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Key Points:

e A physics-based model explores the influence of gas and heat in the a magma cham-
ber containing crystal mush upon magma injection.

e The non-uniform distributions of gas and heat cause non-monotonic time evolu-
tion of deformation, crustal stresses, and magma transport.

» Poroelastic diffusion, viscous relaxation, and thermal equilibration lead to three
time regimes in the post-injection evolution.
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Abstract

Crustal magmatic systems likely consist of magmatic reservoirs dominated by crystal mush.
Recent studies suggest that the physical processes occurring in crystal mush could al-

ter the response of magmatic reservoirs during volcanic unrest. Here, we present a magma
chamber deformation model that incorporates two new aspects in crystal mush: heat and
exsolved gas. The model is based on earlier studies by Liao et al. (2021) with additional
processes including thermal-mechanical coupling, dependence of material properties on
gas content, and temperature evolution following an injection of hotter magma. The post-
injection time-dependent evolution of the system can be grouped into three periods, which
are dominated by poroelastic diffusion (short term), viscoelastic relaxation (mid term),
and thermal equilibration (long term). All three time-regimes are strongly affected by

gas distribution, which alters the relative compressibility of the crystal-rich and crystal-
poor regions in the chamber. The contribution of thermal evolution emerges during the
mid-term evolution. The time-dependent evolution of the system highlights the intrin-

sic ability of a gas-bearing mushy magma chamber to generate non-monotonic time se-
ries of stresses, deformation, and magma transport.

Plain Language Summary

The processes that occur in magmatic reservoirs and their surrounding crustal rocks
can modulate the triggering, duration, and style of volcanic eruptions. Although mag-
matic reservoirs are typically modeled as cavities filled with fluid magma, geophysical
and petrological observations have long suggested that they likely contain crystal mush,
an ensemble of solid crystals and fluid (gas/melt) that reside in interstitial pore spaces.
Some recent studies show that a mushy magma chamber could behave differently than
a fluid-filled chamber, leading to different interpretation of observations such as ground
deformation. Here, we extend these studies to incorporate two new aspects that are typ-
ical for crustal magmatic systems: gas phase (in the form of disconnected gas bubbles)
and nonuniform temperature. The incorporation of these two new aspects allows for more
processes that can be examined quantitatively, and a more realistic depiction of crustal
magmatic reservoirs. We find that when gas and heat distribute unevenly, a simple magma
injection event could result in complex time-dependent changes in pressure, stress, and
magma flows in the chamber.

1 Introduction and Background

Petrological and geophysical observations show that crustal magmatic reservoirs
are likely ‘mushy’, containing regions dominated by crystal mush (Cashman et al., 2017;
Jackson et al., 2018; Sparks et al., 2019). Recent studies show that crystal mush in a close-
system magmatic reservoir could strongly influence its mechanical response to magmatic
events such as magma injection (Gudmundsson, 2015; Liao et al., 2018, 2021). As the
physical processes occurring in crystal mush are tied to the pressure, stress, and defor-
mation of the surrounding crust, a better understanding of these processes could improve
our ability to interpret surface observations during volcanic unrest. Incorporating crys-
tal mush in volcano deformation models has been a recent practice, with a focus on a
number of mechanical processes such a poroelastic diffusion, viscoelastic relaxation, and
deformation of the host rocks.

Close-system magma chamber models typically assume isothermal conditions (Browning

et al., 2015; Srigutomo et al., 2015; Segall, 2016). Heat and thermal gradients in the crust,
however, have been shown to matter for ground deformation predictions. For example,
the rheological structure induced by hotter host rock surrounding a magma chamber could
lead to complex temporal evolution of crustal stresses, overpressure, and ground defor-
mation (Segall, 2016; Head et al., 2021; Townsend, 2022). Thermal evolution of magmatic
reservoirs and their surrounding crust may cause coalescence of adjacent reservoirs, as
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shown by Biggs and Annen (2019). The thermal structure in the crust could influence

the transport of gaseous volatiles escaping magmatic reservoirs (Mittal & Richards, 2019).
Over geologic timescales, the thermal contraction of a cooling magmatic reservoir has
been shown to lead to long-term, observable ground subsidence seen in archeological sites
(Tallarico et al., 2003). In mushy magma chambers, thermal gradients could likely be
maintained for longer period of time than in fluid chambers, due to impeded magma mix-
ing in regions with high crystallinity. The methods for studying thermal effects in crustal
rocks could potentially be applied to the mushy regions in a mushy magma chamber.

Magmatic reservoirs that directly contribute to ground elevation are likely shal-
low, hence exsolved gas might exist prior to magma ascent, as suggested by petrologi-
cal evidence (Wallace, 2001; Métrich & Wallace, 2008; Mordensky & Wallace, 2018; Lerner
et al., 2021). Exsolved gas has been incorporated, to some extent, in both close-system
magma chamber models and in open reservoir models, as well as in the host crust and
volcanic conduits (Nishimura, 2004; Voight et al., 2010; Huppert & Woods, 2002; Ed-
monds & Woods, 2018; Wasser et al., 2021; Huber et al., 2011; Bachmann & Bergantz,
2006; Davis et al., 2007; Girona et al., 2015). For a mushy magma chamber, gas could
exist in both crystal-poor region and/or in crystal mush. The distribution of gas in a mushy
magma chamber could also be nonuniform, depending on crystallinity. Exsolved gas could
increase the compressibility and the thermal expansion coefficient of gas-bearing mag-
mas, which may lead to different response of the chamber to pressure and temperature
changes.

Here, we present a model which incorporates the aspects of gas and heat in a par-
tially mushy magma chamber. Our model incorporates thermal evolution in the cham-
ber, thermal-mechanical coupling in the crystal mush, and an explicit account for gas
content in either the crystal-poor and/or the crystal-rich regions.

