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Text S1. Canopy profile9

The leaf area density (LAD), a(z) [m2 m−3], at height z are given by a beta distribution10

as11

a(z) = ( L
hc
)((z/hc)p−1(1 − (z/hc)q−1)

B(p, q)
) (1)

where p and q are the shape function of the beta distribution, B(p, q) is a normalization12

constant, hc is the canopy height. The total leaf area index (LAI), L [m2 m−2] and the13

cumulative leaf area index, L(z) [m2 m−2], from the top of the canopy is given as14

L = ∫
hc

0
a(z)dz (2)

L(z) = ∫
hc

z
a(z)dz (3)

The stem area density (SAD) is also similarly modeled by a beta distribution. The plant15

area density (PAD) is the sum of LAD and SAD.16
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Text S2. Shortwave radiation model17

The downwelling, I↓i [Wm−2], and upwelling, I↑i+1 [Wm−2], scattered radiation fluxes18

at i-th and (i + 1)-th level are given as19

I↓i = I↓i+1 [τd,i+1 + (1 − τd,i+1)τℓ,i+1] + I↑i (1 − τd,i+1)ρℓ,i+1

+ I↓sky,bTb,i+1(1 − τb,i+1)τℓ,i+1 (4a)

I↑i+1 = I↑i [τd,i+1 + (1 − τd,i+1)τℓ,i+1] + I↓i+1(1 − τd,i+1)ρℓ,i+1

+ I↓sky,bTb,i+1(1 − τb,i+1)ρℓ,i+1 (4b)

where τd,i+1 [-] and τb,i+1 [-] are the diffuse and direct beam transmittances through20

(i + 1)-th layer, ρℓ,i+1 [-] is the leaf reflectance of (i + 1)-th layer, Isky,b [Wm−2] is the21

direct beam radiation incident on the top of the canopy, and Tb,i+1 [-] is the fraction of22

direct beam radiation that is not intercepted through the cumulative leaf area above the23

(i + 1)-th layer.24

Transmittance25

The direct beam transmittance through the (i + 1)-th layer with leaf area index ∆Li+126

is27

τd,i+1 = 2∫
π/2

0
exp [−G(Zi)Ω

cos(Zi)
∆Li+1] sin(Zi) cos(Zi)dZ (5)

where Z is the sky zenith angle andΩ is the leaf clumping factor. The Ross-Goudriann28

function, G(Z), is given by29

G(Z) = ϕ1 +ϕ2 cos(Z) (6)

April 8, 2023, 5:28pm



X - 4 BISHT ET AL.: ELM – MULTI-LAYER CANOPY MODEL V1

where ϕ1 = 0.5 − 0.633χℓ − 0.33χ2
ℓ and ϕ2 = 0.877(1 − 2ϕ1). The leaf departure angle30

from from spherical orientation, χℓ, in restricted to −0.4 ≤ χℓ ≤ 0.6. The equation 6 is31

numerically approximation for nine sky zones as32

τd,i+1 = 2
9

∑
i=1

exp [−G(Zi)Ω
cos(Zi)

∆Li+1] sin(Zi) cos(Zi)∆Zi (7)

with ∆Zi = π/18.33

The diffuse beam transmittance through the (i + 1)-th layer is34

τb,i+1 = exp (−Kb,i+1Ω∆Li+1) (8)

where Kb,i+1 = G(Z)/ cos(Z) is the extinction coefficient for the direct beam. The fraction35

of direct been that is not intercepted through the cumulative leaf area above the (i+1)-th36

layer is computed as37

Tb,i+1 =
N

∏
j=i+1

exp (−Kb, jΩ j∆L j) (9)

Linear system38

The equation 4 can be written as a system of linear equations39

−aiI↑i + I↓i − biI↑i+1 = di (10a)

−ei+1I↓i + I↑i+1 − fi+1I↓i+1 = ci+1 (10b)

where40
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ai = fi+1 = (1 − τd,i+1)ρℓ,i+1 −
[τd,i+1 + (1 − τd,i+1)τℓ,i+1]2
(1 − τd,i+1)/ρℓ,i+1

(11a)

bi = ei+1 =
τd,i+1 + (1 − τd,i+1)τℓ,i+1

(1 − τd,i+1)ρℓ,i+1
(11b)

ci = I↓sky,bTb,i(1 − τb,i)(ρℓ,i − τℓ,i.ei) (11c)

di = I↓sky,bTb,i+1(1 − τb,i+1)(τℓ,i+1 − ρℓ,i+1bi) (11d)

The boundary conditions for the downwelling radiation at the bottom layer, i = 0, and41

the upwelling radiation at the top layer, i = N, are given by42

c0 = ρgbI↓sky,bTb,0 (12a)

f0 = ρgd (12b)

dN = I↓sky,d (12c)

where ρgb [-] is the surface albedo for beam radiation, ρgd [-] is the surface albedo for43

diffuse radiation, and Isky,d [Wm−2] is the diffuse radiation incident on the top of the44

canopy.45

The linear system of equations given in equation 10 can be written as46

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −ρgd

−a0 1 −b0

−e1 1 − f1

−a1 1 −b1

⋱ ⋱ ⋱

⋱ ⋱ ⋱

−eN 1 − fN

0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I↑0
I↓0
I↑1
I↓1
⋮
⋮

I↑N
I↓N

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

c0

d0

c1

d1

⋮

⋮

cN

dN

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(13)
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Absorbed radiative fluxes47

The diffuse,
Ð→
I cd,i [Wm−2

ground], and direct beam,
Ð→
I cb,i [Wm−2

ground], radiation absorbed by48

the i-th canopy layer is49

Ð→
I cd,i = (I↓i + I↑i−1) (1 − τd,i)(1 −ωℓ,i) (14a)

Ð→
I cb,i = I↓sky,bTb,i(1 − τb,i)(1 −ωℓ,i) (14b)

The radiation absorbed at the ground,
Ð→
I g [Wm−2

ground], is50

Ð→
I g = (1 − ρgd) I↓0 + (1 − ρgb) I↓sky,bTb,0 (15)

It is assumed that the shaded leaves only absorb diffuse radiation, while sunlit leaves51

receive direct and diffuse radiations. The absorbed radiation fluxes by shaded,
Ð→
I ℓsha,i52

[Wm−2
lea f ], and sunlit,

Ð→
I ℓsun,i [Wm−2

lea f ], is given as53

Ð→
I ℓsha,i =

Icd,i

∆Li
(16a)

