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Key Points:24

• The role of generalized Ohm’s law in shaping the turbulent electric field spectrum25

is examined from magnetohydrodynamic to electron scales.26

• The electron pressure term is more significant than expected from linear kinetic27

Alfvén waves and partially anti-aligns with the Hall term.28

Corresponding author: J. E. Stawarz, j.stawarz@imperial.ac.uk

–1–



manuscript submitted to JGR: Space Physics

• Relative contributions of linear and nonlinear electric fields are constant with scale29

and given by average turbulent fluctuation amplitude.30
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Abstract31

Decomposing the electric field (E) into the contributions from generalized Ohm’s law32

provides key insight into both nonlinear and dissipative dynamics across the full range33

of scales within a plasma. Using high-resolution, multi-spacecraft measurements of three34

intervals in Earth’s magnetosheath from the Magnetospheric Multiscale mission, the in-35

fluence of the magnetohydrodynamic, Hall, electron pressure, and electron inertia terms36

from Ohm’s law, as well as the impact of a finite electron mass, on the turbulent E spec-37

trum are examined observationally for the first time. The magnetohydrodynamic, Hall,38

and electron pressure terms are the dominant contributions to E over the accessible length39

scales, which extend to scales smaller than the electron inertial length at the greatest40

extent, with the Hall and electron pressure terms dominating at sub-ion scales. The strength41

of the non-ideal electron pressure contribution is stronger than expected from linear ki-42

netic Alfvén waves and a partial anti-alignment with the Hall electric field is present, linked43

to the relative importance of electron diamagnetic currents in the turbulence. The rel-44

ative contribution of linear and nonlinear electric fields scale with the turbulent fluctu-45

ation amplitude, with nonlinear contributions playing the dominant role in shaping E46

for the intervals examined in this study. Overall, the sum of the Ohm’s law terms and47

measured E agree to within ∼ 20% across the observable scales. These results both con-48

firm general expectations about the behavior of E in turbulent plasmas and highlight49

features that should be explored further theoretically.50

Plain Language Summary51

Complex turbulent motions are observed in plasmas throughout the Universe and52

act to transfer energy from large-scale fluctuations to small-scale fluctuations, which can53

be more easily dissipated into the thermal energy of the particles. Electric fields in these54

plasmas play a central role in enabling the exchange of energy between the magnetic field55

and the motion of the charged particles and are, therefore, important for disentangling56

the complex nonlinear dynamics and dissipative processes. Using cutting-edge, high-resolution,57

multi-spacecraft measurements from NASA’s Magnetospheric Multiscale mission, we de-58

compose the electric field in Earth’s turbulent magnetosheath into the various terms from59

generalized Ohm’s law, which governs the behavior of the electric field across the wide60

range of length scales in the plasma. The results confirm a number of general expecta-61

tions about the relative behavior of the terms in Ohm’s law, as well as highlight several62
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new features that are significant for understanding the nonlinear behaviour and turbu-63

lent dissipation at different scales within the plasma.64

1 Introduction65

Turbulent dynamics are characterized by nonlinear interactions that transfer en-66

ergy between fluctuations at different length scales within a fluid, often from large to small67

scales, generating multi-scale gradients and facilitating the dissipation of the fluctuations.68

Many plasmas are either directly observed or thought to be turbulent, including the so-69

lar corona (e.g, Cranmer et al., 2015), solar wind (e.g, Bruno & Carbone, 2013), plan-70

etary magnetospheres (e.g, Borovsky et al., 1997; Saur et al., 2002; Sahraoui et al., 2004;71

Stawarz et al., 2016), interstellar medium (e.g, Falceta-Gonçalves et al., 2014), accretion72

discs (e.g, Kawazura et al., 2019), and intracluster medium (e.g, Zhuravleva et al., 2014),73

and turbulent dissipation contributes to particle acceleration and heating within these74

systems. Fluctuations within turbulent plasmas can take the form of waves (Boldyrev75

et al., 2013; Chen & Boldyrev, 2017), which have different characteristics across the var-76

ious length scales, as well as nonlinear structures, such as current sheets that can be sites77

for magnetic reconnection (Chasapis, Matthaeus, et al., 2018; Phan et al., 2018; Stawarz78

et al., 2019).79

A significant amount of the fluctuation energy within a turbulent plasma can be80

carried by the magnetic field (B) (Matthaeus & Goldstein, 1982; Gershman et al., 2018).81

However, since B cannot do work on the plasma, energy exchange between the electro-82

magnetic fields and particles is mediated by the electric field (E) through a nonzero83

j·E, where j is the electric current density. The energy transfer between the fields and84

particles both enables many of the nonlinear couplings that give rise to turbulence and85

provides pathways for the dissipation of electromagnetic fluctuations (Chasapis, Yang,86

et al., 2018; Ergun et al., 2018; Chen et al., 2019).87

Within a collisionless plasma, E is governed by generalized Ohm’s law, which arises88

from the electron and/or ion fluid momentum equations and can be expressed in terms89

of j and the single-fluid velocity (u) for a two species plasma as (e.g., Baumjohann &90

Treumann, 1996)91

E = −u×B+
1

en
j×B− 1

en
∇·pe+

me

e2n

[
∇ ·
(
uj + ju− jj

en

)
+
∂j

∂t

]
+

∞∑
`=1

(
−me

mi

)`
M`. (1)92
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where e is the elementary charge, mi and me are the ion and electron masses, n is the93

ion or electron number density, which are taken to be equal due to quasineutrality, pe94

is the electron pressure tensor, and uj, ju, and jj denote the outer product of the two95

vectors. M` denotes the `th-order, finite-electron-mass corrections to the single-fluid for-96

mulation, resulting from Taylor expanding about small me/mi and is given by97

M` ≡
2

en
j×B− 1

en
∇ · (pe + pi) +

me

e2n

[
∇ ·
(
uj + ju− (1 + 2`)

jj

en

)
+
∂j

∂t

]
(2)98

with pi the ion pressure tensor.99

When expressed in single-fluid variables, the terms in Ohm’s law highlight the un-100

