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Summary

The estimation of the slope (b-value) of the frequency magnitude distribution of earthquakes is
based on a formula derived by Aki decades ago, assuming a continuous exponential distribution.
However, as the magnitude is usually provided with a limited resolution, its distribution is not
continuous but discrete. In the literature this problem was initially solved by an empirical correction
(due to Utsu) to the minimum magnitude, and later by providing an exact formula such as that by
Tinti and Mulargia, based on the geometric distribution theory. A recent paper by van der Elst
showed that the h-value can be estimated also by considering the magnitude differences (which are
proven to follow an exponential discrete Laplace distribution) and that in this case the estimator is
more resilient to the incompleteness of the magnitude dataset.

In this work we provide the complete theoretical formulation including i) the derivation of the
means and standard deviations of the discrete exponential and Laplace distributions; ii) the
estimators of the decay parameter of the discrete exponential and trimmed Laplace distributions;
and iii) the corresponding formulas for the parameter b. We further deduce iv) the standard 1-sigma
confidence limits for the estimated b. Moreover, we are able v) to quantify the error associated with
the Utsu minimum-magnitude correction.

We tested extensively such formulas on simulated synthetic datasets including complete catalogues
as well as catalogues affected by a strong incompleteness degree such as aftershock sequences

where the incompleteness is made to vary from one event to the next.

Plain language summary
The frequency distribution of the sizes (magnitudes) of earthquakes is particularly relevant for

seismic hazard and forecasting. In particular, the slope (b-value) of linear relation existing between
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the magnitude and the logarithm of the earthquake frequency has been proposed as an index of the
state of stress within the Earth’s interior and then of the state of preparation of a future damaging
earthquake. In this work we provide a thorough formulation and detailed discussion of the methods
by which the b-value and its uncertainty can be correctly estimated when the magnitudes of
earthquakes are given with a limited resolution and partitioned in equal-size bins. The methods can
be divided in two classes: methods analyzing binned magnitudes and methods analyzing binned
magnitude differences. The goodness of the different methods is compared using simulated datasets
including cases when a certain number of earthquakes are randomly eliminated from the datasets so

that to reproduce the incompleteness observed in real data.
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Introduction
The b-value of the frequency-magnitude distribution (FMD) (Gutenberg and Richter, 1944)

logigN = a + bM (D)

is indicated by some researchers as a proxy of the level of differential stress within the Earth
(Scholz, 1968, 2015, Amitrano, 2003) and thus as an index of the state of preparation of future
strong earthquakes (Gulia and Wiemer, 2010, 2018, 2019, 2020). Some papers demonstrated that
the b-value is negatively correlated with the rake of the focal mechanism (Shorlemmer et al. 2005,
Petruccelli et al., 2018, Petruccelli et al., 2019a) and with the source depth (Spada et al., 2013,
Petruccelli et al., 2019b). However, these results are controversial and others argued that b-value
variations are statistically insignificant as they are due to artifacts of the methods used to determine
it (Kagan 1999, 2002, 2003, Bird and Kagan, 2004).

One of the most critical aspects in b-value computations is the determination of the magnitude
completeness threshold for the seismic dataset used (e.g. Woessner and Wiemer, 2005, Mignan and
Woessner, 2012) as an underestimation of the threshold might bias (lowering) the estimated b-
value, whereas an overestimation might reduce the size of the sample too much for a reliable b-
value determination.

Aki (1965), assuming a continuous exponential distribution of magnitudes, deduced the formulas

for the estimation of the h-value and of its standard confidence interval by the maximum likelihood

method as
. 1 @)
In(10) (M — M)
b 3
- (3)

where M is the average magnitude, M, is the minimum (completeness) magnitude and N is the
number of magnitudes in the sample. Eq. (2) was also derived by Utsu (1965) by the method of

moments. Utsu (1966) evidenced that the value estimated by eq. (2) is biased (higher) when
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magnitudes are binned (usually to one decimal digit) and proposed an approximate correction to the
original formula

. 1 *)
n(10) (M — M, + 6)

where § is one half of the binning size (e.g. 0.05).
Studying in detail the statistical distribution of », Shi and Bolt (1982) suggested the following

formula for the confidence interval of the continuous distribution

N (M, - )2 ®)

op = 1n(10)b2\/ N(N — 1)

Actually, if the magnitude data are binned, their distribution is not continuous anymore, but discrete
and this implies changes in the estimators.
Bender (1983) analyzed the problem of estimating the b-value from magnitude grouped data and

found that the maximum likelihood estimate of b is the value for which

q nq™ _Zn:(i—l)ki (6)
l-q 1-q" & N
i=

where q = exp[—bIn(10)245], k; is the number of earthquakes in the i-th magnitude interval of
width 24, and #n is the number of magnitude intervals from M, to the maximum magnitude of the
dataset. An explicit expression for » was not derived by Bender (1983) and then it can be estimated
only numerically.

Guttorp and Hopkins (1986) showed that the maximum likelihood estimate of b in case of

magnitude data with limited accuracy 26 is

b=t [1 s 2 ] @
~25m(10) 1T M- M,
which can also be written as
1 M—M,+25 ()
b= In —
26 In(10) M — M,
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Tinti and Mulargia (1987) derived the exact equation in case of grouped magnitudes in a paper

focused on the confidence intervals, providing the form:

V[ — 9
o [Eehers ©
= T 25m(10) (M = M, + 6)

T'{_O.S

which is perfectly equivalent to eq. (8).
Marzocchi et al. (2020) suggested that, when data are binned, the h-value computed through the

Utsu formula (4), say by, has to be corrected by

. R 1 + byesy® In(10) (10)
corrected — 25 1n(10) n 1-— bUtsu6 1n(10)

By substituting (4) in (10) we have

1
1 L na0G =M, +5)

beorrected = 25 In(10) In 1
1

~ In(10)(M — M, + 6)

In(10)8 (1

In(10)8

M-—M.+6+6
3 1 | (M—M,+6) |
T 26In(10) | M—M,+6—-6|

(M —M,+6)

which is exactly equivalent to eq. (8).

Van der Elst (2021) showed that in case of discretized data, the exact formula for estimating b is

__ 1 Loz (12)
b_5ln(10)COth 1[6(M Mc+6)]

where coth™1is the inverse of the hyperbolic cotangent function. Recalling the definition of coth™!
it is easy to show that even such equation is equivalent to eq. (8).
Van der Elst (2021) also showed that the b-value can be consistently computed by the absolute

magnitude differences |AM| (that follow the exponential discrete Laplace distribution) by

1 1 (13)
_ -1
b= 5o M |25 IAM']
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where csch™? is the inverse of the hyperbolic cosecant and |[AM] is the average of the absolute
magnitude differences. Recalling the definition of csch™, equation (13) can also be written in

terms of natural logarithm as

— 14
1 26+J462+(|AM|)2 (14
In —

b= 5 n(10) [AM]

We point out that, to compute magnitude differences, one can proceed essentially in two ways: in
the first case, one computes the difference between the second and the first magnitude and then
between the third and the second one and so on up to the last one:

IAM|; = M,y — M|, i=12,...N—1 (15)

This maximizes the number of data (in all N-1), but the differences are not independent from one
another, and this might produce some statistical bias. In the second way, one computes the
difference between the second and the first magnitude and then between the fourth and the third one
and so on up to the last one

|AM|L = |M2i - MZi—ll ) = 1:2! 'N/Z (16)

This grants that the differences are all independent from one another, but it halves the number of
data.

As incompleteness also affects the Laplace distribution of magnitude differences, van der Elst
(2021) suggested discarding all AM = 0 and then only to consider absolute differences not lower
than the binning size AM', = 2§. In this case, he showed that the b-value estimator becomes

formally equivalent to that of binned magnitudes of eq. (12):

1 1, 17)
_ = - _AM
b= 5In(10) coth [5 (lAMl AM', + 6)]

provided that |[AM| and AM’, replace M and M, respectively. It is obvious that eq. (17) can be

written in terms of natural logarithm as
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b=

1 | |AM| — AM',, + 26 (13)
26I(10) "\ [AM[—

Van der Elst did not derive any expressions for the confidence intervals but suggested computing
them by means of the bootstrap method (Hurvich and Tsai, 1989). He also asserted that the
estimation of h-value is more stable and robust if only positive magnitude differences are used in
eq. (18).

As van der Elst (2021) did not give much detail on his formulations, in this paper, we provide (see
Appendices A-H): i) the complete theoretical derivation of the first two moments of the discrete
exponential distribution; ii) the estimators of the decay parameter of the discrete exponential as well
as of the discrete Laplace distributions, even in case of distribution trimming; iii) the corresponding
formulas for estimating the parameter . Moreover, we deduce iv) the standard one-sigma lower

and upper confidence limits for the estimated b valid in case of discrete exponential variables as

o
1= 251n(10) 1+\/%
b2 = 251n(10) n {C \/\E} h
1=n
where
¢ = exp (28 In(10)b) = 1025P (21

and b is the estimate of b. This applies to estimates made through (8) and through (18). In addition,
we derive v) the one-sigma confidence limits also when b is estimated through the formula (14) that
is for distributions of the absolute value of magnitude differences (see formulas (H20a) and (H20b)
in the Appendix H). In the Appendix F, we demonstrate that vi) the Utsu correction (4) coincides

with the expansion of the exact formula (8) truncated at the second order.
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One of the main objectives of this paper is to evaluate the goodness of the various b-value
estimators. To this purpose we perform a number of numerical simulations, with particular attention
given to cases of incomplete magnitude datasets. The details on how we produce complete and
incomplete synthetic datasets and we model aftershock sequences are given in Appendix 1.
Evaluation index