2 Model set-up
2.1 Geometry, rheology and solution methods

The model set-up, assumptions, and solution methods closely follow Liao et al. (2018,
2021): the magma chamber is modeled as a spherical body embedded in an infinite do-
main of elastic host rock (Figure 1la). The chamber consists of a fluid core and a mush
shell with uniform mush viscosity, compressibility, rigidity, porosity and permeability.
Exsolved gas, in the form of suspended gas bubbles, exists in the fluid core and/or the
interstitial pore space in the mush (Figure 1). Prior to the injection, the system is at a
thermo-mechanical steady state. Inside the fluid core the temperature Tj;, is uniform and
constant in time prior to injection; the temperature decreases away from the fluid core
and reaches Ty, at the mush-rock boundary (Figure 1 b). The injection occurs instan-
taneously at ¢ = 0 when an additional 2vol% of hotter magma is mixed into the fluid
core. Att = 07, heat exchange between the fluid core and the mush occurs. We ex-
amine the time-dependent evolution of several key quantities following the onset of ther-
mal equilibration and injection, including tensile stress ogg at the chamber’s wall (a proxy
for chamber deformation and ground elevation amplitude), core pressure P., the displace-
ment at the core-mush boundary u(r,), and the amount of magma transported from the
core fluid into the mush Mj.qp.

Compared to the previous studies, our current model explores two new aspects: non-
isothermal condition (pre-injection thermal gradient in the mush, as well as hot injec-
tion), and the explicit account for exsolved gas (Segall, 2016; Gudmundsson, 2015; Liao
et al., 2018, 2021). The thermal aspect is incorporated with a thermo-poro-viscoelastic
rheology of the mush (i.e., thermal expansion/contraction upon temperature change leads
to additional pressure change), and additional energy conservation equation. The aspect
of exsolved gas is incorporated with explicit expressions of magma compressibility and
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Figure 1. (a) Geometry of the magma chamber model with cross-section view. The spherical
magma chamber with radius R, consists of a fluid core with radius r, and a crystal mush shell.
The zoom-in panels show the crystalline matrix with pore gas in the mush, and the gas in the
core. Prior to injection the steady state temperature profile is T;, in the fluid core and Ty, at
the chamber’s wall. Both the core magma and pore magma contain exsolved gas, with volume

fraction X, in the core and X in the pores, respectively. The tensile stress at the wall of the
u(Ro)
Ro

chamber ggg = 2 e is proportional to the deformation at the chamber’s wall and the mag-
nitude of ground deformation. (b) Steady state temperature profile prior to injection of magma.
The temperature profile is a solution to the steady state thermal equilibrium V2T = 0. Dash
lines indicate the location of the core boundary r,, chamber boundary R, and definition of T;,
and Tpyt. For the pre-injection chamber, we assume that the temperature in the fluid core T;j, is

constant in time, making the core-mush boundary r, effectively insulating.
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thermal expansion coefficient of core/pore magmas as functions of gas volume fractions.
Below we describe the quantitative framework that allows us to explore these new as-
pects. Certain simplifications are assumed, which are discussed in the next section.

The linear thermo-poro-viscoelastic rheology assumed for mush rheology combines
the classical linear poroelastic rheology, Maxwell viscoelastic relaxation model, and the
equation of state of the pore fluid (Cheng, 2016). The dynamics of the system is driven
by three thermal-mechanical processes: poroelastic diffusion, viscoelastic relaxation, and
thermal evolution. The poroelastic diffusion process equilibrates pore pressure via porous
flows; the viscoelastic relaxation process eliminates deviatoric stresses via deforming the
crystalline matrix; the thermal process, largely governed by thermal diffusion, drives the
system to a uniform temperature. Assuming negligible thermal contraction of solid crys-
tals, the constitutive relations governing the deformation of the mush and the pore magma
content are (Biot, 1941; Cheng, 2016; Mittal & Richards, 2019; Liao et al., 2021)

2 .
i + %% - %(Kme — aP)I 4+ 2puéiy + (Ko = p)él = aPI = 3K, 8T1  (1a)

2

(=act ﬁ P — (¢Bpore + (@ — §)Bs) T (1b)

where the overhead dot = denotes partial derivative in time, I denotes identity matrix.
0;; and €;; are stress and strain tensors of the ensemble material, € is the volumetric strain,
P is the pore pressure, T' is the temperature variation from its reference value.( is the
variation of fluid content, defined as the increment of pore fluid volume per un-deformed
volume of mush. p and n are the shear modulus and shear viscosity of the crystalline
framework, « is the Biot coefficient of poroelasticity, and ¢ is the porosity in the mush.
Bs is the thermal expansion coefficient for the solid crystals, which is assumed to be 0
(i.e., thermal deformation occurs only in the fluid component). The thermal expansion
coefficient of the gas-rich pore magma Bpore = (1 — X)Bm + XBg, Where By =1/T 45 is

the thermal expansion coefficient of ideal gas. K, and K,, are the undrained and drained
bulk moduli which also depend on the gas volume fraction y (see Appendix A5 and Ta-
ble Al). The equilibrium condition, Darcy’s law, mass conservation, and energy conser-
vation are (Kaviany, 2012)

V-0i=0 (2a)
f=—-—vP (2b)
o

% L g.q=0 (2¢)
ot =

oT

L PIY G NT — cperma VAT = 0 (2d)
Ot pmCm

where ¢'is Darcy’s flow velocity, & is the permeability of the mush, 7y is magma vis-
cosity. (pg,cf) and (pm,cm) are the density and specific heat of the fluid phase and of
the whole mush ensemble, respectively. cipermar 1S the thermal diffusivity in the mush.
The boundary conditions include continuity of fluid pressure and radial stresses at r, and
R,, and vanishing heat/fluid flow at R, after the injection (see Appendix Appendix A).
At t > 0, the evolution for displacement, pressure, stress, and fluid content are solved
numerically using a finite difference scheme (see Appendix A2 for details). The solutions
for the isothermal case are compared to the analytical solutions in Liao et al. (2021) for
proper choice of time-step size.