Ð→
I ℓsun,i =

Ð→
I ℓsha,i +

Ð→
I cb,i

fsun,i∆Li
(16b)

where fsun [-] is the fraction of sunlit leaves at i-th layer. The absorbed canopy fluxes54

for shaded,
Ð→
I cSha [Wm−2

ground], and sunlit,
Ð→
I cSun [Wm−2

ground], are55

Ð→
I cSha =

N

∑
i=1

Ð→
I ℓsha,i(1 − fsun)∆Li =

N

∑
i=1

Icd,i(1 − fsun) (17a)

Ð→
I cSun =

N

∑
i=1

Ð→
I ℓsun,i fsun∆Li =

N

∑
i=1
(
Ð→
I cd,i fsun +

Ð→
I cb,i) (17b)

April 8, 2023, 5:28pm



BISHT ET AL.: ELM – MULTI-LAYER CANOPY MODEL V1 X - 7

Text S3. Longwave radiation model56

The downwelling, L↓i [Wm−2], and upwelling L↑i+1 [Wm−2], longwave radiation can57

be similarly described as the shortwave radiation model by replacing the direct beam58

scattering term (third term on RHS in equation 4) with a thermal radiation source term59

as60

L↓i = L↓i+1 [τd,i+1 + (1 − τd,i+1)τℓ,i+1] + L↑i (1 − τd,i+1)ρℓ,i+1

+ εℓσT4
ℓ,i+1(1 − τd,i+1) (18a)

L↑i+1 = L↑i [τd,i+1 + (1 − τd,i+1)τℓ,i+1] + L↓i+1(1 − τd,i+1)ρℓ,i+1

+ εℓσT4
ℓ,i+1(1 − τd,i+1) (18b)

where εℓ [-] is the leaf emissivity and Tℓ [K] is the leaf temperature. If sunlit and shaded61

leaves are modeled explicitly, an effective leaf temperature is defined based on the62

sunlit and shaded leaf fraction.63

Linear system64

The linear system of equations for the longwave model can be written as65

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −(1 − εg)

−a0 1 −b0

−e1 1 − f1

−a1 1 −b1

⋱ ⋱ ⋱

⋱ ⋱ ⋱

−eN 1 − fN

0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

L↑0
L↓0
L↑1
L↓1
⋮
⋮

L↑N
L↓N

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

c0

d0

c1

d1

⋮

⋮

cN

dN

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(19)

where66
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ai = fi+1 = (1 − τd,i+1)ρℓ,i+1 −
[τd,i+1 + (1 − τd,i+1)τℓ,i+1]2
(1 − τd,i+1)/ρℓ,i+1

(20a)

bi = ei+1 =
τd,i+1 + (1 − τd,i+1)τℓ,i+1

(1 − τd,i+1)ρℓ,i+1
(20b)

ci = (1 − ei)(1 − τd,i)εℓσT4
ℓ,i (20c)

di = (1 − bi)(1 − τd,i+1)εℓσT4
ℓ,i+1 (20d)

The boundary conditions for the downwelling radiation at the bottom layer, i = 0, and67

the upwelling radiation at the top layer, i = N, are given as68

c0 = εgσT4
g (21a)

dN = L↓sky (21b)

where εg [-] is ground surface emissivity, Tg [K] is the ground surface temperature, and69

L↓sky [Wm−2] is incident longwave radiation at the top of the canopy.70

Absorbed fluxes71

The net longwave flux absorbed per unit ground area,
Ð→
L i [Wm−2

ground], and per unit72

leaf area,
Ð→
L ℓ,i [Wm−2

lea f ], by the i-th layer are73

Ð→
L i = εℓ (L↓i + L↑i−1) (1 − τd,i) − 2εℓσT4

ℓ,i(1 − τd,i) (22a)

Ð→
L ℓ,i =

Ð→
L i

∆Li
(22b)

The radiation absorbed by the canopy,
Ð→
L c [Wm−2

ground], and the ground,
Ð→
L g [Wm−2

ground],74

is given by75
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Ð→
L c =

N

∑
i=1

Ð→
L c (23a)

Ð→
L g = εgL↓0 − εgσT4

g (23b)
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Text S4. Photosynthesis model: Biological demand76

The net photosynthetic uptake of CO2, An [µmol CO2 m−2s−1], is given as77

An =min(Ac,A j,Ap) −Rd

= Ag −Rd (24)

where Ac [µmol CO2 m−2s−1] is the Rubisco-limited CO2 assimilation, A j [µmol78

CO2 m−2s−1] is the light-limited CO2 assimilation, Ap [µmol CO2 m−2s−1] is the PEP79

carboxylase-limited CO2 assimilation, Ag [µmol CO2 m−2s−1] is the co-limited gross80

CO2 assimilation, and Rd [µmol CO2 m−2s−1] is mitochondrial respiration. Ag is given81

as the smaller of two quadratic roots82

0.98A2
i − (Ac +A j) +AcA j = 0 (25a)

0.98A2
g − (Ai +Ap) +AiAp = 0 (25b)

The assimilation fluxes (Ac, A j, and Ap) for C3 and C4 photosynthesis pathway are83

described next.84

C3 Photosynthesis85

The CO2 assimilation fluxes for C3 photosynthesis are86

Ac =
Vcmax(ci − Γ∗)

ci +Kc(1 − oi/Ko)
(26a)

A j =
J
4
( ci − Γ∗

ci + 2Γ∗
) (26b)

Ap = 0 (26c)
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where Vcmax [µmol CO2 m−2s−1] maximum rate of carboxylation, ci [µmol CO2 mol−1] is87

the intercellular CO2, oi [µmol O2 mol−1] is the intercellular O2, Kc [µmol CO2 mol−1] is88

the Michaelist-Mention constant for CO2, Ko [µmol O2 mol−1] is the Michaelist-Mention89

constant for O2, J [µmol CO2 mol−1] is the electron transport rate, and Γ∗ [µmol CO290

mol−1] is the compensation point defined as the ci at which no net CO2 update occurs.91

The rate of electron transport is related to photosynthetically active radiation and is92

given as the smaller root of the following quadratic equation.93

Θ jJ2 − (IPSII + Jmax) + IPSII Jmax = 0 (27)

where IPSII [µmol CO2 mol−1] is the amount of light utilized in photosynthesis II, Jmax94