To evaluate the goodness of the various methods, we introduce a significance level p we have
devised specifically to this purpose, that, given a random sample, is suitable to measure how close a
given characteristic value derived from the sample is to a given target value. In our case, the sample
is the set of the M estimators b;, (i = 1,2, ..., M), derived through one of the estimation formulas
given above, and the characteristic value is the sample mean b,,, while the target value is the b-
value used to generate the M random datasets. To compute the index p, let’s count the number M,
of b; that are larger than by, and the number L, that are larger than b. Further, let’s count the
number M_ of b; that are smaller than by, and the number L_ that are smaller than b. Usually we
expect that M, + M_ =M, and that L, + L_ = M, but it can happen that some of the b;
accidentally equals by, or b. Consequently, the sums M, + M_ and L, + L_ might be smaller than
M, and it is more convenient to count all quantities separately. We define the performance index as:

p=1 if by="»b

Ly - (22)
;p=M—++ if by <b

L.
p=M— if by>»b

The index p takes values between 0 and 1. The way p is computed, makes it a non-parametric
index, very easy to obtain, and applicable to any kind of sample and to any pairs of variables one
likes to compare. If the sample data number M is so large that one can approximate the sample
frequency occurrences with a density probability curve, then the above criterion (22) can be

expressed in terms of probability ratios as:
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Prob (E > b)

=—————> ifby<b
P = brob(b > by) M S

(23)

_probb<p) o
P= Prob(E < EM) Y Om

In case of variables b; following a Gaussian distribution with standard deviation o, where by,
coincides with the distribution median and Prob (E < EM) = Prob(B > EM) = 1/2, the criterion

simplifies further to:

p=2Prob(b>b) if by<b; p=2Prob(b<b) if by>b (24)

that can be easily expressed in terms of the error function of the normalized variables, and p
identifies with the p-value of a two-sided Student’s ¢ test, i.e. p = [1 - erf(|b — BM|/\/§0)].

In this paper, we will rely on the index p to judge the goodness of the estimators. We will use it like
the p-value of a null-hypothesis test, where the null hypothesis is that the estimator is acceptable. If
p < a where a is the significance level, then we reject the null hypothesis and consider the
estimator unacceptable. In this analysis we take @ = 0.05. A further way we use p is assuming that
the performance of the estimator method is an increasing function of p and that if the index of a
method is larger than the index of another, then the former shows a better performance.

Results for complete datasets

We first compare the various estimators of egs. (2), (4), (6), (8), (14) and (18) on complete binned
datasets simulated by the procedure specified by the egs. (I1)-(I3) given in the Appendix I. In this
analysis the parameter M,,,;,, used to generate the random samples and the parameter M, appearing
in the estimator formulas are assumed to be equal. In Table 1 we report the average b-values by, and
the corresponding standard deviations S,; computed on a set of M=10,000 simulated samples each
including N=1000 magnitudes, with binning size 26=0.1 and with b=1. When applying methods that
use magnitudes (i.e. egs. (2), (4), (6) and (8)), all samples have the same number of data (N=1000).

10
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This is also true when magnitude differences are used (see eq.(14)). In this case, however, the data
number depends on the way such differences are computed, since differences made through eq.(15)
and through eq.(16) lead to N=999 and to N=500, respectively. When null differences are trimmed
away (as is required by the estimator of eq. (18)), the number of remaining data changes from
sample to sample, which gives the reason to introduce the mean number of data N in Table 1.

Table 1 — Estimates from complete simulated sets with N=1000, 26=0.1 and b=1

Estimator Eq. by Su N 14

Aki (1965) (2) 1.125907 0.039867 1000 0.000587
Aki (1965), Utsu (1966) (4) 0996582 0.031225 1000 0.913052
Bender (1983) (6) 0.994843 0.031965 1000 0.869062
This paper, magnitudes (8) 1.001003 0.031644 1000 0.974374

This paper, absolute differences by eq. (15) (14) 1.001331 0.040499 999 0.974819
This paper, absolute differences by eq. (16) (14) 1.001854 0.044692 500 0.966667
This paper, trimmed absolute differences by (18) 1.001663 0.043709 885 0.970893
eq. (15)

This paper, trimmed absolute differences by (18) 1.002250 0.048326 443 0.963718

eq. (16)

The results shown in Table 1 allow us to state that most methods reproduce the true b-value (b =1)
reasonably well with the exception of the simple Aki formula (2) for which the estimated b-value is
significantly different from the true one. Since the corresponding p is less than a = 0.05, we
conclude that the Aki estimator is not acceptable for binned data. We notice that the Utsu estimator
(4) and the Bender method (6) give results with evaluation index p included in the interval
[0.85,0.92], that is smaller than the index p of all other methods. This is the first clue that the
methods based on the formulas (8), (14) and (18) are the most convenient ones. This analysis is

corroborated by results obtained by varying the number of data N (100, 1000, 10000) and the
11
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theoretical b-value (0.7, 1.0, 1.5), that confirm the superiority of such methods (see Tables S1 to S9
in the supplementary material).

In Table 2 for different simulated complete datasets, we report b-values computed by eq. (8) and
standard deviations estimated using various methods from the literature and also by egs. (19) and

(20) introduced in this paper. The latter ones are reported in the last column of the Table as the half
amplitude of the confidence interval, i.e. as %(b2 — b;). Notice that the mean value by, is not the

midpoint of the confidence interval and is always closer to the lower end (see the third-to and
second- to-last column of the Table). It is remarkable that for all cases, the estimates based on Aki
and on Shi-Bolt formulas as well as the ones based on egs. (19) and (20) of this paper correspond
very well to the standard deviation S, computed from the simulated datasets.

Table 2 — Standard deviations for complete simulated sets with

by estimated through eq.(8)

b-value N by Sm Aki  Shi-Bolt by —b; b,—by, 1
5 (b2 —b1)
eq.(3) eq.5)  eq.(19)  eq.(20)
0.7 1000 0.700502  0.022256 0.022152 0.022080 0.021494 0.022903 0.022198
1 1000 1.000699 0.031843 0.031645 0.031507 0.030737 0.032758 0.031747
1.5 1000 1.501058 0.047887 0.047468 0.047132 0.046222 0.049287 0.047755

In Table 3 we report b-values computed for trimmed magnitude differences by eq. (18) and the
corresponding standard deviations computed by means of egs. (19) and (20), as specified earlier.
The differences are computed by using egs. (15) and (16). It is relevant to observe that when using
independent differences (eq. 16), these values correspond well to the standard deviation Sy,
computed from the simulated datasets. On the contrary, when using non independent differences
computed by eq. (15), there is an underestimation that amounts to about 22% for all the treated

cases. The latter might be related to some sort of data correlation that reduces the number of

12
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“effective” independent data, say N,, in the difference dataset, so that the calculated dispersion is
less than the experimental one. Considering that the standard deviation scales inversely with the
square root of the number of data, then the observed percentage increase of Sy, corresponds to the
decrease of about 40% in the number of effective data, i.e. N,~0.67N. Then, we conclude that to

compute differences it is always preferable to use eq. (16), and this will be our choice in all the

following computations shown in the paper and in the supplementary material.

Table 3 — Standard deviations for complete simulated sets with

by estimated through trimmed absolute differences (Eq.18)

b-value Eq. N by Su by —by b, —by %(bz —b,)
eq.(19) eq.(20)

0.7 (15) 999 0.700767 0.028808 0.021513 0.022923 0.022218
(16) 500 0.701012 0.031554 0.030037 0.032859 0.031448

1 (15) 999 1.001103 0.041072 0.030764 0.032788 0.031776
(16) 500 1.001422 0.044977 0.042951 0.047001 0.044976

1.5 (15) 999 1.501469 0.061124 0.046257 0.049327 0.047792
(16) 500 1.501969 0.067012 0.064577 0.070719 0.067648

Table 4 - Estimates from complete simulated sets with N=1000, 20=0.5 and b=1

Estimator Eq. by Su N p

Aki (1965) (2) 1.884281 0.106413 1000 0.000000
Aki (1965), Utsu (1966) (4) 0.903155 0.024395 1000 0.000000
Bender (1983) (6) 0.996548 0.033689 1000 0.916258
This paper, magnitudes (8) 1.001296 0.033480 1000 0.966446
This paper, absolute differences (14) 1.001698 0.041874 500  0.960875
This paper, trimmed absolute differences (18) 1.004231 0.069217 240 0.954589

13
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Even if, for most papers in the literature, the binning size is fixed to 0.1 as in Tables 1, 2 and 3,
larger bins can be assumed when the magnitude resolution is wider, as it may occur for magnitudes
derived from maximum macroseismic intensities.

In Table 4 (that coincides with Table S14 in the supplement) we show the results for a binning size
20=0.5. We can note that in this case even the Aki (1965) estimator as corrected by Utsu (1966) (eq.
4) significantly underestimates the simulated h-value, and that the corresponding evaluation index p
does not pass the threshold. Therefore, it cannot be accepted as a valid estimator. This
underestimation is observed even by varying the number of data N (100, 1000, 10000) and the
theoretical b-value (0.7, 1.0, 1.5) (see Tables S10 to S18 in the supplementary material). This
confirms that Utsu (1966) correction to the Aki (1965) formula is approximate and in not adequate
for large bin sizes. Table 4 also confirms that the Bender method, though adequate, has a
performance slight smaller than eq. (8) for magnitudes and formulas (14) and (18) for magnitude
differences, but this might be due to a not fully accurate numerical minimization. It is relevant to
note that the corresponding standard deviation S,, increase sensibly when passing from magnitudes
to magnitude differences, since the number of data decreases, which means that the latter estimators
can be considered less efficient.

