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Text S1. Supporting details of the 2-gyre model 
[bookmark: _Hlk89782473]Equations S1 -S6 describe the stream function  (Glover et al., 2011):
                     			 (S1)
       			(S2)
        					 (S3)
         					(S4)
                					(S5)
             					(S6)
where A is the stream function amplitude and the variable ε controls the effective width of the boundary current. A smaller value for ε decreases the width of the Western boundary current, making the flow narrower and more intense. x and y refer to the coordinates in the isopycnal layer in eqs. S1 and S2. The longitudinal and latitudinal velocities u and v can then be determined as:
                                             			(S7)
                                                 			(S8)
The sign convention is such that values for u and v larger than zero represent Southerly and Westerly flows, respectively.
Changing the stream function amplitude A linearly changes the magnitude of longitudinal and latitudinal velocity. The value of ε was set to 0.015 to approximate the relative width of Kuroshio current (<100km). A was tuned using a cost function grid search described in section 2.3.3.
For advection and diffusion, we used the second upwind differencing method to discretize eq. 6 in the main text according to the equation below:

              						(S9)

Here, the superscripts t and t + 1 denote the values at the current (t) and next (t + 1) time step (i.e., they are labels rather than exponents), the subscript i, j represents the grid location index, and subscripts N, S, E, and W denote values for the adjacent grid boxes to the north, south, east, and west, respectively. The longitudinal velocity in the “west” box is calculated at the boundary between box (i, j) and box (i-1, j) from the stream function; the current velocities at the other three boundaries are calculated similarly. Boxes at the edges of the model domain were treated as impenetrable walls. This numerical integration scheme is both conservative and transportive without the respiration term (Glover et al., 2011). 
The grid box size was determined by the width of Kuroshio Current (<100km). Several boxes are needed to represent its width; consequently, grid boxes were set to be 15.7 km square, yielding a 667 × 572 or 700 × 572 grid for the σθ = 25.8 – 26.2 or 26.5 – 26.9 surfaces in the model, respectively. The time step (e.g., 9.3 × 103 s or 0.0003 yr for the σθ = 25.8 – 26.2 surface) was determined by the von Neumann stability, which ensures that the numerical error caused by discretization does not diverge. It also yields a numerical diffusivity about 1/10 of the prescribed eddy diffusivity; because of this small magnitude, the numerical diffusivity was neglected. Model runs were 1000 years in duration, sufficient to reach a steady state for both O2 concentrations and isotopic composition.   
 The cost function for the parameter grid search was based on the O2 saturation, aimed at matching the annual-mean dissolved O2 climatology from WOA 2013 for the isopycnal surface (Garcia et al., 2014) (Fig. 3B). Because the model uses an idealized shape for the isopycnal layer, an exact mapping to the ocean data was not possible; instead, the area-weighted proportions of the isopycnal surface having specific O2 saturation ranges (i.e., Zi* below) were used to evaluate the goodness of fit using the cost function: 

                                                              	  	(S9)
                                                	(S10)

Four different O2 saturation ranges were used: 10% – 30%, 30% – 50%, 50% – 70%, and 70% – 90%. The 0% – 10% and 90% – 100% ranges were omitted from the cost function because they are weakly determined by A, K, and J. For example, the size of the high-saturation area is controlled primarily by the size of the exposure surface rather than the transport parameters. 
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Figure S1. Contour plot of the stream functions in the northern and southern gyres. In the northern gyre, the flow is clockwise, while in the southern gyre, the flow is counter-clockwise. The yellow boxes show the exposure surfaces where the isopycnal layer is ventilated at the northern and southern boundaries.  




[image: Chart, diagram, surface chart

Description automatically generated][image: Diagram

Description automatically generated]

Figure S2. Depth (left) and O2 saturation (middle) contour plots for the σ = 26.5 - 26.9 layer derived from WOA 2013 data, shown with sampling locations overlain.  (Right) Modeled biological oxygen saturation for the surface from the isopycnal model.

[image: ]
Figure S3. Respiration-transport modeling results for the σ = 26.5 - 26.9 isopycnal layer. The colors correspond to the boxed regions in Fig. S2. The black dashed line is the Rayleigh fractionation trend for closed-system respiration (18αresp = 0.982, θ17/18 = 0.520, θ36/18 = 2.048), starting from air-water saturation equilibrium. The blue solid and dot-dashed lines are a the two-end member mixing curves between air-water saturation equilibrium and a purely Rayleigh-fractionated low-O2 endmember (10% or 30% O2 saturation, respectively).
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Figure S4. 17Δ results for simulations using θ17/18 = 0.516 compared to observations. Lines, fields, and data markers are the same as in Fig. 7B.
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Figure S5. Comparison of with-photosynthesis modeling results for the σ = 25.8 - 26.2 and 26.5 - 26.9 isopycnal layers with the observations from CDISK4, after Fig. 7. Results shown employ the “implicit addition” method. 
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