[µmol CO2 mol−1] is the maximum transport rate, and Θ j = 0.9 is the curvature param-95

eter. The amount of light utilized in photosynthesis II is96

IPSII =
ΦPSII

2
αℓ
Ð→
I PAR (28)

where ΦPSII = 0.7 [mol mol−1] is the quantum yield of photosystem II, αℓ = 1 is the97

leaf absorptance,
Ð→
I PAR [µmol photon m−2 s−1] is the absorbed photosynthetically active98

radiation.99

The parameters Kc, Ko, Γ∗, Vcmax, Jmax, and Rd vary from their values at 250C as function100

of leaf temperature, Tℓ, that are given as101

April 8, 2023, 5:28pm
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Kc = Kc25 f (Tℓ) (29a)

Ko = Ko25 f (Tℓ) (29b)

Γ∗ = Γ∗ f (Tℓ) (29c)

Vcmax = Vcmax25 f (Tℓ) fH(Tℓ) (29d)

Jmax = Jcmax25 f (Tℓ) fH(Tℓ) (29e)

Rd = Rd25 f (Tℓ) fH(Tℓ) (29f)

where102

f (Tℓ) = exp [ ∆Ha

298.15R
(1 − 298.15

Tℓ
)] (30a)

fH(Tℓ) = [1 + exp(298.15∆S −∆Hd

298.15R
)][1 + exp(∆STℓ −∆Hd

RTℓ
)]
−1

(30b)

Lastly, the Jmax and Rd at 250C are given as103

Jmax25 = 1.67Vcmax25 (31a)

Rd25 = 0.015Vcmax25 (31b)

C4 Photosynthesis104

The CO2 assimilation fluxes for C4 photosynthesis are105
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Ac = Vcmax (32a)

A j = αℓ
Ð→
I PARE (32b)

Ap = kpci (32c)

where E = 0.05 [mol mol−2] is the quantum yield and kp [mol m−2s−1] is the initial slope106

of the CO2 response curve. The temperature dependence of Vcmax, Rd, and kp are given107

as108

Vcmax = Vcmax25Q(Tℓ−298.16)/10
10 (1 + exp[s1(Tℓ − s2)])−1 (1 + exp[s3(s4 − Tℓ)])−1 (33a)

Rd = Rd25Q(Tℓ−298.16)/10
10 (1 + exp[s5(s6 − Tℓ)])−1 (33b)

kp = kp25Q(Tℓ−298.16)/10
10 (33c)

where Q10 = 2, s1 = 0.3 [K−1], s2 = 313.15 [K], s3 = 0.2 [K−1], s4 = 288.15 [K], s5 = 1.3 [K−1],109

and s6 = 328.15 [K]. The max Rd and kp at 250C are given as110

Rd25 = 0.025Vcmax25 (34a)

kp25 = 0.02Vcmax25 (34b)
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Text S5. Photosynthesis model: Diffusion111

The net CO2 assimilation due to biological demand (Equation 24) must match the112

diffusion of CO2 from the surrounding air to the leaf surface and into the leaf, and is113

given by114

An = gbc(ca − cs) = gsc(cs − ci) = gℓc(ca − ci) (35)

where ca [µmol CO2 mol−1] is the atmospheric CO2, cs [µmol CO2 mol−1] is the leaf surface115

CO2, ci [µmol CO2 mol−1] is the intercellular CO2, gbc [mol m−1s−2] is the boundary116

conductance of CO2, gsc [mol m−1s−2] is the stomatal conductance of CO2, and gℓc [mol117

m−1s−2] is the leaf conductance of CO2.118

Similarly, the transpiration of flux, E [mol H2Om−2s−1], is given as119

E = gbw(qa − qs) = gsw(qs − qi) = gℓw(qa − qi) (36)

where qa [µmol H2O mol−1] is the atmospheric H2O, qs [µmol H2O mol−1] is the leaf120

surface H2O, qi [µmol H2O mol−1] is the intercellular H2O, gbc [mol m−1s−2] is the121

boundary conductance of H2O, gsc [mol m−1s−2] is the stomatal conductance of H2O,122

and gℓc [mol m−1s−2] is the leaf conductance of H2O. The leaf conductances can be123

written in terms of boundary and stomatal conductances as124

gℓc =
1

g−1
bc + g−1

sc
(37a)

gℓw =
1

g−1
bw + g−1

sw
(37b)

It is assumed that gsc = gsw/1.6. Using equations 35 and 37a, ci can be given as125
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ci = ca −
An

gℓc
(38)

April 8, 2023, 5:28pm
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Text S6. Photosynthesis model: Stomatal conductance126

The photosynthesis model has two equations (Equations 24 and 38) that involves127

three unknowns (ci, An, and gsw). Thus, an additional equation is needed for stomatal128

conductance to close the system of equations. In the literature, multiple stomatal129

conductance models (SCMs) have been developed that are based on empirical, semi-130

empirical, or optimization approach. Furthermore, SMCs can exclude or include plant131

hydraulics.132

Semi-empirical models without accounting for plant hydraulics133

1. Ball-Berry model: The semi-empirical Ball-Berry (BB) SCM (Ball et al., 1987) is134

given as135

gsw = g0 + g1
An

cs
hs (39)

where g0 [mol H2Om−2 s−1] is the minimum stomatal conductance, g1 [mol H2Om−2 s−1]136

is the slope of the relationship, and hs [-] is the fractional humidity at the leaf surface.137

The fractional humidity at the leaf surface is hs = es/esat(Tℓ)where es and esat(Tℓ) are the138

vapor pressure at the leaf surface and saturated vapor pressure at leaf temperature, Tℓ,139

respectively. The vapor pressure at leaf surface can be given as140

es =
gbwea + gswesat(Tℓ)

gbw + gsw
(40)

Substituting equation 40 in equation 39 leads the following quadratic equation in which141

gsw is the larger root of the equation.142

αg2
sw + βgsw + γ = 0 (41)
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where143

α = 1 (42a)

β = ggw − g0 −
g1An

cs
(42b)

γ = −gbw [g0 +
g1Anea

csesat(Tℓ)
] (42c)

2. Medlyn model: The semi-empirical Medlyn SCM (Medlyn et al., 2011) is given as144

gsw = g0 + 1.6
An

cs
(1 +

g1√
Ds
) (43)

where g0 [mol H2Om−2 s−1] is the minimum stomatal conductance, g1 [mol H2Om−2
145

s−1] is the slope of the relationship, and Ds = (esat(Tℓ) − es) [KPa] is the vapor pressure146

deficit. Similar to BB model, substituting equation 40 in equation 43 leads to following147

quadratic equations, whose larger root is gsw.148

αg2
sw + βgsw + γ = 0 (44)

where149

α = 1 (45a)