derlying dynamics operating in the plasma across the magnetohydrodynamic (MHD),101

sub-ion, and electron scales. The first term on the right-hand-side (r.h.s.) of Eq. 1 (EMHD)102

corresponds to the MHD-scale E, resulting from B being frozen-in to u. The second term103

on the r.h.s. (EHall) is the Hall term, which results from differential ion and electron mo-104

tion and, for me/mi � 1, ensures B remains frozen-in to the electron fluid velocity (ue)105

even at small scales where the ions decouple from B. The third and fourth terms on the106

r.h.s. are the electron pressure (EPe
) and electron inertia (Einertia) terms, respectively,107

which give rise to non-ideal E that allow electrons to decouple from B. The final term108

on the r.h.s. (Eδme) contains higher-order, finite-electron-mass corrections. In many sys-109

tems, me/mi � 1 and these higher-order corrections can be neglected.110

Previous observational studies of Ohm’s law in space plasmas largely focused on111

specific structures, such as reconnecting current sheets. Multi-point measurements from112

the Cluster (André et al., 2004; Khotyaintsev et al., 2006) and, more recently, Magne-113

tospheric Multiscale (MMS) (Torbert et al., 2016; Genestreti et al., 2018; Webster et al.,114

2018; Shuster et al., 2019; Macek et al., 2019) missions have directly observed EHall at115

small-scale current sheets and revealed the non-ideal E, which enables magnetic recon-116

nection, is mainly associated with EPe
with a weaker contribution from Einertia. Lab-117

oratory reconnection studies corroborate these results (Cothran et al., 2005; Brown et118

al., 2006).119

In the context of turbulence, the spectrum of E is observed to undergo a change120

in power law near ion scales, with a steeper power law, close to that of B or u, at large121

scales and a shallower power law at sub-ion scales, across a variety of space plasmas (Bale122

et al., 2005; Sahraoui et al., 2009; Chen et al., 2011; Ergun et al., 2015; Stawarz et al.,123

2016; Breuillard et al., 2018). The change in power law is linked to the interplay between124
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the terms in Ohm’s law at different scales in the plasma (e.g., Matteini et al., 2017; Narita125

et al., 2019); however, direct analysis of how Ohm’s law shapes the E spectrum has been126

limited to numerical and theoretical studies. Two-fluid, hybrid, and full particle-in-cell127

(PIC) simulations of homogeneous turbulence show that, while the large scale spectrum128

is dominated by EMHD, the small-scale spectrum is shaped by a combination of EHall129

and EPe
, which both exhibit similar power laws, with possible contributions from Einertia130

in the case of full PIC (Franci et al., 2015; González et al., 2019).131

The high-resolution, three-dimensional, multi-spacecraft measurements from MMS132

(Burch et al., 2016), which allow the computation of nearly all the terms in generalized133

Ohm’s law down to scales approaching those of the electrons, make it uniquely suited134

for examining Ohm’s law within turbulent plasmas. In this study, we explore the power135

spectra of the terms in generalized Ohm’s law using MMS observations of turbulence in136

Earth’s magnetosheath. In contrast to previous observational studies of Ohm’s law, which137

examined individual small-scale structures, this study provides a statistical picture of138

Ohm’s law across the ensemble of multi-scale structures and fluctuations that are excited139

within the turbulent plasma. Sections 2 and 3 provide an overview of the dataset and140

considerations regarding the analysis. Section 4.1 examines the spectra and relative im-141

portance of the terms in generalized Ohm’s law. Section 4.2 examines how the terms com-142

bine to form the total E. Section 4.3 examines the relative importance of linear and non-143

linear dynamics.144

2 Dataset145

We focus on three intervals of high-resolution “burst” magnetosheath data observed146

by MMS. B measurements are provided by the Fluxgate (FGM) and Searchcoil (SCM)147

magnetometers (Russell et al., 2016; Le Contel et al., 2016) at 128 and 8192 vectors/s,148

respectively. Three-dimensional E measurements are provided by the Electric Field Dou-149

ble Probes (EDP) at 8192 vectors/s (Lindqvist et al., 2016; Ergun et al., 2016). Ion and150

electron particle moments at 0.15 and 0.03-s resolution, respectively, are provided by the151

Fast Plasma Investigation (FPI) (Pollock et al., 2016). The single-fluid velocity is com-152

puted from the data as u = (miui + meue)/(mi + me) with ue averaged to the ion153

time resolution, since u is dominated by ui at the observable scales. The current is com-154

puted from the FPI measurements as j = ene(ui − ue), where quasineutrality is em-155

ployed, allowing the use of the higher time resolution ne measurement, and ui is inter-156
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polated to the electron time resolution since the small-scale current is observed to be dom-157

inated by ue. The current can additionally be computed from the curl of B using the158

multi-spacecraft curlometer technique (Robert et al., 1998). For both u and j, the ions159

are taken to be protons.160

The time periods and average plasma properties for the intervals, referred to as I1,161

I2, and I3, are provided in Table 1 and overviews of B, u, and E for the intervals are shown162

in Fig. 1a–j. With 〈...〉 denoting a temporal average over the interval, the average den-163

sity (n0 ≡ 〈ne〉), temperature for species s (Ts0 ≡ 〈Ts〉), magnetic field strength (B0 =164

|〈B〉|), and root-mean-square fluctuation amplitude δbrms =
√
〈|B− 〈B〉|2〉 are used165

to define the inertial lengths (ds ≡
√
ms/µ0e2n0), gyroradii (ρs ≡

√
2msTs0/eB0),166

plasma beta (βs ≡ 2µ0n0Ts0/B
2
0), Alfvén speed (VA ≡ B0/

√
µ0min0), and turbulence167

amplitudes (δbrms/B0), where µ0 is the vacuum permeability and temperature is in en-168

ergy units. These intervals are selected because they have some of the smallest MMS sep-169

arations (∼ 6 km), providing access to terms requiring multi-spacecraft gradients well170

into the sub-ion scales, and covered a range of βi and βe. The elongation and planarity171

of the MMS formation ranged from 0.09–0.24 and 0.16–0.35, respectively, making it well172

suited for gradient computation (Robert et al., 1998). For all of the intervals δbrms/B0 >173