Results for incomplete datasets

Experimental magnitude datasets are always affected by some degree of incompleteness. Therefore,
evaluating how the estimators perform on incomplete data set is of paramount importance. Van der
Elst (2021), on analyzing incomplete binned magnitude sequences, concluded that magnitude
difference estimators are more robust if only the positive differences are used, since using also the
negative differences might produce biased results. To check this conclusion, in the following
computations we consider two further estimators, one based only on the trimmed positive
differences and the other based only the trimmed negative ones in eq. (18). We build incomplete
datasets by starting from 11,000 exponentially distributed magnitudes with M,,,;,, = 0.4 and decay
parameter b = 1, and by applying the thinning method as explained in Appendix I with parameters

14
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u = 1and A = 0.2. After the reduction the remaining magnitudes are less than 10%. More precisely
the mean number of earthquakes per sample is N=1093. The histogram of one of the simulated
datasets is portrayed in Figure 1 and is manifestly incomplete. Seismologists usually refrain from
estimating the b-value using all data of such incomplete dataset, and in common practice one
discards the smaller magnitude classes that are visibly incomplete. Nonetheless, it is interesting to
see the behavior of the estimators in the extreme case where M, is taken to be equal to M,,;,,
although it is clear from Figure 1 that such kind of samples are far from fitting an exponential
distribution. It is worth stressing that M enters in all formulas based on magnitudes, namely (2), (4),
(6) and (8), but not in the ones based on magnitude differences, i.e. (14) and (18). The results are
shown in Table 5.

Table 5 - Incomplete simulated sets with u = 1, 2 = 0.2, 26=0.1 and b=1, M .=0.4

Estimator Eq. by Su N p

Aki (1965) (2) 0.460944 0.006947 1093 0.000000
Aki (1965), Utsu (1966) (4) 0.437711 0.006264 1093 0.000000
Bender (1983) (6) 0.387450 0.024053 1093 0.000000
This paper, magnitudes (8) 0.438082 0.006280 1093 0.000000
This paper, absolute differences (14) 0.862855 0.032991 546  0.000000

This paper, trimmed absolute differences (18) 0.890224 0.036483 506 0.005059
This paper, trimmed positive differences (18) 0.892015 0.052275 253  0.052535

This paper, trimmed negative differences (18) 0.891447 0.051621 247  0.044536

As expected, all methods provide estimates quite far from the true value, and correspondingly the
index p lies below or close to the significance threshold ¢ = 0.05. But it is relevant to observe that
on using differences one obtains better results, and even better on using strictly positive or strictly
negative differences, although the improvement of the estimate is accompanied by an increment of

the standard deviation.
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In Table 6 we show the results considering exactly the same data sets as before, but assuming that
M, is equal to 1.1, corresponding to the maximum curvature of the frequency magnitude
distribution, as suggested by Wiemer and Wyss (2000). It is clear that increasing the value of the
completeness magnitude, improves the results for all methods. One common feature is that all
estimates lie below the true value, with one exception. Indeed, the Aki (1965) estimator gives an
overestimate and is seemingly better than the estimator corrected by Utsu (1966) and the exact
formula using magnitudes. However, this is an artefact since the typical underestimation due to
incompleteness is overcompensated for the Aki method by the effect of magnitude binning. Most
importantly, observe that methods based on magnitude differences and either on the positive
differences or on the negative differences produce the best results in terms of closeness to the true b
and in terms of the evaluation index p. Such evidence seems to confirm the strategy suggested by
van der Elst (2021) that using magnitude differences is preferable than using magnitudes. However,
his claim that positive differences lead to better estimates than using negative differences is not so

evident from this Table.
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Figure 1 — Incomplete simulated set of N=1029 data with parameters: u = 1, 1 = 0.2, M,;;;;, = 0.4,
20=0.1, b =1.

In Table 7 we show the results for the same parameters when the minimum magnitude M, is
increased up to 1.3 corresponding to the magnitude of maximum curvature plus 0.2, that is the way

M, is commonly set in the literature (Wiemer and Wyss, 2000, Mignan and Woessner, 2012).

Table 6 - Incomplete simulated sets with u = 1, 1 = 0.2, 26=0.1, =1 and M =1.1

Estimator Eq. by Su N p

Aki (1965) (2) 1.026523 0.037518 786 0.478636
Aki (1965), Utsu (1966) (4) 0917912 0.029991 786 0.008349
Bender (1983) (6) 0.911953 0.031097 786 0.006099
This paper, magnitudes (8) 0.921364 0.030332 786 0.012220
This paper, absolute differences (14) 0.973845 0.047540 393 0.582759

This paper, trimmed absolute differences (18) 0.986348 0.051871 353 0.788916
This paper, trimmed positive differences (18) 0.989979 0.074481 176 0.885868

This paper, trimmed negative differences (18) 0.988299 0.073980 154 0.869655

Notice that increasing the value of the completeness magnitude has the effect of reducing the size of
the samples and consequently of increasing the simulated standard deviation
Su. Further, it lowers the degree of incompleteness, and therefore leads to better estimates. As for
the rest, most considerations made for Table 6 apply also to Table 7. Most precisely, we can see that
now the Aki (1965) formula (2) clearly overestimates the b-value and is thus inadequate, whereas
the other estimators using magnitudes as well as the estimators based on magnitude differences give
correct results. In this case, the estimator using the trimmed positive differences seems to be slightly
better than the one using negative differences but slightly worse than the one using the absolute

differences, either trimmed or not.
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297
298

299  Table 7 - Incomplete simulated sets with u = 1, 4 = 0.2, 26=0.1, =1 and M=1.3

Estimator Eq. by Su N p

Aki (1965) (2) 1.107743 0.052196 541 0.027810
Aki (1965), Utsu (1966) (4) 0.982229 0.041025 541 0.670191
Bender (1983) (6) 0.976523 0.042257 541 0.579654
This paper, magnitudes (8) 0.986471 0.041560 541 0.744560
This paper, absolute differences (14) 0.998481 0.060113 270 0.979558

This paper, trimmed absolute differences (18) 1.001747 0.064811 240 0.975911
This paper, trimmed positive differences (18) 1.005584 0.094333 120 0.958555

This paper, trimmed negative differences (18) 1.006768 0.092576 118 0.938444
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301
302 Figure 2 — Histogram of the absolute differences computed for the dataset shown in Figure 1. As
303 expected its size is N = 564.
304
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The resilience of trimmed differences estimators to magnitude incompleteness can be further
proven through the following experiment. We take exactly the same datasets analyzed before and
with estimates given in Table 5: they have average size N = 1093 and have M, = 0.4. They are
strongly incomplete (see the exemplary sample in Figure 1). Let us estimate the b-value through
the eq.(18) and change the value of AM'.. Figure 2 displays the histogram of the absolute
differences of the same data set plotted in Figure 1. It includes also the null differences, that
however will be neglected in the analysis. It is quite evident from this graph, that the histogram
exhibits an exponential behavior much more than the corresponding graph of Figure 1, and it is
much more so if the first column on the left hand side is discarded. This rises the expectation that
methods based on differences, rather than on magnitudes are able to provide better estimates. This
is confirmed in Table 8. The last three rows of Table 5 show the results for trimmed differences
estimators (absolute, positive and negative) when we apply the basic trimming, which means that
we set AM', = 26, so discarding the differences equal to 0. In Table 8 we show the results obtained
by increasing AM', up to AM’', = 106 (i.e. 5 times the bin size). In the Table we include also the
outputs for AM', = 26 for the sake of comparison. Very remarkably, it can be seen that the
deviations of the estimated b-values from the theoretical one progressively decrease when
incrementing the amount of trimming, and at the end they become almost negligible for all of the
three estimators. It is also worth stressing that increasing the trimming threshold AM’, obviously
reduces the number of available data and leads to larger standard deviations, but less dramatically
than a similar increment is applied to the magnitude threshold M.. Even in this experiment it can be
observed that positive differences give results slightly better than negative differences and
systematically better than absolute differences.

Results for incompleteness changing with time

It is known that incompleteness affects seismic catalogues systematically after a strong main shock,
owing to the superposition of the waveforms in the recorded seismograms that prevents the correct

location and size determination of many small shocks in the hours or days after the main shocks. It

19



331 is also known that in these circumstances incompleteness is time dependent since it tends to
332  decrease in time which means that the completeness magnitude can be modeled as a decreasing
333  function of time.

334

335 Table 8 - Incomplete simulated sets generated with parameters g = 1, 4 = 0.2, 26=0.1 and

336 b=1, M .=0.4 and estimated through eq.(18)

Estimator AM', by Su N P

This paper, trimmed absolute differences 2§  0.890224 0.036483 506 0.005059
This paper, trimmed positive differences 26  0.892015 0.052275 253 0.052535
This paper, trimmed negative differences 26  0.891447 0.051621 247 0.044536
This paper, trimmed absolute differences 46  0.927973 0.042749 428 0.101695
This paper, trimmed positive differences 46  0.930314 0.061307 214 0.267504
This paper, trimmed negative differences 46  0.929565 0.060234 212 0.254639
This paper, trimmed absolute differences 65  0.957032 0.049715 355 0.394683
This paper, trimmed positive differences 65  0.959837 0.071424 178 0.570807
This paper, trimmed negative differences 65  0.959462 0.070339 180 0.560562
This paper, trimmed absolute differences 85  0.977009 0.057063 290 0.683715
This paper, trimmed positive differences 85  0.980645 0.081274 145 0.812863
This paper, trimmed negative differences 85  0.980056 0.081047 146 0.807636
This paper, trimmed absolute differences 105 0.990306 0.064465 235 0.879491
This paper, trimmed positive differences 105 0.994635 0.091919 117 0.956170

This paper, trimmed negative differences 105 0.994486 0.092570 121 0.952622

337
338  We generate the synthetic data sets following the procedure described in the Appendix I. We set the

339  magnitude of the main shock to m=5.6 in eq. (I4), p=1 and ¢=0.01 in eq. (I5) and 7x=5 days in egs.
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(I8-113). We produce M = 10,000 aftershock sequences of N = 40,000 earthquakes that are made
incomplete through the thinning mechanism, that is a probabilistic and time-dependent process. The
magnitude mean of the thinning law p(t) is given in eq.(I4) and A is set to 0.2. Further, we
compute the magnitude M, using the criterion adopted for the analysis shown in Table 7, i.e. M, is
equal to the magnitude M,,,. corresponding to the maximum curvature of the sample frequency
magnitude curve plus twice the bin size. Then, we eliminate all magnitudes smaller than M. The
mean number of surviving data is N = 1041. In Table 9 we present the results of the estimation
when M, is equal to 1.3. Our finding is that none of the estimators is performing very well.
However, we observe that estimators based on magnitudes tend to severely underestimate the
theoretical b, and the corresponding values of the evaluation index p is much smaller than the 5%
significance level. Conversely, the estimators based on differences give results that can be
considered satisfactory. A further remark is that one can note a slightly better performance for
positive differences with respect to the negative ones.