Table A1 shows the values used in the study (Appendix A). In the examples shown
below we assume that the two boundaries of the mush shell are at T;,, = 850°C, T, =
800°C' to be consistent with petrological evidence (Scarrow et al., 2021; Rout et al., 2021).
This temperature range is also consistent with mush porosity of 20 —30% assumed in
our study (Appendix Figure A2). Some petrological observations suggest lower mush stor-
age temperatures (solidus or sub-solidus temperature near 700°C'), which do not change
our findings qualitatively.
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The timescales of the three dynamic processes are governed by different material
properties of the crystal mush, including the viscoelastic relaxation time 7. = 7/u, poroe-
lastic diffusivity cporo (see Table A1), and thermal diffusivity ¢ permar- The three val-
ues, together with the characteristic size of the chamber r,, lead to two ratios that re-
flect the relative rapidness: the ratio between thermal and poroelastic diffusivity C' =
Cthermal/ Cporos and 7,/[l] where the intrinsic material length scale [I] = \/TrCporo- Based
on existing studies and assumptions made in our previous models (see Appendix §A5),

C € [4x107% 3 x 1072]. In the examples shown below, we assume r,/[l] ~ 1, which
suggests that the poroelastic diffusion and viscoelastic relaxation occur with compara-
ble rapidness across the mush.

2.2 Assumptions and caveats

The quantitative framework above is based on several assumptions which facilitate
computation and comparison between our current model and previous studies. Below
are discussions on these assumptions, as well as their implications on the application of
the model.

a Symmetry and uniform material properties: following several previous studies, we
assume radial symmetry for all quantities, and uniform material properties in the
surrounding crust. These assumptions are made to rule out the contributions from
regional tectonic setting and crustal heterogeneities. Several key material prop-
erties of crystal mush, such as porosity and permeability, are assumed to be uni-
form across the mush shell. Realistically, variation in temperature leads to vari-
ation in crystallinity, hence both porosi‘gy and permeability may vary radially. We
estimate the range of porosity ¢ ~ ﬁ and permeability x o< ¢2, and find
that, for solidus and liquidus temperature at 1100 and 600 degrees and a temper-
ature range of 800°C'—850°C, the variation in porosity and permeability are small
and below one order of magnitude (Appendix A5 Figure A2). For convenience we
therefore assume these values to be uniform across the mush shell.

b Limited dynamics of exsolved gas: Our model does not distinguish multicompo-
nent gas vapor from single component vapor, and processes that may significantly
alter the gas content are not considered. If the gas volume fractions are sufficiently
large, pathways for gas flows may be formed and the magma chamber may become
an open system to exsolved volatiles. In this scenario, additional physical processes
for both the chamber and the crust are required to capture the transport of gas
to the surface, as suggested by Mittal and Richards (2019). These processes are
not within the scope of our current model, which is applicable only to low gas vol-
ume fractions which ensure the existence of exsolved gas in the form of isolated
gas bubbles trapped within the pore spaces and the liquid core. In the current model
we assume that the gas fractions in the chamber remain constant during the in-
jection and pore pressure change. We find that pore pressure fluctuation on the
scale of 1IMPa does not significantly alter the exsolved gas volume fraction (see
Appendix §A4 and Figure Al). For higher pore pressure perturbation (above 10Mpa)
however, the re-absorption of exsolved gas could become non-negligible and need
to be considered.

¢ Assumption of chamber insulation: our model does not consider the heat exchange
between the magma chamber and the hosting country rock following the injection
(i.e., the heat added by the injection is exchanged between the magma and mush
much faster than between the mush and hosting rocks), hence the magma cham-
ber is effectively insulated from the surrounding rocks at the onset of the injec-
tion, due to the lack of advective heat in the rocks and relative small temperature
perturbation associated to the injection (on the scale of 10°C) which has the sharpest
gradient close to the core-mush interface.
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d Instantaneous injection process: In our current model, we focus on fast injection
events and magma mixing in the fluid core, which instantly cause pressure and
temperature rise in the magma core. Other dynamics in a more realistic injection
process, such as gradual injection and pressure-dependent injection volume flux
may alter the response of the chamber by shortening the short-period evolution
(Liao et al., 2021), or cause additional delays due to magma mixing in the core.

e Rheology: In this study we follow our earlier work and adopt a linear thermo-poro-
viscoelastic rheology. This rheology combines classic Biot poroelastic theory, Maxwell

relaxation model, and additional pore pressurization from thermal expansion/contraction.

With this rheology, viscous relaxation of the mush occurs in the shear component
(i-e., infinite bulk viscosity), hence omitting the compaction effect. The thermal
expansion is restricted to the fluid components, as the thermal expansion coeffi-
cient for magma (especially gas bearing magma) is typically several times higher
than that of solid crystals (Suzuki, 1975). For higher temperature and less com-
pressible magma, however, a nonzero value for 8, could be required to describe
the thermal effect more precisely. While there is a lack of direct measurements,
processes not assumed in our current rheology, such as compaction, plastic defor-
mation, shear localization and grain size evolution could potentially be important
for the mush system, which require more modeling and measurements to verify
in future studies.

3 Results

The injection is modeled by a sudden addition of hotter magma into the fluid core,
which instantaneously elevates the chamber’s pressure and temperature. Following the
sudden injection, the pressure gradient, temperature gradient, and deviatoric stress in
the mush leads to transport of magma, thermal diffusion, and viscoelastic relaxation. Fig-
ure 2 shows the examples for time-dependent evolutions of various quantities in the sys-
tem following a sudden injection of magma, for both isothermal and non-isothermal cases.
We examine several cases with regard to gas content: gas free, 10vol% gas in the core
magma only, 10vol% gas in the pore magma only, and gas-rich (30vol% gas in pore magma
and 10vol% gas in core magma). For a gas-rich chamber, the higher gas content in the
mush is rationalized by its high crystallinity, which promotes gas exsolution (see §A4 and
Figure Ala for the estimation of gas volume fractions.) These volume fractions are also
broadly consistent with the observed 1-10wt% gas fraction reported in some studies (Fig-
ure Alb) (Wallace, 2001; Edmonds et al., 2014; Edmonds & Wallace, 2017).

When the magma chamber has uniform temperature, its behavior following an isother-
mal injection (i.e., injected magma has the same temperature as the fluid core) can be
defined by a short-term evolution regime and a long-term evolution regime, as shown in
(Liao et al., 2021). With the addition of a pre-injection temperature gradient across the
mush and a hot injection (i.e., injected magma is hotter than the core magma), the model
results reveal three regimes in the post-injection evolution (Figure 2). Below we describe
the qualitative behavior of the mushy magma chamber during each of these periods.