1. I2 and I3 are located near the sub-solar point at [11, 3, 0.3]RE and [11,−3, 2]RE , re-174

spectively, in Geocentric Solar Ecliptic (GSE) coordinates and I1 is toward the flank at175

[2, 11,−0.5]RE .176

The validity of the Taylor hypothesis using the average flow velocity (U0 ≡ |〈u〉|)177

is verified at the spacecraft separation by comparing 2nd-order magnetic structure func-178

tions computed using the Taylor hypothesis to the six unique spacecraft pairs in the MMS179

formation (Chen & Boldyrev, 2017; Chasapis et al., 2017; Chhiber et al., 2018; Stawarz180

et al., 2019). The ratio of 2nd-order structure functions are within a factor of 1.27 for181

the intervals. Given the validity of the Taylor hypothesis at the MMS separation, it is182

reasonable to assume the Taylor hypothesis also holds at scales comparable to or larger183

than this scale.184

3 Analysis185

The terms in Eq. 1 are computed using a combination of single and multi-spacecraft186

techniques. Figure 1j–o gives an overview of the Ohm’s law terms and measured E in187

–7–



manuscript submitted to JGR: Space Physics

T
a
b
le

1
.

A
v
er

a
g
e

sp
a
ce

cr
a
ft

fo
rm

a
ti

o
n
,

p
la

sm
a
,

a
n
d

fl
u
ct

u
a
ti

o
n

p
ro

p
er

ti
es

.

ID
T

im
e

In
te

rv
al

M
M

S
S

ep
.

U
0

V
A

ρ
i

d
i

ρ
e

d
e

β
i

β
e

δb
r
m
s
/
B

0

[U
T

C
]

[k
m

]
[k

m
/
s]

[k
m

/
s]

[k
m

]
[k

m
]

[k
m

]
[k

m
]

I1
20

16
-0

9-
28

/1
6:

50
:1

4–
17

:0
3:

31
6
.9

3
1
0

1
7
0

1
8
0

7
5

0
.9

9
1
.8

5
.8

0
.3

2
1
.2

I2
20

16
-1

2-
09

/0
9:

01
:4

0–
09

:0
7:

00
6
.1

2
3
0

9
7

1
8
0

4
9

1
.3

1
.2

1
3

1
.2

1
.3

I3
20

17
-0

1-
28

/0
9:

05
:2

5–
09

:1
1:

12
5
.6

1
5
0

5
0

2
9
0

4
8

2
.2

1
.1

3
7

3
.9

1
.9

–8–



manuscript submitted to JGR: Space Physics

Figure 1. Overview of turbulent magnetosheath intervals examined in this study. (a-i) B, u,

and E in GSE coordinates for intervals I1-I3. B and u are provided as measured by MMS1, while

E is given as the sum of the computed Ohm’s law terms at the barycenter of the MMS formation

with the measured Ebary from EDP at the same time resolution plotted behind in black. (j-o)

Computed Ohm’s law terms and highest resolution E from EDP for I3 in GSE coordinates. Sin-

gle spacecraft measurements from MMS1 are given in panels (j), (k) and (o), while (l-n) provide

measurements at the barycenter of the MMS formation.

the time domain for I3. EMHD and EHall can both be computed from a single space-188

craft with the B measurements averaged to the time resolution of the, respective, u and189

j data. The remaining terms, EPe, Einertia, and Eδme
, require the computation of di-190

vergences, which can be done using standard multi-spacecraft methods (Robert et al.,191

1998; Shuster et al., 2019). Such methods assume linear gradients over the spacecraft192

separation, which limits the analysis of these terms to scales larger than the MMS sep-193
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aration. Einertia additionally involves a time derivative, (me/e
2n)∂tj, which cannot be194

computed from the data, since, by virtue of the Taylor hypothesis, any apparent tem-195

poral fluctuations are purely associated with advected spatial structures. This term is196

neglected in the computation of Einertia. In computing Eδme
, approximately six terms197

in the infinite sum are needed to converge to double precision accuracy.198

A total E due to the combination of all measurable Ohm’s law terms (EOhm) is199

computed by averaging EMHD and EHall to the barycenter of the formation (Fig. 1c,f,i).200

Several methods can be devised for averaging these terms, including 1) computing EMHD201

and EHall for each spacecraft and then averaging, such that EMHD,bary1 = 〈EMHD〉bary202

and EHall,bary1 = 〈EHall〉bary, or 2) averaging each variable involved in the computa-203

tion to the barycenter and then computing the Ohm’s law terms, such that EMHD,bary2 =204

−〈u〉bary × 〈B〉bary and EHall,bary2 = 〈j〉bary × 〈B〉bary/e〈n〉bary, where 〈...〉bary de-205

notes a barycenter average. Additionally, EHall can be computed using the curlometer206

derived current, such that EHall,curl = jcurl×〈B〉bary/e〈n〉bary. Method 1 is taken to207

be the nominal method of performing the barycenter averaging in this study unless oth-208

erwise noted, however, each of these methods have been examined and produce consis-209

tent results down to the scale of the spacecraft separation. EMHD is found to be sub-210

dominant at the smallest observed scales (Figure 2), so EMHD is interpolated to the elec-211

tron time resolution in computing EOhm. The Ohm’s law terms at the barycenter of the212

formation are compared with the measured E averaged to the barycenter such that Ebary =213

