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ABSTRACT. In this paper, we study the existence and asymptotic properties of solutions
to the following fractional Schrodinger equation

(=A)7u = A+ |u|T 2w+ p (I * [ulP) |ulP~%u in RY

under the normalized constraint
u? = a2,
RN

where N >2, 0 € (0,1), a € (0,N), g€ 2+ 42, 2], pe 2,1+ 22F2), a >0, >0,
I, (z)=]|z|* " and A€R appears as a Lagrange multiplier. In the Sobolev subcritical case

qge 2+ %’, Nz_]\ga), we show that the problem admits at least two solutions under suitable

assumptions on «, a and u. In the Sobolev critical case ¢ = Nz_]\ga, we prove that the

problem possesses at least one ground state solution. Furthermore, we give some stability
and asymptotic properties of the solutions. We mainly extend the results in S. Bhattarai
[1](]. Differ. Equ. 2017) and B. H. Feng et al. in [21]( J. Math. Phys. 2019) concerning
the above problem from L2-subcritical and L?-critical setting to L2-supercritical setting
with respect to ¢, involving Sobolev critical case especially.
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1. INTRODUCTION AND MAIN RESULT

This paper concerns the existence of solutions (u,\) € H?(RY) x R to the following
fractional Schrodinger equation

(=A)7u = M+ u|"%u 4 g (I * [ul?) |ulP~?u in RY (1.1),
under the constraint
/ u? = a?, (1.2)
RN
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where N>2, 0€(0,1), a€(0,N), g (2+92,2;], 2; = 2L, pe[2, 1 4+ 222), 0> 0, >0
and I,(z)=|z|*"". Because of the nonlocality of the Choquard term p (I, * |u|?) |u|P~2u,
we call (1.1), the fractional nonlinear Schréodinger equation with a focusing nonlocal per-

turbation if x4 > 0. Here the fractional Laplacian (—A)? is defined as

(—A) u(z) = CxoP.V. /R ) %dgjﬁu € S(RY),

where S(RY) denotes the Schwartz space of rapidly decreasing smooth functions, P.V.
stands for the principle value of the integral and Cy, is some positive normalization
constant. The Hilbert space H°(RY) is defined as

H°(RY) == {u € L*(RY) : (-=A)%2u € L*(RM)},

with the inner product and norm are given respectively by

()= [ (M)Fu-a)fo+ / ol = (- + )

a 2 CN.& (z)
where H(—A)zu”2 = =5 [on f]RN —‘x Mheecat
Problem (1.1),-(1.2) arises from seeking standing waves for the following nonlinear frac-
tional Schrodinger equation

0 + (=A)7 = [1"*¢ + p (Lo * [Y[7) [Y~*) in R x RY. (1.3)

A standing wave of (1.3) is a solution having the form (¢, z) = e~?u(x) for some A € R
and u satisfying (1.1),. So (1.1), is the stationary equation of the time-dependent equation
(1.3). From Propositions 2.3-2.4 in [21], we know that the Cauchy problem for (1.3) is
locally well-posed.

We say that a function u € H°(RY) is a weak solution to (1.1) if

[ JeE e o=l = [l g [ (Lo al?) =0, Ve € HRY),

For fixed @ > 0, we aim at finding a real number A € R and a function u € H(RY)
weakly solving (1.1), with ||u||, = a. Physicists call a solution u of (1.1), with ||u||, = a
a normalized solution. Normalized solutions to (1.1), can be obtained by searching
critical points of the energy functional

1 o 2 % 1
E,(u) = §|I(—A)2U|Ig o /RN (Lo Jul?) [ul? — §||U||37 p=0 (1.4)
on the constraint

S, = {u e HY(RY) : [ju]|? = a2}

with Lagrange multipliers A. By the L2-norm preserving dilations wu,(z) = t2 u(tz) with
t>0, it is easy to know that
20+«

N

=2+ p=1+
q = N’p._
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is the L?-critical exponent with respect to g, p respectively. Indeed, for any p > 0, we have

inSf E (u)=-o00, if g<¢<2,orp<p<(N+a)/(N—20)
UESq
and

inSf E, (u)>—00, if 2<g<gand 1+ a/N <p<p.
UESq

Equation (1.3) is a special case of the following equation

0+ (=A)7¢ = f(|¢])y m R x RY, (1.5)

which is a fundamental equation of the space-fractional quantum mechanics, see [28]. For
o = 1/2, (1.5) have been also used as models to describe Boson-stars, see [34]. In [31],
S. Longhi proposed an optical realization of the fractional Schrodinger equation. One can
refer to [37, 38] for more information about physical backgrounds on (1.5).

Y. Cho et al. in [9] proved existence and uniqueness of local and global solutions of
(1.5) with the Hartree-type nonlinearity f(|v[)1) = (2|~ * [¢|")¢ for o € (0, N). They
also showed the existence of blow-up solutions in [8]. Some stable results of (1.5) with
FlwDw = (lz|~* = 9[> for o € (0,20) are obtained by D. Wu in [48]. For the local
nonlinearity f(|i|)¢ = [¢|* > with ¢ € (2,27%], the well-posedness and ill-posedness in
H°(RY™) have been investigated in [11, 23]. By using a sharp Gagliardo-Nirenberg-type
inequality and profile decomposition in H?(RY), C. M. Peng et al. in [40] proved that
the standing waves of (1.5) with f(|¢|)y = ]w|q72w are orbitally stable when 2 < ¢ < ¢
and the ground state solitary waves are strongly unstable to blowup when ¢ = g. In [47],
B. Thomas et al. obtained a general criterion for blow-up of radial solution of (1.5) with
F(DY = [¥|* ¢, ¢ > G while N > 2, see also V. D. Dinh in [12, 13]. For (1.5) with
combined power-type nonlinearities, i.e. f(1) = y[1|972 + plw|P~21, one can refer to
16, 50].

In [1], S. Bhattarai considered (1.1), with x>0, ¢€(2,7) and p€[2,p). Soon after, B.
H. Feng et al. in [21] also considered (1.1), in three cases: (1) p < 0,¢=¢q,p <p < 27;
2)pu>0,¢g=q1+5F<p<p;(3) p>0,2<q<q, p=p. Both the authors in [1, 21]
studied (1.1), by considering a minimization problem

lélsf E,(u) > —oo, where S, := {u e HO(RY) : |ju|f5 = a2}. (1.6)
Ucoq

They established the relative compactness of energy minimizing sequences (and hence,
existence and stability of minimizers) via concentration compactness principle (see Lemma
I.1 of [29]). Furthermore, a more general convolution potential was considered in [1]. S.
Bhattarai also generalized the existence result and the stability of associated standing
waves to a coupled system with Hartree type nonlinearities.

Recently, much attention are paid to the existence of normalized solutions to the classical
Schrédinger equations (i.e. o = 1) when the energy functional is unbounded from below on
the L%-constraint, see [25, 4, 44, 10]. In this case, the constrained minimization method used
in [1, 21] does not work any more and it is also very difficult to prove the boundedness of the
related Palais-Smale sequences. To overcome this difficulty, L. Jeanjean in [24] constructed
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a special Palais-Smale sequences which concentrates around the related Pohozaev manifold;
this localization not only leads to the boundedness of the Palais-Smale sequences but also
provide the information which is vital in compactness analysis. This method was also
adopted in [25, 4, 44, 10].

We first point out that [25] studied normalized solutions to quasi-linear Schrédinger
equations and [4, 44] studied normalized solutions to Schrodinger equations with combined
nonlinearities(i.e., taking f(¢) = — (|z|™* * [¢|?) ¥+ | [P~2¢ or [ [P~2) + [p]772¢)). In [10],
S. Cingolani et al. considered the following equation

—Au =+ yul"*u+ p (Iy = [u]?) win RY, (1.7)
where ¢ € (2,2%), v € R, p € R, Iy(z) = mm%]\] in case N > 3 and Zn(z) =
% log |z| in case N = 2. Here wy denotes the volume of the unit ball in RY. In the case of
N > 3, one can refer to [4, 26, 30, 32| for the existence and multiplicity of solutions with
prescribed L?-norm. S. Cingolani et al. in [10] mainly solve the case N = 2, i.e.

—Au =M+ y[ul"Pu+ p (log| - | * [u]?) win R*. (1.8)

It is easy to see that the associated energy functional is not well-defined on H'(R?) due to
the logarithmic convolution term. By choosing a suitable workspace

X = {u € H'(R?) | /R2 log(1 + |z|)|u(z))*dz < oo} :

they obtained several existence and multiplicity results under different assumptions on
q>2,veRand peR.

To our best knowledge, (1.1), with o0 = 1 is quite well understood in [10] and the
references therein, and the existing results on normalized solutions to (1.1), with o €
(0,1) and inf,eg, E,(u) > —oo can be summarized in [1, 21]. However, the existence
of normalized solutions to (1.1), with ¢ € (0,1) and inf,cg, £, (u) = —oc0 is still
unknown.

In this paper, we consider the existence and asymptotic properties of normalized solu-
tions to (1.1), with

o€ (0,1), u>0, ¢ge(q,2;] and p€[2,p).

o
That is, we are in the setting o € (0,1) and inf,cg, E,(u)=—o0.
To state our main results, we introduce two definitions and some frequently used con-
stants. We say that @ is a ground state of E,|g, if

dEylg (@)=0 and E,(a)=inf{E,(u): dE,[g (u) =0, andu e S,}.

The set of the ground states to E,|g, will be denoted by Z,,. We say that Z,, is
stable if for every ¢ > 0 there exists § > 0 such that, for any v, € H°(R") with
infuez,, (1Yo — vll o @ry < 9, we have

. f £ — - <
tE(T::%maz) 'Uel%a,u HQZ}( ? ) U”H (RN) 57



MULTIPLE NORMALIZED SOLUTIONS FOR THE FRACTIONAL SCHRODINGER EQUATIONS 5

where (¢, -) € C((Tmins Tnaz), H7(R™Y)) denotes the unique solution to (1.3) with (0, z) =
o(z) and (Thnin, Tinez) denotes the maximal time interval on which the existence and u-
niqueness of the solution to the Cauchy problem is guaranteed. For 2 < ¢ < 2% and
I+ <p< ]ifvj;; , we introduce two frequently used constants:
_Ng-2) o _Np-1-a L9
’7q - T 5 _ P - 5 _ - ( ° )
2qo 2po

Notice that 0 <+, <1, 0<d, <1. If §<¢<2} and 2 <p<p, we check that 2pj, <2< g,
and

C(p. q) = 2p(1 = 8,)(q7q — 2) + 2q(1 = 7¢)(L — pd,) > 0
Let us assume that pu,a satisfy the following conditions:

, - 2(1-pdp) (979—2)
% -2 _C(p,q) q(1—pdp) p(qvq—2)
(A7) pe2a" 0 < C(p, q) = [mq—zpa AT } 1 [(gwquzép)q%p] '
N —Pop
* 2p(1—6 20 2% 0pS 20
(AZ) Ha p(1=0) < N 5p(2§—2p5p)Cgp ) [plip(sp :| ’
Here A, =S ’%q, €, =S, ! while S and S, denoting some embedding constants given by
g (1-6p)
S = inf H uH2 S = inf H _ 2uH2 HuH2 " .
weie@N\(o)  ||ull3, O ueH ®INOY ([ (1, Jufe) [ufe)

For more information about S and S, we refer to [36, 17] (See also Section 2 for details).
Let ug be the ground state of Fy|g, (See Lemma 5.5). Our main results are as follows.