3.1 Short-term evolution

The injection creates a gradient in fluid pressure across the core-mush boundary,
with highest pressure in the fluid core. The short-term evolution is defined by the pe-
riod of time during which magma is flowing (‘leaks’) from the core into the mush, driven
by the pressure gradient. This period is primarily governed by mechanical processes; hence

the isothermal and non-isothermal cases show very similar behaviors. With the non-isothermal

cases, the transport of magma (Figure 2¢) and the chamber’s deformation (Figure 2a)
are enhanced, because the thermal expansion of the heated core generates additional pres-
surization that drives magma transport.



262 During this period, the fluid pressure in the core is higher than the pore pressure

263 in the mush, maintaining the outward transport of magma across the core-mush bound-
264 ary (i.e., increasing Mieqx, Figure 2¢). As magma leaks into the mush, the core shrinks

265 and the mush thickens. The displacement at the chamber’s wall (hence the tensile stress
266 and the ground elevation) results from the competing effects of the shrinking core and

267 the expanding mush. The chamber’s deformation hence is strongly tied to the distribu-

268 tion of gas, which determines the relative compressibility. When the fluid core is more

269 compressible than the mush (e.g., gas-rich core and gas-poor mush), the magma trans-

270 port results in larger volumetric expansion of the mush and smaller volumetric contrac-

o tion of the core, leading to expansion of the whole chamber (i.e., increase in tensile stress);
272 when the mush is more compressible than the core (e.g., gas-rich mush and gas-poor core),
273 the core contraction dominates the mush expansion, leading to contraction of the whole
274 chamber following the injection, hence decreasing tensile stress (Figure 2a). The trans-

275 port of magma is promoted by higher gas content in the mush: a more compressible mush
276 shell takes longer to be pressurized, hence maintaining the pressure gradient between the
217 core and the mush for a longer time, pumping more magma from the core into the mush,
o18 and causing larger pressure loss in the core (Figure 2b, ¢). This observation holds true

279 for both isothermal and non-isothermal injection. With a pre-injection thermal gradi-

280 ent and a hot injection event, the additional pressurization of the core resulting from ther-
281 mal expansion promotes magma transport; this effect is most obvious when the system

282 is gas rich, hence has higher thermal expansion coefficients.

283 3.2 Mid-term evolution

284 The mid-term evolution emerges as viscous relaxation becomes dominant. During

285 the short-term evolution, the positive fluid pressure at the core-mush interface (i.e., higher
286 core pressure) maintains magma transport from the core to the mush. The viscous re-

287 laxation causes the core-mush interface to creep outward and reduces the core pressure

288 further. The onset of the mid-term evolution is defined by the moment when the core

289 pressure drops below the pore pressure in the mush, causing the magma transport to re-
200 verse (i.e., onset of the decrease of Mjeqk, Figure 2¢). The end of the mid-term evolu-

201 tion is defined by the e-folding time of the isothermal case, when the system approaches
202 a new isothermal steady state (Liao et al., 2021). In this period of time, the viscous re-

203 laxation causes both the core-mush interface and the mush-rock interface to creep out-

204 ward, leading to decrease in core pressure and increase in crustal stresses. When the sys-
205 tem is isothermal, the gas content in the system does not qualitatively change the be-

206 havior of the chamber. The root cause for the system’s distinct behavior at the begin-

207 ning of the mid-term evolution is the coexistence of the porous flows with viscous relax-
208 ation: although the porous flows tend to eliminate pore pressure gradient, they do not

299 eliminate the deviatoric stresses in the crystalline framework, hence the relaxation (out-
300 ward displacement of the core-mush boundary) does not respond to equilibrating pore

301 pressure; meanwhile, the relaxation of the mush frame, while eliminating deviatoric stress,
302 does not eliminate pore pressure gradient. This discordance causes the non-monotonic

303 transport of magma we observe.

304 The influence of gas and heat become more obvious in the middle of the mid-term
305 evolution, when the core has lost sufficient heat to the mush (e.g., when the core tem-

306 perature approaches its pre-injection value, Figure 2d). The core contracts due to cool-

307 ing, with further decrease in core pressure (Figure 2b); the mush expands due to heat-

308 ing and pore pressure continues increasing. The thermal contraction of the core magma
300 and the thermal expansion of the pore magma enhance the inverse transport of magma

310 initiated by the viscous relaxation, leading to more magma being leaked back into the

31 core, especially for gas-rich systems with higher thermal expansion coefficients (Figure 2c).
312 In most cases, the thermal contraction of the core results in an inward retraction of the

313 chamber’s wall and a reduction of the crustal stresses, which is most prominent when

314 the chamber has a gas-rich core and gas-poor mush. One exception is the case of a cham-
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ber with gas-rich mush and a gas-poor core, wherein the contraction of the core is off-
set by the thermal expansion of the mush, resulting in seemingly unchanged chamber
deformation (Figure 2a).

3.3 Long-term evolution

The long-term evolution of the system is driven by thermal equilibration between
the core and mush, which eventually ends when the temperature becomes uniform. This
regime is an extension of the mid-term regime, where heat transport causes inverse pres-
sure gradient to transport more magma from the mush to the core, further shrinking of
the core and the chamber. In this regime, the pressure gradient that drives fluid flows
is a consequence of thermal expansion and contraction, hence the system is driven ther-
mally instead of mechanically. In our study we factored in the heat transport due to ad-
vection (i.e., carried by the porous flows), however, due to the constraint of the imper-
meable outer boundary, advective heat is very limited and thermal evolution is primar-
ily driven by diffusion. In the examples shown in Figure 2, we assume the thermal dif-
fusivity to be 4 orders of magnitude smaller than the poroelastic diffusivity, based on
material properties assumed in previous studies (Appendix A5). We note that for larger
thermal diffusivity, the thermal equilibration process occurs earlier and catches up with
the mechanical equilibration process. In this case, the mid-term evolution and long-term
evolution merges, and the system reaches thermal-mechanical steady state faster (Fig 3).

