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Key Points:16

• A new empirical model quantifies how electron avalanches vanish because of atmo-17

spheric density variations with ∼ 10% accuracy.18

• The model limits the initial altitude of electron avalanche development for electric19

field strengths near the avalanche threshold.20

• We narrow the possible gamma-ray glow source height range with the new model21

which is valid through ∼ 0.6 to 18 km.22
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Abstract23

Relativistic Runaway Electrons Avalanches (RREAs) development depends on the ap-24

plied electric field and the environment air density. This dependency controls the RREA ex-25

ponential growth length scale. The RREA development affects the bremsstrahlung excess oc-26

curring due to the passage of charged particles through the thundercloud’s electric fields, the27

gamma-ray glow. We used Monte Carlo simulations to develop an empirical model showing28

the RREA behavior in a realistic atmospheric density profile. The new formulation shows29

how the density variation modulates the electron population under electric field strengths30

near the RREA electric field threshold. The model limits the initial RREA altitude range as31

a function of the electric field strength. The new model is valid between ∼ 0.6 and ∼ 18 km,32

covering the relevant heights to investigate the generation of ground-detected gamma-ray33

glows.34

Plain Language Summary35

Thunderclouds are energy sources for trespassing charged particles from cosmic rays.36

This extra energy gain converts itself into electron avalanches, known as Relativistic Run-37

away Electron Avalanches (RREAs), and further bremsstrahlung, the gamma-ray glow. This38

phenomenon relates to electric field strengths close to the RREA requirement. Such electric39

field requirement is density-dependent. The atmospheric density variations affect avalanche40

development, resulting in isolated avalanches by imposing limits to the avalanche’s initial41

altitude. We show how RREAs develop in realistic atmosphere density. We present a modifi-42

cation on the characteristic avalanche length under this condition. The initial avalanche alti-43

tude is crucial because it completely modifies the density profile trespassed by a descendent44

electron shower. Finally, we discuss the consequences of isolated RREAs for high-energy45

emissions and show that the electric field strength constrains the possible initial altitudes for46

the gamma-ray glow.47

1 Introduction48

The interaction between charged particles and thundercloud electric fields comprises49

the primary process of High Energy Atmospheric Phenomena (HEAP) [Babich, 2003]. Such50

interaction requires more investigation despite extensive research through the decades [Gure-51

vich et al., 1992; Fishman et al., 1994; Torii et al., 2002; Dwyer, 2003; Babich et al., 2004;52
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Coleman and Dwyer, 2006; Tsuchiya et al., 2012; Kochkin et al., 2021]. In particular, the53

gamma-ray glow is minute-long bremsstrahlung emissions with characteristic MeV energy54

from Relativistic Runaway Electrons Avalanche (RREA) [Gurevich et al., 1992; Chilingar-55

ian, 2013; Wada et al., 2021]. The RREA electric field threshold is 𝐸th (𝑧) = 𝐸th0𝑛r (𝑧);56

where 𝐸th (𝑧) is the threshold at a given altitude 𝑧, 𝐸th0 = 𝐸th (0) = 0.284 MV/m [Dwyer,57

2003; Babich et al., 2004] the threshold at sea level, and 𝑛r (𝑧) the air density at an altitude58

𝑧 relative to the sea level. Recent simulation studies indicate that gamma-ray glows relate to59

electric field strength, 𝐸S, close to 𝐸th(𝑧) [Sarria et al., 2023; Diniz et al., 2023]. Such 𝐸S60

makes the RREA development sensitive to air density variations because the electron mul-61

tiplication have an initial altitude, ℎi, where 𝐸S > 𝐸th (ℎi) and reach regions with 𝐸S <62

𝐸th (ℎi).63

We present 𝐸S normalized by 𝐸th0 in our analysis for convenience, i.e, 𝛿E (𝐸S) =68

𝐸S/𝐸th0. Figure 1 shows how the density profile creates vertical regions where the RREA69

is allowed due to altitude dependency with the vertical distance from source Δℎ = ℎi − 𝑧.70

The current work investigates RREA development in a realistic atmospheric vertical71

density profile. It shows the transition between RREA growth and decay related to the elec-72

tric field strength, 𝐸S, and the altitude 𝑧, see Figure 1. Diniz et al. [2022] showed the elec-73

trons’ spatial range extension at the levels 𝐸S < 𝐸th (𝑧), in which there is no avalanche but74

still a longer-lasting high-energy electron population. Now, we evaluate the regime 𝐸S >75