Theorem 1.1. Let N > 2,0 € (0,1), a € (N —20,N), g € (2+ 42,2%), p € [2,1 + 22F2)
and a, > 0 satisfy condition (A}). Then

(1) E,|s, has a critical point ,, at some energy level m(a, ) < 0, which is an interior
local minimizer of E,, on the set

Ap, = {u €S, ||(—A)%u||2 < Ro}

for a suitable Ry = Ro(a, i) > 0. Moreover, 4, is a ground state of E,|s,, and any ground
state of E,|s, is a local minimizer of E,, on Ag,.

(2) E,|s, has a second critical point of mountain pass type U,, at some energy level
o(a,pn) > 0.

(3) There exist Mgy, Moy <0 such that i, solves (L1)5,, and dq, solves (1.1)5 . Both
Uq,y and Uq, are positive and radially symmetric. Moreover, 1, is radially deceasing.
(4) m(a, ) —0~, and any ground state fi, , € Sy for E,|s, satisfies ||(—A) 21, |2 — 0 as
w—0t.

(5) o(a,p) = m(a,0) and tg, — ug in H°(RY) as p — 0%, where m(a,0) = Ey(ug) and
wg s the ground state of Fyls, .

Theorem 1.2. Let N >2, 0 € (0,1), a € (N—20,N), ¢ =25, p€ 2,1+ 22%) a,1> 0
satisfying conditions (A}) — (A3). Then
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(1) E,|s, has a critical point t,, at some energy level m(a, ) < 0, which is an interior
local minimizer of E, on the set

Ap, ={ueS,: I(=A)2ul|, < Ry}

for a suitable Ry = Ro(a, i) > 0. Moreover, 4, is a ground state of E,|s,, and any ground
state of E,|s, is a local minimizer of E,, on Ag,.

(2) There exists Aq, <0 such that U, solves (1.1)5, . Moreover, U, is positive and
radially deceasing.

(8) m(a, ) — 0=, and any ground state @,, € S, for E,|s, satisfies ||(=A)2 g2 — 0
as pp—07.

From Theorem 1.1, we know that the set of ground states of E,|s, is not empty, i.e.
Za # 0. For the subcritical case, we have the following stability result.

Theorem 1.3. Let N > 2,0 € (0,1), v € (N —20,N), g € (2+42,2;), p € 2,1 + 25+2)
and a > 0. There exists fi > 0 sufficiently small such that, if 0 < p < [i, then the set of

ground states Z,, s stable.

Remark 1.4. For the Sobolev critical case ¢ = 27, the stability of the set of ground states
is still open even for the classical case where o =1 (See [45]).

Remark 1.5. Theorem 1.1 indicates that there exist at least two normalized solutions to
(1.1), when ¢q € (g,2%), one ground state and one excited state, i.e. the solution’s energy
is strictly larger than that of the ground state. Moreover, the ground state to (1.1)y
vanishes and the excited state converges to a ground state of the related limiting equation
(=A)7u = Au + |ul92u as p— 0. Theorem 1.2 is new on the existence of normalized
solutions to the fractional Schrodinger equation with Sobolev critical exponents. For ¢ = 27
and p = 0, the related Pohozaev identity implies that (1.1) does not have any nontrivial
solutions. When it comes to u > 0, we obtain at least one ground state to (1.1),, which
vanishes gradually as y4 — 07. Since E,|g, is unbounded from below if ¢ = 2%, it could
be natural to expect that there exists a second critical point on S,, which is an excited
state as in the case of ¢ € (g,2%). Actually, we can prove the existence of a Palais-
Smale sequence for E,|s, at a mountain pass level o(a, ) > m(a, 1), but it seems difficult
to prove the convergence of such sequence. These results show that the nonlocal term
p (I = |ul?) |ulP~2u has crucial effect on the structure of the energy functional FE, and
makes the solution set to (1.1), much richer.

Theorems 1.1-1.2 mainly extend the results in [1, 21], which deal with (1.1),, from
inf,cg, E,(u) > —oo to the case when inf,cg, £,(u) = —oo, and also partially extend the
results in [10], which deal with (1.1),, from classical Schrodinger equation to fractional
Schrodinger equation. Theorem 1.3 implies that the introduction of a L2-subcritical focus-
ing nonlocal term p (I, * |u|P) [u[P"2u can stable the original unstable model (1.1), with
pw=0and q € (q,25). If u =0 and q € (¢,2%), we learn from the forthcoming Lemma
5.5 that (1.1), possesses a positive radial ground state at energy level m(a,0) > 0 for
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any a > 0. Moreover, the associated standing wave is strongly unstable since we are in
a L?-supercritical (with respect to ¢) regime (see [47, 13]). From the variational point of
view, the stabilization is reflected by the discontinuity of the ground state energy level
m(a, p): we have m(a, u) < 0 for every p > 0 small, while m(a,0) > 0. Similar behaviors
were already observed in [3, 44]. In [3], this discontinuity was created by the introduction
of a trapping potential; in [44], this discontinuity was created by the introduction of a
L?-subcritical focusing (1 > 0) local power dispersion term.

Remark 1.6. The condition o € (N — 20, N) in the above theorems is used for getting
L™ estimates and better regularity of solutions to (1.1),, which are useful in obtaining the
related Pohozaev identity (See Lemma 2.8 below). The condition (A}) in Theorems 1.1-1.2
makes sure that F, presents a so-called convex-concave geometry. Therefore, it is reason-
able to expect the existence of a local minimizer and a mountain pass critical point for
E,|s, (See Remark 1.5 for details). The condition (A%) in Theorem 1.2 is used for obtain-
ing some energy estimates, which guarantee the compactness of the Palais-Smale sequences.

The main idea of the proof of Theorems 1.1-1.3 comes from [24, 44, 45, 10] which dealt
with the classical Schrodinger equations where ¢ = 1. We now underline some of the
difficulties that arise in the proof of our main results.

It is standard as in [24, 44, 45, 10] that the Pohozaev constraint approach can tackle the
case of inf,es, E,(u) = —oo. But the first difficulty is that, we need C? regularity of
solutions to (1.1), to obtain the Pohozaev identity. For the case o = 1, (1.1)) becomes

—Au = a(z)u = I+ |[u|T*u + p (I * [uf?) |u[P~?u in RY (1.10)
where N > 2, a € (0,N), ¢ € (2, 755], p € [1 + &, 555, o > 0 and Lo(x) = [a|*N. It

is easy to check that a(z) € Lﬁéz(RN) if max{0, N — 4} < o < N, and the Brezis-Kato
theorem in [2] implies that v € L}, (RV) for all 1 < r < +oo and hence u € W (RN)
for all 1 < r < 4o00. Then, the Sobolev embedding theory implies u € Cﬁf (RY) for any
B € (0,1) and Schauder theory implies u € C*(RY) (See Lemma 1.30 in [49]). But we are
in the setting o € (0,1), the nonlocal term p (I, * |u[P) |u|P~?u makes it difficult to obtain
a prior L* estimate and Schauder theory doesn’t imply C? regularity of solutions to (1.1)y
(See Theorem 2.11 in [27]).

In this paper, we try to modify the methods in [15, 42] to prove the C? regularity of

solutions to (1.1)y. In [15], P. D’avenia et al. considered the problem
(=A)7u = Au+ (I, * |ulP) |ulP~2u in RY (1.11)
where o0 € (0,1), N >3, A <0,a€ (0,N)and 1+ § <p < ]ifvj;; They proved the C?

regularity of the positive solutions to (1.11) provided o € (3,1) and p > 2 (See Remark
3.11in [15]). In [42], Z. F. Shen et al. studied

(—=A)u+u= (I, F(u)) f(u) in RY (1.12)

where 0 € (0,1), N >3, a € (0,N) and F(u) = [, f(r)dr € C'(RY,R). With the help
of the Dirichlet-Neumann map, the authors transformed (1.12) into a local problem on
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Rf 1 and then they obtained a prior L™ estimate by using the standard Moser iteration
procedure. Our proof was based on a careful analysis of the related parameters and an
iteration technique. Compared with [42], we get a prior L>° estimate in a direct but simple
way. Furthermore, we recover the loss of o € (0,3] and allow ¢ € (0,1) by using an
iteration technique, which relax the restriction in [15] that o € (3,1). This part is new
and important since it makes the Pohozaev constraint approach meaningful,
see Lemma 2.8 for details.

Now we give the outline of the proof for the existence results in Theorem 1.1. To be
precise, for any u € S, and s € R, set (s u)(z) := e2*u (e*z), it results that s xu € S,,
and we introduce the fiber map

6208

- e9Vq05 62p5pos
5 =M Fulf = = —lully ~ 5
where B(u,u) was defined in (2.1). Under suitable assumptions on a and u, we can prove
that the function W¥(s) has exactly two critical points, one is a local mimimum and another
one is a global maximum (See Lemma 2.15 below). Since (0#)' (s) = o [e***[|(=A) 2 ul[3 —
Y17 |ulg — (16,e*777* B(u,u)] = oP,(s x u), we shall see that critical point of W(s)
allows to project a function on the Pohozaev set

Pagy = {u € S0 0= Pufu) = 11(=2)5ulld = g llul — 8, B, )}

Here P,(u) = 0 denotes the Pohozaev identity. Naturally, we expect that E,|s, has two
critical points, one is a local mimimizer and another one is of mountain pass type, which
belong to the set P, . To begin with, we try to find the first critical point of E,|g,. Define
m(a, p) := infuean, By(u) with Ag, = {ue S, ||(—A)2ul|l, < Ro} for some Ry > 0, then
Lemma 2.17 implies that

Uh(s) .= E,(s*u) = B(u,u),

m(a, p) = 7'1an E, <0.

The Ekeland’s variational principle guarantees the existence of a Palais-Smale sequence
{u,} C S, for E,|s, at level m(a, p) < 0 with the additional properties

P, (u,) — 0 as n — oo.

The fact P,(u,) — 0 gives the boundedness of {u,} in H°(RY). By proving a compactness
result (See Proposition 3.1 below), we have u,, — u in H°(RY) and so we get the desired
results. Next, we try to find the second critical point of E,|s,. This relies heavily on a
refined version of the min-max principle by N. Ghoussoub [22] (See Lemma 4.2 below).
A min-max procedure guarantees the existence of a Palais-Smale sequence {u,} C S, for
E,|s, at the mountain pass level o(a,p) > 0 with P, (u,) — 0. Then, Proposition 3.1
implies that u,, — u in H°(RY) and so we get the second critical point of E,|s,. It only
remains to prove the compactness result, i.e. Proposition 3.1, and this is standard as in
[44] since ¢ < ¢ < 2%. For the Sobolev critical case ¢ = 2% (See Theorem 1.2), we can
only obtain a local minimizer as stated in Remark 1.5. In fact, we can similarly prove
the existence of a Palais-Smale sequence {u,} C S, for E,|s, at level m(a, ) < 0 with

P, (un) — 0. As is well known that the energy estimate m(a,p) < %S 27 is necessary in
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compactness analysis when tackling Sobolev critical problems. We see immediately that
m(a, u) < %S% since m(a, 1) < 0. But the second difficulty is that, m(a,u) < %S%
is not sufficient in obtaining compactness of {u,} in H°(RY) since two alternatives may
occur in Proposition 3.2. As can be seen from Section 3, the proof of Proposition 3.2 is
more delicate than that of Proposition 3.1 since ¢ = 2. To rule out the non-compact case,

we need not only the condition m(a,p) < £S 25 but also some additional energy estimates
(See Section 4 for details).