3.4 Competition between different rheological processes

The behavior of thermo-poroviscoelastic mush is a combined result of the two rhe-
ological end-members of thermo-poroelasticity and thermo-viscoelasticity. The thermo-
poroelasticity end-member corresponds to a crystal mush with no viscoelastic relaxation;
the viscoealstic end-member corresponds to crystal mush with no fluid flows (e.g., with
vanishing permeability). While in previous sections we showed results for mush systems
with comparable timescale for poroelastic and viscoelastic processes, realistic magma mushes
may have faster poroelastic process or faster viscoelastic process (for example, for very
falsic magma with high viscosity, or very high crystallinity with very low permeability,
both could increase the poroelastic diffusion time by orders of magnitude). In the thermo-
viscoelastic case, both interfaces continue to creep outward under relaxation initially, be-
fore they reverse direction due to cooling (Figure 4 a,b). In the thermo-poroelastic end-
member, both interfaces continue to retract inward due to the transport of magma from
the less compressible core to the more compressible mush (for the example of gas rich
chamber); the magma initially leaks from the core to the mush but reverses direction later
due to temperature equilibration (Figure 4c). The two rheological endmembers show op-
posite trends of tensile stress (Figure 4a); the non-monotonic time-dependent evolution
for the thermo-poroviscoelastic case is therefore a product of the opposite trends set by
the two different rheologies (Figure 2a).

4 Summary and Discussion

We examined the dynamics of a closed-system, mushy, and gas-bearing magma cham-
ber subjected to a non-isothermal magma injection event. The study is based on exist-
ing isothermal models of mushy magma chambers (Liao et al., 2018, 2021). The magma
chamber is modeled as a thermally insulated sphere consisting of a fluid core and a mush
shell. The new aspects of gas and heat are reflected by the inclusion of a pre-injection
thermal gradient in the mush shell, the injection of hotter magma, the thermal expan-
sion/contraction of gas and magma and the temperature evolution following the injec-
tion. We find that following a sudden injection, the time evolution of chamber deforma-
tion, stress, and magma transport can be grouped broadly into three regimes, which are
caused by (short-term) poroelastic diffusion, (mid-term) viscoelastic relaxation, and (long-
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Figure 2. Example of evolution of the system following a sudden injection. The pre-injection
temperature is 850°C in the fluid core and 800°C at the chamber’s wall. At ¢ = 0 a sudden
injection occurs. A 2vol% of new injected magma, which is 50% hotter than the core magma, is
added into the core and leads to an overall temperature increase of 8°C. The system has geom-
etry of R, = 2r,, characteristic length [I] = |/Cporo7r = 7o, and poroelastic diffusivity 4 orders
of magnitude larger than thermal diffusivity with C =  107*. X-axis indicate piecewise linear
post-injection time ¢, normalized by 7, and shown in three different ranges that illustrate the

short-term, mid-term and long-term evolution time.
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Figure 3. Post-injection evolution for two different thermal diffusivity and isothermal
case. For slower thermal diffusion the ratio of thermal diffusivity to poroelastic diffusivity
Cthermal/Cporo = 1074; for faster thermal diffusion ¢thermai/Cporo = 10~2. Other parameters

are the same as in Figure 2, with gas content X = 0.3, X, = 0.1.
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Figure 4. Post-injection evolution for different rheologies. Solid lines indicate thermo-
poroviscoelastic mush where porous flows and matrix relaxation both exist; dashed lines indicate
thermo-viscoealstic mush which corresponds to undrained /impermeable mush with no porous
flows; dotted lines indicate thermo-poroelastic mush where relaxation is prohibited. The parame-

ters used are the same as Figure 2 with X = 0.3, X, =0.1.

term) thermal equilibration. Gas in the pore space in the crystal mush promotes magma
transport, lowers the deformation and stress, and may cause additional non-monotonic
time-evolution of crustal stresses. By examining the end-member cases (no flows in the
mush, or no relaxation), we find that the non-monotonic behavior of the chamber is a
result of the competing processes of poroelasticity and viscoelasticity, as well as the con-
trasts in compressibility of the mush and core.

Our model does not simulate ground deformation explicitly. For magma chambers
relatively deep (depth > 2.5R,), the amplitudes of ground deformation are linear to the
tensile stress (Liao et al., 2021; Segall, 2016). The time-dependent features of the ten-
sile stress evolution are therefore identical to those of the ground deformation (i.e., in-
creasing tensile stress corresponds to ground uplift, decreasing tensile stress corresponds
to ground subsidence). The sensitive dependence of gas content in either isothermal or
non-isothermal cases implies the intrinsic ability for a mushy magma chamber to gen-
erate complex time-sequences of ground deformation without requesting non-monotonic
injections. Specifically, a system with gas rich mush and a gas poor core develops the
obvious non-monotonic evolution of chamber wall displacement /tensile stress, which would
lead to multiple episodes of ground elevation/subsidence following a sudden injection.
Compared to isothermal case, the thermal evolution of the system leads to additional
mid-to-long term chamber contraction, and promotes magma mixing by allowing more
magma to flow between the core and the mush. As the gas content and gas distribution
in the chamber could change with the chemical, thermal, and mechanical evolution of
the reservoir, the same kind of magma injection event for the same magma chamber may
result in very different time-series of ground elevation.

