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Key Points:

¢ Supershear rupture is favored in rate-and-state cycle models on long faults in a
parameter range that is not common.

 Decreasing a/b or increasing the nucleation length to fault width ratio increases
the initial stress of earthquakes and favors supershear ruptures.

» Most supershear events occur at a high background stress (S < 0.70) and via a

direct supershear transition.
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Abstract

Supershear earthquakes are rare compared to their subshear counterparts, but the cause
for their paucity remains to be understood. We investigate for the first time the preva-
lence of supershear ruptures across multiple earthquake cycles on long faults using rate-
and-state friction and a 2.5D approximation that accounts for the finite seismogenic width
W. We find supershear events occur only in a narrow range of friction parameters that

is not commonly observed in laboratory experiments, which may explain its rarity in na-
ture. Particularly, the ratio between direct and evolution effects of rate-and-state fric-
tion needs to be low (a/b <0.4) and the nucleation length has to be sufficiently large
compared to W, but not too large that it causes a transition from seismic to aseismic
slip. Our numerical and analytical developments contribute fundamentally to understand-
ing the state of stress on long faults over multiple earthquake cycles and their potential

for hosting supershear earthquakes.

Plain Language Summary

Supershear earthquakes, those that rupture faster than shear wave speed, can gen-
erate strong shaking. They occur rarely in nature, but why they are rare has not yet been
understood. In this study, we model sequences of earthquakes on a long fault assuming
a fault friction motivated by (relatively slow) laboratory experiments. Importantly, our
model accounts for the fact that the largest earthquake ruptures are much longer than
deep. Our simulations indicate the fault frictional properties and fault width exert im-
portant control on the occurrence rate of supershear earthquakes. Particularly, the fault
has to be able to accumulate sufficient stress to produce supershear earthquakes. The
range of frictional properties that favors supershear ruptures in our model is not com-
monly observed in laboratory experiments, which may explain why supershear earthquakes

are rare in nature.

Introduction

It is now well established that large strike-slip earthquakes can rupture at speeds
higher than shear wave speed. This fact has been well proven by seismological observa-
tions (Bouchon & Vallée, 2003; Dunham & Archuleta, 2004; Ellsworth et al., 2004; Vallée
& Dunham, 2012; Bao et al., 2019) and supported by laboratory experiments (Wu et al.,
1972; Rosakis et al., 1999; Xia et al., 2004, 2005; Mello et al., 2014) and theoretical and
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numerical analysis (Burridge, 1973; Andrews, 1976; Dunham et al., 2003; Dunham, 2007).
Due to the generation of shear and Rayleigh wave Mach fronts, supershear ruptures have
the potential to carry strong shaking farther away from the fault than sub-Rayleigh rup-
tures, though this effect could be suppressed by reduced wavefield coherence caused by
source or medium heterogeneities (Bizzarri et al., 2010; Vyas et al., 2018). So far, the
mechanism that controls the frequency of occurrence of supershear earthquakes is still

poorly understood.

Since the discovery of supershear earthquakes in the early 1980s, multiple super-

shear transition mechanisms have been proposed. The earliest one is the Burridge-Andrews

(BA) mechanism (Burridge, 1973; Andrews, 1976; Dunham, 2007), in which a sub-Rayleigh
rupture jumps to supershear provided a high enough initial shear stress and a sufficient
long propagation distance. Later studies show that favorable stress asperities or barri-
ers (Y. Liu & Lapusta, 2008; Lu et al., 2009; Weng et al., 2015), fault roughness and ge-
ometric complexities (Bruhat et al., 2016; Ryan & Oglesby, 2014), fault damage zone
(Huang et al., 2016) and free surface effects (Kaneko & Lapusta, 2010; Hu et al., 2019;
J. Xu et al., 2021) can also induce supershear rupture. Particularly, given a sufficiently
high initial stress, a sub-Rayleigh rupture can accelerates smoothly into a supershear speed
via a direct transition mechanism, without experiencing the mother-daughter crack tran-

sition of the classic BA mechanism (C. Liu et al., 2014; Kammer et al., 2018).

However, despite these numerous possible mechanisms, supershear earthquakes re-
main rare. Up to now, only about ten supershear ruptures have been reliably documented
(Das, 2015). The rareness of supershear earthquakes could be due to limitations of ob-
servation techniques or to earthquake source physics. Indeed, measuring rupture speed
is challenging given scarce, frequency-limited data and uncertain earth structure (Meng
et al., 2016; Zeng et al., 2020). However, a recent global survey (Bao et al., submitted
manuscript) using state-of-the-art teleseismic back-projection rupture imaging (Bao et
al., 2019) overcomes the observational bias but still founds merely 15% supershear rup-
tures among large strike-slip earthquakes since 2000. Here, we show that the rarity of

supershear earthquakes could be controlled by fault frictional properties.

Existing modeling of supershear ruptures focuses on simulating a single dynamic
earthquake (Dunham, 2007; Bruhat et al., 2016; Gabriel et al., 2012; Huang et al., 2016;

Vyas et al., 2018), an approach limited by the arbitrariness of prescribed initial condi-
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tions. In those models, the initial stress is found to have a major control on the viabil-
ity of supershear rupture. Yet the odds of achieving favorable initial conditions cannot
be evaluated in such a framework. An approach that can self-consistently simulate spon-
taneous states of fault stress is earthquake cycle modeling. However, most earthquake

cycle models assume either 2D anti-plane shear (Kaneko et al., 2011; Erickson et al., 2017;

Miyake & Noda, 2019; Abdelmeguid et al., 2019; Thakur et al., 2020) or the quasi-dynamic

approximation (Y. Liu & Rice, 2005; Richards-Dinger & Dieterich, 2012; Luo & Ampuero,
2018; Ozawa & Ando, 2021; Barbot, 2021), thus cannot produce supershear earthquakes.
A few 3D fully dynamic earthquake cycle codes for inplane rupture have been developed
(Lapusta & Liu, 2009; D. Liu et al., 2020; Noda, 2021) but they are computationally ex-
pensive and, to the best of our knowledge, have not been used to investigate the vari-
ation of dynamic rupture speeds over multiple earthquake cycles. This work is the first
attempt to tackle this challenge. We further account for a finite seismogenic width, W,
which has an important control on the rupture dynamics of large earthquakes (Weng &

Ampuero, 2019, 2020).