𝐸th (ℎi) transitioning to 𝐸S < 𝐸th (𝑧) due to the vertical density change. The regime transi-76

tion is related to gamma-ray glow emissions observed in Japanese winter [Wada et al., 2021]77

modeled by Diniz et al. [2023]. We show in Diniz et al. [2023] that 𝐸S ∼ 𝐸th (𝑧) are suit-78

able for the Gamma-Ray Observations of Winter THunderclouds (GROWTH) reports [Wada79

et al., 2021]. Here, we present the third of our paper series pursuing a theoretical framework80

for gamma-ray glows. The first one is Diniz et al. [2022], and the second paper is Diniz et al.81

[2023]. They are referred here to as paper I and II, respectively. We describe the number of82

relativistic electrons, 𝑁e− , as a function of 𝐸S, ℎi, and Δℎ; thus, 𝑁e− = 𝑁e− (Δℎ, ℎi, 𝐸S). Fi-83

nally, we show the physical consequences of the inhomogeneous air density upon RREA and84

discuss the corollaries regarding gamma-ray glow generation.85
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Figure 1. 𝐸th (𝑧) represented as a function of the vertical distance from the source, Δℎ, (black line) com-

pared with different electric field strength, 𝐸S, values represented by the colored dashed lines and translated

into electric field strength normalized by the RREA threshold at ground level (𝐸th0), 𝛿E (𝐸S). This figure

covers the initial altitude, ℎi, range of 0–2.5 km.
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2 Simulation setup and analysis method86

Our simulations use GEometry ANd Tracking 4 (GEANT4) version 10.4.3 with the87

standard "FTFP_BERT_EMZ" physics list [Agostinelli et al., 2003; Allison et al., 2006; Al-88

lison et al., 2016] including all the relevant physics. The simulation geometry is a cylinder89

with a 15 km radius and different heights determined by the number of air layers with dif-90

ferent discrete densities following the Naval Research Laboratory Mass Spectrometer Inco-91

herent Scatter radar (NRLMSIS) atmospheric model (https://kauai.ccmc.gsfc.nasa.92

gov/instantrun/msis). We used the standard air composition, which consists of 78.085%93

nitrogen, 20.950% oxygen, and 0.965% argon. The geometry includes a vertical, upwards94

homogeneous electric field filling the ambient varying the strength 𝐸S between 0.220 and95
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0.270 MV/m in 0.005 MV/m steps. The electric field is homogeneous and time-constant96

because existing field measurements in thunderclouds do not provide sufficient data of an97

accurate ®𝐸 profile for our simulation. The air layers have a standard 50 m thickness of differ-98

ent densities. The initial altitude of the point pencil-like electron beam, ℎi, varies from 0.7599

to 2.50 km in 0.25 km steps. The initial particles are fifty 20 MeV electrons to ensure the100

avalanche development. The electrons recording are at each interface between two air layers.101

The simulations include a 100 keV internal energy cutoff for all particles except positrons102

due to annihilation possibility. We count the electrons with energy above 1 MeV to con-103

tribute to the avalanche population and normalize the count by the initial electron number.104

Generally, the relativistic electron number, 𝑁e− , depends on the position, ®𝑥, the elec-105

tric field ®𝐸 and, the electron kinetic energy 𝜀. The variation with energy can be neglected in106

the RREA population dynamics since the relativistic electron multiplication process is the107

Møller scattering. Its cross-section is inversely proportional to the primary particle velocity,108

∝ 𝑐
𝑣1

, where 𝑐 is the speed of light and 𝑣1 the primary electron velocity making the produc-109

tion of relativistic electrons constant as the incoming electron energy increases [Sarria et al.,110

2018]. Finally, we approximate the position dependency to the vertical direction, 𝑧, aligned111

with the applied electric field.112

3 Electron avalanche development as a function of 𝑬S and 𝒉i113

The RREA population growth in a homogeneous medium is exponential, 𝑁e− ∝ 𝑒𝑧/𝜆R (𝐸S ,𝑛r ) ,114

where 𝜆R (𝐸S, 𝑛r) is the characteristic avalanche length defined in Equation 1 in meters [Dwyer,115