Crustal magmatic systems are complex, with irregular geometries, spatial hetero-
geneities, and coupled nonlinear processes that are challenging to model. In our present
model, some aspects of the system are simplified, such as simplified model geometry (ra-
dial symmetry), uniform and/or constant material properties such as permeability, sim-
plified dynamics of exsolved gas (i.e., only assume bubble suspension), and some sim-
plifications on the thermal evolution (e.g., thermal insulation within the system). The
injection process and the rheology are chosen to best align with previous studies for a
clear illustration of the intrinsic dynamics of the system. Because of these simplifications,
our model results are best suited for gaining understanding of the additional complex-
ities of a mushy-and-gassy magma chamber.
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398 Codes for realizing the analytical and semi-analytical solutions have been submit-
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Table Al. Symbols of the constants used in the study

‘ symbol ‘ definition ‘ typical value/expression
Pys absolute pressure of the system 100MPa ( 5km)
Tin pre-injection absolute temperature in the fluid core 850°C
Tout pre-injection absolute temperature at chamber boundary 800°C
7o radius of liquid magma core at initial steady state 0.1-5 km
R, radius of magma chamber at initial steady state 27,

constants | ¢ poro-elastic coefficient (Biot coefficient) of the mush 0.6, 0.9
bo porosity in mush at initial steady state 0.3
X pore gas volume fraction 0-0.3
K, elastic bulk modulus of solid crystals 10GPa
K bulk modulus of pure magma 1Gpa
B volumetric thermal expansion coefficient of pure magma 5x 107%/°C
K, bulk modulus of gas P
By volumetric thermal expansion coefficient of gas 1/T;,
Bs volumetric thermal expansion coefficient of crystals 0
Keore bulk modulus of the core 1/(xe/ Ky + (1= xc) /K1)
Beore volumetric thermal expansion coefficient of the core XeBg + (1 —xe)Bi
Kpore bulk modulus of pore magma 1/(x/Ky+ (1 —-x)/K;)
Bpore volumetric thermal expansion coefficient of the pore XBg + (1 —x)6
K, drained bulk modulus of mush (1-a)K,
K, undrained bulk modulus of mush 1-a)Ks+ #%
un viscosity of pore magma 10%2-10°Pa.s
K permeability in mush 10719-1078m?
1 instantaneous shear modulus of host rock and mush 1GPa
n viscosity of the mush ensemble 1016 — 10'¥Pa.s
T relaxation time N/ 1
M, total mass in the liquid core before injection value not used
AM total mass injected into the chamber 02%M,
1 characteristic time TrC
Pr magma density value not used
Pm crystalline matrix density value not used
cr magma specific heat value not used
Cm crystalline matrix specific heat value not used
4 dimensionless value 0 = cypy /CmPm 1
Cporo poro-elastic diffusivity % %
Cthermal | thermal diffusivity in much value not used
dimensionless value C' = ¢ihermal/Cporo 102,104
variables | i stregs tensor
€ij strain tensor
€ volumetric strain Tr(e; )
P pore pressure
¢ variation of fluid content Eq 1b
q Darcy’s flow velocity Eq 2b
T temperature increment from reference value

Appendix A Governing equations and solution method
A1l Normalization and solution scheme

We define a characteristic time scale [¢], characteristic length scale [I], and temper-
ature scale [T] to normalize the variables in the system. The characteristic time and length
scale are related via the instantaneous poroelastic diffusivity [t] = @ (when porous
flows are allowed). We further choose [t] = 7. = n/u, which lead to the intrinsic length
scale [I] = \/7,c. We can show that for a system with a characteristic size larger than
[7], the viscous relaxation is faster than the poroelastic diffusion; for a system with size
smaller than [I], the poroelastic diffusion is faster than viscous relaxation. The exam-
ple we choose to examine with the model has a characteristic size r, = [I], indicating
that for the mush shell, the viscoelastic relaxation and poroelastic diffusion occur at sim-

ilar rate. When the system is thermo-poroelastic (i.e., no relaxation), 7. = oo and the
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timescale is determined by the system’s dimension [t] = 72 /c; when the system is thermo-
viscoelastic (i.e., no fluid flows), the length scale is defined by thermal diffusivity instead

1) = V7Rr.

Using the characteristic scales we can write the constitutive relations (1) and the
equilibrium condition (2) in their dimensionless forms in spherical coordinates with ra-
dial symmetry (all quantities are normalized except for pressure/stress, - indicates time
derivative)

t 4 .

U(Ke—ozP)—|—(K+§u)é—ozP:F(t) (Ala)

Tr

oo+ My _p 42 (A1b)

Tr T
. T
7+ g, 0L _ FTg2p g (Alc)
or c
a?B(1— B) dP/or

: 190, ,

C.— —pE(T.Qr) . (Ale)

P+bP= bQC + b3< + b, + 05T + bsF(t) (Alf)

¢+ are = as + asC + asT + asT + agF(t) (Alg)
where F(t) is a time-dependent function,

Ku Km C wi
a= B po Ko 5 0Dpin 5 g
Ku + g/J/ Km + g,Uz (pc)mizure
t 1A-B 4 t A-B 1
a1=%14, azzal_B, a3=£_7]6127 ay = Pas, a5:%ﬂa2, ag = (A — l—B)Ki,n
] 1 A-B [t K,A-B B B _ 1A-B

bl_ TrA’ b2_ OZQB(I—B)Km’ b3_ T 2 1_8"’ b4_ﬂb2a bS_ﬁbSa b6_ al—_B

A2 Solution scheme

The governing equations in Eq A1l are closed by boundary conditions at the core-
mush and mush-rock interface, as well as the equation of state for the core magma.

At the core-mush interface, the boundary conditions include continuity of temper-
ature, fluid pressure, displacement, and stress (i.e., force balance). Substituting fluid pres-
sure continutiy to the constitutive relation at the inner boundary of the mush shell leads
to

P, 4 b1 P, = by((r) + bsC(ro) + bsT, + bsT(r,) + be F(t) (A2)

Substituting the stress continuity (force balance) to the stress-strain relation at the
inner boundary leads to )
u(r P t| P, F
() P MR F )
To dp  T-4p 4p
At the mush-rock interface, displacement and radial stress are continuous and fluid
flow vanishes (i.e., crust is impermeable to magma). We assume that the chamber is bounded
by infinite domain of crustal rock with rigidity pcrst, hence the radial stress in the host-
ing rock o, = —4pierust - Substituting the stress and displacement continuity to the
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stress-strain relation at the outer boundary of the mush shell and assuming picryst =

o we

obtain

(A4)

The impermeable boundary (no flow) condition at the mush-rock interface is used
for obtaining the displacement at the boundary: integrating for displacement using the

2. . .
relation € = %2% = —are + a2 + a3C + a4T + asT + agF(t), the mass conserva-
tion ¢ = fr%%(rzqr), and the no-flow boundary condition ¢,.(R,) = 0, we obtain the

increment for displacement at the outer boundary

u(Ry) r3 a(ry) 1

R,

o

R,
:Rg To +R3/ro

(a3§+a4T—|—a5T)r2dr—a1(

u(R,) 15 u(ro)) agF(t)(
R, R r, 3

o

B 2
7 )+a2ﬁq(ro)

The magma within the fluid core obeys mass conservation, which is approximated
as (after linearization and normalization using pre-injection mass M,, velocity scale [I]/[t],
and mass flux scale M, /[t])

Mc = Qin -

3

o

T*Q(ro)

Substituting the mass conservation to the energy conservation equation in core magma
leads to temperature change in core magma

T.=

1
M.

<QmﬂBnYD

1K)T1

+ 3T’(r0))

dcry

where the first term on the Right-Hand-Side is the contribution of the (hotter) in-
jected magma; the second term on the RHS is the contribution from heat removal by the
cooler mush.

