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Abstract

In this paper, we derive two regularity criteria of solutions to the nematic liquid crystal
flows. More precisely, we prove the local smooth solution (u,d) is regular if and only if

one of the following two conditions is satisfied: (i) Vaun € L7 (0,T; LP(R?)), 9sd €

2 . .
L75(0,T; LI(R?)), $ < p < oo, 3 < ¢ < oo; and (ii) Vaun € LU0, T; L*(R®)), & + 2 <
1, 3<p<A4.
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1 Introduction

In this paper, the following Cauchy problem of nematic liquid crystal flows in R? will be inves-
tigated

Ou+u-Vu— pAu+ Vp = =AV - (Vd © Vd),
Od 4+ u-Vd =~v(Ad — f(d)),

V-u=0,

u(z,0) = up(x),d(z,0) = do(x),

(1.1)

where u = (uy,usg, u3) is the velocity field, d = (dy, da, d3) is the macroscopic average of molecular
orientation field and p represents the scalar pressure. The notation Vd ® Vd is a 3 x 3 matrix of

3
which the (¢, j)th entry can be denoted by > 0;di0;di(1 < 4,5 < 3), and f(d) = n%(|d|2 —1)d.
k=1

I, A\, 7y,  are positive constants,whose specific value is not crucial, for simplicity, we take u =
A=y=n=1.

The above system (1.1) was first introduced by Lin [5] as a simplification to the Ericksen-
Leslie equations which still retains most of the essential features of the hydrodynamic equations
for nematic liquid crystal. The global existences of a weak solution and a local strong solution to
(1.1) were already established by Lin [6]. However, the regularity of a solution is still a difficult
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problem. It is obvious that the system (1.1) reduces to the well-known Navier-Stokes equations
when the orientation field d = 1. Therefore, in view of the results of regularity criterion for
the 3D Navier-Stokes equations, some Prodi-Serrin type regularity criteria of the nematic liquid
crystal flows have been obtained based on the velocity field u, the gradient of the velocity field
Vu and their components, see [2, 3, 4, 7, 8, 9, 12, 13, 14, 15] and the references therein.

In [12], Wei, Li et al. established a regularity criterion for system (1.1). That is, if

T
3 2 3 1 10
4 Vd||%,dt < co, with —+ =< -+ —, — <np. 1.2
[ sl + 19 < o0, with 542 < T 2 <y (12)
then the solution (u,d) can be extended smoothly beyond T'. Later in [16], Zhao, Wang et al.
improved the above regularity criterion (1.2) to the following

1
6 <p<oo, (1.3)

u o0, W - - —=
0 hllLp ) p q 27

where uj = (u1,uz) is the horizontal component of velocity. And in [13], Yuan and Li generalized
the regularity criterion (1.3) to

2
7<§ 2 <p < oo (1.4)

T
3
Vup||?,dt < oo, with — + = < —,
[ 1w 2428

Motivated by the previous studies we mentioned above, we intend to reduce the condition on
velocity components up, in (1.4). Our main results are stated as follows:

Theorem 1.1. Assume the initial data ug € H'(R3) with V -ug = 0, and dy € H?*(R3). Let
(u,d) be a smooth solution to the system (1.1) on [0,T) for some 0 < T < co. If up, = (uy,us)
and d satisfy

T 2p _2q_ 3
/ (I9hunll 2 + 105l ")t < oo, with 5 < p< o0, 3< g < oo, (1.5)
0

here V), = (01, 02), then (u,d) can be extended beyond T.

Theorem 1.2. Assume the initial data ug € H'(R3) with V - ug = 0, and dg € H*(R?). Let
(u,d) be a smooth solution to the system (1.1) on [0,T) for some 0 < T < oo. If horizontal
velocity component uy, satisfies

T

3 2

/ |Vhupl|?,dt < oo, with ];+6 <1, 3<p<A4 (1.6)
0

then the solution (u, d) is regular.

Remark 1.1. Compared to (1.4), we reduce the derivative in vertical direction on the velocity
components uy, in Theorem1.1, but the derivative in vertical direction on the orientation field d
is needed. In Theorem1.2, we remove the condition that the derivative in vertical direction on d,
which is an improvement.

Remark 1.2. In [10, Lemma 2.1], Penel and Pokorny considered the following inequality about
divergence-free sufficiently smooth vector field u in R? that is

||VhUi||Lp < C(||83U3||Lp + HW3||L1)), l<p<oo, 1=1,2,
and therefore the conditions (1.5) and (1.6) can be substituted by

2p 2p

T
2 2q_ 3
/ (10sus|| ;57% + Jws|| 75 + ||0sd|| 137 ) dt < oo, with 3 <p<oo, 3<q<o0. (1.7)
0




and
4 q q . 3 2
/ (10w, + ol )t < o0, with *+2 <13 <p<d. (1.8)
0

Compared to previous works, (1.7) and (1.8) are also improved and new results.

Throughout this paper, the letter C' denotes a generic constant which may vary from line to
line, and the directional derivatives of a function ¢ are denoted by 9;¢ = % (i=1,2,3). In
addition, we use || - ||z» to represent the norm of a Lebesgue space LP.