2003] with 𝐸S in MV/m,116

𝜆R (𝐸S, 𝑛r) =
7.3

𝐸S − 0.276𝑛r
(m). (1)

Equation 1 shows the decrease of density variations importance if 𝐸S ≫ 0.276𝑛r. The117

atmospheric density profile has a scale height of approximately 8 km [Köhn et al., 2017].118

Thus, altitude variations of 1 km correspond to ∼ 10% change in density. Such density vari-119

ations do not alter the RREA dynamics significantly for 𝐸S ≫ 𝐸th (𝑧). But, the density vari-120

ations are relevant if 𝐸S ∼ 𝐸th (𝑧) because the electron population transitions between RREA121

region and damping regions, see Figure 1. Sarria et al. [2023] and paper II relate the latter122

electric field regime to gamma-ray glows. Thus, understanding the RREA dynamics in this123

condition is necessary to describe the gamma-ray glow source.124
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Figure 2 shows the simulated number of electrons with kinetic energy higher than125

1 MeV, 𝑁e− (Δℎ, ℎi, 𝐸S), versus the vertical distance from the initial altitude, Δℎ, results for126

different 𝐸S and ℎi, indicated by the legend. Panels A refer to 𝑁e− (Δℎ, 2 km, 𝐸S) while pan-127

els B display 𝑁e− (Δℎ, ℎi, 0.265 MV/m).128

(A.1)

(A.2)

(B.1)

(B.2)

Figure 2. Number of electrons with kinetic energy higher than 1 MeV, 𝑁e− (Δℎ, ℎi, 𝐸S), as a function of

vertical distance from source, Δℎ, for different electric field strength, 𝐸S, in panel A.1 and different initial

altitude, ℎi, in panel B.1 – each one is indicated in the legends. The dots are simulation results, and the curves

are fitting models by Equation 2. The error bars follow Poisson statistics as in papers I and II. Panels A.2 and

B.2 show the respective data-to-fit ratio.

129

130

131

132

133

Equation 2 fits Figure 2 data. The fitting becomes more accurate for increasing 𝐸S due134

to a better avalanche development for 𝐸S increasingly higher than 𝐸th (ℎi),135

𝑁e− (Δℎ, ℎi, 𝐸S) = 𝑁0𝑒
Δℎ

𝜆G (𝐸S ,ℎi )

(
1− Δℎ

𝜆D (𝐸S ,ℎi )

)
. (2)
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In Equation 2, 𝜆G (𝐸S, ℎi) and 𝜆D (𝐸S, ℎi) are the growth length and damping length,136

respectively. The fitting constants show 𝜆G (𝐸S, ℎi) and 𝜆D (𝐸S, ℎi) values for each simula-137

tion.138

In particular, the RREA threshold at 2 km is ∼ 0.231 MV/m while the avalanche de-139

velopment starts to be noticeable for 𝐸S ∼ 0.240 MV/m, in our data set. Stronger electric140

fields allow RREA development in shorter space. Likewise, the fit quality also improves for141

increasing ℎi, for the same reason as mentioned previously. I.e., an increasing difference be-142

tween 𝐸S and 𝐸th (ℎi) at ℎi provides a wider space for avalanche development. The regime143

𝐸S ≈ 𝐸th (ℎi) requires a larger length than available in the RREA region because of increas-144

ing density, see Figure 1. Thus, the RREA does not develop properly, reducing the fitting145

quality.146

The altitude of 𝑁e− (Δℎ, ℎi, 𝐸S) maximum, 𝑧max (𝐸S, ℎi), can be retrieved by differenti-147

ating Equation 2 in respect to Δℎ, resulting in Equation 3,148

Δℎmax (𝐸S, ℎi) =
𝜆D (𝐸S, ℎi)

2
= ℎi − 𝑧max (𝐸S, ℎi). (3)

Figure 3 shows the dependence of 𝜆G (𝐸S, ℎi), 𝜆D (𝐸S, ℎi), and Δℎmax (𝐸S, ℎi) behav-149

ior as a function 𝐸S and ℎi, separately. Following Equation 2, 𝜆G (𝐸S, ℎi) must approach150