Table 9 — Aftershock sequence with time-dependent incompleteness; parameters: 4 = 0.2,

m=5.6, p=1, ¢=0.01, Tg=5 days, N=40,000 (before thinning), 26=0.1 and b=1, M _=1.3

Estimator Eq. by Su N p

Aki (1965) (2) 0.835400 0.025265 1041 0.000000
Aki (1965), Utsu (1966) (4) 0.762046 0.021019 1041 0.000000
Bender (1983) (6) 0.752022 0.022715 1041 0.000000
This paper, magnitudes (8) 0.764015 0.021183 1041 0.000000
This paper, absolute differences (14) 0.952553 0.040146 520 0.244594

This paper, trimmed absolute differences (18) 0.965537 0.043553 469 0.430854
This paper, trimmed positive differences (18) 0.967733 0.061519 234  0.589812

This paper, trimmed negative differences (18) 0.967363 0.062788 228  0.596715
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To examine the performance of the estimators on aftershock sequences we have varied the number
of data and the theoretical b-value (see Tables from S19 to S27 in the supplementary material).
Notice that Table 9 coincides with Table S23. We have found confirmation that methods based on
differences provide better results than methods based on magnitudes and that methods based on
differences of the same sign (positive or negative) are better than the ones obtained when using
absolute differences, and provide estimates very close to one another, with slight advantage of
positive over negative datasets.

Discussion of the results

Computing the b-value of a magnitude catalogue or a magnitude sequence is a classical activity in
standard seismicity analyses and is often used in advance studies. For complete datasets, when the
magnitudes are taken as continuous exponentially distributed variables, the problem of estimating b
and the related confidence intervals was given a definite solution respectively by Aki (1965) and by
Shi and Bolt (1982) who made recourse to the chi-square distribution. When magnitudes are
grouped in bins of equal size, the problem was also given a final solution by Guttorp and Hopkins
(1986) for estimating b and by Tinti and Mulargia (1986 and 1987) to compute the corresponding
confidence intervals. Catalogue incompleteness affects remarkably all the estimations, but this
problem was long overlooked, since there was the believe that it regards only the smaller
magnitudes range and that it is easily possible to find a threshold magnitude, M, above which the
data set is complete and is sufficiently large to allow accurate estimates. More sophisticated views
emerged progressively as wells as criteria to find M, (see Mignan and Woessner, 2012), but it was
only recently that the problem was tackled by a very different point of view. It was van der Elst’s
(2021) who analyzing aftershock sequences where the completeness is known to change quite
rapidly with time, proposed to consider datasets of differences of magnitudes in place of
magnitudes and to base on them all the statistical inferences. This was a remarkable turning point in

the discipline. He also suggested that using datasets of positive differences was the only correct way
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because the alternative choice of using absolute differences of magnitudes or negative differences
leads to inaccurate estimates.

In this paper we have explored the potential of the new approach and we have considered only
synthetic datasets since this is the best way to evaluate the performance of inferential estimators.
Indeed, one can generate easily a very high number (10,000 in this paper) of pseudorandom samples
of magnitudes of any reasonable size. First of all, we have noticed that passing from random
variables to their random differences implies halving the size of the data set if one wants to keep
data independency (see eq. (16)), which in principle is a cost that is hard to pay. On the other hand,
making consecutive differences (see eq.(15)) does not alter significantly the set size (it passes from
N to N — 1), but it introduces an undesirable correlation in the data. The effect of such correlation
has been shown in Table 3 where the standard deviation of the correlated differences was found to
be larger than the theoretical one by an amount of about 22%. This implies that the variance
increases by a factor 1.49 or correspondingly that the equivalent number of data is reduced. In this
paper we have opted to work only with datasets formed by independent variables obtained through
eq. (16), accepting to pay the cost of halving the dataset size. Consider that the cost is even larger if
one uses only one-sign differences (either positive or negative) since in this case the database size
collapses to one quarter.

To judge the goodness of the various estimators based on magnitudes and magnitude differences we
have devised a new evaluation index denoted by p (eq.22), that can be interpreted as a non-
parametric variant of the Student’s t. Depending on the way it is defined, that is a sort of
normalization, the index p, like the Student’s t, tends to tolerate larger discrepancies for estimators
with larger standard deviations, and does not prize the estimator efficiency. Bearing this in mind,
we consider p a suitable index to evaluate estimators that are known a priori to operate on different
dataset sizes like the ones working on magnitudes and on magnitude differences.

When treating complete binned datasets our analysis confirms that the classical estimator of eq. (8)
works quite well and better than estimators for continuous magnitudes either in the original form
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(eq. (2)) or in the one corrected to account for binning (see eq. (4)). It is relevant to point out that
also the methods based on magnitude differences and given in eqs. (14) and (18) provide
equivalently good results.

The most important finding we obtain is that magnitude samples showing a very severe
incompleteness transform to samples with an almost exponential decay when magnitudes are
replaced by magnitude differences (see Figures 1 and 2). This seems to be a strong support to the
strategy of using absolute differences or one-sign differences to evaluate b. Results reported in
Tables from 5 to 7 show that increasing the magnitude value M, in the traditional estimator (8) from
the very low value of patent incompleteness to the magnitude of maximum curvature of the
frequency magnitude distribution and even further, improves its performance very much.
Nonetheless, from all those Tables it emerges that better evaluations are attained by the estimator
(14) that applies to absolute differences and by the estimator (18) that applies to one-sign
differences with the minimum possible trimming, i.e. the trimming involving only zero differences.
Table 8 explores the performance of the estimator (18) when the magnitude dataset is very
incomplete (M, is assume to be very low) and the trimming is made progressively more substantial
and it is found that increasing the trimming also improves the results. In virtue of these outcomes,
one could play with M, and with the amount of trimming AM’,. to optimize the estimates. However,
refining this strategy is not the scope of this paper. On comparing the results of all Tables from 5 to
8, we observe that the most accurate estimates are reported in the last 4 rows of Table 7 and are
obtained when M, = M,,,,. + 46=1.3 and the trimming is the minimum, namely either null or equal
to 2.

With this clue in mind, we have considered aftershock sequences. Their main feature is not only
that they are strongly incomplete dataset, but also that the completeness magnitude changes quickly
during the process, and formally it changes from one earthquake to the next (according to eq. (I4) in
the Appendix I). Nonetheless, each sequence gives rise to a frequency magnitude histogram that can
be examined as in the previous analysis, that is by establishing the maximum curvature magnitude
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M, and by determining M, through the formula given above. The results of Tables S19-S27 in
the supplementary material confirm the superiority of the formulas based on magnitude differences,
but they also add that the estimator (18) including trimming is generally better than formula (14).
The second most important result of our analysis on the behavior of the estimators dealing with
incomplete datasets is that the van der Elst’s claim (2021) that in aftershock sequences one
necessarily finds that positive magnitude differences are distributed exponentially much better than
the negative ones and therefore the most successful estimator is the estimator (18) applied to the
subsets of positive differences is not supported by enough evidence. As a matter of fact, we found
that the estimates are very close to one another and that in some cases positive differences provide
better values while in other cases the reverse is true.

A final remark regards the confidence limits. The van der Elst’s contribution brought in the
seismological arena the two new estimators (14) and (18), without providing however the related
confidence intervals. The formula (18) is practically the same as (8) but applied to magnitude
differences, since the supporting distribution (discrete Laplace) is the same. This means that the
corresponding theoretical confidence intervals based on the geometric distribution are already
known for any given number N of sample data (Tinti and Mulargia, 1986, 1987). In this paper we
have provided explicit simple formulas, (19) and (20), to compute the 1-sigma confidence interval
when the sample size is large enough that the distribution of the mean (either M or |AM])
approximates a Gaussian, which is normally the case in seismological practice. On the other hand,
to authors’ knowledge, the confidence intervals of the distribution underlying the estimator (14)
have not yet been given a general theoretical solution in the seismological literature. In this context,
and under the same assumption of Gaussian distribution, we propose the formulas (H20a and H20b)
derived in the Appendix H to compute the endpoints of the 1-sigma confidence intervals.
Conclusions