2 Proof of Theorem 1.1

In this section, we will prove Theorem 1.1. To this end we first give the following lemma which
will be used in the proof of our theorems.

Lemma 2.1. ([1]) Let f € H*(R3), then exists a constant C such that

1 1 1
[flle < CUOVF 2o 1021 202 103 f (| Eos »
wherelgpl,pg,pg<oo,1+%:p%+é+1%3.

Tt is known that (see, for example [6]) the system (1.1) has a local smooth solution for any
initial datum ug € H'(R3) with V - up = 0, and dy € H*(R?). Hence, in what follows we shall
focus on a priori estimates for a local smooth solution. For the standard L? estimate of u and
Vd, by a direct estimate as we did in [13, p.2-3] one has

T
(lullf> + IVdlZ2) + 2/0 (IVullZz + 1Ad]Z + [Vl + %||V\d|2|\%2)dt
< C(lluollZz + | VdollZ2)- (2.1)
By the same process to the system (1.1) as we did in [13, Eq (2.7)], we have
1d
2dt

:/ (u-V)u- Audz + V- (Vdo Vd) - Audx
R3 R3

(IVullZz + 1Ad]Z:) + [ AullZz + VAL

— | A(u-Vd)-Addz — | A(|d]*d —d) - Addz
R3 R3

:111+.[2+13+I4. (22)

In the following the above terms Iy, I, I3, I, will be estimated one by one. For I, making



use of the divergence free condition V - u = 0 and integrating by parts, we get

11:/ (u-V)u- Audx—/ Z w;0;u; O O ujdx
R3

i,7,k=1

/ Z O Oju; 0wy + Z 0 (Oru;) 3)da

i,j,k=1 i,5,k= 1
/ Z Z Oru;O3uOkujy + Z Z O3u;0;u;03u;
i,k=1j=1 =1 j=1
2 3 3
+ Z Z akU383UjakUj + Z 83U363Uj63’dj)d1‘
h=1j—1 =1
2 3 2 2
= — /3( Z Z akuiaiujakuj + Z 83ui8iuj83uj + Z 83u7;8iU383'LL3
R? § k=1j=1 Q=1 i=1

2 2 3
+ Z 0kU383uj8kuj + Z Oru303u30;us + Z 83u383uj83uj)dx

jk=1 k=1 j=1

Noting that dsus = —(01u; + dausz), I can be bounded as follows by Holder inequality and
interpolation inequality

L < c/Rz IV | V2
< C||thh||LP||VU||2Lp
< C||VhUh||LP||VU||L2 ||AU||L2
< C||thh||2p | VulZz + ZHAUH%% (2.3)

where p > 5 1mphes 2 < == p < 6. Summing up I» and I3 , it follows by applying the incom-
pressibility condltlon and mtegratlng by parts

L+ 13 _/ Z [(0;0;d10;d + 8;dd;0;dy) Ay — (Au; Oy Ady,

1,5,k=1
+ 28»ui(’)-6»dkAdk + u;0; Ad Ady)]dx

1
/ Z 9;(9;dy)? Ay — 20;u;0;0;d Ady, — §ui8i(Adk)2}da:
i,7,k=1

= — 2/ Z Bjulc?‘z@]dAddx
R3 S
7
2
=-2 / > 0u;0,0;dAddz — 2 / Z D3u;0;03dAdda
R? R

3 =1 )
2
-2 / > 0jus050;dAddz — 2 | Oguz0sdsdAdda
R3 j:1 R3

=l + Ioo + I3 + Io4.



Similar to the estimate of (2.3), we have
b < C / IV un [VV || Ad]dz
R3

_2p_
< CIVaunll P 1A 7 + = [IVAd| 7.

1

16

i < C [ [VyuadAdds
R3

_2p 1
< ClIVaunlzz” [1Ad]I7: + 75 VA 7.
For the term I3, we deduce from the Holder and Gagliardo-Nirenberg inequalities that
2
122 :2/ Z(@g&'luzﬁgdAd + 63ui83d8,-Ad)d:1:
R® =1
gc/ |Au||03d]|Ad] + [Vul|95d]|V Ad|dr
R3

<C|Osdl|LallAdl| 2 [|AullL2 + CllOsd] Lo |Vl 2q [|VAd]| L2
La—2 La-2

a=3 3 a=3 3
<C||0sd| s l|Ad]| 2 VAL ;2] Aullpz + CllOsdl|La[Vull 3 [|[Aul|72][VAd] L2
_2q_ 2q

2q 20 1 1
<C|03d||73° | Ad| 72 + Cl19sd| 137 || V]| 72 + EHVMII%Q + gIIAUII2L2,

where ¢ > 3. Using an argument as we did in the above process, we infer that
2
123 :2/ Z(ajﬁju;gﬁgdAd + 8JU363dajAd)dl‘
R3 <
j=1

gc/ (1] |Bsd]| Ad) + [Vl |85V Ad])da
R3
5 2 5 2 1 2 1 2
<Cldsdllza" |Adllzz + Cllosd]| 2" [Vullze + 6 IVAdIlZ2 + SllAulz..
Combining the above inequalities (2.4)-(2.7), we arrive at
S22 2
I+ Is <C(|Vaunl 75" + 105dl 227 (IVulZ2 + [Ad]|72)
1 1
4 4
For the last term I, one has
I g/ IAd]? + A(|d2d) - Addz
R3

<lad|Zs + C(I1AlP | alld] s | Adll s + |A] s [|dl| 76 | Ad] o)
<[IAd|Zs + CllAdl| s lldlZs | Ad]| s
<[|Ad|Z: + CllAd]| 2| VA 2

1
<Cl|Ad]Zz + VA 7.