𝜆R (𝐸S, 𝑛r) for either large 𝐸S and large ℎi to recover the exponential growth previously es-151

tablished [Dwyer, 2003] because any of these conditions represents the regime 𝐸S ≫ 𝐸th (ℎi).152

Figure 3 panels (A.3) and (B.3) display the model accuracy through comparison be-162

tween the Δℎmax from fitting (Δℎfit
max) and data (Δℎdata

max), both normalized by ℎi. The con-163

vergence of Δℎmax to ℎi shows the RREA better development with an increasing difference164

between 𝐸S and 𝐸th (ℎi). Resulting in the approximation of Equation 2 to the already estab-165

lished Dwyer [2003] empirical formulation for high 𝐸S or ℎi, see Figure 3 panels (A.1) and166

(B.1).167

Combining the electric field strength analysis of Figure 3 (A) with the initial shower168

altitude evaluation of Figure 3 (B) we reach the multi-variable forms,169

𝜆G (𝐸S, ℎi) = 𝐵G − 𝐴Gℎi
𝛿E (𝐸S)

, (4)
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(B.1)

(B.2)

(B.3)

(A.1)

(A.2)

(A.3)

Figure 3. Growth (𝜆G (𝐸S, ℎi)) and damping (𝜆D (𝐸S, ℎi)) lengths, and the vertical distance between the

𝑁e− (Δℎ, ℎi, 𝐸S) maximum and the initial altitude, ℎi, Δℎmax (normalized by ℎi), as functions of 𝐸S and ℎi

for the cases in Figure 2. Panels (A.1) and (B.1) compare the respective growth lengths with the characteristic

avalanche length, 𝜆R (𝐸S, 𝑛r). Panels (A.3) and (B.3) compare Δℎmax retrieved from the data (Δℎdata
max) and

retrieved from the fitting (Δℎfit
max). In panels (A), 𝜆G (𝐸S, 2 km) and 𝜆D (𝐸S, 2 km) are fitted as: 𝜆G (𝐸S, 2 km)

= (0.936 ± 0.040)/𝛿E (𝐸S) - (0.835 ± 0.045) and 𝜆D (𝐸S, 2 km) = (19.872 ± 0.77)𝛿E (𝐸S) - (15.803 ± 0.699).

In panels (B), 𝜆G (0.265 MV/m, ℎi) and 𝜆D (0.265 MV/m, ℎi) are fitted as: 𝜆G (0.265 MV/m, ℎi) = (-0.089

± 0.008)ℎi + (0.347 ± 0.014) and 𝜆D (0.265 MV/m, ℎi) = (1.828 ± 0.048)ℎi - (0.889 ± 0.087). The errors are

the square root of the covariance matrix diagonal terms.

153

154

155

156

157

158

159

160

161

𝜆D (𝐸S, ℎi) = 𝐴D𝛿E (𝐸S)ℎi − 𝐵D. (5)

In Equations 4 and 5, 𝐴i and 𝐵i, with the subindex "i" relative to either growth (G) or170

damping (D) quantities, are the multi-variable fitting constants. A two variable fitting within171
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our valid data grid (𝐸S > 𝐸th (ℎi) regime) provides, 𝐴G = 0.014 ± 0.013 , 𝐵G = 0.256 ±172

0.030 km, 𝐴D = 1.508 ± 0.241, 𝐵D = 0.760 ± 0.422 km.173

4 Discussion and conclusion174

The atmospheric density variation damps the RREA development for electric field175

strengths close to 𝐸th (ℎi). The RREA region is smaller than the electric field region because176

the electron multiplication starts at an altitude of 𝐸S > 𝐸th (ℎi) and descend to locations177

where 𝐸S < 𝐸th (𝑧). An analog dynamic should be present throughout the thundercloud com-178

plex electrical structures such as the thundercloud reactor model [Stadnichuk et al., 2021].179

Equations 4 and 5 imposes geometrical limitations upon the Equation 2 model as 𝜆G (𝐸S, ℎi)180

and 𝜆D (𝐸S, ℎi) need to be positive to have physical meaning. These geometrical limitations181

are,182

𝐻S (𝐸S) =
𝐵G𝛿E (𝐸S)

𝐴G
, (6)

