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Text S1. The 3D-HBP-SPH numerical model of debris flow  

To supplement the 3D-HBP-SPH numerical model of debris flow described in the main text, 
we briefly review the basics of this model here. 

The 3D-HBP-SPH model refers to a numerical model used to describe the dynamic 
process of debris flow. The main feature of this model is that under the Lagrange form, the 
three-dimensional smooth particle hydrodynamics (3D-SPH) calculation framework is 
integrated with the Herschel-Bulkley-Papanastasiou (HBP) rheological model of debris flow. It 
is well known that in the 3D-SPH method, debris flow and other fluids are regarded as 
continuous incompressible fluids, characterized by a group of discrete particles, whose 
behavior can be described by solving the Navier-Stokes equation, which can provide a 
solution to obtain velocity fields in three dimensions. In addition, the HBP rheological model 
can more comprehensively reflect the possible nonlinear rheological characteristics of debris 
flow slurry under large deformation. Moreover, the HBP rheological model has better 
convergence than the Bingham model.  

Therefore, the 3D-HBP-SPH model combining the above two advantages can effectively 
describe the dynamic process of debris flow under various complex conditions, our previous 
study (Han et al., 2019) has shown that the 3D-HBP-SPH model has good applicability in the 
analysis of the dynamic process of debris flow. 

The HBP rheological model is expressed as follows: 

𝝉𝝉𝜶𝜶𝜶𝜶 = 2𝜇𝜇𝑒𝑒𝑒𝑒𝑒𝑒𝜺𝜺𝜶𝜶𝜶𝜶 (1) 

𝜺𝜺𝜶𝜶𝜶𝜶 =
𝟏𝟏
𝟐𝟐

(
𝝏𝝏𝒗𝒗𝜶𝜶

𝝏𝝏𝒙𝒙𝜷𝜷
+
𝝏𝝏𝒗𝒗𝜷𝜷

𝝏𝝏𝒙𝒙𝜶𝜶
) (2) 

𝜇𝜇𝑒𝑒𝑒𝑒𝑒𝑒 = 2𝑛𝑛−1𝜇𝜇𝐵𝐵𝛾̇𝛾𝑛𝑛−1 +
𝜏𝜏𝑦𝑦
2𝛾̇𝛾

(1 − 𝑒𝑒−𝑚𝑚𝛾̇𝛾) (3) 

𝜏𝜏𝑦𝑦 = 𝑐𝑐𝑐𝑐ℎ + 𝑃𝑃 tan𝜑𝜑 (4) 

Where, 𝝉𝝉𝜶𝜶𝜶𝜶 is the shear stress tensor, 𝜇𝜇𝑒𝑒𝑒𝑒𝑒𝑒 is the equivalent viscosity coefficient, 𝜺𝜺𝜶𝜶𝜶𝜶 is the 
local strain rate tensor, 𝜇𝜇𝐵𝐵 is the Bingham viscosity coefficient, 𝑚𝑚 and 𝑛𝑛 are the constant and 
power law index controlling the stress growth under different shear rates respectively, 𝜏𝜏𝑦𝑦 is 
the yield stress under the Mohr-Coulomb yield criterion, 𝑐𝑐𝑐𝑐ℎ is the cohesive force of soil, 𝜑𝜑 is 
the Angle of internal friction, 𝑃𝑃 represents normal stress, 𝛾̇𝛾 represents shear strain rate, which 
is defined as: 

𝛾̇𝛾 =
√2
2
𝜺𝜺𝜶𝜶𝜶𝜶          (5) 

In the Lagrange form, the Navier-Stokes equation composed of momentum 
conservation equation can be expressed as follows: 



 
 

3 
 

𝑑𝑑𝒗𝒗𝒊𝒊𝜶𝜶

𝑑𝑑𝑑𝑑
= −�𝑚𝑚𝑗𝑗 �

𝑃𝑃𝑖𝑖
𝜌𝜌𝑖𝑖2

+
𝑃𝑃𝑗𝑗
𝜌𝜌𝑗𝑗2

�
𝑁𝑁

𝑗𝑗=1

𝜕𝜕𝑊𝑊𝑖𝑖𝑖𝑖

𝜕𝜕𝑥𝑥𝑖𝑖𝛼𝛼
 

+�𝑚𝑚𝑗𝑗 �
2𝜇𝜇𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝜀𝜀𝑖𝑖𝛼𝛼𝛼𝛼

𝜌𝜌𝑖𝑖2
+

2𝜇𝜇𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝜀𝜀𝑗𝑗𝛼𝛼𝛼𝛼

𝜌𝜌𝑗𝑗2
�

𝑁𝑁

𝑗𝑗=1

𝜕𝜕𝑊𝑊𝑖𝑖𝑖𝑖

𝜕𝜕𝑥𝑥𝑖𝑖𝛽𝛽
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(6) 

Where, 𝑊𝑊𝑖𝑖𝑖𝑖  represents the kernel function; 𝒗𝒗𝒊𝒊𝜶𝜶 and 𝒈𝒈𝜶𝜶 represent particle velocity and 
gravity, respectively.  

Please refer to our previous study (Han et al., 2019) for more details. 

Figures S1 to S34. Summary of fitting results for 34 sets of experimental data 
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Figure S1 to S34. Summary of fitting results for 34 sets of experimental data.   