〈E〉bary. In the following analysis, for clarity, the above notation is used when referring214

specifically to quantities computed using the various barycenter averaging procedures,215

while a subscript 1SC refers to the single spacecraft measurements. Such notation is omit-216

ted when discussing the behavior of the terms in general without regard for the specific217

method of computation.218

Generally good agreement is found between the timeseries of EOhm and the mea-219

sured Ebary when compared at the same time resolution (Fig. 1c,f,i). However, small dif-220

ferences are observed, particularly in the small scale structures. Furthermore, as can be221

seen in the highest resolution E measurements (Fig. 1o), additional intense E activity222

is present at shorter timescales than those for which the terms in Ohm’s law can be com-223

puted.224
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In the remaining analysis, E is examined in the inertial reference frame moving with225

the uniform background plasma flow in accordance with the Lorentz transformation, such226

that E → E + U0 × B (Chen et al., 2011; Howes et al., 2014). Unlike the Galilean227

frame transformation of u, the frame transformation of E not only introduces a frame228

dependent background E0 = U0×B0, but also a frame dependent electric fluctuation,229

δE = U0×δb, associated with the advection of magnetic fluctuations past the space-230

craft. The E fluctuation that remains after the frame transformation corresponds to the231

electric fields induced by the turbulent plasma motions. Within Ohm’s law, EMHD is232

frame dependent and introduces the frame dependance into E, while the remaining terms233

are independent of frame.234

4 Results235

4.1 Ohm’s Law Spectra236

Fig. 2a–f show omnidirectional power spectra (i.e., trace of the spectral tensor) for237

the five Ohm’s law terms, EOhm, and the measured E for all intervals in the frame mov-238

ing with U0. Since barycenter averaging filters power from the fluctuations at scales smaller239

than the MMS separation and single-spacecraft electron measurements provide informa-240

tion at scales smaller than the MMS separation, Fig. 2a–c provide the single-spacecraft241

spectra for E1SC , EMHD,1SC , and EHall,1SC , while Fig. 2d–f provide spectra for all terms242

at the barycenter. Single-spacecraft spectra are averaged across the 4 spacecraft after243

the spectrum is computed, while barycenter averaged spectra are computed by averag-244

ing to the barycenter as discussed in Sec. 3 prior to computing the spectra.245

The spectral power laws in all three intervals show features consistent with previ-246

ous studies of magnetosheath turbulence. At scales larger than the ion scales, the E and247

B (not shown) spectral power laws are similar to each other and shallower than ∼ k−5/3,248

as is typical in the magnetosheath (Huang et al., 2017). At sub-ion scales, the E spec-249

trum follows ∼ k−0.8 and a corresponding ∼ k−2.8 power law is present in the magnetic250

spectrum, which are typical of turbulent electromagnetic field spectra (e.g. Huang et al.,251

2017; Breuillard et al., 2018). Additionally, I2 and I3 both show a further steepening of252

the magnetic spectrum to ∼ k−3.2 at scales several times larger than de (∼ 0.1di), as253

reported previously for I2 (Stawarz et al., 2019). The E spectrum undergoes a similar254

steepening such that it maintains the factor of ∼ k2 relative to the magnetic spectrum.255
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Figure 2. (a-c) Omnidirectional power spectra of the measured E1SC and the Ohm’s law

terms available from single-spacecraft measurements (EMHD,1SC and EHall,1SC) in the back-

ground flow frame for I1-I3. Spectra from the four spacecraft are averaged together. (d-f) Om-

nidirectional power spectra of the barycenter Ebary and Ohm’s law terms, as well as the power

spectrum of the sum of the Ohm’s law terms in the background flow frame for I1-I3. Faded por-

tions of the curves indicate the scales expected to be filtered due to multi-spacecraft averaging or

gradient computation. The sudden decrease in Eδme power is associated with pi measurements

reaching the noise level and portions of the curve indicate scales smaller than the ion resolu-

tion. Wavenumbers along the U0 direction are estimated from the Taylor hypothesis and vertical

lines denote wavenumbers associated with ion and electron plasma length scales and the MMS

separation. Symbols show spectra averaged in wavenumber over 1/5th of a decade.

From the single-spacecraft spectra, EMHD,1SC provides the dominant contribution256

to E1SC at scales larger than ∼ di and EHall,1SC appears to be the dominant contri-257
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bution from ∼ di to scales between ρe and de at the greatest extent (I3; Fig. 2c). Fig. 2d-258

f support the single-spacecraft results up to the MMS separation and additionally reveal259

that a sub-dominant, but non-zero, contribution to the sub-ion scale E comes from EPe
.260

As expected for these scales and from the fact that me/mi � 1, the measurable Einertia261

and Eδme terms are much smaller than the other terms and, therefore, make little con-262

tribution to EOhm.263

To understand the interplay between the dominant terms, consider the dimension-264

less Ohm’s law, including EMHD, EHall and EPe , given by265

E

VAB0
= − δu

VA
× B

B0
+

di
n/n0

[(
∇× δb

B0

)
× B

B0
− βe

2
∇ · δpe

n0Te0

]
, (3)266

where δ denotes a fluctuating quantity with zero mean and subscript 0 denotes an av-267

erage quantity.268

In Fig. 3, the transition between EMHD and EHall dominated regions of the spec-269

trum occurs in the vicinity of the ion scales for all intervals. For I2 and I3, the transi-270

tion occurs closer to di, while, in I1, the transition occurs closer to ρi. From Eq. 3, the271

scale of the transition is expected to occur at kdiδvA/δu ∼ 1, where δvA = δb/
√
µ0min0.272

