6{7%)) (6@ - a).

Let m. : RM — RE be the canonical projection to the c¢t” cluster, we define the iteration
A&l) = Zz(:O) — A+ (WCG(O)W: - ch(O)g(O)*W:)_l

as well as
50 = 60 — a, — (1 GOn: — 1og@ g0 72) L (@),
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Hence the iteration continues and Vn € N,

G — (zea) . = Z gote— 30 (ActAI)o—(acts(™) o Z e 30 (At A )o—(ac+6{) o
c T \TeTelug
oce{-1,1}% ce{-1,1}F
as well as
g(n) _ <xc> .= E ge_%U*(AC+A(C7L))0'_(GC+5£"))*O' e—%a*(AC—&-AS”))U—(ac+5§”>)*a
c 1 E °
oce{-1,1}F oce{-1,1}F

And the n*" (local) self-energy,
B = Ao+ AL - (GI) - gl

as well as
O'gn) = a, + 5£n) + (ng) _ gﬁ")gﬁ”)*)_lg,@”)-

And the n'”* (global) self-energy comes from direct sums

2= @ 20, and o™= P o

1<c<R 1<c<R

And the 2% and 1%t moments
G = (A+ AW — x4 (@ gyl g,

as well as
9" = ((@F,GM) — (@, gi) (@ 1gi)) (™) — a).

And the iterated exact hybridization,
AP =5 A 4+ (1,GM 7 — g™ g )L

as well as
5D = o) g (. G — g™ gy (g ()Y,

where A € RMXM A" = diag(A(™) are similarly defined as A®) to ensure that diag(G("")) = Idy;.
Notice that we could use Metropolis algorithm to solve explicitly for A once we are fully convinced that

a unique A = diag(A\(™) exists.

6 One-Site Clusters

Consider the Ising model [I] with 1-site clusters. This model may not seem to be very good approximation, in
the sense that all quadratic part of the hybridization {(Ag,d.),1 < ¢ < R} vanishes. So there is essentially

one variable. Other very important phenomena and formulations are also presented in [B [8, []. These

14



references mark essential progress in Statistical Mechanics.
In this setting, L =1, and M = R, 1 < ¢ < M. Choose A&O) =0, (550) =0, and

d,ugo) (z) = Z e 3 Al —acm, dé(z. £1).
oce{-1,1}%

Then the initial partition function

as well as

gl® = <xc>u£°) =22
And then the initial self energy
ZEO) =A.—(1- tanh? a)t=A, - cosh? a.

as well as

020) =a.—(1- tanh? ac)*1 tanha, = a, — cosh a. sinh a,.

And via direct sums,

SO = P 50 = A, Idy — diag(cosh® ac, 1 < ¢ < M),

1<e<M
as well as
A @ o =4 — (coshacsinha,, 1 < ¢ < M)T.
1<e<M
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