We model fully-dynamic earthquake cycles on a homogeneous elongated fault gov-
erned by conventional rate-and-state friction (Dieterich, 1978; Ruina, 1983) with the ag-
ing law of state evolution, embedded in a linear elastic material. We use the spectral el-
ement method (SEM) for spatial discretization (Kaneko et al., 2011; Seki, 2017). We ac-
count for a finite seismogenic width by a 2.5D approoach (Figure S1) that provides an
adequate approximation of 3D elongated ruptures while retaining the computational ef-
ficiency of 2D models (Lehner et al., 1981; Weng & Ampuero, 2019, 2020). To facilitate
distilling fundamental understanding, we keep the model simple, by neglecting complex
mechanisms such as dynamic weakening (Rice, 2006; Noda & Lapusta, 2010; Dunham
et al., 2011; Noda & Lapusta, 2013; Viesca & Garagash, 2015), fault roughness (Bruhat
et al., 2016; Romanet & Ozawa, 2021), heterogeneous frictional properties (Luo & Am-
puero, 2018), and off-fault inelastic deformation (Templeton & Rice, 2008; S. Xu et al.,
2012). Using fracture mechanics theory, we first derive an approximate expression of the
state of stress right before a characteristic earthquake and identify the key dimension-
less parameters that control it. While these expressions cannot predict the exact con-
ditions for supershear rupture, they provide a theoretical basis to interpret the results
of our numerical simulations. We then conduct a comprehensive parametric study scan-

ning the two key dimensionless parameters, and identify the conditions that favor recur-
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rent supershear ruptures. Finally, we discuss potential relations between our model re-
sults and available observations, limitations of our current model and possible future ex-

tensions.

Theoretically expected supershear conditions

We model sequences of earthquakes on a velocity-weakening (VW) patch sandwiched
between stably creeping segments, featuring a smooth transition along strike to velocity-
strengthening friction (VS) and then to a steadily creeping section (see Figure S1). Re-
gardless of the mechanism of supershear transition, a higher initial fault stress always
favors supershear rupture. Initial (pre-earthquake) fault shear stress is conventionally
quantified by the ratio between strength excess and stress drop, S = (7, — 70)/(70 —
7r). When S is too high, supershear transition is not possible (Burridge, 1973; Andrews,
1976; Dunham, 2007; Hu et al., 2019; Kammer et al., 2018) unless favorable heterogene-
ity exists (Dunham et al., 2003; Y. Liu & Lapusta, 2008; Weng et al., 2015). Here, we
summarize key steps for deriving an expression for the S value right before character-
istic earthquakes, using fracture mechanics. A complete derivation is given in the sup-

plementary material.

The coseismic peak (7,) and residual stresses (7,) in rate-and-state friction are es-
timated, under basic assumptions, in equations (S.22) and (S.23). Their difference is the

strength drop:

(1)

Veolhn
Tp—TTZan1H< >,

de

where o, is the effective normal stress, b the coefficient quantifying the evolution effect
of rate-and-state friction, V., the coseismic peak slip rate, T}, the earthquake interevent
time, and d. the characteristic distance of state evolution. The initial stress 7y accumu-

lated since the last characteristic earthquake is
T0 =T, + 710, (2)

where 7 is the secular stressing rate on the fault. For elongated faults, 7 = CsV,G/W,
where C is a geometric factor that modulates the elastic stiffness of the fault (4/7 for
buried faults, 2/7 for shallow surface faults), V,; the secular fault slip rate imposed by
plate tectonics, and G the shear modulus. The final task is to estimate the earthquake
interevent time 7). During interseismic periods, aseismic slip areas emerge at the bound-

aries between VS and VW regions, then expand into the locked VW region, and even-



142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

tually grow up to the critical nucleation size L,, leading to earthquake nucleation, as shown
in Figure 5 in Cattania and Segall (2019). T,, is controlled by the time needed for this
aseismic slip expansion process, which can be estimated using fracture mechanics. At

the slowly propagating front of aseismic slip, the fracture toughness implied by rate-and-
state friction is negligible (Cattania, 2019) and the fracture mechanics energy balance
reduces to a balance between the stress intensity factor due to stress change within the

VW creeping patch and the one due to slip in the VS region. Following Cattania (2019)
but adapting the stress intensity factors to the 2.5D geometry (supplementary material),

we obtain an expression for 7},, equation (S.34). The resulting strength excess before char-

acteristic earthquakes is

Tp — Tr 1 l 1 E
To — Tr Cs(l—v)mrnl—a/b L,

L, 3)

where v is Poisson’s ratio, a a parameter given in equation (S.36), which typically varies
between 1.1 to 1.6, and 7 a monotonically increasing function of L,,/WW given in equa-

tion (S.31) and plotted in Figure S3.

The two key dimensionless parameters that control S are a/b and W/L,,. Decreas-
ing either a/b or W/L,, decreases S, which should favor the occurrence of supershear earth-
quakes. Physically speaking, for a fixed value of b, a lower a tends to increase the stress
change in the nucleation patch, according to equation (S.31), which in turn increases T,.
At fixed W, increasing L,, increases the interseismic slip needed to drive nucleation, thus
implying a longer interseismic period. Both effects lead to a higher initial stress prior
to the next earthquake. On the other hand, a small ratio W/L,, is known to suppress
seismic rupture (Y. Liu & Rice, 2005; Rubin, 2008), which competes against supershear
rupture. In the limit of a/b — 1, S tends to 400, which suppresses supershear tran-
sition. Therefore, we expect a cut-off a/b value above which supershear earthquakes on

(conventional) rate-and-state faults are not possible.