Thirdly, we need to prove the relative compactness of every minimizing sequence of
m(a,p) = infs, E, where Ag, = {ue S, :||(-=A)2ul|, < Ry} for some Ry > 0 in proving
Theorem 1.3. The difficulty lies in ruling out the dichotomy of every minimizing sequence
of m(a, p). However, the concentration compactness principle developed in H? (RY) (see
Lemma 2.4 in [20]) seems not applicable to equation (1.1), for the appearance of the focus-
ing nonlocal term g (I, * |ul?P) |u|P~2u. Consequently, we try to modify the concentration
analysis in [1] to overcome this difficulty. The proof of our result is more delicate than
that of [1]. Indeed, since m(a, p) is a local minimizer value rather than a global one, we
shall always keep the dichotomy of every minimizing sequence of m(a, ) staying in the
admissible set Ag, (See Lemma 6.2 for details).

This paper is organized as follows, in Section 2, we give some preliminary results. In
Section 3, we give the compactness analysis of Palais-Smale sequences. In Section 4, we
prove the existence results, i.e. Theorem 1.1-(1)(2)(3) and Theorem 1.2-(1)(2). In Section
5, we prove the asymptotic results, i.e. Theorem 1.1-(4)(5) and Theorem 1.2-(3). In Sec-
tion 6, we deal with the stability results, i.e. Theorem 1.3.

Notations: The homogeneous fractional Sobolev space of order o € (0,1) is defined
as HO(RY) := {u € L% (RY) : |[{|]7a(¢) € L*(RYN)}, which is in fact the completion of
Cs°(RY) under the norm HuHZU(RN) = [on [€177]0()PdE = [on [(—A)7?u|?dz. The dual

space of H?(R") is denoted by H?(RY)'. See [36] and references therein for the basics on
the fractional Laplacian. For 3 € (0,1), C%?(R") denotes the standard Holder space on
RN, [P = LP(RY) (1 < p < 00) is the Lebesgue space with the standard norm ||ul|, =

<f]RN |u(:v)|pdx> ". We use “ — 7 and “ — 7 to denote the strong and weak convergence

in the related function spaces respectively. C' and C; will denote positive constants. (-, -)
denote the dual pair for any Banach space and its dual space. N = {1,2,---} is the set of
natural numbers. R and C denote the sets of real and complex numbers respectively. Q
denotes the closure of 2. (2¢ denotes the complement set of 2. X <— Y means X embeds
into Y. 0,(1) and O, (1) mean that |o,(1)] = 0 as n — +o00 and |0, (1)| < C as n — +o0,
respectively. I'(+) is the Gamma function.
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2. PRELIMINARIES

In this section, we give some preliminary results. To simplify notations, we denote

B = L # [ul?) [ul? = [u(@)Plu)l” ;o 2.1
(u,u) = - (Lo * [uf?) JulP = - |x_ = Y. (2.1)

The following lemma is the fractional Sobolev embeddmg.

Lemma 2.1. ([36], Theorem 6.5) Let 0 < 0 < 1 be such that N > 20. Then there exists
a constant S = S(N, o) > 0 such that

o 12
—A)z2u

S— inf I k [ (2.2)
weHo RN} ||ull3s

where 2% = 2. Moreover, H°(RN) is continuously embedded into L"(RN) for any

2 <r <2 and compactly embedded into L, (RY) for every 2 <r < 2.
We also require the fractional Gagliardo-Nirenberg inequality.

Lemma 2.2. Let 0 < 0 < 1, N > 20 and r € (2,2%). Then there exists a constant
C(N,o,7) =87 >0 such that

lull, < C(N,o,r) || (=) 3|} [ull§ Vu € H7(RY), (2.3)

N(r—2)
2ro

2N
— and v, =

fol—
where 2, = 75

Proof. By Hoélder’s inequality, we have ||ul|, < Hqulﬂr)

_l a T _ar
lulle < Jlll§ ™ (S5 I(=2)Bull) " = 57

5¢. Using (2.2), we have

Lol

(=A)zu

lfyT

o Nl

g

Lemma 2.3. (Hardy-Littlewood-Sobolev inequality, Theorem 4.3 in [33]) Let t,r > 1 and
a€ (0,N) with 1++ =1+%, f € L'(RY) and h € L"(RY). There exists a sharp constant
C(N,a,t,r), independent of f, h such that

[, L e < vt s, 2.0
Ift =r= 2%, then
Neo L(Z NG —a
Cia) = O tor) = F(%){FE;I;} ' (2.5)

Lemma 2.4. (Weak Young inequality, Section 4.3 in [33]) Let N € N, a € (0,N), p,7 > 1
and % =&+ 1 Ifve LP(RN), then I, xv € L"(RY) and

1

(/RN Lo *vl’ﬁ)’l < C(Ma,ﬁ)(/RN |v|ﬁ)5 (2.6)
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where 1, (z) = |z|*™N. In particularly, we can set p =2 and # = +oc.

For any u€ H?(RY), take t =r= 22 f=h=|ul? in Lemma 2.3, by using (2.3), we have

Nta’
2pdp 2p(1—6p
B(u,u) <C(N, )|\U||2Np C2 ||(=A) 2], [ful3P (2.7)
where C, = [C(N’a)];p = [nga Iy {F(g)}_ﬁ];p > 0 and 6, = Ye=U=2  Therefore
P = | spop = | s (M) | TAY) P = T 2pe - ]

B(u,u) is well-defined for any v € H°(RY) if 1 + a/N < p < (N + a)/(N — 20). Let
=& |l

S, = C, !, we rewrite (2.7) as S, = inf,,c yo @y (0} . B. H. Feng et al. in
fon Larlullufe) ™
[17] proved that S, iS achieved.

Denote A, =S~z . For any u € S,, (2.3) and (2.7) implies that

Bu(u) 2 S II(=8)ully == =I(=4 )Eull; a0 — FqH(—A)QUH? ™), (2.8)

which indicates that inf,cg, E,(u) > —oo for 2 < ¢ < g and 2 < p < p, see [1]. How-
ever, by the L%norm preserving dilations u;(z) = t%u(m) with ¢ > 0, we deduce that
inf,es, E,(u) = —oo for for § < ¢ < 2% or p < p < (N + a)/(N — 20). The constrained
minimization method used in [1, 21] does not work any more. Naturally, we would hope
to overcome this difficulty by using the Pohozaev constraint used in [44, 10]. To this end,
we need the following lemmas which is related to the Pohozaev identity.

Lemma 2.5. ([14], Proposition 5.1.1) Let u € H°(RYN) be a weak solution to the problem
(—A)u = f(z,u) in RN and assume that | f(z,u)| < C(1+ |ulP), for some 1 <p < 2% —1
and C > 0. Then u € L>*(RY).

Lemma 2.6. ([41], Proposition 2.8) Let 0 > 0 and (—A)’u = w. Assume that w €
COP(RYN) and u € L>®(RY) for B € (0,1].
(i) If B+ 20 < 1, then u € C%PH29(RN). Moreover, we have

[|ul|co.s+20 < C'<||u||Loo + ||w||co,5) for a constant C' = C(N,o,3) > 0
(ii) If B+ 20 > 1, then u € CHPT20-L(RN). Moreover, we have
[|ul|gr+20-1 < C(HuHLoo + HwHCo,5> for a constant C' = C(N,o,5) >0

Lemma 2.7. ([41], Proposition 2.9) Let ¢ >0 and (—A)°u = h(x). Assume that u €
L®(RY) and h € L= (RY).
(i) If 20 < 1, then u € COP(RYN) for any 0 < B < 20. Moreover, we have
[|ul|cos < O(HUHLOO + ||h||Loo> for a constant C = C(N,o,3) > 0.
(ii) If 20 > 1, then u € CYP(RYN) for any 0 < 8 < 20 — 1. Moreover, we have
[lul|cre < C(HUHLOO + ||hHLoo> for a constant C = C(N,o,3) > 0.
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Lemma 2.8. Let N > 2,0 € (0,1), « € (N —20,N), g€ 2,2 ], pe 2,2, neR
and A € R. If u € H°(RY) is a nonnegative weak solution of
(—=A)u = Au A+ |u|T 2w+ p (L * |ulP) [uP~u, (2.9)
then the Pohozaev identity holds true
0 = Pu(u) = (=) Ful B — gl ull? — 18, B(u, ),

where v, = Ng;f) and 6, = —g;?ia

Proof. Rewrite (2.9) as (—A)°u = g(z,u) = A+ u?' + p (I, *u?)uP~t. Sine u €
H"(RN) — L"(RV) for any 2 < r < 2%, then w? € L»(RY) for any 2 < r < 2%. From
p € [2, 7%, we have

DO

N . 2 _N_2
2< —-p< 20 and -<—< 2
a p a p

Therefore, u? € La(RY) and Lemma 2.4 implies that I, x u? € L*(RY)(see also [42]).
Considering |u| < 1 and |u| > 1, we deduce that there exists a constant C' > 0 such that
lg(z,u)| < C(1+ |ul*71). So we have u € L®(RY) from Lemma 2.5.

If o € (3,1), we know that u € C*#(R") for any 0 < 8 < 20 — 1 from Lemma 2.7-(ii).
By the usual properties of convolution (see page-1456 of [15]), I, *u? is C! with derivatives

O, (Ia * up) = I, % 0,,(u") = I, * (puP~'0,,u).

Therefore, 0,,u satisfies

<

(A By = By, (2, 1) = O, ()\u ot (I + ) up—l) e CO5(RYN).

By Lemma 2.4, we can check that |0,,g(x,u)| < C(1 + |9,,ul*~") for some C' > 0. Then
Lemma 2.5 implies that 0,,u € L®(RY). It follows from Lemma 2.6-(ii) that 0,u €
C1A+20=LRN) and then u € C*(RY).

When it comes to o € (0, %], we can imitate the proof of Proposition 3.7 in [42] and
obtain u € C?(RY). Indeed, for o € (0,1], Lemma 2.7-(i) implies that u € C*#(RY) for
any 0 < B8 < 20; if 8+ 20 < 1, Lemma 2.6-(i) implies that v € C%+2(RY) for any
0 < 8 < 20, repeat this step k times (k € N) such that

B4+k-20<1, B4 (k+1)-20>1, ue COPHF2RYN),

It results to u € CLAT*+D20-L(RN) by Lemma 2.6-(ii). Therefore, we have 0,u €
COB+) 201 (RNY T (B + (k+ 1) - 20 — 1) + 20 > 1, it follows from Lemma 2.6-(ii) that
Op,u € CHAFTRH2)20=2(RNY) and we finish the proof. Otherwise, if (3+ (k+1)-20—1)+20 <
1, repeat the same step of u for j times (j € N) such that

B+(k+1)-20-1)+j5-20<1, (B+(k+1)-20—-1)4+(+1)-20>1

and 0,,u € QO+ 2014520 (RN) Tt yesults to O,,u € CHATEFD20-24(+1)20(RN) Ty
Lemma 2.6-(ii).
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Finally, it is reasonable to multiply (2.9) by x - Vu. We can proceed as in the proof of
Proposition 2.10 in [46] and get P,(u) = 0.
O

Remark 2.9. Notice that max{2,p} < < 22 since a € (N — 20, N).