For Alfvénic fluctuations, it is expected the transition will occur at kdi ∼ 1; however,273

in general the transition depends on the relative fluctuation amplitudes of B and u. The274

relative amplitude of root-mean-square magnetic to velocity fluctuations is larger in I1275

than in I2 or I3, with values of 1.6, 1.2 and 1.3, respectively, which appears to account276

for the location of the transition in the intervals.277

EPe
scales similarly to EHall with wavenumber up to the MMS separation, par-278

ticularly for I2 and I3 (Fig. 4b,c), consistent with predictions based on the scaling of den-279

sity and magnetic fluctuations (Franci et al., 2015; Matteini et al., 2017). In I1 (Fig. 4a),280

which has the smallest relative contribution from EPe
, there may be a slight difference281

in scaling with the ratio of amplitudes going as ∼ k1/3 at sub-ion scales. EPe
/EHall ranges282

from 0.1 to 0.3 for all three intervals. From Eq. 3, EPe/EHall ∼ (βe/2)(δpe/n0Te0)/(δb/B0),283

which is akin to a characteristic βe/2 fluctuation, although not identical to that which284

would be estimated from a locally defined βe/2. One might expect EPe
/EHall to be large285

for intervals with large βe, such as I2 and I3. However, this expectation neglects the rel-286

ative amplitudes of δb/B0 and δpe/(n0Te0), which can introduce a further dependence287

on β = βi + βe.288
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Figure 3. EHall,1SC/EMHD,1SC (black) and EHall,curl/EMHD,bary1 (green) as a function of

scale given by the ratio of Fourier amplitudes in the background flow frame for I1–I3. Wavenum-

bers along the U0 direction are estimated from the Taylor hypothesis and vertical lines denote

wavenumbers associated with ion and electron plasma length scales and the MMS separation.

In the case of linear kinetic Alfvén waves (KAWs) with isothermal Te, the relative289

amplitudes of magnetic and electron pressure fluctuations are given by (Boldyrev et al.,290

2013)291

δpe/n0Te0
δb/B0

=
δn/n0
δb/B0

=

(
β2

2
+
β

2

)−1/2
. (4)292

KAW predictions for EPe/EHall are indicated as horizontal dashed lines in Fig. 4, which293

tend to underestimate the observed values, indicating an enhanced level of compressive294

fluctuations relative to the purely linear KAW dynamics. This underestimate may re-295

sult from modifications due to strong nonlinearities (see Section 4.3), compressive effects,296

additional wave modes, and/or the presence of coherent structures.297
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Figure 4. EPe/EHall as a function of scale given by the ratio of Fourier amplitudes for I1–

I3 computed using EHall,bary1 (black), EHall,bary2 (yellow) and EHall,curl (green). Horizontal

lines denote the expected ratio based on the observed average ratio of sub-ion scale B and pe

fluctuations (solid) and based on linear kinetic Alfvén waves (dashed). Wavenumbers along the

U0 direction are estimated from the Taylor hypothesis and vertical lines denote wavenumbers

associated with ion and electron plasma length scales and the MMS separation.

The observed ratio of the B spectrum to the isotropic electron pressure (pe ≡ Tr[pe]/3)298

spectrum (not shown) is roughly constant at sub-ion scales in all intervals. Solid hor-299

izontal lines in Fig. 4 show the expected EPe/EHall for I1–I3 using the observed aver-300

age ratio (δpe/n0Te0)/(δb/B0) at sub-ion scales. This prediction does not involve any301

information about the wavevectors or their alignments, which are included in the full com-302

putation of EPe/EHall. Even so, reasonably good agreement with the observed EPe/EHall303

from the Ohm’s law computations is obtained, consistent with the enhanced level of com-304
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pressibility relative to pure KAW dynamics. Further taking the observed (δn/n0)/(δb/B0)305

at sub-ion scales as a proxy for (δpe/n0Te0)/(δb/B0), gives similar values for EPe
/EHall,306

indicating that the isothermal approximation used in the KAW prediction is not respon-307

sible for the discrepancy.308

4.2 Total Electric Field309

As seen in Fig. 2d-f, the power in EOhm tends to be slightly smaller than the power310

in EHall,bary1 at sub-ion scales in all of the intervals. The largest effect is present in I3,311

which has the largest contribution from EPe
; however, similar behavior, where EOhm has312

less power than EHall,bary1, is also present in I1 and I2, although to a lesser extent, and313

when using other barycenter averaging procedures. Since the most significant contribu-314

tion to the overall E in the sub-ion scales comes from EHall and EPe , this observed de-315

crease in EOhm relative to EHall implies an anti-alignment between these two terms in316

Ohm’s law.317

Defining a scale dependent angle between EHall and EPe (θHall,Pe) using the cross-318

spectrum of the two vectors confirms this apparent anti-alignment between EHall and319

EPe
(Fig. 5). At scales larger than ρi and di, where neither EHall or EPe

make a sig-320

nificant contribution to E, the two vectors are uncorrelated with θHall,Pe ∼ 90◦. At scales321

near ρi, θHall,Pe
begins to increase, implying a partial anti-alignment between the vec-322

tors, until it reaches an approximately constant value at θHall,Pe
∼ 120−140◦. θHall,Pe

323

decreases back to an uncorrelated value of 90◦ at the MMS separation scale, likely due324

to the unphysical measurements at scales smaller than the formation size. An anti-alignment325

between EHall and EPe
at sub-ion scales can also be inferred from previous hybrid sim-326

ulations (Franci et al., 2015), although to our knowledge the present study is the first327

time this property has been examined directly. A similar picture is obtained by exam-328

ining θHall,Pe
in real space (Fig. 6), with large amplitude EHall and EPe

structures show-329

ing significant anti-alignment on average. In contrast, small amplitude structures have330

θHall,Pe ∼ 90◦ on average, consistent with random noise or the behaviour of the large331

scale EHall and EPe in the spectrum.332

From a theoretical perspective, such an anti-alignment may be expected due to the333

action of currents supported by pe through the diamagnetic drift, given by jpe = (B×334

∇·pe)/B2. In a situation where the currents in the system are entirely provided by jpe ,335

–16–



manuscript submitted to JGR: Space Physics

a complete cancelation between EHall and the components of EPe perpendicular to B336

occurs, resulting in an anti-alignment between the two terms. The presence of parallel337

electric fields associated with EPe
will tend to result in only a partial anti-alignment. Ad-338

ditionally, the currents within a realistic turbulent system need not be entirely supported339

by electron diamagnetic drifts and are likely made up of a combination of structures that340

are entirely, partially, or not at all supported by jpe . Such currents that are not supported341

by electron diamagnetic drifts could, for example, be supported by ion diamagnetic drifts342

or inertial effects. Nonetheless, when averaged across all of these structures, the pres-343

ence of jpe will tend to push the system towards partial anti-alignment between EHall344

and EPe
, particularly at sub-ion scales, where ion motions have less influence on j, as345

observed.346

Overall, the Ohm’s law terms agree well with the measured E spectra across the347

observable scale range. In terms of the Fourier amplitudes, EOhm and Ebary agree to within348