Even though our earthquake cycle simulations do not include the effect of dynamic
weakening, we develop an analytical estimate of the S ratio before characteristic earth-
quakes in the presence of strong velocity-weakening in the supplementary material (Text
S4). As a result of the much lower dynamic friction coefficient f,, ~ 0.1 (Rice, 2006;
Dunham et al., 2011; Gabriel et al., 2012), the limiting effect of a/b on supershear oc-

currence diminishes and W/L,, remains the key dimensionless parameter.
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The estimate of S presented here is only valid in the limit where linear elastic frac-
ture mechanics applies, namely when the process zone size Ry (see equation (S.4) for rate-
and-state) is much smaller than any other length scale of the problem, including W. As
we shall see, this assumption is violated in the parameter range where supershear is fa-
vored in the current model, and we expect appreciable deviations between the analyt-
ically derived S ratios and those obtained in numerical simulations. Nonetheless, the the-

oretical development here is highly instrumental in interpreting our numerical results.

Numerical results

Guided by the theoretical analysis in the previous section, we systematically study

the effect of the controlling parameters a/b and L,,/W using numerical simulations. A
detailed list of parameter settings is presented in the supplementary material (Table S1).
As the true nucleation length L,, is unknown prior to simulation, we use as proxy the
theoretical estimate Lr4 by Rubin and Ampuero (2005) for 2D plane strain (equation
(S.6) in the supplementary material). Lr4 generally scales with L, but can differ sig-
nificantly due to 2.5D effects at large L,,/WW or due to departures from the small-scale
yielding assumption of linear elastic fracture mechanics at large Ry/W (see Figure S4).
To vary a/b, we fix b = 0.01 and vary a from 0.1 to 0.7. To use the same mesh for all
simulations and guarantee sufficient resolution, we set the average grid spacing to 125
m, Ry to 1-2 km, fault length L to 40 km, and vary W between 2 and 10 km. In our sim-

ulations, the fault aspect ratio L/W varies between 4 and 20.

By varying the frictional parameters, we are able to produce earthquake sequences
with a rich spectrum of rupture styles. Figure 1 shows the evolution of different rupture
styles when varying Lra/W and fixing a/b at 0.2. As we increase Lra /W, the earth-
quake sequence transitions from purely sub-Rayleigh (SR) events, to alternating SR and
supershear (SS) events, to purely SS events, then to weak partial ruptures, and finally
to aseismic slip. At the same time, we observe a consistent decrease of pre-earthquake
S ratio. This is remarkably consistent with our theoretical analysis in the previous sec-
tion. Notably, the alternation of SR and SS events within the same earthquake sequence
arises from differences in the stress drops of SR and SS events due to different peak slip
rates (see Text S3.2 and Figure S5 for detailed explanation). Due to the healing effect

induced by the finite seismogenic width W, dynamic events exhibit pulse-like rupture
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similar to those in 3D simulations (Dunham & Archuleta, 2004; Weng & Ampuero, 2019).

This 3D effect does not exist in 2D but is captured by our 2.5D simulations.

A “phase diagram” that provides a more complete view on how rupture styles de-
pend on both a/b and Lra/W is presented in Figure 2. As shown in Figure 2a, we find
a particular range of parameter values, a/b < 0.4 and Lga/W ~ [0.2,1.2], that fa-
vors supershear occurrence. Specifically, as a/b increases, the permissible range of Lga /W
for supershear events shrinks and when a/b > 0.4 supershear ruptures are not possi-
ble. At larger Lra/W, we observe a transition to weak partial ruptures and eventually
aseismic slip, indicated by a lower peak slip rate and higher partial rupture rate in Fig-
ures 2d and 2e, caused by the stabilization effect of a narrow fault width (Y. Liu & Rice,
2005). The rate of supershear occurrence can be largely explained by the numerically
computed median S ratio, as shown in Figure 2b (all events) and Figure 2c¢ (supershear
events), which obeys the same trend as in our analytical derivation: S decreases as a/b
decreases or Lra /W increases. The cut-off a/b can be understood by the fact that the
supershear transition is not possible when S exceeds a critical value, on faults with ho-
mogeneous stress and strength (Dunham, 2007; Kammer et al., 2018). In fact, most of
the supershear events obtained here have a median S ratio smaller than 0.7, as shown

in Figures 2c and 2f.

Notably, supershear ruptures in our model occur primarily via the direct transi-
tion mechanism, as shown in more detail in Figure 3. One exception occurs in a sequence
with a/b = 0.1 and Lra/W = 0.1 (Figure S6) in which a few early events transitioned
to supershear ruptures at a higher S ratio as a result of sharp residual stress concentra-
tions left by previous partial ruptures, as shown in Y. Liu and Lapusta (2008). However,
this sequence eventually converges back to stable sub-Rayleigh ruptures after the effect
of initial condition wanes. Figures 3a and 3b show the rupture speeds for both super-
shear and sub-Rayleigh events as a function of rupture propagation distance. For most
supershear events, ruptures accelerate rapidly yet continuously to supershear speeds (di-
rect transition), similar to those in C. Liu et al. (2014), without the mother-daughter
crack transitional phase that defines the classic BA mechanism. An example of the di-
rect supershear transition is demonstrated in Figures 3c and 3d, which clearly show the
rupture accelerates to a supershear speed shortly after exiting the nucleation zone, with-
out forming any daughter crack ahead of the primary rupture front. The very low S ra-

tios (< 0.7, Figure 2f) for observed supershear events are consistent with the numeri-
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cal study by C. Liu et al. (2014) who found direct supershear transition occurs at S <

0.72.