N20’ 2

To overcome the difficulty that inf,cg, E,(u) = —o0, we introduce the Pohozaev set:
Poyp={u€ Sq: P,(u) =0}, (2.10)
where
Pu(u) = [[(=2)2ull3 = yqllull§ — 18, B(u, u) (2.11)
— N(g—2)

for v, = = ) and 6, ”2—1)0‘
qo Do

nonnegative critical point of E,|g, stays in P,,. The properties of P, , are related to

the minimax structure of E,|g,, and in particular to the behavior of E, with respect to

dilations preserving the L?-norm. To be more precise, for u € S, and s € R, let

As a consequence of Lemma 2.8, we known that any

(sxu)(x):= €Ty (e‘x), for a.e. v € RY. (2.12)
It results that s xu € S,, and hence it is natural to study the fiber map
20s " 2p6pas
Uh(s) == E,(s*xu) = 5 (—A)zul; — B(u,u). (2.13)

We shall see that critical point of W#(s) allow to pIOJeCt a function on P, ,. Thus, mono-
tonicity and convexity properties of W/ (s) strongly affects the structure of P,, (and in
turn the geometry of E,|s, ), and also have a strong impact on properties of equation
(1.1)x. In this direction, let us consider the decomposition of P, , into the disjoint union

Poy =PI UPH UPH, where
Pt = {u € Paye : 2/1(=A) w3 > ¢y ||ull? + 2up0; B(u, u } {u € Pay: (1) (0) > 0}
Pit = {u € Py 20| (=A)Sullf = oZlfull? + 20pd2B(u, )} = fu € Pyt (1) (0) = 0}
pLt = {u € Paye : 2/1(=A)2 w3 < g2 |[ull? + 205 B(u, u } {u e Py (¥5)"(0) <0}
For u € S,, s € R and the fiber ¥# introduced in (2.13), we have
(U5) (s) = o [2°|(=2) Full3 — e *|Jullf — pope® ™ Blu,u)] = oFu(sxu) (2.14)
where P, is defined by (2.11). From (2.14), we can see immediately that:

Corollary 2.10. Letu € S,. Then s € R is a critical point for V£ if and only if sxu € Pq .

In particular, u € P, if and only if 0 is a critical point of W#. For future convenience,
we also recall that the map (s,u) € R x H°(RY) — sxu € H°(RY) is continuous (The
proof is similar to the one of Lemma 3.5 in [6]).

We also need the following result, where T;,S, denotes the tangent space to S, in .
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Lemma 2.11. Foru € S, and s € R the map
T0Sa = TsuSas Q> Sk
is a linear isomorphism with inverse 1 — (—s) * 1.

Proof. 1t is similar to the proof of Lemma 3.6 in [6].

O
We now study the structure of the Pohozaev manifold P, and E,. Since q € (2+3%,2;]
and p € [2,1 + 2";;"‘), we have 2pd, < 2 < qv,. Recalling the decomposition of P,, =

P U P UPY, we have:

Lemma 2.12. Let N > 2,0 € (0,1), a € (N —20,N), g € (2+42,2:], p € 2,1 + 22F2),
a,pp > 0 satisfying condition (A}). Then Py* = 0, and P, is a smooth manifold of
codimension 2 in H°(RY).

Proof. We only prove the case ¢ € (2 + %, 2%). For the case ¢ = 2%, the proof is much
easier since vp: = 1. Firstly, we claim that Py* = 0. Otherwise, there exists u € Py*.

From P,(u) =0 and (V#)"(0) = 0, we have
1(=2)%ull3 = vgllully + 18, Bu,w), 20|(=A)2ull3 = g7 ullf + 2upd, B(u, u),

o E: o(q7g—2p3 : _ up(gqrg—2p9
which imply that ||[(=A)z2u|]2 = %Hu% and [[(—=A)z2ullz = %B(u,u)

By using (2.3) and (2.7), the lower and upper bounds of ||(—A)Zul|, are given by

1
2(1 — pd,) 10, (qg — 2p5p)03”a2p(1_5”)] 2w
Ya(avg — 2p0p) Afatt 1) Qg — 2 '
This leads to p9e2a€®9 > C(p, q), which contradicts with (A*). Here we used the fact

that (92)2-229 (222)0a=2 < 1 and this can be proved by using the monotonicity of 122,

Next we check that P, , is a smooth manifold of codimension 2 in H°(RY). We note that
Pop = {u € H (RN : P,(u) = 0,G(u) = 0} for G(u) = ||u||5 — a?, with P, and G of class
C' in H7(RY). Thus, we have to show that the differential (dG(u),dP,(u)) : H°(RY) — R?
is surjective, for every v € P,,. We claim that: V u € P,,, 3 ¢ € T,5, such that
dP,(u)[¢] # 0. Otherwise, 3 u € P, such that dP,(u)[¢] = 0 for any ¢ € T,5,. Then
u is a constrained critical point for P, on S, and hence by the Lagrange multipliers rule
there exists v € R such that

2(—=A)7u — vu — qyglult?u — 2upd, (I, * [ul?) |ulP~u = 0 in RY. (2.15)

By Lemma 2.8, we have the following Pohozaev identity

avg—2 o
| < i-a)Bulk <

a vN
(20 = N)|I(=A)=2ull; + 7||U||3 + Nvgllullg + (N + )6, B(u, u) = 0.

Combined with (2.15), we derive that (¥#)”(0) = 0, that is u € Py*, a contradiction.
Then the claim is true. Once that the existence of ¢ is established, the system

{ dG(u)|ap + Bu] = { 28a% = x
dB(u)lop + fu] =y adP,(u)[p] + BdPu(u)[u] =y
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is solvable with respect to «, 3, for any (z,y) € R?. Thus the surjectivity is proved. O

The manifold P, , is then divided into its two components P{* and P**, having disjoint
closure. We can prove that P, , is a natural constraint, in the following sense:

Lemma 2.13. Let N > 2, 0 € (0,1), a € (N —20,N), ¢ € (2+%2,2], p € [2,1 + 22t2),
a,p > 0 satisfying condition (AY). If u € P,y is a critical point for E,|p, ,, then u is a

critical point for E,,|s, .

Proof. We only prove the case ¢ € (2+ %", 2%). For the case ¢ = 2%, the proof is much easier
since 7,: = 1. We recall that by Lemma 2.12, P, , is a smooth manifold of codimension 2
in H?, and its subset Py is empty. If u € P, , is a critical point for E,|p, ,, then by the

Lagrange multipliers rule there exists A, v € R such that

dE,(u)[e] — )\/N wp — vdP,(u)[p] =0, Vo € H.
R

That is (1 —2v)(—A)u— A+ (vgy, — D |u|?2u+ u(2upd, — 1) (I, * |[ul?) |u|P~?u = 0. But,

by the Pohozaev identity, this implies that

(1= 20)[[(=2)2ull3 + (vavy — vo)lull} + u(2vpd; — 6,)B(u,u) = 0.

Since u € P, ,, this implies that 1/(2[|(—A)%u\|§ — qylulll — 2pupd} B(u, u)) = 0. But the

term inside the bracket cannot be 0, since u ¢ Py*, and then necessarily v = 0.
O

Next, we study the fiber map W#(s) and determine the location and types of critical
points for E,|g,. Recall that ¢ € (¢,2%], p € [2,p) and 2pd, < 2 < g7,. Consider the
constrained functional E,|g,, by (2.8), we have

Aq

2p
2 Mcp H(_A)%u||§p5pa2p(1—6p)__‘1||(_A)%u||g'yf1aq(1—w)’ Yu € S,.

1 o
EM(U) > §\|(—A)2u||2— 2%

Therefore, to understand the geometry of the functional E,|g, it is useful to consider the
function h : Rt — R:

2p q
h(t) = th _&Q%(l—%)ﬁp%_éaq(l—vq)ttﬂq‘
2 2p q
Since a, p>0 and 2pd, <2 < g7, we have that h(0%) = 0~ and h(+o0) = —o0. If ¢ = 2%,
) Ea
we have 7. = 1, Ay: = S~7 and hence h(t) = 12 —%azp(l_‘sp)tzp‘sp— 52—321520.

Lemma 2.14. Let N > 2,0 € (0,1), « € (N —20,N), g € (2+32,2;], p € [2,1 4 22t2),
a,p > 0 satisfying condition (A}). Then the function h has a local strict minimum at
negative level and a global strict maximum at positive level. Moreover, there exist 0 <
Ry < Ry, both depending on a and i, such that h(Ry) = 0 = h(Ry) and h(t) > 0 if and

only if t € (Ry, Ry).
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Proof. We only prove the case ¢ € (2 + 32,2%). For the case ¢ = 27, the proof is much

N 2o
easier since 7, = 1. For ¢ > 0, it is easy to check that h(t) > 0 if and only if
2p q
gO(t) > &Cﬂp(l_ép)’ with (,O(t) — 1t2_2p5p _ ﬁa‘J(l_’Yq)t‘Z’Yq_%?‘sp.

2p 2 q
Also ¢ has a unique critical point on (0, +00), which is a global maximum point at positive
1
Q(I—P5p) qvq—2 _(2_217517)
(a7vg—2pdp) AGa?( =74 2(q74—2p5p) :
. ~ _ 2
From condition (A?%), we see that @ =2a¢®9 < C(p, q) <= (1) > %ﬁp(l*‘sp). There-
fore, h is positive on an open interval (R, Ry) if and only if pia=2aCPa) < C(p,q). Tt
follows immediately that h has a global maximum at positive level in (R, R;). Moreover,
since h(0") = 07, there exists a local minimum point at negative level in (0, Ry). The fact
that A has no other critical points can be verified observing that h'(¢t) = 0 if and only if

P(t) = u5pC§pa2p(1_5p), with t(t) = 272 — Vquaq(l—vq)tqvq—%%'

level, in { = )] 717 and the maximum level is (f) =

1
Clearly ¢ has only one critical point at t = [% (qu_22(pl57§)j€1)aq(1—w> “97% Wwhich is a strict
maximum and ¥(f) = %ﬁ 2% Using (42)22% (2e)002 < 1 and condition (A}),
we check that (%) > pu6,C2Pa?1-0). O
Lemma 2.15. Let N > 2,0 € (0,1), a € (N —20,N), g € (2+42,2:], p € [2,1 + 22t2),

a,pp > 0 satisfying condition (A}). For every u € S, the function V¥ has exactly two
critical points s, < t, € R and two zeros ¢, < d,, € R, with s, < ¢, < t, < d,. Moreover:
(1) suxu € P and t, xu € P, and if s u € Py, then either s = s, or s = t,;

(2) [[(=A)3(sx u)|la < Ry for every s < ¢,, and

E,(sy*u)=min {E,(s*u):s €R and ||(—A)2(sxu)|]s < Ry} < 0.

(3) We have

E, (t,*u) =max{E,(s*u):s R} >0,
and V¥ is strictly decreasing and concave on (t,, +00).
(4) The maps u € Sy + s, €ER and u € S, — t, € R are of class C'.