𝐻I (𝐸S) =
𝐵D

𝐴D𝛿E (𝐸S)
. (7)

𝐻S (𝐸S) and 𝐻I (𝐸S) are the superior and inferior limits for the initial shower altitude,183

𝐻S (𝐸S) ≥ ℎi ≥ 𝐻I (𝐸S). The limits 𝐻S (𝐸S) and 𝐻I (𝐸S) further constrain the RREA re-184

gion. And the range of possible RREA initial altitudes reduces as weaker is the electric field185

because lim𝐸S→0 𝐻S (𝐸S) = 0 and lim𝐸S→0 𝐻I (𝐸S) = ∞.186

Considering the parameter values found at the end of Section 3, the boundaries for the187

initial shower altitude from Equations 6 and 7 become 𝐻S (𝐸S) = (18.286±17.114)𝛿E (𝐸S) km188

and 𝐻I (𝐸S) = (0.504 ± 0.291)/𝛿E (𝐸S) km. The errors result from uncertainty propagation189

from the fitting parameters. These values are relative to our discrete data grid of 𝐸S and ℎi.190

Thus, a denser data grid will reduce the errors and change the boundaries. In the context191

of this work, our main interest is in gamma-ray glow ground measurements correlated with192

winter Japanese thunderclouds [Wada et al., 2021]. Hence, the boundary values cover our193

purposes.194

Figure 4 evaluates the model boundaries and validity. Panel A shows 𝑧max (𝐸S, ℎi)195

from Equation 3 as a function of 𝐸S and ℎi. The conditions that limit the model applicability,196
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𝐸th (ℎi), 𝐻S (𝐸S), and 𝐻I (𝐸S) are overplotted as dashed lines and mark the region where the197

present model is valid. The fitting quality may be measured by the difference between Δℎmax198

from the data (Δℎdata
max) and from the fitting (Δℎfit

max) using Equation 3 for the data points that199

fulfill the condition 𝐸S > 𝐸th (ℎi).200

(A)

(B.1)

(B.2)

Figure 4. Panel (A) shows the height of avalanche maxima 𝑧max (𝐸S, ℎi) as a function of electric field

strength 𝐸S and altitude 𝑧, displayed by the contour lines with values in kilometers. The dashed red line marks

the RREA avalanche threshold, 𝐸th (𝑧). The green and blue dashed lines are the model applicability superior

and inferior limits 𝐻S (𝐸S) and 𝐻I (𝐸S) showing the valid region for the present model, respectively. Panel

(B) displays the model validity regarding our discrete data grid. The upper panel (B.1) shows the relative

difference between Δℎmax from the fitting model (Δℎfit
max) and from the simulated data (Δℎdata

max) as a function

of 𝐸S (considering the condition 𝐸S > 𝐸th (ℎi) ). The lower panel (B.2) shows the difference between 𝐸S and

𝐸th (ℎi) normalized by 𝐸th0. Each color is for a different ℎi indicated by the legend in (B.1).

201

202

203

204

205

206

207

208

There are 88 simulated configurations, 52 satisfying the validity condition. Of the 52209

valid ones, 69.2% match with the fitting by a 10% difference and 80.7% within a 20% dif-210

ference. Panel B.1 outliers points show that the data and fitting agreement is sensible to how211

stronger 𝐸S is than 𝐸th (ℎi). Panel B.2 shows the normalized difference between the used 𝐸S212
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and 𝐸th (ℎi). The electric field strength, 𝐸S, must be higher than 𝐸th (ℎi) to assure the model213

applicability, thus, all the configurations above zero are valid.214

There are two error sources: (1) the model does not contemplate the particles’ hori-215

zontal displacement, and (2) the two-dimensional fitting leads to relatively large error bars in216

comparison to the average values due to the valid data grid shape, see Figure 4 panel (B.2).217

The error (1) source is negligible as the RREA threshold (𝐸th (𝑧)) is a result of the horizontal218

displacement Dwyer [2003]. Error (2) makes the single dimensional fittings of 𝜆G (𝐸S, ℎi)219

and 𝜆D (𝐸S, ℎi) (Figure 3) more accurate than the two dimensional fitting (Figure 4). Never-220

theless, we show the two-dimensional fitting to visualize the model corollary, 𝑧max (𝐸S, ℎi).221