The evolution of rupture speed can be partially understood from recent theoret-
ical developments. Using the numerically computed stress drops and fracture energies
for a supershear event at a/b = 0.1, Lga/W = 0.4 (black line in Figure 3a), we com-
pute the predicted rupture speed (purple line) using theory developed by Kammer et al.
(2018) and find it agrees qualitatively with the numerical results. Note that the appli-
cability of that theory diminishes at propagation distances much larger than W (pur-
ple dashed line in Figure 3a), for which the finite fault width W limits the energy release
rate (Weng & Ampuero, 2019, 2020). However, a formal equation of motion for a super-
shear rupture on elongated faults remains to be developed. We discuss the origin of the

absence of mother-daughter crack mechanism in the next section.

Summary and Discussion

Our theoretical and simulation results show how frictional parameters and fault
width W critically control the frequency of occurrence of supershear earthquakes through-
out multiple earthquake cycles on a fault governed by rate-and-state friction. Particu-
larly, a/b needs to be sufficiently low (< 0.4) and Lra/W sufficiently high (0.2-1.2) for
the fault to achieve a sufficiently high stress (low S ratio) to enable supershear transi-
tions. Most supershear events are found to be induced by the direct transition mecha-
nism (C. Liu et al., 2014; Kammer et al., 2018), which requires a very low S ratio (< 0.7).
At large Lra /W, the fault hosts weak partial ruptures and eventually transitions to aseis-

mic slip.

The parameter range allowing supershear ruptures in our model is not common in
laboratory frictional experiments. Although some experiments show negligible direct ef-
fect (very low a) during fast slip in mature mylonitic rock analogs (Takahashi et al., 2017),
most others show that a and b are comparable in magnitude (Dieterich, 1978, 1979; Blan-
pied et al., 1998; Marone, 1998). Furthermore, the characteristic slip distance d,. is typ-
ically on the order of a few to tens of microns, which results in a nucleation size of a few
meters (Dieterich, 1978; Blanpied et al., 1998), much smaller than the seismogenic width
W (~10 km). Although seismologically inferred d. values can be on the order of 0.1 m

(e.g., Chen et al., 2021), this value is not representative of nucleation processes. The un-
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usual friction properties required in our models may offer a clue on why supershear earth-
quakes are rare in nature. The key could be that frequent nucleation prevents sufficient
stress accumulation during the inter-seismic period prior to a large earthquake, so that

supershear transitions are difficult.

On the other hand, a few limitations of the current model, which we intentionally
kept simple, may have restricted the permissible parameter range for supershear earth-
quakes. First of all, we neglected dynamic weakening at high slip rate, such as thermal
pressurization (Viesca & Garagash, 2015) and shear heating (Rice, 2006), and assumed
conventional rate-and-state friction for both nucleation and dynamic rupture. In the-
ory, incorporating dynamic weakening in the form of strongly velocity-weakening fric-
tion (Text S4) should remove the restrictive effect of a/b on supershear transitions and
can reduce the S ratio due to larger stress drop, but this remains to be studied in multi-

cycle simulations.

In addition, we restricted our simulations to Lra/W > 0.1 due to computational
constraints. The first consequence of this assumption is that most of our simulations,
excluding the partial ruptures cases at high Lr4 /W, exhibit characteristic earthquake
behavior (periodic whole-fault ruptures). However, when the nucleation length is fur-
ther reduced (Lra/W < 0.1) as required by laboratory data, partial ruptures with ir-
regular recurrence emerge even on a simple fault with homogeneous frictional proper-
ties (Cattania, 2019). Chances are some earthquakes can jump from sub-Rayleigh to su-
pershear rupture abruptly due to favorable residual stress concentration left by previ-
ous partial ruptures (Y. Liu & Lapusta, 2008), thus allowing supershear earthquakes at

much higher S ratio. Similar scenarios could also happen due to other sources of het-

erogeneity, such as fault roughness, geometric complexities (bends, branches, and stepovers),

and variable frictional properties. However, more frequent earthquake nucleation would
also tend to keep the overall stress on the fault at a lower level. How the effects of fre-
quent nucleation and stress heterogeneity play out in controlling the occurrence of su-

pershear earthquakes deserves further work.

A large nucleation size also makes the classic mother-daughter crack transition more
difficult. For a rupture to transition to a supershear speed through the mother-daughter
crack mechanism, given an S ratio of 0.5, the supershear transition length L4, must

be larger than ~ 20L,, in 2D and than ~ 40L,, in an unbounded fault in 3D, accord-
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ing to Figure 5 in Dunham (2007). Dunham (2007) also found that a finite fault width

W puts an upper bound on the supershear shear transition length Lspqns < 1.25 W.

For the mother-daughter crack supershear transition to be possible on a 3D bounded fault,
W/L,, must be greater than ~ 32, which is outside the parameter range explored in our
simulations. On the other hand, the direct supershear transition requires a dramatically
shorter propagation distance L, /L ~ 0.3 (see Figure 6 in C. Liu et al. (2014)) and thus

it is the favored supershear transition mechanism observed in our simulations.

In summary, our current analysis, combining theory and simulations, marks an im-
portant first step to understand how the evolution of stress on long faults over multi-
ple earthquake cycles affects their potential for hosting supershear earthquakes. Further
work is warranted to extend the current analysis to more realistic friction laws includ-
ing dynamic weakening, a more realistic nucleation size, inelastic off-fault behavior, and

fault roughness and segmentation.
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Figure 1. Rupture patterns in earthquake cycle simulations. Four cases are shown (a-d), with
fixed a/b = 0.2 and varying Lra /W as labeled. Each of the four panels shows: (left) cumulative
slip, every ~0.3 s during coseismic phases (red) and every ~32 years during interseismic phases
(black); (right) space-time distribution of slip rate V' and S ratio of representative events. The
slopes of the white lines in the space-time plots indicate speeds of super-shear (SS) and sub-
Rayleigh (SR) rupture fronts. SS and SR events are also distinguishable by different spacing
between the red curves in the cumulative slip plot. When increasing Lra /W, the earthquake
sequences experience a distinct transition in rupture style, from purely SR, to alternating SR and