This paper consisted in two parts and was inspired by the new approach due to van der Elst (2021)
to deal with strongly incomplete data set of magnitudes to make estimates of the b-value. The
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theoretical part, mostly developed in the Appendixes recalls in a plane way the main properties of
the binned magnitude distributions, more precisely the discrete exponential and the discrete Laplace
distribution, the latter being analyzed also in its various variants of absolute differences (either
including or not null differences) and one-sign differences. It is a systematic analysis reproducing
known results, but also providing clarifications and leading to new outcomes, such as the
expressions to compute the 1-sigma confidence limits of the estimators. The second part, chiefly
illustrated in the main text and complemented by the supplementary material, is an attempt to
evaluate the goodness of the classical estimators of the bh-value compared to the ones based on
magnitude differences. For estimators based on the distribution of magnitudes, exact formulations
(eq. 8) are always preferable with respect to the approximate formula by Aki (1965) with Utsu
(1966) correction (eq. 4), in particular when the bin size is larger than 0.1. The uncorrected formula
by Aki (1965) (eq. 2) usually overestimates the theoretical h-value, but sometimes may deceptively
appear to work well when, by chance, the overestimation due to the binning almost exactly
compensates the underestimation due to incompleteness. In case of substantially incomplete
catalogues, it was shown that the distributions of magnitude differences happen to be closer to an
exponential decay. Therefore, estimators using magnitude differences (eqs. 14 and 18) are more
robust with respect to magnitude incompleteness than those using magnitudes (eq. 8) and give
correct b-values when the magnitude cutting threshold M, is not lower than the magnitude of
maximum curvature of the frequency magnitude distribution. Conversely, estimators using
magnitudes (eq.8) give correct results only for M. not lower than the magnitude of maximum
curvature plus 0.2. The latter finding confirms the goodness of a common choice, made in current
literature (Mignan and Woessner, 2012), to establish the magnitude completeness threshold.
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private databases, but only data generated through the Matlab code quoted above
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Appendix A - The continuous and discrete exponential distributions

Earthquake magnitudes, when taken as random variables, are supposed to follow an exponential
distribution at least beyond a certain (completeness) magnitude threshold M.. Generally, they are
provided up to a few decimal digits (usually one) and therefore they can be naturally binned in
classes of equal size, say 26.In the common practice, they are treated either as a discrete set of
variables or as a continuous set. In the former case, if M;, is the magnitude of the first class, the
magnitude of the i — th class is given by:

M; = My + 24i (A1)

The integer i identifying the class is a discrete random variable obeying the probability distribution:

P, =A(a)e™ i=0,12,.. (A2)

where a is assumed to be a positive decay parameter. Because P; represents a probability for the
random variable i, its distribution must satisfy the normalization condition, i.e. the sum of all

probabilities must be equal to 1. By imposing it, we obtain:

= . > A
Al@e ™™ =A(a) ) e = =1 (A3)
2 2

1—e@
It follows that (A2) can be rewritten as:
PP=(1-e%e™ ™ i=012,.. (A4)
On the other hand, when treating the magnitude M as a continuous variable, its probability density

function is given by:

P(M) = e PM-Md) M — M. >0 (A5a)
or
P(M) = Be BM~Mo+8) M — (M, —6) >0 (A5b)

depending on the decay factor S. The formula (A5b) is justified since, usually, the first value of the
discrete set of magnitudes M, is taken as the midpoint of the first magnitude class, i.e. the one with

the lower endpoint in M. This means that:
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M, =M, -6 (46)
It can be shown that the decay factors @ and  of the discrete and continuous distributions are
linked by the relation:

a = 28p (A7)

Indeed, if we consider the scaled variable:

_M-M, 16
then its probability density has the form:
dM s
P(J/)=P(M)E=253 e 2By = ge” W y>0 (A9)

If we take only integer values of y, then the y axis results to be discretized with unitary bins, while
the M axis happens to be discretized with a resolution that is finer and finer as 26 is made smaller
and smaller. Under these circumstances, the expression of P; tends to the continuous counterpart
P(M), since the factor (1 — e~%) can be approximated by 25p.

In the following, the random variables we will consider are the continuous variable y defined in
(A8) and the discrete variable i defined in (A1). We will see that all statistical formulas we will
derive for the discrete variable i will tend to the corresponding formulas of the continuous variable
y as the bin size 26 becomes increasingly small. More specifically, if we approximate e™* with 1
and (1 —e~%) with 268, then the discrete-case expressions transform into the continuous-case
ones.

Mean, variance and standard deviation

The formulas for the mean and variance of the continuous exponential distribution (A9) are well

known and will be given here for the sake of completeness. They are:

1
HUcE p ( )

1 1
varcg = ?, Ocg = E (All)
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where the subscript CE denotes a continuous exponential random variable. As regards the discrete

distribution (44), we start with computing its mean ypp that is defined as:

lpp = Z PP =(1- e‘“)z i e=ai (412)
i=0 i=1

In order to compute the sum S; of the series in (412), we note that:

S, = Z ie ® = e‘“Z(i +1) e * = ¢ @ (Z ie % + Z e‘“i) (A13)
i=0 i=0

i=1 i=0

In the last expression, we recognize that the first summation is S;, while the second one is the sum

of a geometric series. Therefore, the equation (A13) becomes:

-

S, = e %S Al4
1= e o1t 1_e-a (A14)
This is an equation in the unknown S; with solution:
s e A15
N =
On substituting this expression in the definition (A12), we eventually get:
e—a
pop = (1 —e™ )8 =1 (A16)
—e
The second moment, say M, p, of the discrete exponential distribution is by definition:
M; pg :Zizpi =(1 —e_a)zize_m (A17)
i=0 i=1

To evaluate the sum of the series, we can follow a procedure analogous to the one used earlier, that
is:

[ee)

S, = Z e = ¢7F Z(i +1)%e % = 7@ (z e + 22 ie % + 2 e‘“i) (A18)
i=0 i=0 i=0

i=1 i=0
Remembering the values of the series in the last member of the above equation chain, we obtain the

following equation in the unknown S:

1
S, = ‘“(S +25; + ) A19
2= € 2 1T o« (A19)
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Its solution 1s:

-

S_e (25+ 1)_ e“"(Ze“"+ 1)
27 1—e @ PP 1—e9) 1-ea\(1—e @2 1—¢¢

e+ e™®) 120
T (1—e9)3 (420)
From the definition (A17), we then obtain:
B e " (1+e™9)
Mypp = (1—€e™)S; = Td—e92 (A21)

The variance of a distribution can be computed from the mean and the second moment according to
the formula:

varpg = My pp — (4pp)? (A21)
After substituting the respective values, it transforms to:

e *(1+e™ %) e7?® e
(1-e®?2 (1-e9?2 (A-e9)?

vaT‘DE =

= % (csch %)2 (A23)

Consequently, the standard deviation o takes the form:

a
= ¢ 1 ha A24
Opp =1 ,—a = 7 6SCh5 (A24)

We point out here that the formula (416) for the mean upg is already known in the seismological
literature and forms the basis for the estimator of b (8) given in the main text (Guttorp and Hopkins,
1986, Tinti and Mulargia, 1987, van der Elst, 2021). On the contrary, the expression (A424) for the

standard deviation of the discrete distribution is original and first derived in this paper.
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Appendix B — The continuous and discrete distributions of the differences of exponential
variables (Laplace distributions)

If we consider the scaled random variables y and z, both following the exponential distribution
(A9), then the random variable w =z —y can be proven to obey the continuous Laplace

distribution with density function defined as:
a
P(w) = Ee‘“"”' —o0o<w< 4+ (B1)

It is a continuous density function with two symmetric exponential tails, and the same decay
parameter « as the original distributions and it is known as Laplace distribution.

Let us now consider the differences of integer random variables i and j, both following the discrete
exponential distribution (44) with the same parameter «. If they are independent variables, the joint
probability distribution P;; for the pair (i, j) is given by the product:

Pj=PP = (1—e *)2e ot) (B2)
Here the aim is to compute the probability that the difference takes a given value d. To this
purpose, we have to sum up the probabilities of all the pairs where the difference is exactly equal to
d. If we consider the Cartesian plane where i runs along the horizontal axis and j runs along the
vertical axis, then the pairs exhibiting a constant difference between j and i can be found on straight
lines parallel to the bisector of the first quadrant. Exactly on the bisector, the pairs have i = j and
the difference is identically zero. For the lines above the bisector, the difference is positive, whereas
for the parallel lines lying below it, it is negative.

More formally, we introduce the random variable d = j — i, d € Z, and compute its distribution P;.
First, we assume that j > i, and therefore that d = 0. Given d, all pairs (i,j) having difference

equal to d, are of the type (i,i + d) with i € N. It follows that:

P, = Z PPy = (1 _ e—a)ze—a(i+i+d) — (1 _ e—a)ze—ad Z e~2ai (B3)
i=0 i=0
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Considering that the terms to be summed can be seen as the elements of a geometric series with

constant ratio e "2%, we obtain the expression:
(1—e %)?
Pd:ﬁe_ad, d=0 (34)
—e

When j < i, following an analogous procedure, we can get a similar expression. Indeed, we should
sum up all probabilities of the pairs (j + |d|, j) getting the result:

1-— e—a 2
Pa= G emdd, 4 <0 (B5)

Remembering the identity 1 — e 2% = (1 — e~*)(1 + e~%), both expressions (B4) and (B5) can

be simplified to:

a
e~altl = tanhz =Ml — o0 < d < +oo (B6)

where recourse is made to the identity:

1—e™@ a
1T ea - tanhE (B7)

In the following the distribution (B6) will be referenced to as discrete Laplace distribution.

Mean, variance and standard deviation

The computation of the mean of the continuous Laplace distribution p.; is straightforward, since
P(w) = P(—w)). Here the subscript CL stands for continuous Laplace distribution. Indeed, it is

trivial to see that:

+ oo + oo + 0o

WP(—W)de wP(w)dw = 0 (B8)

0

wP(w)dw = —f

0

0
UcL =j wP(w)dw +f
— o0 0

Owing to the vanishing of u.;, the second moment of the Laplace distribution (B1) coincides with

its variance:

+ oo + 0o

2
w?P(w)dw = af w?e Wdw = = (B9)
0

+00
varg, = f w2P(w)dw = 2]
—o0 0

Hence, the corresponding standard deviation is:
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i

O-CL = (310)

The mean up;of the discrete distribution (B6) is zero due to its symmetry around the origin (i.e.