β = −2(g0 − 1.6
g1An

cs
) − (

1.6Ang1

cs
)

2 1
gbwDℓ

(45b)

γ = −[2g0 +
1.6An

cs
(1 −

g2
ℓ

Dℓ
)]

1.6Ang1

cs
(45c)

with Dℓ = esat(Tℓ) − ea.150

Optimization-based models151
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Optimization-based SCMs maximize carbon update, An, while minimizing the cost152

associated with carbon update, Θ, related a measure of stomatal opening, χ (Wang et153

al., 2020). Such models can be formulated as154

max
χ

(An −Θ) (46)

and the solution of equation 46 is obtained by finding χ that satisfies the following155

equation156

∂An

∂χ
− ∂Θ
∂χ
= 0 (47)

1. Marginal water-use efficiency (WUE) model without accounting for plant hy-157

draulics: In this model, χ = E andΘ = ξE, where ξ is a constant model parameter. Thus,158

equation 47 reduces to159

∂An

∂E
= ξ (48)

Buckley, Sack, and Farquhar (2017) derived the LHS term of equation 48 as160

∂An

∂E
= (ca − ci

wl
)( ∂An/∂ci

∂An/∂ci + glc
)1.6

g2
lc

g2
ℓw

(49)

where wℓ = [esat(Tℓ) − ea] /Pre f [mol mol−1] is the vapor pressure deficit.161

2. Intrinsic WUE (iWUE) model without accounting for plant hydraulics: In this162

model, χ = gsw and the cost function is similar to that of the WUE model (i.e. Θ = ξE).163

The equation 47 then reduces to164
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∂An

∂gsw
= ξ ∂E

∂gsw

= ξ ∂
∂gsw

(
(esat(Tℓ) − es)gsw

Pre f
)

≈ ξws

(50)

where ws(= [esat(Tℓ) − es]/Pre f ) [mol mol−1] is the water vapor deficit at the leaf surface.165

In equation 50, the term ∂es/∂gsw is neglected.166

3. Water-use efficiency model including plant hydraulics: Manzoni et al. (2011)167

modified the marginal WUE model to account for loss of xylem conductivity by includ-168

ing dependence of ξ in equation 48 on leaf water potential as169

ξ(ψℓ) = exp(βψℓ) (51)

where β is a model parameter.170

4. Co-optimization model of Bonan, Williams, Fisher, and Oleson (2014): Bonan171

et al. (2014) developed a SCM that maximizes gsw while satisfying two constraints: (1)172

WUE or iWUE is greater than a threshold (i.e. ∂An/∂E ≥ ξ or (∂An/∂gsw)/ws ≥ ξ, and (2)173

leaf water potential is greater than a threshold (i.e. ψℓ ≥ ψℓ,min). The plant hydraulics174

model assumes leaves (sunlit or shaded) at any height are directly connected to multiple175

soil layers via a root system. The leaf water storage is given by176

dψℓ
dt
=

KL(ψs −ψℓ − ρwgh) − 103 × E
Cp

(52)

where ψℓ [MPa] is the leaf water potential, ψs [MPa] is the soil water potential, ρwgh177

[MPa] is the gravitational head, Cp [µmol H2O m−2
ℓ MPa−1] is the leaf capacitance, and178

KL [µmol H2O m−2
ℓ s−1 MPa−1] is the whole plant hydraulic conductance, and E [mmol179
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H2O m−2
ℓ s−1] is the transpiration flux. The KL is independent of ψl and thus integrating180

equation 52 provides an analytical expression for the change of leaf water potential,181

∆ψt+∆t
ℓ , for time step, ∆t, as182

∆ψt+∆t
ℓ = [ψs −ψt

ℓ − ρwgh − 103 × E
KL

] (1 − e−KL∆t/Cp) (53)

The second constraint of the co-optimization approach leads to183

ψt
ℓ +∆ψt+∆t

ℓ ≥ ψℓ,min (54)

The whole plant hydraulic conductance depends on soil-to-stem conductance, KL,s2s184

[µmol H2O m−2
ℓ s−1 MPa−1], and stem-to-leave conductance, KL,s2ℓ [µmol H2O m−2

ℓ s−1
185

MPa−1] as186

1
KL
= 1

KL,s2s
+ 1

KL,s2ℓ
(55)

5. Modified Bonan et al. (2014) model: In this study, we propose a modified plant187

hydraulic model of Bonan et al. (2014) by including dependence of leaf water potential188

on stem-to-soil conductance, which is modeled by a Weibull function as189

KL,s2ℓ(ψℓ) = ψmax
L,s2ℓ exp [(

−ψℓ
b
)

c

] (56)

where b [MPa] and c [-] are parameters. The modified equation 52 is solved using the190

forward Euler time-integration scheme.191

6. Wang et al. (2020) model: In this model, χ = E and the cost function is given as192
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Θ = An
Eℓ

Ecritical
(57)

where Ecritical is the critical transpiration for hydraulic failure.193

Semi-empirical model with downregulation due to plant hydraulics194

Empirical models have been proposed for reducing gsw to account for loss of xylem195

hydraulic conductivity with water potential. Example of such empirical stomatal down-196

regulation models include Christoffersen et al. (2016) (equation 58a) and Bohrer et al.197

(2005) (equation 58b).198

gsw = gsw,max [1 + (
−ψℓ
ψ50
)

a

]
−1

(58a)

gsw = gsw,max exp [−(
ψℓ
ψ50
)

a

] (58b)

where a [-] and ψ50 [KPa] are model parameters. In these empirical stomatal downreg-199

ulation models, gsw,max is obtained from equation 39 or 43 or 48 or 50.200
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Text S7. Photosynthesis model: Numerical solution201

The set of nonlinear equations for photosynthesis model include: (1) biological de-202

mand (equation 35), (2) diffusion (equation 24), and (3) stomatal conductance model203

(equations given in section 1). The set of nonlinear equations are numerically solved204

when the residual equation, R(x), where x is the unknown variable. The solution, x∗,205

of the nonlinear is obtained when R(x∗) = 0. The residual equation for photosynthesis206

model with various SCMs is provided below.207

1. BB and Medlyn model: The unknown variable is ci and the residual equation is208

R(ci) ≡ An − gℓc(ca − ci) = 0 (59)

2. Marginal WUE: The unknown variable is gℓ and with the residual equation for209

model without plant hydraulics (i.e. ξ is independent of ψℓ) is210

R(gℓ) ≡
∂An

∂gsw
− ξ = 0 (60)