SS, to purely SS, to weak partial ruptures, and finally to aseismic slip.
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Figure 2. Rupture properties as a function of control parameters Lra/W and a/b: (a) super-
shear occurrence rate, (b) median S ratio for all events, (c) median S ratio for supershear events,
(d) peak slip rate, and (e) partial rupture rate. Each data point summarizes multiple earthquakes
in a multi-cycle simulation. Circles indicate earthquake sequences with supershear (SS) ruptures,
squares indicate pure sub-Rayleigh (SR) earthquake sequences, and crosses indicate aseismic se-
quences (peak slip rate < 0.01 m/s). The red and blue curves in (a) divide the parameter space
into three “phases”: SS, SR and aseismic. The purple dashed lines delineate the conditions for
partial ruptures. (f) Histogram of the S ratio for supershear events. Most supershear events oc-

cur at S < 0.7.
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Introduction

In this supplementary file, we present the following:
e a description of the model
e a derivation of static stress intensity factors for 2.5D faults

e a derivation of S ratio on a rate and state fault
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e a derivation of S ratio on a rate and state fault with strong velocity weakening

Text S1. Model description

We simulate earthquake cycles on a fault governed by rate-and-state friction, embedded
in a homogeneous 2.5D plane strain elastic medium as shown in Figure S1. The fault is
loaded by prescribing steady displacements on the remote boundaries and steady creep
along the lateral extensions of the fault. This drives stable aseismic slip in the velocity
strengthening (VS) region, which then loads the velocity weakening (VW) region where
unstable ruptures occur. A 2.5D approximation is incorporated to account for a finite
fault width W Weng and Ampuero (2019). We use the spectral element method (Kaneko
et al., 2011) and a adaptive time stepper (Lapusta et al., 2000) to capture both the long-
term quasi-static stress build up and short term dynamic rupture. However, different
from Kaneko et al. (2011) who assumed an antiplane shear geometry, we consider two
degree of freedoms per node to capture the in-plane shear. Seki (2017) first extended
the algorithm in Kaneko et al. (2011) to 2D plane strain. However, his code is not
parallelized, which limits its application for our study. We continued the development and
parallelized the program using PETSc (Balay et al., 2015), which significantly accelerated
the computation. Like Kaneko et al. (2011) and Seki (2017), we neglect inertia during
interseismic periods, when the fault slip rate drops below a certain threshold (~0.01 m/s),
and solve the full elastodynamics during coseismic periods. The readers are referred to
Kaneko et al. (2011) and Seki (2017) for more details of the numerical algorithm. In this

section, we briefly summarize the key governing equations in the model.

S1.1. Rate and state friction
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We use laboratory-derived rate-and-state friction laws (Dieterich, 1978, 1979; Ruina,
1983) to describe the fault’s resistance to sliding. These laws were developed from rock
friction experiments at low slip rate. For a constant effective normal stress o,,, the shear

stress 7 on the fault is related to slip rate V' and a fault state variable 6 by

V Vob
T =0, lfo—i—aln (Vo>+bln(dc )}, (S.1)

where a is a coefficient quantifying the direct effect of slip rate, b a coefficient quantifying

the evolution effect of the state variable, fy is the reference frictional coefficient at steady
state slip rate Vy, and d,. is the characteristic slip distance for state evolution. The state
variable 6 can be interpreted as an average age of asperities in contact on the sliding
interface (Dieterich, 1978, 1979; Ruina, 1983). Two empirical state evolution laws are
commonly used: aging law and slip law (Ruina, 1983). They exhibit the same asymptotic
behavior in the vicinity of steady state but can differ considerably otherwise (Ampuero &

Rubin, 2008). In this study, we work with the aging law

d_e_l_ve
dt d.’

(S.2)

To remove the singularity of (S.1) at V' = 0, we use the following regularized version

(J. R. Rice & Ben-Zion, 1996; Lapusta et al., 2000)

T = ao, arcsinh [2% exp ( - : (S.3)

which produces negligible change to equation (S.1) in the normal range of V' and converges
to aVo,/2Vy when V is near zero. The frictional law is coupled to elasticity by enforcing
that the fault shear stress should be equal to the shear strength predicted by rate and

state friction. For this reason, we use shear “stress” and “strength” interchangeably.
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For the numerical model to be sufficiently accurate, both the process zone and the
nucleation size need to be resolved (Lapusta et al., 2000). For 2D plane strain geometry,

the static process zone size Ry (Lapusta et al., 2000) is

_ 9m G,
32 boy,

Ry (S.4)

where G* = G/(1—v), G is shear modulus, v is Poisson’s ratio. Two theoretical estimates
of nucleation length exist for 2D plane strain geometry (J. R. Rice & Ruina, 1983; Rubin

& Ampuero, 2005)

T G*d,
Lrr=— )
T G*d.b
Lps=— .
M (3.6)

The former estimate Lggr is derived from linear stability analysis of perturbations to
steady sliding (J. R. Rice & Ruina, 1983) and Lra is derived from a fracture mechanics

energy balance (Rubin & Ampuero, 2005). When a/b > 0.5, Lga is more appropriate.

S1.2. 2.5D approximation

We use the 2.5D approximation formalised by Lehner, Li, and Rice (1981) to capture
the lithosphere/asthenosphere coupling due to slip on a fault with a finite width 1. The
full formulation in Lehner et al. (1981) treats the asthenosphere as a Maxwell viscoelastic
material. In our work, we only keep the elastic part and assume a homogeneous elastic
modulus. Considering a finite fault width W, the thickness-averaged equation of momen-

tum balance in the seismogenic layer is

pUZ = O-ij,j — Ty, (87)
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where p is density, u; is the thickness-averaged displacement in two horizontal directions
z (i = 1) and y (i = 2), 0y is the depth-averaged Cauchy stress tensor, and r; is the

additional resistance added by the finite fault width W

ry = 0(7“7)2 (S.8)

The constant 7 takes different values for different geometries: 1/7 for a fault embedded
in unbounded space and 2/7 for a shallow fault in elastic halfspace (Weng & Ampuero,
2019). As shown in Weng and Ampuero (2019), this 2.5D approximation is a very good
representation of the 3D problem in terms of energy release rate given the fault length L
is sufficiently greater than W.