Equations 3 and 5 show the 𝑧max (𝐸S, ℎi) behavior regarding the electric field strength222

and the initial altitude,223

𝜕𝑧max (𝐸S, ℎi)
𝜕ℎi

= 1 − 𝐴D𝛿E (𝐸S)
2

, (8)

𝜕𝑧max (𝐸S, ℎi)
𝜕𝐸S

= − 𝐴Dℎi
2𝐸th0

. (9)

Equation 8 shows a global maximum as a function of the electric field strength, 𝐸S,224

where 𝐸S = 2𝐸th0/𝐴D. Considering 𝐴D = 1.508 ± 0.241, Equation 8 is positive for 𝐸S below225

∼ 0.367 ± 0.060 MV/m. Thus, 𝑧max (𝐸S, ℎi) will increase until 𝐸S is enough to well develop226

the RREA. The fully developed RREA will decrease 𝑧max (𝐸S, ℎi) because the electrons are227

moving downwards and the population maximum will always be the avalanche final point.228

On the other hand, Equation 9 is always negative regardless ℎi value. Thus, an horizontal229

line in Figure 4 panel (A) will present a negative 𝑧max (𝐸S, ℎi) rate that decreases with larger230

ℎi.231

There is some freedom on where to consider the initial shower altitude since there is a232

constant cosmic-ray flux hitting thunderclouds at all times. The initial shower altitude is at233

the beginning of the electrified space. In the gamma-ray glow framework, This point would234

be the top of the region between the negative charge center and the lower positive charge235

center at the cloud base considering the classical tripolar cloud structure [Takahashi, 1978;236

Williams, 1989] for ground detection such as [Wada et al., 2021].237
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Winter thunderclouds in Japan have base altitude of 0.2–0.8 km [Takahashi, 1978]238

which allowed several gamma-ray glow observations [Torii et al., 2002; Tsuchiya et al., 2012;239

Wada et al., 2019, 2021]. Recently, Paper II reported geometric requirements to explain the240

gamma-ray glow spectra, reported by Wada et al. [2021], considering air with a homoge-241

neous density of ground level. The configurations include three geometric coordinates, ac-242

celeration region of vertical length, 𝐻E, electric field strength, 𝐸S and, an attenuation region243

of vertical length, 𝐻a, making a triad of (𝐸S, 𝐻E, 𝐻a). The coordinates triad that produces244

spectra closest to the observations are (0.31 MV/m, 1 km, 0.4 km) and (0.30 MV/m, 0.9 km,245

0.3 km).246

We must set the equivalent 𝐸S to transpose these coordinates to the inhomogeneous air247

situation. The values, 0.30 and 0.31 MV/m, are 1.056 and 1.091 times the 𝐸th0, respectively.248

The initial shower altitude is ℎi = 𝐻E + 𝐻a which means, for the two coordinate sets, 1.2249

and 1.4 km. The RREA threshold for these altitudes, 𝐸th (𝑧), is 0.251 and 0.246 MV/m. The250

equivalent electric field strength for the inhomogeneous air ambient should be ∼ 1.056–1.091251

times 𝐸th (𝑧) at ℎi between 1.2–1.4 km. Thus, the gamma-ray glow observations [Wada et al.,252

2021] are likely correlated with 𝐸S ranging from 0.260–0.274 MV/m which is lower than253

both the estimated values when considering homogeneous air ambient and 𝐸th0. Such elec-254

tric field strength levels produced an isolated and damped RREA determining the gamma-ray255

glow source region.256

The results from Paper II count with a null-electric field regions while the current work257

considers regions completely filled with electric field. Thus, an analysis dedicated to find258

the actual electric field strength related with Wada et al. [2021] measurements is reserved to259

future works.260

Both evaluations, paper II and the present work, consider homogeneous electric fields261

within the acceleration region. The electric field may vary in time and space. Such variations262

would modify the RREA dynamic in reality. Thus, the missing points to resolve the gamma-263

ray glow process are the electric field accurate geometry and the electric field variation with264

time inside the thundercloud.265
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Open research266

The simulations of this work use the GEANT4 version 10.4.3 available at, https:267

//geant4.web.cern.ch. The data regarding the present analysis is at the dataset Diniz and268

Enoto [2023].269
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