P_; = P;). Indeed:

-1

Upy = Zde+Zde=—ZdP_d+Zde=0 (B11)
d=1 d=1 d=1

d=—o0

And, as a consequence, its second moment and variance are coincident:

= 5 = 5 1-—e ¢ 2 —ad 1—e7¢ 2e ¢
varp, = 2 d Pd=22d Pd=21+e_a2d e =21+e‘“52=(1—e‘“)2
d=—oco d=1 d=1
1 a2
=3 (cschi) (B12)

The corresponding standard deviation results to be:

a
V2e7z 1 a
OpL, _m_ﬁCSChE (313)

On comparing expressions (A11) with (B9) and (A23) with (B12), it is worth noting that the
variances of the Laplace distributions are twice larger than the corresponding variances of the
exponential distributions, i.e.:

varg, = 2varcg varp, = 2varpg (B14)
Indeed, the results reached in this section could be anticipated simply by remembering that the
mean and the variance of the difference of two independent random variables are respectively the
difference of their mean and the sum of their variances, which entails that the resulting mean is zero

and the resulting variance is twice as large.
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Appendix C — The continuous and discrete one-sign differences distributions

If we restrict the attention only to one-sign differences, it is trivial to see that their distribution is
exponential. Indeed, for the continuous case, the distribution (B1) becomes:

Pw)=ae " —o<w<0 (Cla)
Pw)=ae ™™ 0<w<+o0 (C1b)

Likewise, for the discrete case, the distribution (B6) splits into:

Pp=(1-e e ¥ _—w0<d<0 (C2a)
Py=(1—e %e 9 0<d<+o (C2b)
It follows that the corresponding means, variances and standard deviation have the expressions
(A10) and (A11) given in the Appendix A.

It is worth stressing that the result regarding the means was derived first by van der Elst (2021).
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Appendix D — The continuous and discrete absolute differences distributions
Let us consider the absolute values of the differences, that are |w| and |d| respectively. It is worth
outlining that for the continuous case the distribution is exponential, while for the discrete variables

this is not true. In the former case, we can write:

P(w]) = ae @0 < |w| < 4+ (D1)
On the other hand, for the discrete variable |d|, we should distinguish the case of null differences

from the others, and their probability distributions results to be:

p - 1—e7 ¢ D2

07 14e@ (D2a)
1—e @

Pig) = Zme_“'d' 1<]d] < 4oo (D2b)

Mean, variance and standard deviation

The absolute values of the continuous differences are exponential variables and their statistical
moments that are relevant in our context can be taken from the expressions displayed in the

Appendix A. We can write them explicitly here below:

1 1 1
Hea = - yVaTcg = Pl »Oca = . (D3)

In the adopted notation the subscript CA stands for continuous absolute differences. The mean of

the absolute values of the discrete differences is by definition given by:

[ee) [ee)
—-a a ze—a

1-e . 1—e”
= d|P =2—Z' M =2—2 = = D4
#pa |;1| IPia) 1+ e %, 1le 1+e " (14e9)(1—e9) (D4)
= 1=

In the above computations use has been made of the expression (A14) for S;.
Likewise, the second moment M, p, 4 is computed as:

5 1—e@ 5 —ai 1—e@ 2e™¢
Maon = )PP =270 ) 176 = 20y = i ey =
|d|=1 i=1
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where S, has been taken from (A20). The variance can be computed as the difference between

M, p4 and up, squared, that is as:

. 2e® 2e72¢ o 2e7%(1+e?) D6
YDA T ey T A4 e 21 —e 2 (1+e 9)2(l—e %) (D6)
The related standard deviation is therefore given by:
J2e=%(1 + e—24)
(D7)

DAT A ¥ e0)(1=e9)

It is relevant to observe that the variance of the absolute differences (D6) is smaller than the

variance of the discrete Laplace distribution (B12), i.e.:

14+e7%@

varp, = varp,, m

< varp, (D8a)

since the adjusting factor is smaller than 1. Similarly, we can conclude that:

Opa < Op, (D8b)
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Appendix E - The effect of trimming

For trimming we mean here the removal of all values below a predefined limit. Therefore, for the
continuous variable y, we will consider only values y >y’ > 0, and, likewise, for the continuous
difference w we will take into account only values w = w' > 0 or w < —w' < 0. It is very easy to
see that the distribution of y follows the exponential distribution:

PO = ae™®0) y =y (E1)
We observe that trimming acts on the random variable y as a shift, which implies that the mean is

incremented by an amount equal to the shift value, i.e.:

1
Urce = Ucg +Y' = P +y (E2a)

while variance and standard deviation remain unchanged:

1 1

varrcg = Varcg = ? Orce = Oceg = E (E2b)

Here the additional subscript T denotes the trimmed distribution. Further, it is immediate to observe
that also the one-sign differences w —w’ and the absolute differences |w —w’| follow an

exponential distribution, that is:

P(w) = ae~®Wv) w>w >0 (E3a)
Pw) = ae vl w<—w <0 (E3b)
P(lw|) = ae~alw—w| wl=w'>0 (E3c¢)

Therefore, even for these distributions the mean results to be shifted by an amount equal to w’,
whereas variance and standard deviation do not change.

When considering the continuous Laplace distribution, appropriate for the differences, trimming is
realized by considering the variables with absolute value larger than the threshold. The related

density function is split into:

a ’
P(w) = Ee—a(w—w ) w=w'>0 (E4a)
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a 1]
P(w) = Ee-f’flw-w ' w<-w'<0 (E4b)

It is symmetric, centered in zero, and therefore, if we denote its mean by pur ¢, we can write:

Urcr =0 (ES)

As for the variance, it identifies with the second moment and can be written as:

vaTT'CL = Zf WZP(W)dW == af er_a(w_wl)dw = aeaw,f er_ade (E6)
w' w' w'

After a double integration by parts, the integral in the RHS can be computed analytically and (E6)

takes the form:
1
varre, = — [(1+aw)? +1] (E7a)

with the corresponding standard deviation:

1
O-T,CL = E\/(l + C(W')z + 1 (E7b)

Both expressions tend to the respective values (B9) and (B10) of the untrimmed distributions as
w' tends to zero, i.e.:

vary ¢, = varg, and oy = ocpasw’ = 0 (E8)
Notice further that both are increasing functions of w'.

As regards the discrete distributions, trimming is realized by considering only variables beyond
specified integer thresholds, say i’ and d’. Even in this case, the trimmed exponential distributions

and the one-sign differences are exponential, i.e.:

p=(1- e (=) | >i" >0 positive differences (E9)
Pp= (1—-a)e -4l g<—d' <0 negative differences (E10a)
Py= (1—a)e®@-d) g>q' >0 absolute differences (E10b)

So means are affected by trimming, whereas variances and standard deviations are not. For
instance, for the exponential distribution we can write:

e—a

1—e-a +y' (Ella)

UTpE = UpE T+ ' =
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e ¢ e_%
(I—e-az OrpE=O0E =T = (E11b)

vaT'T,DE = UaTDE =

780  We observe that trimming affects substantially the distribution of the absolute differences. Indeed,
781  since trimming discards the value d = 0, the resulting distribution becomes exponential. It is worth
782  to write it down explicitly:

Pig= (1—a)e~?ld=2) |d| >d" >0 (E12)
783  Its relevant statistical indices are quite different from the ones of the untrimmed distribution (see
784  expressions (D4), (D6) and (D7)). They are:

-
—a >

e e e @ e
= var =—— o© =—
HT,pA 1_e-@ T,DA (1—e-)2 TDAT 1 _ o«

(E13)
785  For the differences distributed according to the discrete Laplace distribution, trimming leads to the

786  following expression for the probabilities:

1—e¢

1+e @

’ a ’
Py = e~allal=a’) — tanhEe‘“Ud"d) d<-d <0ord=>d >0 (E14)

787  Itis a symmetric distribution with mean equal to zero, i.e.:

Urp, =0 (E15)

788  Its variance, being equal to its second moment, can be computed as:

N 2 1—e™® ad’ N 2 ,—ad 1—e™® ad’ 2 ,—aj
varT,DL=ZZde:21+e_ae Zde =21+e Z(}+d) (E16)
d=d’ d=d’ j=0’

789  The summation in the RHS of the last equation can be further elaborated:

S+ dypes =Y peaad Y jel vaty o
j=0’ j=0’ j=0’ j=0’
2
=S+ 2d'S; + — e (E17)

790 Combining (E16) and (E17) and remembering the expressions (A15) and (A20) respectively for

791  S; and S, after some calculations we eventually get:
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2

At e =) fe*+e*+d (1—-e ]} (E18a)

vaTT'DL =

1
—_ e_a

2
\/(1 ey fere+ e +d'(1—-e9)]?} (E18b)

OrpL = 1

792 It is worth noting that when d’ is set equal to zero, both the above expressions transform into the
793  corresponding untrimmed variables indices, that is varp; and op;.

794
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Appendix F — Estimating the decay parameters by means of the mean method

For magnitudes obeying the Gutenberg-Richter formula (1) the decay parameter is b. If we opt for
the canonical exponential expressions (A5), the decay parameter is . If we consider binned
magnitudes, the decay parameter is a. Since these three parameters are linked by constant factors,
we can estimate any one of them and very easily deduce the others. In this paper, the main attention
goes to sequences of binned magnitudes and therefore here we concentrate on methods suitable to
estimate a and only on discrete distributions. In this Appendix we will consider methods based on
the mean value of the distributions. If we denote the generic mean by u, and if it happens to depend
on a, that is if u = f(a), then we can obtain @ by means of the expression a = f~1(u) where f~1
is the inverse function of f, provided that the inverse function exists. On the other hand, the mean
of any distribution can be estimated from experimental data, and approximated by the sample mean
value, the approximation being better and better as the data number N increases. The goodness of
the estimate of u reflects directly on how good the estimate of « is and will be treated later when
addressing the confidence intervals. With this strategy in mind, we will consider separately the
distributions treated so far, pointing out, however, that the method cannot be applied to the discrete
Laplace distributions, either trimmed or untrimmed, because their mean up, and prp, are
identically zero, and thus not depending on «.