Note that u; needs to be understood as the relative displacement between the upper
lithosphere which the fault cuts through, and the lower asthenosphere. During interseisic
periods, when the non-creeping section of the fault is locked, stress can build up in the
middle of the locked region due to the loading from the bottom which creeps at the long

term plate rate V. For elongated faults, the fault stressing rate in mode 1II is

where V; is plate rate and the constant Cy is 4/7 for buried faults and 2/7 for shallow

surface faults. In our study, we assume a shallow surface fault, namely, v = 2/7 and

Cs=2/m.

Text S2. Static stress intensity factors (SIF)
In this section, we give heuristic expressions of static SIFs in 2.5D which will be used

to derive the inter-event slip d,, or time ¢, in the next section. By “heuristic”, we mean
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these formula are not derived analytically from first principles but are shown to converge
to solutions of 2D plane strain and 2.5D long faults as we take the two limits W — oo and
W — 0, respectively. This approach is acceptable because our primary goal here is not to
derive an exact formula, but to obtain expressions useful for identifying key dimensionless
parameters and guiding the design and analysis of our numerical simulations.

Consider a crack at z € (0,1) with the crack tip at © = [ and connected to a semi-infinite
dislocation at x € (—o0,0). The loading on the crack is a constant slip ¢ in z € (—o0,0)
and a constant stress change A7 in x € (0,1). This is the approximate loading condition
for a slowly propagating crack in the velocity weakening region driven by steady creep in
the velocity strengthening region (Cattania, 2019; Cattania & Segall, 2019). The SIF K

at the crack tip can be written as the sum of two SIF's
K(l) = Ks(l) — Kar(1), (S.10)

where Kj is the SIF from a constant slip 0 in z € (—00,0) and a zero stress change in
x € (0,1), and Ka, is the SIF from zero slip in € (—00,0) and a stress change A7 in
x € (0,1). The negative sign comes from the fact that a positive stress change A7 drives

the crack tip to deform in the opposite sense to that from a positive slip.

S2.1 Solution for Ka,
We first seek a solution for Ka,. The known solution in 2D plane strain (Tada et al.,

2000; Cattania, 2019) is
K32(1) = Aty/7l)2. (S.11)
Unfortunately, the analytical solution for 2.5 D in such a loading condition does not exist.

However, from Weng and Ampuero (2019), we can obtain the static SIF for a uniform
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stress change inside the crack and zero stress change in the semi-infinite tail by setting

the rupture speed to zero:

KPP(1) = AT\/Q'yWerf{ z /(ny)} , (S.12)

where erf(x) is the error function. In the limit [ > W, the importance of detailed loading
in the semi-infinite tail diminishes and we must have Ka, — Ki‘r;D’*. In light of this

solution, we assume the expression of K, is in a similar form:

Kar(l) = AlAT\/Q”yWerf{Ag z/(wV)} , (S.13)

In the limit [ > W, we require Ka, — KZ5TD’*, thus A; = 1. In the limit | < W, we

require Ka, — K32, which gives Ay = m/4. Therefore, we obtain

Kar(l) = AT\/ZVWerf{% l/(yW)} . (S.14)
This expression provides a smooth interpolation between Ka* and K3P.

S2.2 Solution for K
Next, we seek a solution for K. The known 2D plane strain solution is (Tada et al.,

2000; Cattania, 2019)
1 G%
Vor V1

where G* = G/(1 — v) and v is the Poisson’s ratio. From equation (55) in Weng and

K3P(1) (S.15)

Ampuero (2019) we obtain the SIF for a zero stress in the the crack = € (0,[) and

constant stress change A7 in the semi-infinite tail x € (—00,0) as

K¥P*(1) = Ary/2yWerte { l /<7W)} , (S.16)
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where erfc(x) = 1 — erf(x) is the complementary error function and A7 is linked to slip 0
in the semi-infinite tail by

Ar(l) = C,GS /W (S.17)

for a long crack. It is clear that in the long fault limit, [ > W, we have K§5D’* x Go/VW
and quickly decays as [/W increases. Using a similar the strategy as that in obtaining

Ka,, we assume K to have the following form:

)
Kg(l):Clmerf {02 l/(vw)}erfc{ l/(VW)}. (S.18)

Now, requiring K5 — K;°7* in the limit {/W > 1 and K5 — K2° in the limit /W < 1,

we obtain the two constants

Cr = V201 —v) (S.19)
Cy =7mCsy(1 —v). (S.20)

Recall that Cs and « are 4/ and 1/7 for buried faults, and 2/7 and 2/7 for shallow
surface faults. We have C,y = 4/72. For Poisson solid v = 0.25, we have C} ~ 0.429 and

Cs ~ 0.955.

Text S3. S ratio on a rate and state fault

With the results from the previous section, we are now ready to derive the S ratio for
a characteristic earthquake event on a rate and state fault, which is the most important
parameter that controls the occurrence rate of supershear earthquakes in our model. We
consider a velocity weakening (VW) patch surrounded by velocity strengthening (VS)

region, similar as Cattania (2019) but on an elongated fault.
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The S ratio is defined as

g=Tp =T _To7Tr 4 (S.21)

T0 — Tr T0 — Tr

where 7,, 7,, and 7 are the peak, residual and initial shear stress on the fault for a

characteristic earthquake, which we shall estimate in the following subsections.

