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Introduction This document describes some technical aspects of local wave activity
(LWA) diagnostic. The formalism itself is laid out in the Supporting Information of Huang
and Nakamura (2017, hereafter S17), and that document is still a good starting point for
the reader unfamiliar with the diagnostic procedure. The present document recaps some
of the basics but mostly highlights applications specific to ERA5 (Hersbach et al., 2020).
We will also describe the formulation of a one-dimensional model to reconstruct LWA

with modified forcing (Fig. 5 of main text).
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Computing local wave activity (LWA) from ERAS5 reanalysis data

The LWA diagnostic used in the present (and most previous) work is built on the quasi-
geostrophic theory, and as such, the key quantity is quasigeostrophic potential vorticity
(QGPV). It is well known that some of the assumptions for the QG theory do not hold
accurately on a sphere even in the extratropics (e.g. deviation of the Coriolis parameter
from a constant must be on the order of the Rossby number), and we do not attempt to fill
those gaps. We will keep the Coriolis parameter f a full function of latitude and use full
vorticity instead of geostrophic vorticity to define an ‘approximate’ QGPV. In practical
terms, we use the horizontal velocity and (potential) temperature from reanalysis data

(u,v,0) to compute QGPV as

B 1 (dv  9(ucosg) 9 (€10 —0)
q(A @, 2,t) = f + acos b (a)\ 99 ) e 0z ( 90 /dz . )

In the above, (A, ¢, z,t) denote longitude, latitude, pressure pseudoheight and time, re-
spectively, z = —H In(p/1000hPa) (p is pressure and H = 7 km is assumed), f = 2Qsin ¢,
a = 6378 km and = 7.29x107° rad s~! are the radius and rotation rate of the planet.
é(z,t) is hemispheric mean potential temperature. It is computed from instantaneous
values, but its time dependence is generally very weak, consistent with the QG theory.
To evaluate Eq. (1) we first vertically interpolate (u,v,#) from the 37 pressure levels of
ERAS5 onto uniformly spaced z-surfaces — in our case with a 500 m interval — up to
z = 48 km. (We use this coordinate to maintain sufficient details in the stratosphere, but

for the column budget this is not necessary, since the stratosphere does not contribute

much to the density weighted vertical average — one may well formulate Eq. (1) with
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the pressure coordinate in the vertical.) We then use finite difference to evaluate Eq. (1)
[S17 Eq. (5)].

LWA is defined as

a A¢ / / /
A0 2 0) = = o [ a0 462, 1) cos(o + ) 2)
Qe()U ¢ + ¢/7 Z>t) = Q()\a ¢ + ¢/7 Zat) - QREF<¢7 25 t) (3)

To evaluate Eq. (2) one must first evaluate Eq. (3), and to evaluate Eq. (3) one must
evaluate qrgr. We compute qrgr by zonalizing the instantaneous QGPV field through
an area-preserving map. The easiest way to do this is to first evaluate Eq. (1) for
both hemispheres and create a global map of QGPV for each z-surface. With 1° x 1°
horizontal resolution, there are 360x180 grid points, indexed by (i,7). At each z and t,
all grid points (i, j) are sorted according to equally spaced 181 values of ¢ between the
minimum and maximum values on that level [Q, = (n — 1)AQ, 1 < n < 181, AQ =
(max(g;;) —min(g;;))/180]. Because of f, typically the minimum value of ¢(A, ¢) is found
near the South Pole, and the maximum value is found near the North Pole. We then
compute the area of the region in which ¢;; > @, [= A, (Q,)] by conditional box counting,
weighting each grid with a fractional area a? cos ¢;(AN)? (AN = m/180). The area A,(Q,)

is then mapped to equivalent latitude with the formula

5@ =5 (1- 22, )

2ma?

which effectively associates the minimum QGPV with the South Pole and the maximum
QGPV with the North Pole. Finally by inverting this one-to-one relationship between

latitude and QGPV, one obtains qrgr(¢) at given z and t.
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Note that ¢. in Eq. (3) must be reevaluated for different ¢, because ¢, is ¢ relative to
a value of qrer at a certain latitude ¢. Since grgr increases with latitude, g. < 0 where
the QGPV contour ¢(\, ¢ + ¢') = qrer(¢) is displaced northward from ¢ (i.e. ¢ > 0),
and ¢, > 0 where it is displaced southward (¢’ < 0). Either way Eq. (2) is positive. Care
must be taken where A¢ is multivalued due to an overturned or cutoff QGPV contour.
To take care of this situation automatically, the line integral in Eq. (2) is evaluated at
each longitude by scanning the entire latitudes from the South Pole to the North Pole,
collecting all contribution from (¢, < 0, ¢’ > 0) and (g. > 0, ¢’ < 0) (see Fig. 1 of Huang
& Nakamura, 2016).
Evaluating the column LWA budget with ERAS5 reanalysis data

The column budget of LWA reads

0 B 1 o(F\) 1 0 . feosd [ vl .
<A>COS¢__CLCOS¢ 5 —aCOS¢a—d(F¢/COS(¢+¢)>+ 7 (aé/az>zzo+<A>cos¢,

| S ——
@ In (111)

ot

()
(5)

Ad —kz/H 2
(Fy) = (upgrA cos ¢) — a </0 UeGe cOS(p + ¢/)d¢/> + C025¢ <U2 —u? — [lj’eaé/aje> )

(6)

(Fyr) = —(ucve cos(¢ + ¢')). (7)

Note that the RHS terms in Eq. (5) are evaluated at ¢’ = 0. In the above the angle
bracket denotes density-weighted vertical average, R is gas constant and k = R/c, (¢,
is specific heat at constant pressure). The contribution of the last term of Eq. (6) to