Proof. We only prove the case ¢ € (2 + ‘f‘v’, 2%). For the case ¢ = 2%, the proof is much
easier since 7. = 1. Let u € S,, as observed in Corollary 2.10, s xu € P, if and only if
(U4 (s) = 0. Thus, we first show that ¥# has at least two critical points. To this end, we

recall that by (2.8)
Wi(s) = Eu(sxu) > h (|[[(=2)2 (s xu)ll2) = h (e™]|(=A)ull2)

Thus, the C? function ¥ is positive on < lo g—, Llog R—g), and clearly
I(=A)Zull2” @ I(=A) 2 ull2

Uh(—o0) =07, W/ (+00) = —o0. It follows that W¥ has at least two critical points s, < t,,

with s, local minimum point on (—oo, % log ﬁﬁ) at negative level, and ¢, > s, global
"MVl
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maximum point at positive level. It is not difficult to check that there are no other critical
points. Indeed (¥#)'(s) = 0 reads

() = by B(u,u), with p(s) = e || (= A) Fu [ — e 072000 fu |7
s 2)ICATUE g

: R Ya(a7va—2p0p)[[ullg
Gagliardo-Nirenberg inequality (2.3) and p@%~2a¢®9 < C(p, q), we deduce that

But ¢ has a unique maximum point at 5 with e?(4%a—2)

o(5) = D O (A Bl > 8, C O (A Eul > i, B ).
Yq P
That is ¢(5) > pd,B(u,u), so ¥* has exactly two critical points. By Corollary 2.10, we
have s, x u, ty, x4 € Py, s*xu € P,y implies s € {sy,t,}. By minimality (¥4 )"(0) =
(U (s,) > 0, and in fact strict inequality must hold, since Py = (); namely s, xu € P,
In the same way t, xu € P“H

By monotonicity and recalling the behavior at infinity, ¥# has moreover exactly two
zeros ¢, < d,, with s, < ¢, < t, < d,; and, being a C? function, U* has at least two
inflection points. Arguing as before, we can easily check that actually U# has exactly two
inflection points. In particular, ¥# is concave on [t,, +00).

It remains to show that u + s, and u — t, are of class C'; to this end, we apply the
implicit function theorem on the C! function ®(s,u) := (¥#)'(s). We use that @ (s,,u) = 0,
that 0s® (sy, u) = (V#)" (s,) > 0, and the fact that it is not possible to pass with continuity
from PY* to PU* (since Py* = (). The same argument proves that u — ¢, is C.

O

For k > 0, let us set
Ay = {u €S, [|(=A)3ul|; < k}, and m(a, p) = inf E,(u).

ueARO
Corollary 2.16. Let N > 2, 0 € (0,1), a € (N —20,N), ¢ € (¢,2%], p
satisfying condition (A}). Then the set P{* is contained in Ag, = {u € S, :
and Suppe. E, <0 <infpen F,.

Proof. Tt is a direct conclusion of Lemma 2.15. Indeed, Vu € P{*, Lemma 2.15 implies
that s, =0, E,(u) <0 and |[(=A)3ul|y < Ry. Similarly, u € P** implies that ¢, = 0 and
E,(u) > 0. O

Lemma 2.17. Let N > 2,0 € (0,1), a € (N —20,N), g € (2+42,2:], p € 2,1 + 22F2),

a, > 0 satisfying condition (AY). It results that m(a, p) € (—00,0) and

m(a, p) = 7i)nf E, = 713135 E,.
a,p +

Moreover, there exists a constant p > 0 (independent of a and p) small enough such that

m(a,p) < __inf B,
Arg\ARg—p
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Proof. For u € Ag,, we have E,(u) > h (||(=A)2ul|2) > mine(o ry h(t) > —oc, and hence
m(a, ) > —oo. Moreover, for any u € S, we have ||(—=A)2 (s*xu)||s < Ry and E,(sxu) < 0
for s < —1, and hence m(a, u) < 0.

By Corollary 2.16, we have m(a, yt) < infpes E,, since P{* C Ag,. On the other hand,
if u € Ap, then s, xu € P{" C Ag,, and

E,(sy*u) =min {E,(s*u):s € Rand [|[(-A)2(s*u)|]s < Ry} < E,(u).

which implies that infpes B, < m(a, ). To prove that infpen E, = infp, , By, it is suffi-
cient to recall that £, > 0 on P“", see Corollary 2.16.

Finally, by continuity of h there exists p > 0 (independent of a and u) such that h(t) >
M if t € [Ro — p, Ro]. Therefore E,(u) > h (|[(=A)2ul2) > w > m(a, p) for every
u e Sa with H(_A>%U||2 c [RO — P, Ro] O

Lemma 2.18. Let N > 2, 0 € (0,1), a € (N —20,N), ¢ € (2+22,2;], p € [2,1 + 22t2),

a, i > 0 satisfying condition (A}). Suppose that E,(u) < m(a,p). Then the value t,
defined by Lemma 2.15 is negative.

Proof. We consider again the function W#, and we consider s, < ¢, < t,, < d,, as in Lemma
2.15. If d, <0, then ¢, < 0, and hence we can assume by contradiction that d, > 0. If
0 € (cy,dy), then E,(u) = U#(0) > 0, which is not possible since E,(u) < m(a,p) < 0.
Therefore ¢, > 0, and by Lemma 2.15-(2)

m(a,p) > E,(u) =U40) > inf Wh(s)

SE(—00,cu]
> inf {E,(s*u):s € Rand [|[(—A)2(s*u)|]s < Ro} = E, (sy*u) > m(a, )
which is again a contradiction. [l

Lemma 2.19. Let N > 2,0 € (0,1), a € (N —20,N), g € (2+42,2:], p € 2,1 + 22t2),
a, > 0 satisfying condition (AY). It results that

g(a,p) = uelgg“ E,(u) > 0.
Proof. Let t,,4, denote the strict maximum of the function h at positive level, see Lemma
2.14. For every u € P*" there exists 7, € R such that [[(=A)2 (T, *u)|la = tmax-

Moreover, since u € P*" we also have by Lemma 2.15 that the value 0 is the unique strict
maximum of the function W#. Therefore

Eu(u) = U4(0) > Wl (1) = By (ruxw) > b (|[(=A)% (7, % 1) [|2) = h (tmax) > 0.
Since u € PY" was arbitrarily chosen, we deduce that infpen £, > maxg h > 0. O
3. COMPACTNESS OF PALAIS-SMALE SEQUENCES
In this section, we give the compactness analysis of Palais-Smale sequences. Denote

Suy = H% N S,y = {u € Ho RV : ||ulf? = a2}. (3.1)

r

Next, we will prove the following two Propositions.
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Proposition 3.1. Let N > 2,0 € (0,1), « € (N—20,N), g € (2+3Z,2), p € [2,14+252)
with a,u > 0 satisfying condition (A}). Let {u,} C S, be a Palais-Smale sequence for
E,lg at level ¢ # 0 with P, (u,) — 0 as n — oo. Then up to a subsequence u, — u

strongly in H?, and u € S, is a real-valued radial solution to (1.1)\ for some X < 0.

Proof. The proof is divided into four main steps.
(1) Boundedness of {u,} in H°.

Since P,(u,) = o(1), we have E, (u,) = (— - %) [(=A) 2 u,||2—pd, (ﬁ — i) By, uy)+
o(1). It results to

(G- ) -2 ulg < e+ +u6( ) B (tn )

q7q

1 1
<(c+1)+ po, (———> Czpa2p(1 9p) Uy,
e+ 1)+ udy (35— H(=2)%u

As 2p6, < 2 < q,, we have ||(=A)Zu,|lz < C. So {u,} is bounded in H? since ||u,||2 = a.
(2) 3 Lagrange multipliers A, — X € R. Since N > 2, the embedding HZ4 (RY) —

Lr (]RN ) is compact for r € (2,2%), and we deduce that there exists v € H7, such that,
up to a subsequence, u, — u weakly in H?, u, — w strongly in L" (RN) for r € (2,2%),
and a.e. in RY. Now, since {u,} is a Palais-Smale sequence of [y , by the Lagrange
multipliers rule there exists A, € R such that

[ et Fehnd= [l i [ o nl?) a2 =01l
(3.2)

M\q

H2p5

for every ¢ € H?, where o(1) — 0 as n — oo. In particular, take ¢ = u,, then
M@® = [|(=A)Zup |3 = [funl] = 1B(un, un) + 0(1),

and the boundedness of {u,} in H? N LN L+¥a implies that {\,} is bounded as well;
thus, up to a subsequence A\, -+ A € R.
(3) We claim that A < 0 and u # 0. Recalling that P, (u,) — 0, we have

A = (g = Dlluallf + 1600, — 1) B(un, un) + o(1).
Let n — +oo, then Aa® = (7, — 1)|[u[|¢ 4 p(d, — 1) B(u, u). Since > 0 and 0 < 7,0, < 1,
we deduce that A <0, with equality if and only if u = 0. If A, — 0, we have lim [[u,||? =
n—oo
0 = lim B(uy,u,). Using again P, (u,) — 0, we have E, (u,) — 0. A contradiction with

n—o0

E, (u,) = ¢ # 0 and thus A\, = A <0 and u # 0.
(4) We claim u,, — u in H°. Since u,, — u in H?, then (3.2) implies that

dE,(u)p — )\/N up =0, Yo € H". (3.3)
R
That is u is a weak radial (and real) solution to

(=A)7u = Au A+ |u|"?u 4 p (L, * |uf?) |u[P~?u in RY.
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Choosing ¢ = u, —u in (3.2) and (3.3), and subtracting, we obtain

(dE, (1) — dE,y(w)) [ty — u] — )\/ up — uf® = o(1).

RN

2N
Using the strong L™+« convergence of {u,}, we infer that

/ (T [ |P) [ Pt (i, — 1) < Hun|‘2§31\7p1|’un — ul[ 23 — 0.

]RN Nta N+a

Similarly, we have [iy (Io * [u|?) [u|P2u(u,—u) — 0. Therefore, we obtain that ||(—A)2 (u,—
w)l[3 = Allun = ulf5 = of1). O

Proposition 3.2. Let N > 2, 0 € (0,1), a € (N —20,N), ¢ = 2%, p € [2,1 + 222) with
a, i > 0 satisfying condition (A7). Let {u,} C Su, = SaNHS, be a Palais-Smale sequence
for E,|g at level ¢ # 0, with

c<%8% and P, (u,) =0 as n — oo,

where S denotes the best constant in the Sobolev inequality (2.2). Then one of the following
alternatives holds:

(i) either up to a subsequence u, — u weakly in H°(RYN) but not strongly, where u 2 0 is
a solution to (1.1)x for some A <0, and

E,(u) <c— %S%;

(ii) or up to a subsequence u, — u strongly in H°(RN), E,(u) = ¢, and u solves (1.1),-
(1.2) for some A < 0.

Proof. The proof is divided into four main steps. Similar to the proof of Proposition 3.1,
we can easily get steps (1) and (2), that is,

(1) {u,} is bounded in H°.

(2) 3 Lagrange multipliers )\, — A € R. Moreover, we have

N e

R
for every ¢ € H?, where o(1) — 0 as n — oo. In particular, take ¢ = u,, then

VB

| unw—u/ (Lo # [ P) [tn|” P unp=0(1) (||l 1e)
N RN
(3.4)

Ant® = [|[(=2) F ][5 = [lual 52 — pB(un, wn) + of1).