S3.1. stresses

Using the rate and state friction law, equation (S.1), we can write

T, = On [fo+a1n (V70> +bln (‘ge)} (S.22)
T, = On {fo +(a—10b)In (VCO)] : (S5.23)
Vo

where V., is the peak slip rate during the earthquake and 6; is the state variable just
prior to the earthquake. V,, is typically on the order of 1-10 m/s. An adequate order
of magnitude estimate is given by Vy,, = 2Csa0,/G (Rubin & Ampuero, 2005). During
coseismic slip, the state variable 6 rapidly drops to a value comparable to d./V,., < 1 s.
Over the inter-seismic period, the VW part of the fault slides at an extremely low slip
rate, effectively locked, and the state variable increases linearly with time. Therefore,
0; = T,, the inter-event loading time during which aseismic creep slowly propagates into

the VW patch from the VS region. We re-write 7, as

T, = Oy, {fo +aln (\‘/;o) +bln (V?Zn>} . (S.24)

0

The initial stress prior to an earthquake is

T0o =T + 7T, (S.25)
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where 7 is the stressing rate expressed in equation (S.9). Using equations (S.9), (S.24),

(S.23) and (S.25), we get

o Whn (V.. T, /d.)
C.GV, T,

S = —1. (S.26)

The final task is to estimate the inter-event time 7,,.

S3.2. Inter-event time T,,
We follow the method in Cattania (2019) to estimate 7,,. At the propagating crack tip,

the total SIF must balance the fracture toughness K.. Using equation S.10, we have

Ks(l) — Kay = K,. (S.27)

During interseismic periods, the slip rate behind the slowly propagating crack tip is small,

implying K. is negligible, and we have

Ks(l) = Ka,. (S.28)

Substituting equations (S.18) and (S.18) into (S.28), we have

[
= — 2
0 n(7W> 92D, (S 9)
where
TATI
dop = o (S.30)
and

£) = V2 Lerf(m/€/4)erf(C2/€)
Cim & erfc(v/€) '

The coefficients Cy and Cy are given in equations (S.19) and (S.20), respectively. d is the

(S.31)

amount of slip in the semi-infinite tail needed for a crack to advance by [ with constant

stress change of A7 within the crack x € (0,1). 1 denotes the difference between the 2.5D

May 26, 2022, 3:05am



X-11
and 2D results, which converges to 1 as & — 40 and diverges at large £. The shape of
n(&) is plotted in Figure S2.

Since the semi-infinite tail is steadily creeping at plate rate V,;, the inter-event time 7,
is the time needed for the semi-infinite tail to accumulate sufficient slip so that the crack

length in the VW region reaches a critical nucleation length L,, for instability. Thus,

TATL,

T, = n(L,/AW) GV,
p

(S.32)

The stress change in the propagating creeping patch in the VW region can be estimated

as

AT:TC—Tf:an(b—a)ln(Vco) : (S.33)
Vi

where the 7. is the steady state stress when the VW patch is creeping at plate rate V,,;, 7"
and V7 are the residual stress and peak slip rate during the previous earthquake inside the
nucleation patch. We make a distinction between 77, V! and 7,,V,, because the residual
stress and peak slip rate along a finite fault is generally non-uniform. V., and 7, should
be understood as representative values for the entire dynamic rupture of the previous
earthquake, where the nucleation phase is only a small portion. On the other hand, peak
slip rate is lower inside the nucleation patch than outside it, V! < V,,, and also not
sensitive to the maximum rupture speed, as shown in Figure S4.

Substituting (S.33) into (S.32), we obtain

on L v
T,=nr——"(b—a)ln( =2 S.34
- (3£) (5.34)

Finally, substituting (S.34) into (S.26), we have

1 11 W

- - LA
S &C’S(l —v)yrnl—a/bL,

(S.35)
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In (VT /d,)

o= )
In (Ve
Vi

From (S.35), it is clear that S is dominantly controlled by two dimensionless parameters:

(S.36)

a/b and W/L,. Since n is a monotonically increasing function of L, /W, either decreasing
a/b or W/L, leads to a lower S ratio, which favors supershear transition.

The parameter o depends also on a/b and L,, through T,, but the dependency is weak
due to the presence of logarithms. Within one seismic sequence, a supershear event has a
higher coseismic slip rate V., but similar V) compared to a sub-Rayleigh event. This leads
to an oscillation of o and S ratio, which under certain conditions leads to the alternation
of supershear and sub-Rayleigh events as shown in Figure 1 in the main text and Figure
S4.

Due to the deviation from 2D plane strain and from the small process zone assumption,
L, is generally unknown before numerical simulation but is proportional to 2D nucleation
lengths. However, as shown in Figure S3, Lggr or Lg4 are only close to L,, when L, < W
and Ry < W. Otherwise, L, is generally larger than Lzr or Lrs. With the parame-
ter values explored in our study, the maximum L, /Lga is less than 7 (see Figure S3).
Nonetheless, Lrr or Ly are still good scales for L,. In our simulations, we scan the
parametric space by varying Lra/W and keeping Ry fixed.

Now, we can write equation (S.34) using Lr4 as

7 1 d. L V.
T, = n— S Y pac S.37
"2 T =a/bVy Lia H<sz) (557

Using (S.37), we have

2 1 L
In (VT /d.) =In (n%l - a/b) +In (‘V/;(l)) +1In (L}:A) +1n {ln (“;Cj)] . (S.38)
P P
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It is informative to plug in some typical values. Let us assume V,, ~ 10 m/s, V! ~ 2

m/s, Vy ~ 107° m/s (3 mm/year), Ln/Lra ~ [1,7], n5 17 ~ [1,10000]. We have

1—a/b

In (Vio/Viy) ~ 25.3, In(V2/Viy) ~ 23.7, In[ln (Vio/Viy)] ~ 3.2, In(Lyn/Lpa) ~ [0,1.9],

0

In <17%2 1_1a/b> ~[0,9.2]. The value of « is

C In(VoTo/d) 253+ 3.241(0,1.9] +(0,9.2]
W (VE/V) 23.7

— [1.13, 1.56]. (5.39)

Text S4. S ratio on rate and state fault with strongly velocity weakening

Although we do not consider dynamic weakening in our numerical simulation, we derive
an expression for the S ratio for a rate and state friction law with strong velocity-weakening
without thermal pressurization. At low slip rate, we assume nucleation is well captured by
the conventional rate and state friction with the aging law. The strongly velocity weaken-
ing model is motivated by flash heating at high slip rate, for which various formulations
exist (J. Rice, 1999; Beeler et al., 2008; Ampuero & Ben-Zion, 2008; Gabriel et al., 2012;
Dunham et al., 2011). Regardless of different formulations, the common feature is that
the friction coefficient reduces to a drastically weakened value f,, at slip rates higher than
a weakening slip rate V.