Estimates based on exponential distributions

The exponential distribution applies to binned trimmed or untrimmed magnitudes, as well as to
binned trimmed or untrimmed one-sign magnitude differences, and also to binned trimmed absolute
differences. As already stated, the untrimmed absolute differences follow a different distribution
and will be addressed separately. In all these cases the formula for the mean can be written as (see
Appendix E):

e—a

T1-eca ik v

U

where k is the trimming threshold and is equal to zero for untrimmed distributions.
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The expression (F1) can be inverted easily and leads to:

@ =1n (%) (F2)

Interestingly, we can observe that the ratio in the formula (F2) can be written also as:

u—k+1_2(ﬂ—k+%)+1_x+1

_ — (F3a)
u—k _ 1y x—1

2(p—k+5)-1

where we have posed:
1
x=2<u—k+§) (F3b)
Taking advantage of the identity:
1 /x+1
-1 _ =

coth™(x) = 2ln <x — 1) (F4)

that links the natural logarithm with the inverse of the hyperbolic cotangent, the variable « in (F2)

can be alternatively given also as:

a = 2coth™! <2 (,u —k+ %)) (F5)

We stress that in the above formulas « is the true value of the decay parameter. Therefore we can
interpret formulas (F2) and (F5) as unbiased estimator of a, say &, if we replace y with its sample
mean, since the sample mean tends to 4 when the number of data in the sample increases.

In terms of binned magnitudes M; given by (A1) the above formulas (F2) and (F5) for the
estimator & take the form:

. (M—Mk+26
d=In|{————

TR ) = 2coth™?! (% (M — M, + 6)) (F6)

where M is the sample mean magnitude and
M, =My+25k k=0 (F7)
is defined as the trimming threshold magnitude which coincides with the magnitude of the lowest

bin if no trimming is applied.
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Since a = 26b In(10), thus the corresponding estimator of the decay parameter b is:

p__ 1 <I\7I—Mk+26> 1

1 _
_ -1(Z (i —
25T {0) In TR = 50 coth (6 (M — M, + 5)) (F8)

Observe that the expressions (F8) coincide with the estimators (8) and (12) in the main text, where
however we used a different notation and called M, as M..

The logarithmic version of the above formula can be rewritten as:

— 1(1 26) F9
~25mm@0) "\" " M- M, (F9)

This is a version expandable in series. If we truncate the expansion to the second order, we obtain:

b=

26 1 462 ] 1 ( 5 ) (F10)

1
26 1n(10) [M “M, 2(M—M)?|  Wm(0)(M - M)\ M— M,

It is interesting to observe that the formula (F10) when k=0, coincides with the first terms of the

expansion of the expression (4) in the main text. Indeed:

3 1 1 1 1 5
b = A0 =My +6)  In(10)(M — My) L+ 0 " n(10)(M — My) (1 M- MO)
M- M,

Therefore, we can state that the estimator (4) is an approximation of the estimator for binned
exponential magnitudes corrected at the second order in the variable § /(M — M,).

When considering the binned magnitude differences, we come to analogous expressions for the
estimator. If we denote by AM the magnitude differences, by AM the related sample mean value,

and by AM,, the trimming threshold, then for trimmed positive differences we obtain:

b=

1 (W—AMk+25

In(— AM > AM,, = 2 > F11
25 In(10) AM—AMk> 2 My =2k k20 (F11)

For trimmed negative differences the formula is:

b=

1 <|AM| — AM,, + 26

1 i AM < AM,, = —2k& k=0 F12
261In(10) "\ AM — AM, ) = 2k = (F12)

Eventually for the trimmed absolute differences, we get:

49



847

848

849

850

851

852

853

854

855

856

857

858

b=

L, (1aM1 - aM, +29 |AM| > AM, = 2k§ k=1 (F13)
n — > = >
26 In(10) [AM] — AM,, “
All the above expressions (F11) — (F13) can be also given in terms of the inverse hyperbolic
cotangent, like in (F8). They coincide with the formula given in the main text as (18), provided that

we change notation replacing AM;, with AM’,..

Estimates based on the untrimmed absolute differences distribution

The mean pup, of the distribution of the untrimmed absolute differences is given by:

B 2e @ _ 2e7"
Hpa = (1+e9)(1—e9) 1—e24

(F14)

It is an invertible function of a, as we will see. Indeed, the expression (F14) can be transformed
into:
‘u.DAe_Za‘l‘Ze_a_‘u.DA = 0 (F15a)

that can be interpreted as a quadratic equation in the unknown e ~%, with roots:

_a:_li\/l'l'.uDAZ: _ 1

—+
Upa Upa Upa

e +1 (F15b)

2

Of the two roots, only the positive one is an admissible solution, since the exponential in the LHS

must be positive. Thus we can write:

—14+ 1T+ mpa?\ 141+ ups? 1 1
a=In Hpa =In L el 7 = In| —+ 2+1
Upa Upa Upa Upa

= csch™ (up,) (F16)

The last equality has been introduced in virtue of the following identity involving the natural

logarithm and the inverse of the hyperbolic cosecant:

1 1
csch™(x) = In| =+ |5 +1 (F17)
X 4x
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Substituting pp, with the sample mean, we obtain an unbiased estimator & and, in terms of the

sample mean |AM| of the absolute magnitude differences, we obtain an expression for § that

coincides with the formula (14) of the main text, i.e.:
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1

25 In(10) "

1 -
261n(10) >°
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Appendix G - Estimating the decay parameters through the Maximum Likelihood method

The decay parameter can be estimated also by means of the Maximum Likelihood (ML) approach.
As a general observation, the main conceptual difference between the ML method and the mean
method is that the former applies to empirical samples, while the latter one uses relations proper of
the theoretical distribution. However, provided that we replace the expected value of the
distributions with the related sample means, the two methods are expected to lead to the same
result. This is exactly what we will prove here, but we outline that there is an important caveat that
we need to express for the estimator of the binned differences.

Using samples of the discrete exponential distribution

For the sake of simplicity, we will consider here only the untrimmed exponential distribution of
binned magnitudes. Making recourse to the ML method, we introduce the Likelihood Function

Ly (@) for a sample of N data (iy, iy,..,iy), that we write:

n
Ly(@)= (1 —e %N 1_[ e~%s = (1 — e ®)N =@ X5 is = (1 — = @)N g—aNt is =0 (G1)

s=1
where 1 is the arithmetic mean of the sample.

The ML estimate of the parameter « is that value, say &, that maximizes Ly (a) and can be found by
solving the equation obtained by imposing that the derivative of Ly(a) with respect to a vanishes,
Le.:

dLy(a)
da

= N(1—e ¥)N-1 e-aNf%m —e @) —aNi(1—e )N e Nl =0 (G2)
Simplifying, we obtain that the estimator has to solve the equation:

i(l—e‘a)—f(l—e‘a) =0 (G3)
da

Therefore we get:

e ?—1(1-e®) =0 (G4)

with solution
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dzln(l__}_ ) (G5)

l

that corresponds to the expression (F2), once we pose k = 0 and substitute the theoretical mean u
with the sample mean 1.

Using samples of the discrete Laplace distribution

We have remarked that the Laplace distribution of the magnitude differences is unsuitable to the
application of the mean method since its mean is identically zero. However, we can apply the ML

method. Let us consider the Likelihood Function Ly (a) as the product of three functions Ly, (a),
Ly (a) and Ly (@), where N = N, + N_+ N, and where the subscripts denote the absolute
frequencies of differences respectively greater than, smaller than and equal to zero. If we pose (see
(B6)):

B(a) = tanh% (G6)
then we can write for positive differences:
Ly, (@) = (B@)"* ™" 4 d, >0 (G7a)
Analogously, for negative differences, we have:

L (B) = (B(B))" e PT=i k! d <0 (G7b)
And for differences equal to zero:

Ly, (@) = (B(@)"™ (G7¢)
As a consequence, the Likelihood Function Ly («) can be given the expression:
Ln(@) = Ly, (@ Ly_(@) Ly, (@) = (B(@) =™ —oco<d <o (G8)
By imposing that the first derivative of Ly (a) with respect to a is equal to zero, we get the ML

solving equation, that is:

aB(@ —
W—ldlB(a)—O —o<d<o (G9)
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Recalling the position (G6) and recalling further the formula of the first derivative of the hyperbolic

tangent, we get:
1 1 —

— = |d| tanh
2(cosh%)2 "

After some calculations, the expression becomes:

N K

—0<d<o (G10)

1
sinhﬁc:ﬁ —oo<d<o (G11)

which leads to the final expression for the estimator:

@=csch™!([d]) —w<d<o (G12)
It is very important to stress that the formula (G12) identifies with the formula (F16) that resulted
from the application of the mean method to the binned untrimmed absolute differences. Notice that
if we had applied the ML approach to the distribution of the absolute differences, we would have
obtained exactly the same result. So the question is: what is the distribution underlying the formula?
The discrete Laplace distribution or the distribution of the absolute differences? The matter is
relevant since it has an impact on the calculation of the confidence intervals. The answer can be
given by observing that the formula (G12) contains the mean of the absolute value of the
differences, and therefore what matters are the properties of the sample mean of the untrimmed

absolute differences.
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Appendix H - Confidence intervals
The decay parameters a and b derived in the previous Appendix F are functions of the mean u of a
distribution of a discrete variable i with probability P; and standard deviation o. Let us say that:

p =g (H1)
where p denotes the parameter and g the function. The corresponding estimator p has been
computed through the same function g as:

P = g(y) (H2)
where (i is the mean of an empirical sample of N data. The sample mean, being a linear
combination of random variables, is in turn a random variable with expected value equal to u and

with standard deviation

1
Oy = ﬁ o (H3)

According to this view, the function g maps the random variable iy into the random variable p. It
is known that iy tends to follow a Gaussian distribution G (u, o) as N increases, that peaks more
and more around the true value p. If we consider the one-sigma interval I, = [y — oy, iy + on],
then the g-mapping induces a corresponding image interval I, = [Pl,N»Pz,N] in the estimator
space, where, if the function g is monotonically decreasing as in our case, the extremes are given
by:

piv =9@y +oy)  pon =gy — on) (H4)

If we call P, the probability that y belongs to the interval [

wy» then, in virtue of the mapping, it

results that the parameter p has the same probability to belong to the interval L, . Formally it can be
written that:

Pa:P(“EIuw)ZP(pEIpN) (H5)
Further we can state that since fiy € I,, by construction, then its image p € I, . Since, in general

the function g is not linear, thus p is not the midpoint of the interval. It is common practice to
56



934

935

936

937

938

939

940

941

942

943

944

945

946

947

948

949

950

951

952

provide p as the estimator of p and the extremes p, y and p, y of the image interval I, as the one-

sigma confidence interval. We stress that instead of p as given in (H2) it would be more correct to

provide the midpoint of the image interval and its half-length as the result of the estimation process,

1e.:
1
by = > (Pin +P2n) (H6)
Apy = %(pZ,N - P1,N) (H7)

Note that in the above formulas we assume to know ¢ that, through (H3), would allow us to know
oy. In practice, however, ¢ is not known. It could be estimated from the empirical standard
deviation. Here we make the choice to estimate it as a function of the estimator p given by
(H2). More specifically, the procedure to compute the confidence interval is:

1) compute iy from the N-sample data;

2) calculate the estimator p;

3) obtain ¢ through a proper function of p, say ¢ = o (p);

4) compute oy via (H3);

5) calculate the extremes p; y and p, y by means of (H4).

Confidence intervals for exponential distributions

As an illustrative example of the exponential distributions addressed in this paper, let us consider

the discrete untrimmed exponential distribution and write the function g as:

N _ iy +1
@ = g(n) =In (L) (18)
Hn
Then we compute the standard deviation of an N-size sample in terms of the computed @:
_a
1 ez
= (H9)

N INT—e@

The further step is to compute the extremes of the interval I, :
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tgem o gL €2 1 1+\F H10
‘uN_aN_l—e‘a_\/Nl—e‘a_c—l ~AN ( )
In (H10) use has been made of the inverse expression giving iy in terms of @. The last member of

the above chain of equalities is obtained by first multiplying all numerators and denominators by

the factor ¢ = e® and then by isolating the common factor 1/(c — 1). The lower end of the interval

Ly is:
1 c
1+ [ |+1
iy + oy + 1 (C—l( \/;) /”\f\ "
pin =1In (—ﬁ e ) =In . c=e" (H11)
N N C
\ c—1<1+ N) \1+\f/
Likewise, the upper end results to be:
e
oy+1 N _
pon = 1In (””—N) In c=¢e"% (H12)

— Oy c
1-\ﬁ
N

These calculations allow us to compute the one-sigma confidence interval for the decay parameter

b, since we may determine the end points b, y and b, y as follows:

c
Pin _ 1 ¢+ \/%

by = 25 m(10) ~ 26 In(10) - (H13a)
N
‘- ﬁ
PN 1 N
baN = 25 n(10) ~ 26 In(10) " ) \F (H13b)
“\N

281In(10)b — 1(26b

Here c =e and b is given by the formula (F8), that for untrimmed magnitudes

1S:

b=

1 <M—M0+26>

26 In(10) "\ W = m, (H14)

The estimated standard confidence interval can be computed as
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Ab_ = E - EI,N (H15a)

and
Ab+ = EZ,N - E (Hle)
and finally
1, . -
Ab = > (byny — by w) (H15¢)

The above formula are the ones proposed in the main text as (19) and (20).

Confidence intervals for the absolute difference distribution
The decay parameter a of the distribution of the absolute values of the differences is linked to the

distribution mean through the formula (F16) that therefore provides us with the function g:

1+ ay°

@=g(iy) =In <1 * T ) = csch™1(&) (H16)

This formula was derived also by applying the ML method to the distribution of the differences, as
noted before, but the standard deviation to use here is the one of the absolute differences shown in
(D7), while the formula (B13) is unsuitable and would lead to incorrect evaluations. By using it,

we can compute the sample standard deviation as:

1 /2e (1 + e~2%)

=— - — H17
WAt e ()
The endpoints of the interval I, are:
2e7¢ 1 2e (1 +e 2@
V2e™¥( ) (H18)

oy = e e D) T N+ e (1 —e 9

After some manipulations this formula can be given the following version:

_ cosha
Uy toy=|(1=% ’ N cscha (H19)

In terms of the absolute difference magnitudes, the endpoints of the confidence interval are:
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>
. 26 + \/452 + (csch@)? (1 + Colsvh“)
by = In
LN 268 In(10) cosha j
1+ N cscha
1 cosha 5
= mcscb 1+ N cscha (H20a)

977
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) 28 + j462 + (csch@)? (1 - Colsvh“>
b,y = In
ZN ™ 268 In(10) coshd ~
1-— N cscha
1 cosha 5
= mCSCh 1-— N cscha (HZOb)

For convenience we repeat here the corresponding estimator of b:

b= il 25

— 2
1 1 25+J452+(|AM|) B 1 - [AM]
26 1In(10) IAM] = 261n(10) ¢

) [AM]| =0 (H21)
The associated amplitude of the confidence interval is deduced like in the previous example as:

1,. _
Ab == (byn — by ) (H22)

The above formulas are not provided in the main text.
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Appendix I - Simulation of complete and incomplete magnitude datasets
To generate a complete random dataset of magnitudes M > M,,;,, with exponential distribution, we

use the inverse exponential transformation

_ In{rand]0: 1[} (1)
~ bIn(10)  Monin

where rand]0: 1[ is a pseudo random number with uniform distribution in the interval ]0: 1[.
The binning of magnitudes is obtained by

M
Myinnea = round (ﬁ) 26 12)

where round(x) indicates the closest integer to the argument value x and 26 is the binning size. In
such case, in order the simulated dataset be complete, the latter must include magnitudes down to
Mipin — 6

In{rand]0: 1[} (13)
" pmaoy M0

Therefore, eq. (I3) is the one adopted to generate all the complete magnitude datasets in the paper.
As suggested by Ogata and Katsura (1993), magnitude data incompleteness can be mimicked by a

cumulative Gaussian probability distribution with mean y and standard deviation A

(14)

P( Mlp,2) - f _(m_ﬂg)zd
m< ) = e 2 m
# /1\/27T_

In this formulation the mean u corresponds to the threshold magnitude at which P=0.5, that means
that below it, the 50% of earthquakes cannot be correctly evaluated and are lost for the frequency
magnitude analyses.

It can be introduced in the simulated dataset using the thinning method (Ogata, 1981), which
consists in discarding the magnitudes for which an extracted random number in the interval ]0: 1] is

larger than the cumulative Gaussian probability (/4).
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Van der Elst (2021) simulated datasets with time varying incompleteness as it may occur in the first
hours or days after a strong main shock. For modelling such decaying incompleteness threshold,
Helmstetter et al. (2006) proposed the empirical equation

m.(t) = m — 4.5 — 0.75log, ot (I5)

where m, is the time dependent magnitude threshold of completeness, m is the magnitude of the
mainshock and ¢ is the time elapsed since the mainshock in days. The law (/5) is a decreasing
function of time and implies that after a single day the threshold lowers down to m — 4.5. Van der
Elst suggested to use equation (/5) to set the time varying mean u(t) in eq. (/4), which entails the
assumption that m,. is the magnitude below which half of the earthquakes are lost.

In order to simulate the time 7 of each shock after a main shock, we assumed a simple Omori-Utsu
decay law (Utsu, 1961) with equation

=—— (16)
r(®) = (t+o)P

where r(t) is the time varying rate (in shocks per day) of a non-homogeneous Poisson process, p
and ¢ are empirical parameters and K is a normalization factor depending on the number of shocks
and on the considered time interval. Usually, p = 1 and c is of the order of some tens of minutes
(about 0.01 days). The time integration

t
T= f r(s)ds = F(t) un
0

produces a set of transformed times which follow a stationary Poisson process with intensity 1
(Ogata, 1988).

Conversely, given a set of times 7; generated according to a stationary Poisson process with
intensity 1, the inverse integral transformation

t=F1(1) (18)
corresponds to a non-homogeneous Poisson process with rate r(t).
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Moreover, it is often useful to generate sequences of exactly NV events over a given time interval

[0' TE]
Te 19)
f r(s)ds =N
0
This implies that
N1 — 110
( - p) 1 (110)
K = (Tg + )P — 1P
= N .
In(Tg + ¢) — In(c) p=
Then, the direct timescale transform is
t+ )P — ()P 111
t N ((T ¥ c))l-p —((c))l-p Pl o
' © -fo r(s)ds In(t + ¢) — In(c) 1
In(Tg + ¢) — In(c)
and the inverse timescale transform is
T + )P — (c)1-P 1/(1-p) (712)
([T(E )N ©) +(c)1‘p] —c p;tl‘
t=F1(r) = 4 ¥
In(Tg + ¢) —In(c)
exp [T N +1In(c)| —c¢ p= 1J

The set of stationary Poisson times withy intensity 1 can be generated by cumulating exponentially
distributed interevent times (starting from t; = —In{1 — rand]0: 1[ })

T, =Ti—1 — ln{l — rand]OZ 1[}; i = Z,N ([13)
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