For models that include plant hydraulics, equation 60 is modified by making ξ depend211

on ψℓ.212

3. iWUE: The unknown variable is gℓ and with the residual equation for model213

without plant hydraulics (i.e. ξ is independent of ψℓ) is214

R(gℓ) ≡
∂An

∂gsw
− ξws = 0 (61)

For models that include plant hydraulics, equation 61 is modified by make ξ depend215

on ψℓ.216
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4. SCM with stomatal dowregulation: Depending on the choice of gsw,max in 58, the217

residual equation is given by equation 59 or 60 or 61.218

5. Original and modified Bonan et al. (2014) co-optimization model: The unknown219

variable is gℓ and the residual equation for the first constraint is given by equation 60220

or 61. The residual equation for the second constraint is given as221

R(gℓ) ≡ ψt
ℓ +∆ψt+∆t

ℓ −ψℓ,min = 0 (62)

6. Wang et al. (2020): The unknown variable is gℓ and the residual equation is222

R(gℓ) ≡ (1 −
Eℓ

Ecritical
) ∂Θ
∂E
− An

Ecritical

∂Eℓ
E
= 0 (63)
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Text S8. Leaf boundary layer model223

The boundary conductance controls the transfer of heat and mass (both, H2O and224

CO2) from the leaf surface to the surrounding air. The Nusslet number, Nu [-], is the225

ratio of convective to conductive heat transfer, while the Sherwood number, Sh [-], is226

the ratio of convective to conductive mass transfer that are given by227

Nu =
gbhdℓ
ρmDh

(64a)

Shw =
gbwdℓ
ρmDw

(64b)

Shc =
gbcdℓ
ρmDc

(64c)

where gbh [mol m−2
lea f s−1] is boundary conductance for heat , gbv [mol m−2

lea f s−1] is228

boundary conductance for H2O, gbc [mol m−2
lea f s−1] is boundary conductance for CO2,229

Dh [m2 s−1] is the molecular diffusivity for heat, Dw [m2 s−1] is the molecular diffusivity230

for H2O, Dc [m2 s−1] is the molecular diffusivity for CO2, ρm [mol m−3] is molar density,231

dℓ [m] is the representative leaf dimension, and Shw and Shc are Sherwood number for232

water vapor and CO2, respectively.233

Empirical studies have developed relationship for Nu, Shw, and Shc for laminar flow:234

NuLaminar = b10.66Pr0.33Re0.5 (65a)

ShLaminar
w = b10.66Sc0.33

w Re0.5 (65b)

ShLaminar
c = b10.66Sc0.33

c Re0.5 (65c)

and turbulent flow:235
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NuTurbulent = b10.036Pr0.33Re0.8 (66a)

ShTurbulent
w = b10.036Sc0.33

w Re0.8 (66b)

ShTurbulent
c = b10.036Sc0.33

c Re0.8 (66c)

where Re [-] is the Reynolds number that is a ratio of inertial forces to viscous forces,236

Pr [-] is the Prandtl number that is a ratio of diffusivity of momentum to diffusivity of237

heat in fluid, Scw [-] and Scc [-] are the Schmidt numbers that are ratio of diffusivity of238

momentum to diffusivity of mass for H2O and CO2) in fluid, respectively, and b1 = 1.5 is239

a typical value that converts the empirical relationship developed for a flat rectangular240

plate to for leaves. The Prandtl, Reynolds, and Schmidt numbers are241

Re = udℓ
ν

(67a)

Pr = ν
Dh

(67b)

Scw =
ν

Dw
(67c)

Scc =
ν

Dc
(67d)

where ν [m2 s−1] is the kinematic viscosity. The forced flow due to laminar and turbulent242

flow is given as243
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Nu f orced =max(NuLaminar,NuTurbulen) (68a)

Sh f orced
w =max(ShvLaminar,ShTurbulent

w ) (68b)

Sh f orced
c =max(ShcLaminar,ShTurbulent

c ) (68c)

In free convection, The Nusselt and Scherwood number are described in terms of244

Grashof number, Gr [-], as245

NuFree = 0.54Pr0.25Gr0.25 (69a)

ShFree
w = 0.54Sc0.25

c Gr0.25 (69b)

ShFree
c = 0.54Sc0.25

c Gr0.25 (69c)

(69d)

The Grashof number is given as246

Gr =
gd3

ℓ(Tℓ − Ta)
ν2Ta

(70)

where g [m s−2] is the gravitational acceleration, Tℓ [K] is the leaf temperature, and Ta247

[K] is the air temperature. Lastly, the combined Nusselt and Scherwood number for248

forced and free flow are given as249
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Nu =NuForced +Nu f ree (71a)

Shw = ShForced
w + Sh f ree

w (71b)

Shc = ShForced
c + Sh f ree

c (71c)

The leaf boundary conductances for heat, H2O, and CO2 are given by combining250

equations 64 and 71251

gbh =
Dh ×Nu

dℓ
ρm (72a)

gbw =
Dw × Shv

dℓ
ρm (72b)

gbc =
Dc × Shc

dℓ
ρm (72c)

The kinematic viscosity and molecular diffusivities are adjusted to account for air252

temperature and air pressure, Pa [Pa], as253

ν = f × ν0 (73a)

Dh = f ×Dh0 (73b)

Dw = f ×Dv0 (73c)

Dc = f ×Dc0 (73d)

f = 10325
Pa

× ( Ta

272.15
)

1.81

(73e)

where ν0 is kinematic viscosity at 00 C, and Dh0, Dv0, Dc0 are molecular diffusivity for254

heat, H2O, and CO2 at 00 C.255
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Text S9. Roughness sublayer model256

Wind profile above canopy257

The wind profile, u, above canopy the is given as258

κ(z − d)
u∗

∂u
∂z
= Φm (z) (74)

where Φm [-] is an effective similarity function that is given by259

Φm(z) = ϕm (
z − d
LMO
) ϕ̂m (

z − d
lm/β
) (75)

u(z) = u∗
κ
[ln(z − d

z0m
) −ψm (

z − d
LMO
) +ψm (

z0m

LMO
) + ψ̂m(z)] (76)

where

ψ̂m = ∫
∞

z
ϕm (

z′ − d
LMO

)[1 − ϕ̂m (
z′ − d
lm/β

)] dz′

z′ − d
(77)

Given equation 77, the wind at canopy height is given by260

uhc =
u∗
β

(78)

u(z) = u∗
κ
[ln( z − d

hc − d
) −ψm (

z − d
LMO
) +ψm (

hc − d
LMO

) + ψ̂m(z) − ψ̂m(hc) +
κ
β
] (79)