During the earthquake, the shear stress is assumed to increase from the initial stress 7
to peak stress 7, with negligible state evolution. At this stage, strongly velocity weakening
has not yet taken effect and 7, has the same expression as in (S.24).

Due to the high slip rate V., > V,,, shear stress on the fault rapidly drops and evolves
towards the fully weakened value

Tr = Unfw- (840)
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During the inter-seismic period, stress is accumulated again and
10 — T = 71, = CsGVyu T, /W (S.41)

Therefore, we can write S as

 On [fo—fw—kaln(%)—l—bln (V?i—f"ﬂ X
B C,GVyT, W -

(S.42)

The final task is to estimate 7). For simplicity, we assume the same coseismic slip
rate in the nucleation patch. According to equation (S.32), the question boils down to
estimating the stress change A7 in the creeping patch in the velocity weakening region.

Inside this creeping patch, the fault slides steadily at V},; and the shear stress is
7o = oulfo + (b —a) n(Vo/Vi))- (8.43)
Therefore, we have
AT =T, — T, =0y [fo — fu+ (b—a)In(Vy/Vy)]. (S.44)

Using equation (S.32), we have

Lo,

T, =
Urena

[fo— fuw+ (b—a)In(Vo/Vy)]. (S.45)
Substituting (S.45) into (S.42), we obtain

S=-—— 1, (S.46)
where

aln (“j—z) +bln (%)

P TR = (Ve Vi)

(S.47)

On one hand, W/ L, is still an important dimensionless parameter that controls .S, similar

to the case of conventional rate and state friction (S.35). This is due to the direct influence
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of the nucleation length L,, on the inter-event time 7T,,, which then controls 79 — 7,.. On
the other hand, the dependence of other frictional parameters, such as fo — f.,, a, b, are
encapsulated in the parameter . Taking reasonable values for V5 ~ 107% m/s, V,; ~ 1071
m/s, Vo, ~ 10 m/s, b ~0.01, a ~ 0.1 — 0.9 b, fo ~ 0.6, f,, ~ 0.15, T,, ~ 1 — 1000 years,
d. ~ 1075—1072 m, 3 varies between 1.1 to 1.8. Due to the dominance of f;— f,, over other
terms, [ is not very sensitive to the values of a or b. As a result, the S ratio in equation
(S.46) is also less sensitive to a compared to the conventional rate and state friction
(equation S.35). In particular, the scaling parameter related to a for conventional rate
and state friction is 1_#(1/1), which significantly amplifies the S ratio at high a/b and makes
supershear transition difficult. However, this effect no longer exists after incorporating

strongly velocity weakening, which helps to reduce the S ratio, especially at high a/b, and

therefore favors supershear transition.
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Table S1. Material parameters

Parameter Symbol Value
Fixed parameters

Total domain width H 40 km
Total domain length LF 120 km
Length of VW segment L 40 km
Length of each (of two) VS segment Lys 30 km
2.5D shape constant Y 2/7
2.5D loading constant Cs 2/
Plate rate Vi 107 m/s
S wave speed Cs 3464 m/s
P wave speed p 6400 m/s
Density P 2670 m/s
Effective normal stress o 100 MPa
Initial shear stress To 50 MPa
Rate and state parameter b b 0.01
Characteristic slip distance d. 0.053 m?
Static process zone size Ry 2 km
Reference friction coefficient fo 0.6
Reference slip rate Vo 1075 m/s
Initial slip rate Vini 107% m/s
Spectral element size h 500 m
Gauss-Lobatto-Legendre nodes per element ngll 5
slip rate threshold (switch static to dynamic) Vsap 0.05 m/s
slip rate threshold (switch dynamic to static) Vbas 0.02 m/s
Varied parameters

Fault width w 2 to 10 kmP
Rate and state parameter a a 0.001 to 0.007

8This value is used in the VW region such that Ry = 2 km given other parameters. d. in the VS region is assumed to be 0.53 m.

bW is varied such that Lra /W takes the desired values from 0.1 to 2.0. Cases are rejected if W falls out of 2-10 km.
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Figure S1. Schematics of model geometry and boundary conditions. We exploit the symmetry
and only model half of the physical domain. The infinite domain truncated into a LF by H finite

domain with a finite fault width W.
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Figure S3. L,/Lgrg or L,/Lra as a function of L, /W, colored by Ry/W. L, is close to Lra

or Lgg only when both L, /W and Ry/W are small.
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Figure S4. Time series of (a) maximum slip rate V4., (b) minimum shear stress 7., (c)

slip rate and (d) shear stress in the middle of the nucleation patch at x = 15 km. Supershear
events marked in red in (a) and (b). This simulation assumes a/b = 0.2 and Lgs/W = 0.4 and
produces an alternation of supershear and sub-Rayleigh events. It is clear that supershear events
have higher maximum slip rates and lower residual stresses. However, the shear stress and slip
rate in the nucleation patch do not vary much across different events. The inter-event time is

rather characteristic.
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Figure S5. The accumulative slip for the entire sequence (a), space-time plot of slip rate (b-

1,c-1), S ratio (b-2, ¢-2), initial and residual stresses (b-3,c-3) for marked events. The arrows in
c-1, ¢-2, and ¢-3 highlight the coincidence between the position of the supershear (SS) transition
and stress concentration from previous earthquakes. The sequence eventually stablizes to fully
sub-Rayleigh (SR) earthquakes, such as event 18 shown in b-1, b-2, and b-3. However, two
earthquakes (excluding the first one) manage to transition to supershear due to favorable stress

heteogeneity.
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