∼ 20%, with the largest discrepancies occurring as a slight offset in the sub-ions scales.349

Such discrepancies have been reported in previous analyses of Ohm’s law at individual350

reconnection events and could be related to limitations in the observational analysis or351

physical processes (Torbert et al., 2016) . Measurement uncertainties or barycenter av-352

eraging may introduce uncertainties into the Ohm’s law analysis. While the process of353

barycenter averaging significantly filters power from the fluctuations at scales compa-354

rable to or smaller than the spacecraft separation, it may also have a smaller impact at355

somewhat larger scales. Consistent results are observed whether EHall is computed us-356

ing the FPI or curlometer derived j down to scale comparable to or smaller than the space-357

craft separation. The observed anti-alignment provides some validation that MMS is mea-358

suring a real ∇ · pe signal since a net correlation with EHall is inconsistent with ran-359

dom noise. We have further verified that in intervals with low βe and fluctuation am-360

plitudes, where EPe is not expected to be well measured due to approaching the noise361

level, many features observed to be consistent with theory and simulations disappear.362

We, therefore, expect EHall and EPe
to be reasonably computed in the presented inter-363

vals; however, such effects may contribute to the observed slight offset.364

In terms of physical origins, one possibility may be a finite contribution from the365

unmeasured time derivative in Einertia. Recent full PIC turbulence simulations show (me/e
2n)∂tj366

can make a significantly larger contribution than the other contributions to Einertia (González367

et al., 2019). These simulations use an artificially large me/mi, which enhances the in-368
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Figure 5. θHall,Pe in Fourier space computed from the cross-spectrum of EHall and EPe for

I1–I3. EHall is averaged to the barycenter of the formation as EHall,bary1 (black), EHall,bary2

(yellow), and EHall,curl (green). Wavenumbers along the U0 direction are estimated from the

Taylor hypothesis and vertical lines denote wavenumbers associated with ion and electron plasma

length scales and the MMS separation.

fluence of Einertia, making it difficult to compare these results with the observations di-369

rectly, and the fact that the Taylor hypothesis appears to work well in these intervals370

may be an indication that such temporal effects make only a minor impact. However,371

the fact that the temporal component of Einertia can be significantly larger than the mea-372

sured spatial Einertia terms suggests a sub-dominant influence from (me/e
2n)∂tj may373

be possible. Another explanation could be additional contributions to E that are not cap-374

tured by the collisionless Ohm’s law given in Eq. 1, such as enhanced collisionality due375

to fine-scale structure in the velocity distribution function and anomalous resistivity (Torbert376
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et al., 2016; Pezzi et al., 2016). Either of these processes could have implications for non-377

ideal energy conversion and dissipation in the plasma if they are present.378

Figure 6. 2D distribution of the average θHall,Pe in real space as a function of |EHall| and

|EPe |, where EHall,bary1 is used to average to the barycenter of the formation.

4.3 Linear versus Nonlinear Terms379

Ohm’s law contains several of the nonlinearities that give rise to turbulence, par-380

ticularly those which influence the evolution of the magnetic vector potential and the381

Lorentz force in the momentum equation. By dividing B and u into mean and fluctu-382

ating parts, EMHD and EHall fluctuations can be divided into linear (−δu × B0 and383

δj×B0/en, respectively) and nonlinear (−δu×δb and δj×δb/en, respectively) contri-384

–19–



manuscript submitted to JGR: Space Physics

butions. The mean B0 used in the computation of the linear terms is taken to be the385

average B over the whole interval, as opposed to a locally defined average. Since EMHD386

and EHall are both accessible using single spacecraft measurements, the linear and non-387

linear contributions are examined using EMHD,1SC and EHall,1SC , which are then av-388

eraged together after computing the spectra. An additional linear term is also present389

in EMHD, given by −U0× δb, which can be removed by a frame transformation into390

the background flow frame. In the three intervals examined here, the nonlinear terms391

in both EMHD and EHall are comparable to or larger than the respective linear terms392

(Fig. 7 and 8), as may be expected from the large values of δbrms/B0.393

Figure 7. Ratio of the nonlinear and linear contributions to EMHD,1SC as a function of scale

in the background plasma frame for I1-3 with horizontal lines denoting δbrms/B0. Faded portions

of the curve denote scales contaminated by noise in the ion measurements. Wavenumbers along

the U0 direction are estimated from the Taylor hypothesis and vertical lines denote wavenumbers

associated with ion and electron plasma length scales and the MMS separation.
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The ratio of nonlinear to linear terms in EMHD (Fig. 7) is roughly δbrms/B0 at394

large scales and then increases to even larger values near di for I1 and I2 and near ρi for395

interval I3. The observed decrease in the ratio for EMHD at the smallest scales is asso-396

ciated with the ion velocity measurements reaching the noise floor, which can be seen397

as a flattening of the EMHD,1SC spectra in Figure 2a-c. Since these terms are associ-398

ated with cross products, the enhancement in the nonlinear term relative to the linear399

term in EMHD may indicate a reduction in the average alignment between δu and δb400

relative to δu and B0. Examination of cross spectra between u and B shows that the401

spectral alignment of δu and δb shifts toward 90◦ at sub-ion scales, while the relative402

Fourier amplitudes of δu fluctuations parallel and perpendicular to B0 remain roughly403

constant. As such, the change in the relative behavior of nonlinear and linear terms in404

EMHD is linked to the local alignment properties of the small-scale fluctuations, as op-405

posed to a change in the average alignment of the fluctuations with the background field.406