Wind profile within canopy261

HF-2007 assumed an exponential wind profile within the canopy that is given as262

u(z) = u(hc) exp(z − hc

lm/β
) (80)

and the derivative of the wind profile is263
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∂u(z)
∂z

= u(hc)
lm/β

exp(z − hc

lm/β
)

= u(z)
lm/β

(81a)

hc − d = lm

2β
= β2Lc (82)

Enforcing the continuity of derivative of wind at canopy height (hc) from equation 74264

and 80 leads to265

u∗
κ(hc − d)

Φm(hc) =
u(hc)
lm/β

Φm(hc) =
u(hc)

u∗
× κ(hc − d)

lm/β

Φm(hc) =
1
β
×
κlm/(2β)

lm/β

Φm(hc) =
κlm

2β
(83a)

Wind similarity function266

For the above canopy wind profile, HF-2007 assumed the similarity function for267

momentum to be268

ϕ̂m (
z − d
lm/β
) = 1 − c1 exp [−c2 (

z − d
lm/β
)] (84)
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where c1 and c2(= 0.5) are parameters. The parameter c1 is found by evaluating ϕ̂m at

z = hc that gives

ϕ̂m (
hc − d
lm/β

) = 1 − c1 exp [−c2 (
hc − d
lm/β

)]

= 1 − c1 exp [−c2 (
lm/(2β)

lm/β
)]

= 1 − c1 exp (−0.5c2)

c1 = [1 − ϕ̂m (
hc − d
lm/β

)] exp(0.5c2) (85a)

In order to compute c1 from the above equation, an expression of ϕ̂m at z = hc is needed,269

which is obtained using equation 75 at z = hc and equation 83a as270

ϕ̂m (
hc − d
lm/β

) = κ
2β
ϕ−1

m (
hc − d
LMO

) (86)

Wind beta term271

The critical unknown in the roughness sublayer parameterization is β. HF-2007272

derived an expression for β as273

βϕm (
hc − d
LMO

) = βN (87)

or

βϕm (
β3Lc

LMO
) = βN (88)

The solution of equation 88 depends on if ϕ is evaluated for unstable or stable

condition and leads to following equations

(β2)2 + 16
Lc

LMO
β4β2 − β4

N = 0 LMO < 0 (89a)

5
Lc

LMO
β3 + β − βN = 0 LMO ≥ 0 (89b)
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The correct solution is the larger root for the sable condition, while the unstable case274

has only one real root.275

Temperature profile276

Similar to the equations for wind profiles, the equations describing profiles of heat277

(or scalar) above and within the canopy are given below.278

κ(z − d)
θ∗

∂θ
∂z
= Φc (z) (90a)

Φc(z) = ϕc (
z − d
LMO
) ϕ̂c (

z − d
lm/β
) (90b)

θ(z) − θs =
θ∗
κ
[ln(z − d

z0c
) −ψm (

z − d
LMO
) +ψm (

z0c

LMO
) + ψ̂c(z)] (90c)

where279

ψ̂c = ∫
∞

z
ϕc (

z′ − d
LMO

)[1 − ϕ̂c (
z′ − d
lm/β

)] dz′

z′ − d
(91)

An exponential profile of air temperature is assumed within the canopy that is given

by

θ(z) − θs = (θ(hc) − θs) exp [
f (z − hc)

lm/β
] (92)

where parameter f relates the length scale of heat (scalar) to that of momentum and is280

given by281

f = 1
2
(1 + 4rcPr)1/2 − 1

2
(93)

and282

Pr = 0.5 + 0.3 tanh(2Lc/LMO) (94)
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The derivatives of the profile within the canopy is283

∂θ(z)
∂z

=
(θ(hc) − θs) f

lm/β
exp [

f (z − hc)
lm/β

] (95)

Enforcing continuity of derivative at z = hc using equation 90a and 95284

∂θ
∂z
∣
z=hc

= θ∗
κ(hc − d)

Φc(hc) =
f [θ(hc) − θs]

lm/β
(96)

so that

θ(hc) − θs

θ∗
= Pr

fβ
(97)

An equation similar to equation 79 can be written for θ285

θ(z) − θs =
θ∗
κ
[ln( z − d

hc − d
) −ψc (

z − d
LMO
) +ψc (

hc − d
LMO

) + ψ̂c(z) − ψ̂c(hc) +
κPr
fβ
] (98)

For the above canopy wind profile, HF-2007 assumed the similarity function for286

momentum to be287

ϕ̂c (
z − d
lm/β
) = 1 − c1 exp [−c2 (

z − d
lm/β
)] (99)

c1 = [1 − ϕ̂c (
hc − d
lm/β

)] exp(0.5c2) (100a)

ϕ̂c (
z − d
lm/β
) = κPr

2β
ϕ−1

c (
z − d
LMO
) (100b)

Aerodynamic conductance288

The aerodynamic conductances for scalar, gac, is given as289
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1
gac
= ∫

z2

z1

dz
ρmKc

(101)

where Kc is the eddy diffusivity for scalar based on K-theory. The aerodynamic290

conductance above canopy is291

gam,i+1/2 = ρmκ2u∗ [ln(
zi+1 − d
zi − d

) +ψi+1 −ψi]
−1

(102)

where292

ψi = −ψc (
zi − d
LMO

) +ψc (
hc − d
LMO

) + ψ̂c(zi) − ψ̂c(hc) (103)

The aerodynamic conductance within canopy is293

gac,i+1/2 =
ρβu∗

Pr
[exp(−(zi+1 − hc)

lm/β
) − (−(zi − hc)

lm/β
)]
−1

(104)
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Text S10. Multi-layer canopy air space and canopy model294

The equations for the time evolution of air temperature, θ, and water vapor, q, sunlit295

leaf temperature, Tℓsun, and shaded leaf temperature, Tℓshd, in a MLCM is given by296

ρmcp (
∂θ
∂t
) = cp∇ ⋅ (ga∇θ) +

Qθsun,i∆Lsun,i

∆zi
+ Qθshd,i∆Lshd,i

∆zi
+ Sθ (105a)