To obtain the pressure evolution of the core magma we use the equation of state
in combination with the core-mush boundary condition. Combining M = V) — pV+

dt

pV(/%—”TTer%—’;P), the stress-strain relation, and force balance o,.,.(r,) = —P., we ob-
tain (dimensionless; pressure is normalized by u)

0

c =

1

o 3
Kl+4

(Bz [T)T. + M. —

3 3[4
1 4n3>

The evolution for pressure, temperature and mass in the core magma are used to
close the evolution equations. The energy equation and pore diffusion equations are solved
in matlab with a finite difference scheme, on a 1D grid with Ar = (R, —7,)/100 with
time step At = Ar?/2. Below are the steps for iterating the solutions with boundary
conditions at each time step: (all values are dimensionless, ' denotes gradient)

Setting initial values (see next section)

Solve for fluid velocity. ¢ = —

inner interface r, = 1).

Solve for (dimensionless) chamber temperature increment T, = ﬁc (Qm(Tm

get F(t) = —ald

Ty

u(Ro)

R,

B-A

a’B(1-B)
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Solve for core mass increment M. = Q;,, — r(31)

q(1) (¢ is displacement on the

-T.)+ S%MLT’(TO)
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5 get Pc: <ﬂcore[ ]TC+M07%F7%%PC)

6 get “rel — % + 2o Len 4 F(t) /4

7 get T in the shell (advection diffusion equation) with boundary value T, and as-
suming temperature gradient at the outer boundary is 0 (chamber is insulated from
the crust) T + §q,T" — Cthermal 727 = ()

Cporo
u(R) 3 a(r,)

. 3
8 get = R3 — + R3 f (a3C + aqT + asT)r?dr — al(ﬂ(]io) _ %u(rzo)) +
%@)(1 R3)+a2R3Q(To)

9 get ((ro) = g5 Pen + 32 Pon — 2((ro) — BT (ro) — ET(ro) — EF(t)
10 get ¢ = — % (grq) with inner boundary value ((r,) given.
11 get (in 5hell) €= asC + asC 4 asT + asT + agF(t) — are
11 get (111 shell) e bgc + b3C + b4T + b5T + bg F ( ) — b P
12 Update values for next iteration for: M, Tep, Pep, u(r,), u(R,), ¢, T, €, P.

A3 Initial conditions

The system prescribed by the equations of motion does not have a trivial initial
condition due to the thermal-mechanical coupling, and hence needs to be solved analyt-
ically. In this section we show the solution for the various quantities in the system based
on the non-uniform temperature distribution. We assume that there are two conditions
met prior to an injection: first, the temperature in the core is constant at T;,, and the
temperature in the mush obeys V2T = 0; second, there is no fluid flow, hence pore pres-
sure is uniform across the mush.

The temperature is obtained by solving for
V2T(r) =0, T(ro) =T, T(R,)=Toum

which leads to solution T'(r) = T}, — i(T — 1). After non-dimensionalization,

the solution leads to O-th order dimensionless temperature increment

Tm - Tout 1 h— Tzn - Tref Tzn - Tout 1
D 7 [ %

TOG) =24, a=
r

where [T is the temperature scale chosen for the system [T] = 850°C, T,y = 850°C
is a reference temperature chosen for 0 thermal expansion.

The requirement of vanishing fluid flow indicates that at the initial steady state,
the system is drained with uniform pore pressure P(r) = P, across the mush shell. The
initial state can be viewed as a steady state solution (i.e. no time derivatives in the con-
stitutive relations) with the prescribed temperature distribution. Assuming p. = p, the
relations in (A1b), (A3) and (A4) lead to uniform radial stress, chamber pressure, and
chamber displacement

O-TT(T):_Poa Pc:Poa F:_L

The constitutive relation for pore fluid content (A1f) leads to

b1 [ ] b6 042 A(l—B) «
c=(mrmp) o= (% k)Pt

The magma transport between core and mush can be obtained by integrating the above
expression

Mleak 3 2 a2 A(l - B) « R a 2 2 b 3 3
=2 (=22 T p (e - (YR - (R —
pek =% o= (ST - ) pe 0= B (S -+ g - )

[S]
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Substituting the expression for fluid content and temperature in (A1f) leads to uniform
volumetric strain € = O‘T_lPO, which is integrated to yield displacement

u(r,) RE1 1-a RS
o) _ (1o 2 2o _ 1)) p,
To (7’2 4p + 3K (1"3 )

o

To close the problem and seek the actual value for P,, the equation of state for core fluid

is used — Mok — Loy 3200) which leading to
cc Mleak R3 u(’l"o)
Po= i Tar = bb(7§ ~ 1P —ce, (=bbF, — BT, == =aaP,
where
_mL e otALCB)
CL(l_fr34lu 3K 7‘2 , ~ K A_B i

1 3
o= 3 (R =)+ GRS —1D)) . dd= g+ 30+ (52— b

We can observe that this set of initial conditions correspond to a mush that is uni-
formly strained, has non-vanishing pressure and stress, and has a non uniform distribu-
tion of fluid content and temperature. These non-trivial features (as opposed to trivial
initial condition in previously models consisting of all uniform values prior to injection)
are consequence of the non-uniform temperature and the thermal stresses imposed by
the steady stated temperature profile. We find that the initial values have very small val-
ues, and remove them from the final post-injection state to show the time-dependent vari-
ations.