Term (I), plus Terms (II) and (III) constitutes the vertical average of Eliassen-Palm flux

divergence, or equivalently, cos ¢(v.g.) via Taylor’s identity. Note also

ue()‘a ¢ + Qb,, Zat) = ’LL(/\, ¢ + ¢/a th) - UREF(¢7 th)v (8)
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Ue<)\7¢+¢l7zat) :U(A,¢+¢/,Z,t>, (9)
Oc( N, @+ ¢ 2,t) =0\, ¢+ ¢, 2, ) — Orer (0, 2, 1), (10)

where (urgr,Orgr) are the reference-state zonal wind and potential temperature, and
they must be inverted (hemispherically) from qrer(¢, 2,t). (urgr, Orer) is related to grer
through

10 0

qrer (1, 2, 1) = 20 — adp (urgF cos @) + QQ,uez/HE (

G_Z/H(QREF — é)
90/0z ) - (1)

where p = sin ¢. Using thermal wind balance

R(l — /L2)6_KZ/H (‘%’REF
Ha o’

o)
QQM& (urpF cOS @) = — (12)

Eq. (11) may be transformed into an elliptic equation for urgr cos ¢

0 | 1 O(urgrcoso) N 20Ha’ iy 0 e(ﬁ_l)Z/Hé?(uREFcosqb)/@z] :—aa (qREF>

op \ 20p

ou |20u ou R1—12° 92 90/92

(13)

We solve Eq. (13) hemispherically on a uniform grid in (u,2) for z € [0,48] km, u €
[0.0872, 1]. We have also solved Eq. (13) with uniform ¢ and obtained a virtually identical
result. Note we set the southernmost boundary of the domain at ¢ = 5°N to avoid the
difficulty with a vanishing p at the equator. Avoiding the equator proves particularly
important for high-resolution data to ensure the convergence of inversion algorithm. The

boundary conditions are:

uggrcos¢ =0 at pu=1 and 2z=0 (14)
9, R — p?)e 1 9lg) _
29”@ (urgF COS @) = — o o at z =48 km (15)
uggr cos ¢ = (K — 27Qa® cos® ¢)/2ma  at p = 0.0872 (¢ = 5°N). (16)
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In the above, [0] denotes the zonal-mean potential temperature at z = 48 km, and K(z, )
is Kelvin’s circulation at 5°N equivalent latitude. K is evaluated as the surface integral of
absolute vorticity over the domain where QGPV is greater than gggr at 5°N. Since Kelvin’s
circulation around the QGPV contour is nearly conservative, this boundary condition
does not introduce spurious eddy forcing. We have tested different boundary conditions
at 5°N and found that they do not affect urgr in the extratropics very much. The no-slip
boundary condition at the lower boundary is chosen because urgr represents an eddy-free
reference state: a nonzero surface wind requires eddy momentum flux in the presence of
surface friction and incompatible with the notion of eddy-free state (Nakamura & Solomon,
2010).

Once we obtain ugrgr, we reconstruct Orgr using the thermal wind balance [Eq. (12)].
At each altitude a constant value is added to Orgr so that its hemispheric mean matches
é(z, t). After obtaining (urgr,frer) we can compute (u.,0.) from Egs. (8) and (10)

and finally evaluate the terms in Eq. (5). We approximate the density weighted vertical

average (- -) as

f(...)e_Z/HdZ N 26:2<"')k6_Zk/HAZ B 26:2(...)k€_Zk/HAz

L)) = ~ = Az =500 m.
() I S0 e-m/HA 6.745km - .

(17)

Note that H = 7 km in the denominator is replaced by 6.745 km due to discretization.
With this approximation, Term (III) in Eq. (5) consists of contributions from k = 1 and

2 (# = 0 and 500 m) due to the form of the vertical discretization of QGPV [S17 Eq. (5)]:

fcoso < Vele ) - 2Q) sin ¢j COS O <6_22/H'Ueij296ij2 i Ueijleeijl
2=0

) 8 )AL (18
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In S17 we conducted several different methods to evaluate the lowest level temperatures in
reanalysis and found the result to be insensitive to the chosen methods except for regions
with high topography.
Formulation of one-dimensional model for reconstructing LWA with modified
forcing
To evaluate the impact of upstream forcing on the downstream block formation, we first
evaluate the terms in Eq. (5) using data at a given latitude ¢ for a given period. We can
then estimate the zonal transport velocity for column LWA C(\, t) and forcing coefficient

(A, t) from the observed (F\), (A), (A), using the following relationships:
(F\) = C(A)cos ¢, (A)cos¢ = y(A) cos ¢. (19)

With Eq. (19), Eq. (5) may be rewritten as

1 0(C(A)coso)
a cos ¢ o\

- + Term (IT)+Term (IIT) + v (A) cos .  (20)

Now we perturb 7 to v+ A+, and as a result (A) is also perturbed to (A) + A(A), but for
simplicity we assume that C', Term (II) and Term (III) do not change. (We found little
correlation between C' and (A) during 20-26 June at 49°N.) The above equation is then

modified to

1 0[C((A) + A(A))cos¢]
acos ¢ oA

+Term (IT)+Term (III) + (v + Av) ({(A) + A(A)) cos ¢.

0
5 ((A) + A(A)) cosp = —

Subtracting Eq. (20) from Eq. (21) and dividing by cos ¢,

) 1 9(CA(A))

&MA) B _acosgb o\

+ (v + A7) A(A) + (A)Ay. (22)
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We solve Eq. (22) for A(A) with the knowledge of C, v, Ay and (A). In practice, we
interpolate these four parameters onto a smaller time interval of 10 minutes, and add
a small second-order diffusion with a diffusion coefficient of 2 x 10> m?s~! to keep the

solution smooth.
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