ρm (
∂q
∂t
) = ∇ ⋅ (ga∇q) +

Qqsun,i∆Lsun,i

∆zi
+

Qqshd,i∆Lshd,i

∆zi
+ Sq (105b)

cℓ (
∂Tℓsun

∂t
) = Rn,sun −Qθsun − λQqsun + Sℓsun (105c)

cℓ (
∂Tℓshd

∂t
) = Rn,shd −Qθshd − λQqshd + Sℓshd (105d)

where ρm is density of air, λ is latent heat of vaporization for water, cp is specific heat297

capacity of air, cℓ is specific heat capacity of leaf, ga is atmospheric conductance, ∆Lsun is298

the leaf area index of the sunlit leaf, ∆Lshd is the leaf area index of the shaded leaf, Qθsun299

is the heat source from the sunlit leaf to the canopy air, Qθshd is the heat source from the300

shaded leaf to the canopy air, Qqsun is the water vapor source from the sunlit leaf the301

canopy air, Qqsun is the water vapor source from the shaded leaf the canopy air, Rnsun is302

the net shortwave and longwave radiation absorbed by the sunlit leaf, and Rnshd is the303

net shortwave and longwave radiation absorbed by the shaded leaf.304

The source of heat and water vapor for sunlit and shaded leaves at the i-th layer are305

given by306
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Qθsun = 2cp(Tℓsun − θi)gbh (106a)

Qθshd = 2cp(Tℓshd − θi)gbh (106b)

Qqsun = (qsat(Tℓsun) − qi)gℓsun (106c)

Qqshd = (qsat(Tℓshd) − qi)gℓshd (106d)

where gbh,i is the boundary layer conductance for heat, gbw,i is the boundary layer307

conductance for water vapor, gℓsun,i is the total leaf conductance for the sunlit leaf, and308

gℓshd,i is the total leaf conductance for the shaded leaf. The leaf conductances are given309

as310

gℓsun = (
1

g−1
bw + g−1

sw,sun
) fdry + gbw fwet (107a)

gℓshd = (
1

g−1
bw + g−1

sw,shd

) fdry + gbw fwet (107b)

where gsw,sun is the stomatal conductance for the sunlit leaf, and gsw,shd is the stomatal311

conductance for the shaded leaf. The net radiation absorbed by sunlit and shaded leaf312

are given by313

Rnsun =
#»

I d
sun +

#»

I b
sun +

#»

L sun (108a)

Rnshd =
#»

I d
shd +

#»

L shd (108b)

where
#»

I d is absorbed diffuse radiation,
#»

I b is absorbed beam radiation, and
#»

L is ab-314

sorbed longwave radiation. The finite volume and implicit time discretization of equa-315

tion 105 leads to the following equations for the i-th layer can be written as316
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⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

α1,1 α1,2 α1,3 α1,4 α1,5 α0,6 α1,7 α1,8

0 0 0 α2,4 α2,5 α2,6 α2,7 α2,8

0 α3,2 0 0 α3,5 0 α3,7 0

0 α4,2 0 0 α4,5 0 0 α4,8

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

θt+1
i−1

θt+1
i

θt+1
i+1

qt+1
i−1

qt+1
i

qt+1
i+1

Tt+1
lsun,i

Tt+1
lshd,i

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

β1

β2

β3

β4

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(109)

Air temperature equation317

The discretized equation 105a at an internal vertical layer (i.e. 0 < i < N)318

ρm

∆t
(θt+1

i − θt
i) = +ga,i+ 1

2
(
θt+1

i+1 − θt+1
i

zc
i+1 − zc

i
) − ga,i− 1

2
(
θt+1

i − θt+1
i−1

zc
i − zc

i−1
)

+ 2 (Tt+1
ℓsun,i − θt+1

i )(
gbh,i∆Lsun,i

∆zi
)

+ 2 (Tt+1
ℓshd,i − θt+1

i )(
gbh,i∆Lshd,i

∆zi
) (110)

The non-zero coefficients αi=1,∗ of equation 109 for 0 < i < N are thus given as319

α1,1 = −
⎛
⎜
⎝

gt+1
a,i− 1

2

∆zc
i,i−1

⎞
⎟
⎠

(111a)

α1,2 = (
ρm

∆t
) +
⎛
⎜
⎝

gt+1
a,i+ 1

2

∆zc
i+1,i

⎞
⎟
⎠
+
⎛
⎜
⎝

gt+1
a,i+ 1

2

∆zc
i+1,i

⎞
⎟
⎠
+

2gt+1
bh,i (∆Lsun,i +∆Lshd,i)

∆zi
(111b)

α1,3 = −
⎛
⎜
⎝

gt+1
a,i+ 1

2

∆zc
i+1,i

⎞
⎟
⎠

(111c)

α1,7 = −
2gt+1

bh,i∆Lsun,i

∆zi
(111d)

α1,8 = −
2gt+1

bh,i∆Lshd,i

∆zi
(111e)

β1 = (
ρm

∆t
)θt+1

i (111f)
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For the top vertical layer i = N, the coefficients αi=1,∗ remain same as terms in equa-320

tion 111 same except321

α1,3 = 0 (112a)

β1 = (
ρm

∆t
)θt+1

i +
⎛
⎜
⎝

gt+1
a,i+ 1

2

∆zc
i+1,i

⎞
⎟
⎠
θt+1

re f (112b)

where θn+1
re f is prescribed atmospheric temperature.322

For i = 0, the energy balance for the soil surface, Rn0, is given by

Rn0 = cp(Tn+1
0 − θn+1

1 )ga,0 + λ{hs0qsat(Tn+1
0 ) − qn+1

1 } gs0 +
κ1

∆z1/2
(Tn+1

0 − Tn
−1)

= cp(Tn+1
0 − θn+1

1 )ga,0 + λ{hs0 [qsat(Tn
0) + s0 (Tn+1

0 − Tn
0)] − qn+1

1 } gs0

+ κ1

∆z1/2
(Tn+1

0 − Tn
−1) (113)

where θn+1
0 = Tn+1

0 is the soil surface temperature, Tn
−1 is the soil temperature of the first323

soil layer, and z1/2 is the distance between the soil surface and centroid of first soil layer.324

The non-zero coefficients α1,∗ for i = 0 are thus given as325

α1,2 = (cpga,0 + λhs0gs0s0 +
κ1

∆z1/2
) (114a)

α1,3 = −cpga,0 (114b)

α1,6 = −λgs,0 (114c)

β1 = Rn0 − λhs0 [qsat(Tn
0) − s0Tn

0] gs0 +
κ1

∆z1/2
Tn
−1 (114d)

Air vapor pressure equation326

The discretized equation 105b at an internal vertical layer (i.e. 0 < i < N)327
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ρm