A4 Evaluation of gas content

The volume fraction of exsolved gas in the core and pore magmas are free variables
in the model and may have strong variations depending on depth, temperature, injec-
tion/eruption history, and ways the mush is formed. Here we provide justification for
one case of gas fractions assumed in the main text (x = 0.3,x. = 0.1) by evaluating
exsolved gas fraction following in-situ crystalization and exsolution. Assuming that prior
to gas exsolution and crystalization, the dissolved volatile concentration is ¢, (mass frac-
tion). After gas exsolution and crystalization, the dissolved volatile concentration is ¢
in magma, and cerystal & 0.4wt% in the crystals (Whitney, 1988; Annen & Burgisser,
2021). The volume of (pure) magma, exsolved gas, and crystals are V,,,, Vy, Ve; all ex-
solved gas reside in the magma, hence the gas content is defined by its volume fraction
X = Vy/ (Vg + Vin); porosity as ¢ = (Vy + Vi) /(Vy + Vi + Vo). We can find that the
volume ratios could be expressed as

Vy X E o Vin

=X oy ey
VITL 1_X, ‘/c 1_¢ ’ 1_¢

Mass conservation of the volatiles is
Co(ngg + pcrystal‘/c + Pme) = ngg + Cpme + Ccrystalpcrystal‘/c

which leads to the gas volume fraction as a function of crystalinity/porosity x =

As shown in Figure A1, for magma with 5wt% pre-exsolution volatile concentration, in-
situ crystalization of 70vol% crystals (i.e., ¢ = 0.3) could increase the gas volume frac-
tion from 10% to 30% at a depth of 3.5km (assuming that pressure is the primary driver
for gas exsolution), hence our choice of x = 0.3,x. = 0.1 in the main text. We also
find that on the scale of 1MPa pressure perturbation (i.e., corresponding to 0.04km depth
change), the exsolved gas volume fraction could alter by 1vol%.
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Figure A1l. (a) Estimation of volatile (H20) concentration in magma and exsolved gas vol-
ume fraction as functions of depth for different crystalinity. The system contains 5% dissolved
volatile prior to gas exsolution and crystalization. Black dash line (top x axis) shows the concen-
tration of dissolved volatile in magma decreasing with depth; blue lines show increase of exsolved
gas volume fraction in magma as function of depth. The case of ¢ = 1 corresponds to core
magma with no crystals; the case for ¢ = 0.3 corresponds to pore magma in crystal mush. We
note from the figure that on a scale of 1MPa pressure fluctuation (the observed value from our
finding) corresponds to depth change of 0.04km, which could cause gas volume fraction to vary
on the scale of 1%. (b) Gas volume fraction as functions of gas mass fraction. The curves are
calculated according to ideal gas law for two different molecular weight (CO2 and water) under
confining pressure 100MPa and temperature of 850°C. Petrological evidence suggests gas mass
fraction of 0-8wt% in magmatic reservoirs, which according to the curves correspond to 0-30 vol%
for CO2 and 0-55v0l% for H-O.

The aspect of gas is factored in the model via its effect on the bulk modulus and
thermal expansion coefficient of the magma in the core and/or the pores. Assuming ideal
gas, the isothermal bulk modulus for gas is K, = pg% = P,. We obtain the effec-
tive bulk modulus of the magma-gas ensemble: deforming (e.g. compressing) the whole
material, the gas and magma both deform, but the pressure change in gas, magma, and
the whole ensemble is the same AP. The total volume change is AV = AV, + AV,

and fluid/gas pressure change is AP = meAVL = K, AVVQ. This pressure change
" 7 AV, +AV,

can also be expressed by the effective bulk modulus AP = — K.y =" 5—*. These two
relations lead to the effective bulk modulus

KK,
(1= @)Ky + ¢Km

AVVQ = B4AT, hence Besr = ¢85 + (1 — ¢)Bm.

g

Kepy =

Similarly, thermal expansion coeflicient

A5 Other values

The dimensionless values are assumed based on existing models and observations.
The competition between thermal and poroelastic diffusion is reflected by the ratio of
their respective diffusivity xr/c. There is no available thermal diffusivity measurements
for crystal mush, and here we assume that x7 is of similar value of the thermal diffu-
sivity for magma k7 ~ 8 x 107"m?/s (which is of similar order of magnitude for the
thermal diffusivity of rocks), following previous studies by assuming permeability x €
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Figure A2. Porosity ¢ (left axis) and permeability « (right axis) variation with temperature.
The porosity is assumed linear with temperature between liquidus (1200°C) and solidus (700°C),
and permeability x/k, = (#/d)?. broken lines indicate the porosity and permeability for the
range of temperature (800-850°C') considered in the current study.

667 [1071110~8]m?, magma viscocity 7,, = 100Pa.s and elastic moduli of the order of GPa,
668 we find that the poroelastic diffusivity cyoro € [3%107%,0.2]m? /s, leading to Sthermal ¢
660 [4x107%,3 x 1072].

670 Second, the competition between poroelastic diffusion and relaxation can be reflected
on1 by the definition of the diffusion-relaxation length [I] = \/7,.¢ and the ratio r,/[l]. By

672 the definition of [I], it is the length over which poroelastic diffusion and viscoelastic re-

673 laxation occur with the same speed; hence r,/[l] > 1 means faster viscoelastic relax-

674 ation over the thickness of the mush shell, r,/[l]] < 1 indicates faster poroelastic dif-

675 fusion over the thickness of the mush, and r,/[l]] = 1 indicates that the two processes

676 occur at the same rate over the mush shell. Based on the range of parameters we find

677 that [I] could have a large range, given the uncertainty of permeability, magma viscos-

678 ity, and relaxation time. According to previous studies, the relaxation time 7, € [4mon, 30year]
679 (Segall, 2016; Liao et al., 2021). With the range for poroelastic diffusivity shown above,

680 we find that [[] € [18m, 14km], hence for magma chamber on from 500m- 2km, r,/[]

681 range from 0.03 to 100. In most of the examples we show below, we consider r,/[l] =

682 1.
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