*
o

(3) We claim that A <0 and u # 0. Recalling that P, (u,) — 0, we have

M@ = 11(6, — 1) B(up, un) + o(1).
Let n — +oo, then \a* = (8, — 1)B(u,u). Since g > 0 and 0 < 6, < 1, we deduce
that A < 0, with equality if and only if u = 0. If A\, — 0, we have lim B(u,,u,) = 0.

n—o0
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Using again P, (u,,) — 0, we have nhj& [(=A)2u,||2 = 711;1{)10 ||un||§: = (. Therefore, by the

Sobolev inequality ¢ > SE%. We have f =0 or £ > S . Since

1 . 1 .
0£c= lim E,(u)= lim [§|y(—A)aun||§—ﬂB(un,un>—2—*||un 20] -7

n—s+oo n——+oo0 2p 25 N
we have ¢ # 0 and ¢ > S2=. This leads to ¢ = lim By (u,) = 0 > %S%, and this
n—oo

contradicts our assumptions ¢ < %8 2. Therefore, we have A < 0 and u # 0.
(4) Conclusion. Since u,, — u # 0 weakly in H?, then (3.4) implies that

dE,(u)p — A/

R
That is u is a weak radial (and real) solution to

(=A)7u = M+ |ul® 720 + p (I, * |ufP) |uP~2u in RY.
Therefore, we have P,(u) = ||(—=A)3u|[3 — [|ul32 — ud,B(u, u) = 0.
Denote v, = u, — u, then v, — 0 in H? (R") and therefore
1(=A)2u][3 = [1(=2)2ull3 + [[(=2)Fval5 + o(1).
By the Brézis-Lieb type lemmas in [5, 35|, we have
SZ +0(1), B(up,u,) = B(v,,v,) + B(u,u) + o(1).

up =0, Yo € H. (3.5)
N

2; 2
[lunlloz = [lull3f + |lon

Since v, — 0 strongly in L%, we have B(up,u,) = B(u,u) + o(1). Consequently, from
P, (uy) = o(1) and P,(u) = 0, we deduce that lim ||(=A)Zv,|[3 = lim ||v.]|2 = ¢
n—o0 n—00 o

Therefore, by the Sobolev inequality ¢ > S¢ % We have £ =0 or { > Szs.
If ¢ > S%, then we have
. . o g N
€= n1—1>1—il-loo Ey (un) = Ey (u) + nl_lffoo Ey (vn) = By (u) + Ng > By (u) + NS%,

whence alternative (i) in the thesis of the proposition follows.
If instead ¢ = 0, then u,, — u in H°(RY) and L% (R"). In order to prove that u, — u
in L? (RV), we test (3.4) with ¢ = u,, — u, test (3.5) with u, — u, and subtract, obtaining

893 =B~ [ Ot = ) (=)
RN
[ [t ol a2 = (L ) 2] (0 = 0
RN
= / (\un\%*2 Uy — \u]23_2u> (up, —u) + o(1).
RN
Using the strong L% N L¥a convergence of {u,}, we infer that

0= lim (Aptn, — M) (u, —u) = lim )\/ (U —u)?,
RN

n—oo JpN n—oo
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and we deduce that u, — u strongly in H°(R"). Therefore, alternative (ii) in the thesis
of the proposition holds.
U

4. THE EXISTENCE RESULTS

In this Section, we prove the existence results, i.e. Theorem 1.1-(1)(2)(3) and Theorem
1.2-(1)(2). The proof of Theorem 1.1 is divided into two parts. Firstly, we prove the
existence of a local minimizer for E,,| s,- Secondly, we construct a mountain pass type
critical point for FE,[s . The later relies heavily on a refined version of the min-max
principle by N. Ghoussoub [22], the forth coming Lemma 4.2, and was already applied in
[44] and [45].

Definition 4.1. Let B be a closed subset of X. We shall say that a class F of compact
subsets of X is a homotopy-stable family with extended boundary B if for any set A in F
and any n € C([0,1] x X; X) satisfying n(¢t,z) = x for all (¢t,z) € ({0} x X) U ([0,1] x B)
we have that n({1} x A) € F.

Lemma 4.2. ([22], Theorem 5.2) Let ¢ be a C'-functional on a complete connected C*-
Finsler manifold X and consider a homotopy-stable family F with an extended closed
boundary B. Set ¢ = c(p, F) and let F' be a closed subset of X satisfying

(1) (ANFO\B#0  for every A € F,

(2) sup p(B) < ¢ < inf p(F).
Then, for any sequence of sets (Ay), in F such that lim,sup, ¢ = c, there exists a
sequence (xy,), in X such that

lim ¢(z,) =c¢, lim ||do(z,)|| =0, lim dist(z,, F)=0, lim dist(z,, A,)=0.

n—-+o0o n—-+o00 n—-+o0o n—-+o00

Proof of Theorem 1.1-(1),(2),(3):
(i) Existence of a local minimizer.
Let us consider a minimizing sequence {v,} for E,[, . From the fractional Polya-Szego
0

inequality in [39] or formula (A.11) in [43], we have
/ (—A) [, Pde < / (—A)S [o 2 < / (—A) 5, Pde, (4.1)
RN RN RN

where |v,,|" is the symmetric decreasing rearrangement of |v,,|. Furthermore, it is clear(Theorem
3.4 in [33]) that

[lonlle = [lval"ll2; [fonllg = [loal"llg, B(lonl, lvn]) < B(joal", [vn]"). (4.2)

Therefore, we have E, (|v,|") < E, (v,). We can assume that v,, € S, is nonnegative and
radially decreasing for every n. Furthermore, for every n we can take s,, * v, € P¥,

g

observing that then by Lemma 2.15 and Corollary 2.16 [|(—A)z (s,, xv,) ||2 < Ry and
E, (Sp, xvy) =min {E,(s xv,) : s € Rand [[(=A)2 (s %v,)|]a < Ro} < E,, (vs);
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in this way we obtain a new minimizing sequence {w, = s,, *v,}, with
wy, € Sy, NP and Py(wy,) =0

for every n. By Lemma 2.17, ||[(=A)2w,||z < Ry — p for every n, and hence the Ekelands
variational principle yields in a standard way the existence of a new minimizing sequence
{u,} C Ag, for m(a, u) < 0, with the property that ||u,, — wy||ge — 0 as n — +o0, which
is also a Palais-Smale sequence for E, on S, ,. The condition ||u,, — wy||gs — 0 implies

1(=A)2up||s < Ry — p and P,(u,) — 0 as n — oo

and hence {u,} satisfies all the assumptions of Proposition 3.1. Consequently, up to a
subsequence u,, — 4, strongly in H?, 4, is an interior local minimizer for E,| Ap and
0

solves (1.1)5 for some A < 0. It is easy to know that 4, is nonnegative and radially
deceasing. We have @, > 0, otherwise, there exists xyp € R" such that 11“(330) = 0. Then
it follows from equation (1.1)5 that 0 = (=A)7%,(x0) = CnoP.V. [ox ‘x_Zr”NHJ dy, which
implies that @, = 0 in RY. This is impossible since 1, € S,.

Since any critical point of E,|g, lies in P, , and m(a, p) = infp, , £, (see Lemma 2.17),
we see that 1, is a ground state for E,|g .

It only remains to prove that any ground state of E,|s, is a local minimizer of E,
in Ag,. Let then u be a critical point of E,|s, with E,(u) = m(a, ) = infp, , E,. Since
E,(u) <0 < infpen E,, necessarily u € P{*. Then Corollary 2.16 implies that P{* C Ag, .
It results that ||(—A)Zulls < Ry, and as a consequence u is a local minimizer for E,| Apy-
(ii) Existence of a Mountain pass type solution.

We focus now on the existence of a second critical point for E,|g . Denote Ef, = {u €

Sa : E,(u) < c}. Motivated by [24], we define the augmented functional E, : R x H” — R

B 20s " 2pépos
Ey(s.0) = By(s xu) = —-[l(=2)Full3 - ~ 2 B(uu)
2p
and consider the restriction E#\RX s,. Notice that Sw HZ, NS, and E” is of class C.

Moreover, since £, is invariant under rotations applied to u, a Palais-Smale sequence for
E,|rxs,, is a Palais-Smale sequence for £, |rxs, -
We introduce the minimax class

I':={y(r) = (¢(7),8(r)) € C([0,1],R x Sy);7(0) € (0,PL*), (1) € (0, @)}

The family I' is not empty. Indeed, for every u € S, ,, by Lemma 2.15 we know that there
exists s; > 1 such that

Yo : T €[0,1] = (0,((1 = 7)sy +7s1) xu) €R X S, (4.3)

is a path in I" (recall that s € R — s*u € S, is continuous, s, xu € PY* and E, (sxu) —
—00 as § — +00). Thus, the minimax value

:= inf E
ola.p) YT (s.u)ex((0,1) uls,u)
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is a real number. We claim that
Vv € T there exists 7, € (0,1) such that ¢(7,) * 5(r,) € P2 (4.4)

Indeed, since v(0) = (¢(0), 8(0)) € (0, P$*), by Corollary 2.10 and Lemma 2.15, we have
te()8(0) =ta(0) > 58(0) =0; since E,(B(1))=E,(v(1)) <2m(a, p), by Lemma 2.18, we have

teyesy = sy <0,
and moreover the map t¢(;).s(r) is continuous in 7(we refer again to Lemma 2.15 and recall
that s € R — s*u € §,, is continuous). It follows that for every v € I' there exists
7, € (0,1) such that t¢(- )us(r,) = 0, and so (7)) * B(7y) € P¥*. Thus (4.4) holds.
For every v € I, by (4.4) we have

max B, > E, (v(7,)) = E,(((r) x 5(,)) > inf E,, (4.5)

7(0.1]) P
which gives o(a, p) > infperng,  E,. On the other hand, if u € P** NS, ,, then ~, defined
in (4.3) is a path in I with

E,(u) = E,(0,u) = max E, > o(a,p),
Yu([0,1])

which gives infparqg, E, > o(a,p). This, Corollary 2.16 and Lemma 2.19 imply that

ola,p) = inf E,>0> sup E, = sup E,. (4.6)
,Pg“umsa,'r a,pn 2m(a,p) a,p 2m(a,p)
(73+ UE? )msa,r ((0,73+ )U(0,E2 ))m(RxSa,r)

Let 7,(7) = (Ca(7), Ba(7)) be any minimizing sequence for o (a, y1) with the property that
¢o(7) = 0 and B,(7) > 0 a.e. in RY for every 7 € [0,1] (Notice that, if {7, = (Cu, Ba)} is
a minimizing sequence, then also {(0, (, *|5,|)} has the same property). Take

X=RxS,,, F={y(0,1): veTI}, B=(0,Py")uU (07Eim(a,u))7

F={(s,u) € R x S0y | Buls,) > ofa, )}, A =((0,1]), Ay = 72((0, 1]
in Lemma 4.2. We need to checked that F is a homotopy stable family of compact subsets
of X with extended closed boundary B, and that F'is a dual set for F, in the sense that
assumptions (1) and (2) in Lemma 4.2 are satisfied.

Indeed, since o(a,p) = infpanng, E,, (4.5) = v(7,) = (C(7),8(7y)) € ANF, (4.6)
= FNB = and (2) in Lemma 4.2, then ANF # () and FN B = () give (1) in Lemma 4.2.
For every v € T, since (0) € (0, P**) and (1) € (0, E2™*"), we have (0),7(1) € B.
Then for any set A in F and any n € C([0,1] x X;X) satistying n(t,z) = =z for all
(t,x) € ({0} x X)U([0,1] x B), it holds that n(1,v(0)) = ~(0), n(1,7(1)) = v(1). So we
have n({1} x A) € F.

Consequently, by Lemma 4.2, there exists a Palais-Smale sequence {(s,, w,)} C R X S,
for EMRxSa,r at level o(a, ) > 0 such that

OuE, (Sn,wy) —0 asn— oo, (4.7)

(Twn Sflv'f’)*

85E~M (Sp,w,) — 0 and ‘
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with the additional property that
|sn| + distge (wy, 8,([0,1])) = 0 as n — oo. (4.8)
The first condition in (4.7) reads P, (s, * w,) — 0, and the second condition in (4.7) gives

eZUsn / (_A)%wn . (—A)%QD _ eQ’Yqun/ |wn’tr2 Wy
RN RN

(4.9)
e [ (T ) 2= oD lellae). Yo € T, S
R

Since s,, is bounded from above and from below, due to (4.8), we have
dE,, (sp*wy) [sn* @] = o(1)||¢|lge = o(1) ||sn * |l o as n — 00,V € T}, Sy, (4.10)

By Lemma 2.11, (4.10) implies that {u, := s, * w,} C S, is a Palais-Smale sequence for
E,|s,. (thus a Palais-Smale sequence for £,,|s, , since the problem is invariant under rota-
tions) at level o(a, 1) > 0, with P,(u,) — 0. Therefore, all the assumptions of Proposition
3.1 are satisfied, and we deduce that up to a subsequence w,, — 1, strongly in H?, with
U, € Su, real-valued nonnegative radial solution to (1.1); for some A < 0. We can check
that 4, > 0 as in the first part.