∆t
(qt+1

i − qt
i) = +ga,i+ 1

2
(

qt+1
i+1 − qt+1

i

zc
i+1 − zc

i
) − ga,i− 1

2
(

qt+1
i − qt+1

i−1

zc
i − zc

i+1
)

+ [qt+1
sat,ℓsun,i − qt+1

i ] (
gℓsun,i∆Lsun,i

∆zi
)

+ [qt+1
sat,ℓsha,i − qt+1

i ] (
gℓsun,i∆Lsun,i

∆zi
)

= +ga,i+ 1
2
(

qt+1
i+1 − qt+1

i

zc
i+1 − zc

i
) − ga,i− 1

2
(

qt+1
i − qt+1

i−1

zc
i − zc

i+1
)

+ [qt
sat,ℓsun,i + ssun,i (Tn+1

ℓ,sun − Tn
ℓ,sun) − qt+1

i ] (
gℓsun,i∆Lsun,i

∆zi
)

+ [qt
sat,ℓsha,i + ssha,i (Tn+1

ℓ,sha − Tn
ℓ,sha) − qt+1

i ] (
gℓsun,i∆Lsun,i

∆zi
) (115)

The non-zero coefficients αi=2,∗ of equation 109 for 0 < i < N are thus given as328

α2,4 = −
⎛
⎜
⎝

gt+1
a,i− 1

2

∆zc
i,i−1

⎞
⎟
⎠

(116a)

α2,5 = (
ρm

∆t
) +
⎛
⎜
⎝

gt+1
a,i− 1

2

∆zc
i,i−1

⎞
⎟
⎠
+
⎛
⎜
⎝

gt+1
a,i+ 1

2

∆zc
i+1,i

⎞
⎟
⎠
+

gt+1
lsun,i∆Lsun,i + gt+1

lshd,i∆Lshd,i

∆zi
(116b)

α2,6 = −
⎛
⎜
⎝

gt+1
a,i+ 1

2

∆zc
i+1,i

⎞
⎟
⎠

(116c)

α2,7 = −
ssun,igt+1

lsun,i∆Lsun,i

∆zi
(116d)

α2,8 = −
sshd,igt+1

lshd,i∆Lshd,i

∆zi
(116e)

β2 = (
ρm

∆t
) qt+1

i

+
(qsat(Tt+1

lsun,i) − ssun,iTt+1
lsun) gt+1

lsun,i∆Lsun,i

∆zi

+
(qsat(Tt+1

lshd,i) − sshd,iTt+1
lshd) gt+1

lshd,i∆Lshd,i

∆zi
(116f)

For the top vertical layer i = N, the coefficients αi=2,∗ remain same as terms in equa-329

tion 119 same except330
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α2,6 = 0 (117a)

β2 = (
ρm

∆t
) qt+1

i

+
(qsat(Tt+1

lsun,i) − siTt+1
lsun) gt+1

lsun,i∆Lsun,i

∆zi

+
(qsat(Tt+1

lshd,i) − siTt+1
lshd) gt+1

lshd,i∆Lshd,i

∆zi

+
⎛
⎜
⎝

gt+1
a,i+ 1

2

∆zi+1,i

⎞
⎟
⎠

qn+1
re f (117b)

where qn+1
re f is prescribed atmospheric water vapor pressure.331

For soil surface layer i = 0, the water vapor balance is given by332

qn+1
0 = hs0 [qsat(Tn

0) + s0 (Tn+1
0 − Tn

0)]

−hs0s0Tn+1
0 + qn+1

0 = hs0 [qsat(Tn
0) − s0Tn

0] (118)

The non-zero coefficients α1,∗ for i = 0 are thus given as333

α2,2 = −hs0s0 (119a)

α2,5 = 1 (119b)

β2 = hs0 [qsat(Tn
0) − s0Tn

0] (119c)

Sunlit leave temperature334

The discretized equation 105c at an internal vertical layer (i.e. 0 < i < N) is given by335
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cℓ,i
∆t
(Tt+1

ℓsun,i − Tt
ℓsun,i) = Rnsun − 2 (Tt+1

ℓsun,i − θt+1
i ) gbh,i − λ [qt+1

sat,ℓsun,i − qt+1
i ] gℓsun,i

= Rnsun − 2 (Tt+1
ℓsun,i − θt+1

i ) gbh,i

− λ [qt
sat,ℓsun,i + ssun,i (Tn+1

ℓ,sun − Tn
ℓ,sun) − qt+1

i ] gℓsun,i (120)

The non-zero coefficients αi=3,∗ of equation 109 for 0 < i < N are thus given as336

α3,1 = 0 (121a)

α3,2 = −2cpgt+1
bh,i (121b)

α3,3 = 0 (121c)

α3,4 = 0 (121d)

α3,5 = −λgt+1
lsun,i (121e)

α3,6 = 0 (121f)

α3,7 = (
cL,i

∆t
) + 2cpgt+1

bh,i + λsigt+1
lsun,i (121g)

α3,8 = 0 (121h)

β3 = Rnt+1,0
sun + (

cL,i

∆t
)Tt+1

lsun,i − λ (qsat(Tt+1
lsun,i) − siTt+1

lsun) gt+1
lsun,i (121i)

Shaded leave temperature337

The discretized equation 105d at an internal vertical layer (i.e. 0 < i < N) is given by338

cℓ,i
∆t
(Tt+1

ℓshd,i − Tt
ℓshd,i) = Rnshd − 2 (Tt+1

ℓshd,i − θt+1
i ) gbh,i − λ [qt+1

sat,ℓshd,i − qt+1
i ] gℓshd,i

= Rnshd − 2 (Tt+1
ℓshd,i − θt+1

i ) gbh,i

− λ [qt
sat,ℓshd,i + sshd,i (Tn+1

ℓ,shd − Tn
ℓ,shd) − qt+1

i ] gℓshd,i (122)
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The non-zero coefficients αi=4,∗ of equation 109 for 0 < i < N are thus given as339

α4,1 = 0 (123a)

α4,2 = −2cpgt+1
bh,i (123b)

α4,3 = 0 (123c)

α4,4 = 0 (123d)

α4,5 = −λgt+1
lshd,i (123e)

α4,6 = 0 (123f)

α4,7 = 0 (123g)

α4,8 = (
cL,i

∆t
) + 2cpgt+1

bh,i + λsigt+1
lshd,i (123h)

β4 = Rnt+1,0
shd + (

cL,i

∆t
)Tt+1

lshd,i − λ (qsat(Tt+1
lshd,i) − siTt+1

lshd) gt+1
lshd,i (123i)
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