This interpretation is compatible with recent MMS observations of the scale-dependant407

cross helicity in both the magnetosheath and solar wind (Parashar et al., 2018) and may408

be linked to the development of magnetic fluctuations parallel to the local field direc-409

tion by the Hall term as the turbulence transitions into the sub-ion scales (Kiyani et al.,410

2013). While the observed increase in the importance of the nonlinear EMHD provides411

insight into the changing alignment properties of the turbulent fluctuations, it occurs at412

scales where EMHD makes a sub-dominant contribution to the total E. When EMHD413

is combined with EHall, relative strength of the nonlinear and linear contributions as-414

sociated with the −ue ×B electric field remains roughly constant with scale.415

The ratio of nonlinear to linear terms in EHall (Fig. 8) is roughly constant across416

all observed scales and given by the ratio δbrms/B0. EHall is directly analogous to the417

Lorentz force in the time evolution of u. The ratio of nonlinear to linear terms in EHall,418

therefore, is related to the linear and nonlinear timescales associated with the turbulent419

velocity dynamics, although in an incomplete manner as it does not include the advec-420

tion term. These timescales play a key role in the theoretical description of the turbu-421

lent cascade (e.g. Kolmogorov, 1941; Iroshnikov, 1964; Kraichnan, 1965; Goldreich & Srid-422

har, 1995; Galtier et al., 2000). The constant ratio between the nonlinear and linear terms423

for all the intervals in Fig. 8 may indicate a balance between the timescales as a func-424

tion of scale; however, the fact that the ratio appears to exceed one when δbrms/B0 >425

1 may make it distinct from the critical balance hypothesis in which a ratio of one would426
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Figure 8. Ratio of the nonlinear and linear contributions to EHall,1SC as a function of scale

for I1-3 with horizontal lines denoting δbrms/B0. Since single spacecraft measurements are used,

the estimate is valid below the spacecraft separation scale. Wavenumbers along the U0 direction

are estimated from the Taylor hypothesis and vertical lines denote wavenumbers associated with

ion and electron plasma length scales and the MMS separation.

be expected (Goldreich & Sridhar, 1995; Chen, 2016). A more detailed analysis of the427

full range of terms appearing in the evolution equations for u and B is needed to fully428

explore this point, which goes beyond the scope of this study.429

Interestingly, the ratio of nonlinear to linear terms is scale independent for EHall430

and is set by δbrms/B0, which is a large-scale quantity since δbrms is weighted towards431

the large-scales for typical turbulent magnetic spectra that are steeper than k−1. While432

it is not unreasonable to expect the ratio of these terms to be linked to δb/B0 in some433

manner, the fact that it is set scale-by-scale according to the root-mean-square value is434
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not completely obvious and further theoretical analysis is required to determine the ori-435

gins and implications of this behavior.436

5 Conclusions437

The role of generalized Ohm’s law in shaping the turbulent electric field spectrum438

from MHD to electron length scales is examined for the first time observationally using439

the unique capabilities of MMS in Earth’s magnetosheath. The results both observation-440

ally confirm a number of expectations about the behavior of the terms in generalized Ohm’s441

law, as well as reveal several new features that are relevant for the future theoretical anal-442

ysis of the small-scale nonlinear dynamics and energy dissipation within collisionless space443

plasmas.444

General expectations about the underlying dynamics at different scales in the plasma445

are confirmed – namely, EMHD dominates the dynamics at scales larger than the ion length446

scales, while EHall and EPe make more significant contributions at sub-ion scales. The447

spatial component of Einertia remains small over the accessible scales, reaching scales448

as small as 2.5 to 4 times the larger of de or ρe. It remains possible that Einertia will make449

a more significant contribution to E at sub-electron scales, as expected from dimensional450

analysis. The finite electron mass corrections to Ohm’s law that are expected to be neg-451

ligible since me/mi � 1 are also confirmed to remain small.452

The interplay of EHall and EPe at sub-ion scales is examined in detail, revealing453

these two terms tend to partially anti-align. To our knowledge, this is the first direct ex-454

amination of this aspect of the electric field fluctuations in a turbulent plasma and may455

relate to the relative role of electron diamagnetic currents within the turbulence, plac-456

ing constraints on the types of structures or waves that are formed within the plasma.457

The relative amplitude of EPe
fluctuations are also found to be stronger than expected458

from purely linear kinetic Alfvén waves. EPe
leads to fundamentally different dynam-459

ics from EHall, in that it generates non-ideal electric fields, which allow electrons to de-460

couple from the magnetic field, and is capable of producing a non-zero j ·E. This en-461

hanced EPe
is, therefore, significant when considering the energy transfer and dissipa-462

tion within turbulent plasmas. Further studies exploring the role of density, anisotropic463

temperature, and off-diagonal pressure fluctuations in shaping the EPe spectrum could464

shed further light on this issue. Previous MMS studies have demonstrated the electron465

–23–



manuscript submitted to JGR: Space Physics

decoupling associated with EPe is a key factor enabling magnetic reconnection (Torbert466

et al., 2016; Genestreti et al., 2018). A number of studies have reported reconnecting cur-467

rent sheets within the Earth’s magnetosheath, which are thought to be driven by the tur-468

bulent fluctuations (e.g., Retinò et al., 2007; Sundkvist et al., 2007; Yordanova et al., 2016;469

Vörös et al., 2017; Phan et al., 2018; Stawarz et al., 2019). An EPe , which is larger than470

expected from linear theory, could be a signature of such thin reconnecting current sheets.471

Further study is needed to determine how such coherent structures factor into the spec-472

tral behaviour of the turbulent electric field and Ohm’s law.473

The relative importance of linear and nonlinear contributions to E are directly ex-474

amined, demonstrating that in strongly turbulent plasmas, where δbrms/B0 > 1, the475

nonlinear E can be the dominant component at both MHD and sub-ion scales. The dom-476

inance of the nonlinear E highlights the need to consider the nonlinear contributions to477

E in theoretical descriptions of turbulence under these conditions, which are often found478

in the magnetosheath, as seen here, and other plasmas, such as the Earth’s plasma sheet479