U
Proof of Theorem 1.2-(1),(2):
Imitate the proof of Theorem 1.1-(1), we get a Palais-Smale sequence {u,} for E,|s, with

|(=A)2u,|l2 < Ro — p and P,(u,) — 0 as n — oo

and hence {u,} satisfies all the assumptions of Proposition 3.2. Hence one of the alter-
natives in Proposition 3.2 holds. We wish to show that necessarily the second alternative
occurs. Assume then by contradiction that up to a subsequence u,, — @, weakly in H 7(RN)

but not strongly, where @, # 0 is a solution to (1.1); for some A <0, and
Ey(@,) < ma, 1) = 2-S%.

Since u,, solves (1.1)5, the Pohozaev identity P, (%,) = 0 holds. We see that ||@,|]s < a
and

0 N . o N O o 1 1 o
m(a, 1) > NSQ" + Eu(u,) = NSQ" + NH(_A)QUMHS — Hdp (m - E) Bty )

o N o o 1 1 o 2pé

> S ZA(=A)2 7 2 5 - CQp 2p(1—dp) —A)5 4 POp
> 7% 4 TR -, (55— 5 ) P (- 8)80 -
4.11
Denote g(t) = &t* — ud, (ﬁ — %) C2ra?P1=00)¢2P% /¢ > 0. Direct calculation gives

_Pop_ -
mingso g(t) = —%(%) o [(ﬁ — %) Mpdgczpa%(l—ap)] SN _%S%, In the last

strict inequality, we used the condition (A%). Therefore, from (4.11), we deduce that
g N o . 0 N .
0>mia, u) 2 8% +g(ll(=A)2dul2) = 82 +ming(t) > 0.
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Consequently, up to a subsequence u,, — 4, strongly in H?, @, is an interior local minimizer
for E,|,, . and solves (1.1)5 for some A < 0. We can also check that @, is positive and
0

radially decreasing. Since any critical point of E|s, lies in P, and m(a, p) = infp, , E,
(see Lemma 2.17), we see that 4, is a ground state for £,| .

It only remains to prove that any ground state of E,|s, is a local minimizer of E,
in Ag,. Let then u be a critical point of E,|s, with E,(u) = m(a, ) = infp, , E,. Since
E,(u) <0 < infpaw E,, necessarily u € P{*. Then Corollary 2.16 implies that P{* C Ag,.

It results that ||(—A)Zu||, < Ry, and as a consequence u is a local minimizer for Eulag,- O

5. THE ASYMPTOTIC RESULTS

In this Section, we prove the asymptotic results, i.e. Theorem 1.1-(4)(5) and Theorem
1.2-(3). To obtain the asymptotic property of m(a, ) and o(a, 1) as p — 07, we need to
study equation (1.1), with g = 0. Modify the arguments in Section 2, especially Lemma
2.12 and Lemma 2.15, we can derive the following Lemmas 5.1-5.2.

Lemma 5.1. Let N > 2,0 € (0,1), §<q¢<2%, a>0and p=0. Then Py" =0, and

o’

P, is a smooth manifold of codimension 2 in H°(RY).

Lemma 5.2. Let N >2, 0 € (0,1), §<q <25, a>0and p=0. For everyu € S,, there
exists a unique t, € R such that t,xu € Pq . t, is the unique critical point of the function
WE and 1s a strict mazimum point at positive level. Moreover:

(1) P, =PE".

(2) WH s strictly decreasing and concave on (t,,+00).

(3) The maps u € S, > t, € R are of class C'.

(4) If P,(u) <0, then t, < 0.

Lemma 5.3. Let N >2,0€ (0,1), §<q<2:, a>0and p=0. It results that

= inf FE :
m(a,0) uf o(u) >0
Proof. Since u € P, , we have Py(u) = 0. By the embedding inequality (2.3)
=) Fulf =l < 7S5 || (=2) Fufl37 a0,
Recall that ¢y, > 2, so this implies that inf,ep, , ||(—A)2ullz > C > 0. As Py(u) = 0, we
can also deduce that
qYq — 2

. q > . — .
B vllully 2 € >0, inf Eo(u) = inf { %

u€Pa,0

wyg} >0 > 0.

g

Lemma 5.4. Let N > 2, 0 € (0,1), § < ¢ <2, a>0and p = 0. There exists k > 0
sufficiently small such that

0 < sup Ey < m(a,0) and u€ A = Fy(u) >0, Py(u) >0,
yn
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where Ay := {u € S, : ||(—A)2ul| < k}.
Proof. By the embedding inequalities (2.3), we have
1 o 2 Al 7 0 g(1-)
Eo(U)Z§\|(—A)QU||2—7||(—A)QU||2 at

q7q

Py(u) > ||(—A)%u||§ — ST ”(_A)guH;Vq qd1=7a)
Therefore, for any u € Ay, with k small enough, we have

0<supE, andu€ A, = Ey(u) >0, Py(u) > 0.
Ay

If necessary replacing k with a smaller quantity, we also have
1 [ea —
Eo(u) < §\|(—A)au|y§ < mf(a,0), Yu € A,

since m(a,0) > 0 by Lemma 5.3. O
Lemma 5.5. Let N > 2, 0 € (0,1), g < q <25 a>0and p=0. Then, there erists a

real valued positive radial critical point ug for Eyls, at a positive level

m(a,0) := 713n£ Ey = Ey(up)

and as a result ug is a ground state of Fyls, .

Proof. Utilising Lemmas 5.1-5.4 and by using the same arguments in Section 7 in [44],
we can drive that there exists a real valued positive radial critical point ug for Ey|s, at a
mountain pass level o(a,0) > 0 with o(a,0) = infp, jns,, Eo = Eo(ug). By the symmetric
decreasing rearrangement technique, we have infp, , £y = infp, s, Eo, and hence ug is a

ground state of Ey|g,.
O

In the following discussion, the value a > 0 will always be fixed.

Lemma 5.6. Let N > 2, 0 € (0,1), « € (N —20,N), ¢ € (¢,2%), p € [2,p) and a > 0.
For any p > 0 such that p and a satisfying condition (A}), we have

o(a,p) = ugsl*fr max E,(sxu), and m(a,0)= uérsl*fr max Eo(s*u).

Proof. From (4.6), we have o(a, 1) = infperng, B, = E, (i,). Then, by Lemma 2.15,

ola,pn) = E,(4,) = max E, (sxu,) > ué%afrr?eaRX E,(s*u).

On the other hand, for any u € S,, we have t, , *u € P*" and hence

max E,(sxu)=E, (ty,*xu) > o(a,p).
se

By using Lemma 5.2 and Lemma 5.5, we can similarly prove

m(a,0) :ué%f max Eo(s*u).
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Lemma 5.7. Let N > 2, 0 € (0,1), « € (N —20,N), ¢ € (¢,2%), p € [2,p) and a > 0.
For any 0 < py < ps such that ps and a satisfying condition (A7), it results that

o (CL, /L2> <o ((1, ,ul) < m(a> 0)
Proof. By Lemma 5.6

o (a, p2) < max By (s % 1y,) < max By, (s % tyy) = By, () = o (a, )

and
o(a, ) < max E,, (s*up) < max Ey (s xug) = Ey (ug) = m(a,0).
sE s€

g

Proof of Theorem 1.1-(4): convergence of .
Let a > 0 fixed. From Lemma 2.14, we know that Rg(a, ) — 0 as p — 07, and hence
[(=A) 2,2 < Ro(a, i) — 0 as well. Moreover
0> m(a,n) = E, (ty,)
Al o

1 o 2 Hc2p o . 2pd _ a9y _
2 Sll(=A)2a,ll,— 2; 1(=2) 3 ,||,"" a0 = =2 (=A) 2|, " a7 — 0,
which implies that m(a, ) — 0. O

We consider now the behavior of .
Proof of Theorem 1.1-(5): convergence of .
Let us consider {u, : 0 < p < @}, with & small enough. Since @, € P, ,, from Lemma 5.7,
we have

. 1 1 R 1 1 A
m0,0) 2 0 (0up) = By i) = (5 = =) 1A 1, (o = ) Bl
q p q
’2p6p

11 . 1 1 .
> (= — — ) |[(=A) 20,2 — po (———) Ca(1=%) [[(—A) %4
(2 q,yq>H( )2 l|z — 1y o8, 1) [(=2)2a,,

This implies that {,} is bounded in H?. Since each 4, is a real-valued function in S,
we deduce that up to a subsequence @, — @ weakly in H?, strongly in L" for 2 <r < 2},
and a.e. in RV, as u — 07. Using the fact that 4, solves

(A1, = Nyt 4 || 20, + (L * |, [P) |G, P20, in RY (5.1)

for \, < 0 and P, (@,,) = 0, we infer that \,a® = (v, — D, ||2+ p(dp — 1) B(d,, ,,). Since
> 0and 0 < 7,6, < 1, we deduce that /A\” converges (up to a subsequence) to some

A< 0, with A = 0 if and only if the weak limit « = 0. We claim that A< 0. In fact,
0, — u weakly in H? implies that @ is a weak radial (and real) solution to

(=A)4 = M+ |4]9%6 in RY, (5.2)
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and in particular by the Pohozaev identity ||(—A)2za||2 = Yoll@[|g. But then, using the
boundedness of {@,} and Lemma 5.7, we deduce that

o g — 2, p(1 — pdy)
Ba(a) = 52 ally = i, | D2 oy - S B0,
- I}l}%ﬂ E (uﬂ) = I}i}%ﬂ O'((l, M) Z U(aaﬁ) > 07

which implies that @ # 0, and in turn yields A < 0. Test (5.1) and (5.2) with 4, — U, and
subtract, we have

)% G = )1 = [ (Lo ) i i = ) = [ (At = ) (3= )
RN RN
= [ = i 2a) (3, - 0) = o(1),
RN

ie. |[(=A)% (4, — @) ||3 = M| (@, — @) |2 = o(1), which implies that @, — @ in H°. More-
over, we have
m(a,0) < Ey(t) = lim o(a,pu) <m(a,0).
u—0t
Consequently, Fo() :,}L%i o(a, u)=m(a,0) and 4 is a ground state to (5.2). From [18, 19],

we know that the ground state g for (5.2) is unique. Thus @ = u. O

Proof of Theorem 1.2-(3):
Let a > 0 fixed. From Lemma 2.14, we know that Ry(a, ) — 0 for p — 07, and hence
[(=A)21,||2 < Ro(a, 1) — 0 as well. Moreover

0> m(a, p) = B, ()

1 o . 2 ,U 2p
> Sl[(=A)2a,ll,— ="

which implies that m(a, u) — 0. O

g p 8_70- g
L 11 A) Ry ||, a0~ 2= || (= A) B |Iy — 0,

6. The stability results

In this Section, we prove the stability of the set of ground states Z,,, i.e. Theorem
1.3. Let a > 0 be fixed, and let u > 0 satisfy the assumptions of Theorem 1.1, then
Zayu # 0. The relative compactness (up to translations) of all the minimizing sequences
for m(a, ) = infa,, K, is vital in proving the stability of Z, .

Notice that m(a, ) = infa, E, can be relaxed to

m(a, p) = Ii4r112f E,=if{E,(u):ueS, [(=A)2u||y < Ri}. (6.1)

Indeed, if ||(=A)3ullz € [Ro, Ri, then E,(u) > h(||(=A)2ullz) > 0 > infa,, Ej, see (2.8)
and Lemma 2.14. We see that Ry and R; depend on a and p by means of Lemma 2.14. In
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the following discussion, we stress this dependence writing Ry(a, 1) and Ry (a, ). Similarly,
the definition of Ag, depends on a and p, and hence we explicitly write A, gy(a,u)-

Lemma 6.1. Let a,d>0. There exists i=fi(a+0)>0 such that, if 0<a<a and 0<pu<|fi,
then:

(1) 2R3(a+ 6. 1) < 3, ).

(2) The functions (a,u) — Ro(a,p) and (a,p) — Ri(a,p) are of class C* in (0,a + &) X
(0, 1), Ro(a, ) is monotone increasing in a, while Ry(a, 1) is monotone decreasing in a.
(3) For any a1,as > 0 with a? + a3 = a*, we have m(a, u) < m (a1, p) +m (as, ).

Proof. The proof is motivated by [44]. We give out the details for reader’s convenience.
From Lemma 2.14, we see that 0 < Ry = Ro(a, 1) < Ry = Ry(a, ) are the roots of

2p
G sy

0= g(t7 a, M) = (,O(t, a) 2

where ¢(t,a) = 31272 — A?gaq“”q)tq”q_%‘sp. The condition p?a2q¢®9) < C(p,q) guar-
antees the existence of Ry and Ry. Let then a,0 > 0, and consider the range of p > 0
such that p9=2(@ + 6)°P? < C(p, q). This range contains a right neighborhood of 0. By
continuity we have that

1

qvq—2
g } ’ as pu — 0T

(@+ 0)10—) A

where Cj,5 the only positive root of ¢(t,a + d) = 0. In particular, for every a,d > 0 fixed
and any # > 1, we have

Ro(a+0,p) — 0 and Ry(a+ 6, ) = Caps = [2

1

q qvq—2 i
Ro(a,p) — 0, Ri(fa,p) — Coq = [m} as pt— 0

where Cy, the only positive root of p(¢,0a) = 0. Consequently, there exists i=j(a+9) >0
(independent of ) sufficiently small such that
2R3 (a + 6, 1) < R}(a, ) and ORy(a, p) < Ry(Oa, p) (6.2)

if 0<a<a and O0<p <. ) 5
Let now 0 < @ < @+ 6§ and 0< < ji. Under assumption p®~2a¢®9) < C(p,q) , we have

Owg(t, a, u) = Opp(t, a).

We checked that ¢(+, a) has a unique critical point on (0, +00), which is a strict maximum
point, in t = t(a), with 0 < Ry < t < Ry, and hence in particular

8tg (RO(anu)v (Z,[L) > 07 and atg (Rl(av ILL)? (Z,[L) < 0.

Thus, the implicit function theorem implies that Rg(a, i) is a locally unique C* function
of (a, p), with 28olen) — _ Degolam).ei) () 1p g gimilar way, one can show that R, (a, 1)

da afg(RO(avu)ran“)
is a locally unique C! function of (a, p) wit < 0. In particular, Ry is monotone
increasing and R; is monotone decreasing in a. Then we finish the proof of (1) and (2).

AR (a,u)
h =58 £
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Next, we prove (3). Let 0 < ¢ < @ and 0<pu<f, let # > 1 be such that fc < a and let
{u,} C S, be a minimizing sequence for m(c, p), i.e.

m(c,p) = lm Bu(un), tn € Se, [[(=2)2un|l> < Rolc, p). (6.3)

From (6.2) and (6.3), we have ||[(—A)2 (Qu,)||s < ORo(c, ) < Ry(Oc, p). Therefore, Ou,, €
Spe and ||(—A) = (Quy,)||> < Ri(fc, 1). By using (6.1), it follows immediately that m(fc, i) <

E, (Ou,). Moreover, since ¢ € (2 + %, 25), p €2, NQ_O‘%] and 6 > 1, we obtain
92
i

o>

o 2
(—A)2uyl|, — ey

gq
m(fe, ) < B, (0u,) = B, 1) = | < 0°E, (u)

Letting n — +oo0, it results that m(fc,u) < 6?m(c,u), with equality if and only if

lim B(up, u,) = 0= lim [[u,[|7. But this is not possible, since otherwise we would find
n—oo n—oo

0> m(c,p) = lim E, (u,) = 3 lim ||(—A)%un||; > 0. Thus m(fc, ) < 0*m(c, ). With-
n—oo n—oo
out loss of generality, let 0 < a; < as < a, take § = + and then 0= o, we have
a2 2

a a
m(a, 1) = m(ay—, ) < —m(az, p) = m(as, 1) + —sm(az, )
az as as
2

a Qa
= m(az, 1) + a—ém(ala—z, ) < m(az, p) +mla, p).
2 1

i

Lemma 6.2. Let a,0>0. There exists i=fji(a+0) >0 such that, if 0<a<a and 0< pu< i,
then any sequences {z,} C H°(RY) such that

Ep(za) = mla, 1), znlly = a, [I(=2)%za]l2 < Rola + 6, 4)
is relatively compact in H°(RYN) up to translations.
Proof. Let u,, = [et;» we can check that Eu(un) = m(a, ), |[un|], = aand |[(=A)2u, ||, =
mH(—A)%anQ < Ro(a + 0, ) for n sufficiently large. Therefore, {u,} is bounded in
H?(RY) and u, — u in H°(RY) for some v € H°(RY). Now, let R > 0. If it were
lim sup / lu,|* =0, VR >0,
Br(y)

n—oo yERN

then, by the vanishing Lemma (see [15] Lemma 2.3), we have u, — 0 in L"(RY) for
2 < r < 2. It results that B(u,,u,) — 0 by (2.7). But this is not possible, since

otherwise we would find 0 > m(a,pu) = lim E, (u,) = 1 lim H(—A)%unHz > 0. Then
n—oo n—oo

there exists an 9 > 0 such that

: , 2
a?:= lim [ lim sup / lun|” | > eo.
R—o00 \ n—oo yeRN J By (y)
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Given any € > 0, by definition of a;, there exists R > 0 such that if R > R > 0, then

a2 —¢e < lim sup / un|? < a?.
Br(y)

n—oo yERN

Then we can say that there exists ng € N such that for all n > ng,

a: —e < sup / up|” < sup / |un|® < a2 +¢.
yeRN J Br(y) yERN J Bap(y)

It then follows that for every n > ng, there exists y, € RY such that

a? —e < / u,|? < / lun|> < a? + . (6.4)
Br(yn) Bar(yn)
Now introduce smooth cut-off functions ¢ and v, defined on R”, such that
5 :{1, for |z] <1 :{O, for |z| <1 &40’ =1onRY.
0, for |z| > 2, 1, for |x| > 2,

Denote ¢r(z) = ¢(*5) and Ygr(x) = Y(*52), respectively. Define v, (z) = ¢r(2)u,(x)
and wy,(x) = Yr(x)u,(x). If it were ag = y/a? — a? > 0, then it is standard as the proof of
Lemma 2.14 in [1] that

I8l = [ 10T 0m)E < [ @nll-a)fuf+ce (09

=) 5wl = [

RN

O )P < [ @A P Ce (60)

RN

and
4
/RN (@) dz € (a2 — 2,2 + &)

/ |wn(:v)|2d:v € (a2 —¢c,a2 +¢)
RN
L Ey, (Un) > E, (vn) + E, (wy) — €.

(6.7)

for sufficiently large R and some constant C' > 0. By (6.5) and (6.6), we have
1(=2)Zva][5 + [[(=2)Fwnl5 < [[(=2)2uy|[3 + 2Ce < Ri(a + 6, ) + 2Ce.
Similar to (6.2), we deduce that
1(=2)%vull2 < Ri(ar, 1) and ||(=2)3wy||2 < Ri(az, 1)
if we take f sufficiently small. Let ¢ — 0 and then n — +o0 in (6.7), we have

m(auu’) >m (alnu“) +m (a27:u) ’
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which contradicts with Lemma 6.1-(3). As a result, we deduce that a®> = a}. From (6.4),
we have

a’? —¢ < / un (- + ) |? = / up|? < a® +¢. (6.8)
Br(0) Br(yn)

Consequently, @, = u,(- + y,) converges strongly (up to a subsequence) in L?(RY) and
weakly in H?(R"Y) to some @ € S,. If 2 < r < 2%, by Hélder and Sobolev inequality (2.2)

it — ||, < [t — al|$ it — [ < Cllii, — @[3 — 0
for some constant C' > 0 and v, = % Therefore, we have
1(=A)%allz < lm [[(=A)Z a2, lim [|a,l, = [lall,, lim B(a,, @,) = B(a,a).
n—00 n—00 n—0o0

These facts leads to

m(a,p) < E, (@) < lim E,(4,) = lim E,(u,) = m(a, p).

n—oo n—oo

Finally, we deduce that the previous inequalities are equalities and ||, ||ge — ||T||ge-

Proof of Theorem 1.3

Recall that we fixed a > 0, and for any small § we considered fi = p(a+6) and 0 < p < fi.
Suppose that there exists ¢ > 0, a sequence of initial data {¢, 0} C H? and a sequence
{t.} C (0,+00) such that the maximal solution (¢, z) with 1, (0, z) = 1, 0(x) satisfies

lim inf ||¢n0— v||lge =0, and iIZ1f ||Un(tn, ) — v||ge > €. (6.9)
ve a,p

n—00 VELq,

(we refer to Propositions 2.3-2.4 in [21] for the local well-posedness for (1.1),. Similar to the
proof of Lemma 3.3 in [44], we can check that m(a, p) is continuous in a. Clearly ||, o||2 =:
a, = a and E,(¢,0) — m(a,p), by continuity. Furthermore, always by continuity and
using point (1) of Lemma 6.1, we deduce that ||(—A)2t,0|l2 < Ro(a + 6, 1) < Ri(an, )
for every n sufficiently large. Since ||(—A)2%n0ll2 € [Ro(an, i), Ri(an, p)] implies that
E,(¥n0) > 0, we deduce that in fact |[(—=A)2¢,0|l2 < Ro(an, 1) < Ro(a + 6, p).

Let us consider now the solution ,,(¢,-). Since 10 € Aa, Ro(anpw), if Yn(t,-) exits from
A Ro(anp) there exists ¢ € (0,T,4,) such that |[(—=A)24,(t,-)|l2 = Ro(an,p); but then
E,(Yn(t,-)) > h(Ro) = 0, against the conservation of energy. This shows that solu-
tions starting in Aa, p(a, are globally defined in time and satisfy |[(—A)2 1, (¢, )| <
Ro(an, 1) < Ro(a + 9, ) for every t € (0,400). Moreover, by conservation of mass and
of energy ||t (ty, )|l = a, and E,(¢,(t,, ) = m(a,p) as n — +oo. It follows that
{tn(tn, )} is relatively compact up to translations in H?, and hence it converges, up to a
translation, to a ground state in Z, ,, in contradiction with (6.9). O
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