(Ergun et al., 2018). The analysis of linear and nonlinear terms in E also reveals infor-480

mation about the changing alignment properties of the magnetic fluctuations as the tur-481

bulence transitions into the kinetic scales. While this study focuses on the electric field,482

a similar analysis of the linear and nonlinear terms governing other variables, such as483

B and u, could also be performed using MMS data from the magnetosheath, as has been484

examined in numerical simulations (Ghosh & Parashar, 2015a, 2015b). Such an anal-485

ysis could be used to directly test the critical balance hypothesis (e.g. Goldreich & Srid-486

har, 1995; Cho & Vishniac, 2000; Chen, 2016) in a manner that may be less reliant on487

definitions of the local magnetic field direction.488
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André, M., Vaivads, A., Buchert, S. C., Fazakerley, A. N., & Lahiff, A. (2004). Thin498

electron-scale layers at the magnetopause. Geophys. Res. Lett., 31 , L03803.499

doi: 10.1029/2003GL018137500

Bale, S. D., Kellogg, P. J., Mozer, F. S., Horbury, T. S., & Reme, H. (2005). Mea-501

surement of the Electric Fluctuation Spectrum of Magnetohydrodynamic Tur-502

bulence. Phys. Rev. Lett., 94 , 215002. doi: 10.1103/PhysRevLett.94.215002503

Baumjohann, W., & Treumann, R. A. (1996). Basic space plasma physics. Imperial504

College Press. doi: 10.1142/p015505

Boldyrev, S., Horaites, K., Xia, Q., & Perez, J. C. (2013). Toward a Theory of As-506

trophysical Plasma Turbulence at Subproton Scales. Astrophys. J., 777 (1). doi:507

10.1088/0004-637X/777/1/41508

Borovsky, J. E., Elphic, R. C., Funsten, H. O., & Thomsen, M. F. (1997). The509

Earth’s plasma sheet as a laboratory for flow turbulence in high-[beta] MHD.510

J. Plasma Phys., 57 , 1-34. doi: 10.1017/S0022377896005259511

Breuillard, H., Matteini, L., Argall, M. R., Sahraoui, F., Andriopoulou, M., Le Con-512

tel, O., . . . Cohen, I. J. (2018). New Insights into the Nature of Turbulence513

in the Earth’s Magnetosheath Using Magnetospheric MultiScale Mission Data.514

Astrophys. J., 859 , 127. doi: 10.3847/1538-4357/aabae8515

Brown, M. R., Cothran, C. D., & Fung, J. (2006). Two fluid effects on three-516

dimensional reconnection in the Swarthmore Spheromak Experiment with517

comparisons to space dataa). Phys. Plasmas, 13 (5). doi: 10.1063/1.2180729518

Bruno, R., & Carbone, V. (2013). The Solar Wind as a Turbulence Laboratory. Liv-519

ing Rev. Sol. Phys., 10 , 2. doi: 10.12942/lrsp-2013-2520

Burch, J. L., Moore, T. E., Torbert, R. B., & Giles, B. L. (2016). Magnetospheric521

Multiscale Overview and Science Objectives. Space Sci. Rev., 199 , 5-21. doi:522

10.1007/s11214-015-0164-9523

Chasapis, A., Matthaeus, W. H., Parashar, T. N., Fuselier, S. A., Maruca, B. A.,524

Phan, T. D., . . . Strangeway, R. J. (2017). High-resolution Statistics of So-525

lar Wind Turbulence at Kinetic Scales Using the Magnetospheric Multiscale526

Mission. Astrophys. J. Lett., 844 , L9. doi: 10.3847/2041-8213/aa7ddd527

Chasapis, A., Matthaeus, W. H., Parashar, T. N., Wan, M., Haggerty, C. C., Pol-528

lock, C. J., . . . Burch, J. L. (2018). In Situ Observation of Intermittent529

–25–



manuscript submitted to JGR: Space Physics

Dissipation at Kinetic Scales in the Earth’s Magnetosheath. Astrophys. J.530

Lett., 856 , L19. doi: 10.3847/2041-8213/aaadf8531

Chasapis, A., Yang, Y., Matthaeus, W. H., Parashar, T. N., Haggerty, C. C.,532

Burch, J. L., . . . Russell, C. T. (2018). Energy Conversion and Collision-533

less Plasma Dissipation Channels in the Turbulent Magnetosheath Observed534

by the Magnetospheric Multiscale Mission. Astrophys. J., 862 , 32. doi:535

10.3847/1538-4357/aac775536

Chen, C. H. K. (2016). Recent progress in astrophysical plasma turbulence537

from solar wind observations. J. Plasma Phys., 82 , 535820602. doi:538

10.1017/S0022377816001124539

Chen, C. H. K., Bale, S. D., Salem, C., & Mozer, F. S. (2011). Frame Dependence540

of the Electric Field Spectrum of Solar Wind Turbulence. Astrophys. J. Lett.,541

737 , L41. doi: 10.1088/2041-8205/737/2/L41542

Chen, C. H. K., & Boldyrev, S. (2017). Nature of Kinetic Scale Turbulence in the543

Earth’s Magnetosheath. Astrophys. J., 842 , 122. doi: 10.3847/1538-4357/544

aa74e0545

Chen, C. H. K., Klein, K. G., & Howes, G. G. (2019). Evidence for electron Landau546

damping in space plasma turbulence. Nature Comm., 10 , 740. doi: 10.1038/547

s41467-019-08435-3548

Chhiber, R., Chasapis, A., Bandyopadhyay, R., Parashar, T. N., Matthaeus, W. H.,549

Maruca, B. A., . . . Gershman, D. J. (2018). Higher-Order Turbulence550

Statistics in the Earth’s Magnetosheath and the Solar Wind Using Magne-551

tospheric Multiscale Observations. J. Geophys. Res., 123 , 9941-9954. doi:552

10.1029/2018JA025768553

Cho, J., & Vishniac, E. T. (2000). The Anisotropy of Magnetohydrodynamic554
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