(2.4)

(2.6)

(2.8)

(2.9)



Inserting the estimates (2.3), (2.8) and (2.9) into (2.2) it yields
d
T UVuliz + 1Ad]7e) + |AullZ + [VAd] 7
2p 2q_
<C+[IVaunllzs™ + 110l 27 ) (I VulZ + 1A]Z2).

By the Gronwall inequality it implies that

T
IVullZs + [[Ad]IZ +/0 (1Aullzs + [V Ad|I2)dt

2p

: 2
<CIVuol2 + | Ado[Za )l COFITmunIZE +owdl 27 )de,

Thus the proof of Theorem 1.1 is completed. O

3 Proof of Theorem 1.2

In this section, we prove the Theorem 1.2. The method is that |[Vu||2, and ||Ad||2, will be split
into [|0sul|2,, |Vaul[2, and ||VOsd|%,,||VVad||?2, which will be estimated separately. Firstly,
applying 05 to (1.1); and A to (1.1)a, taking inner products with dsu and d503d respectively,
adding them up and integrating by parts, we have

1d
5 33 19sullZz + 195V el72) + 105Vl 72 + (195 Ad] 72

=— O3(u - V)u - dzudx — &V - (Vd © Vd) - Ogudx
RS R3

— | A(u-Vd)-030sddx — [ A(|d|*d — d) - D303ddx
R3 R3

3 3
= — / Z 83uj8jui5'3uidx — / Z 83u1(8183d8jf)]d + 5‘1d83538]d)dx
R3 R3

i,j=1 i,j=1

3
R3

ij=1 R?
3 3
= —/ Z 83uj8jui83uida: —/ Z 83uz&83d8]8]ddx
R® ;=1 R® ;=1

3
+ / S OsAduid,dsddz — | A(ldIPd — d) - 9yDsdd
B =1 R

=J1 + Jo + J3 + Js. (31)

To bound J;, decomposing J; into several terms, and making use of Holder inequality and
Gagliardo-Nirenberg inequality, we have

3 2
Jl :/ Z Z(agujajuiagui + 83U383’U,i83ui)dl‘
R3

i=1 j=1
2 3
:/ [Z (83uj8jui83ui + 83uj(’)ju383u3) + Z 83U383ui83ui]dx,
R ;=1 i=1



J1 SC/ |thh||63u||83u|dx+/ \thh||Vu||83u|dx
R3 R3

SCIIVhUhIILp||<93UII2 2+ Ol Vaunl|ze [Vull p2]|0sull | 22,

2p—3

<C||VhUh||Lp||33UIILz ||33VUI|L2+CIIthhIILpIIVu||L2||33UI|Lz ||33VU||L2

<C||thh||22 *[10sulZ- + C”vhuh”LpP3 105ullZ> + ClIVulls + - ||a3quL2a

(3.2)

where p > 3 makes 2 < % < 6 valid. Utilizing integration by parts, Jo can be rewritten as

follows
2 3 3
JQ :/ (— Z Z 83ui8i83d8j8jd — Z 83U38383d8j8jd)dI
R? o1 =1 =1
2 3 3
/ Z uzaiagagdajajd + Uzazasdagajajd) - Z 63U38383d6jajd]d$
=1 j=1 Jj=1

2 2 2 3 2
/ Z Z U'aiag({%dajajd + Z Z Uzazaggdaga;}agd) — Z 83u38383d8j8jd]dx

i=1 j=1 i=1 j=1 j=1
=Ja1 + Joa.
For Jo1, applying Lemma 2.1 with p; = p2, p3s = 2 and Young’s inequality, we have
Jo1 SCOllunlleoIVVrdl | 20 [103Ad] L2 + Cllun|Le |05V ] 22 [|05Ad] 2

2 1 p=3 3 p=3 3
SCIIVhUhII“‘LpH33Uh||2z(||VVhdIIL§’ [AVRd|[L> +[105Vd|[ 5 [|93Ad][1) |05 Ad]| 2

(||<93Ad||Lz +IAVL]Z:) + C(IVulZs + HVWhIIZ" IVVrdlzz + 1105V 72)-

By Holder and Gagliardo-Nirenberg inequalities, J2o can be estimated as
Jo2 SO||Vhun| e |Ad| 2|05V 22,
p=3 3
<C||VhunllLel|Adl| 2|05Vl 5 [|0sAd]| 7
1 2p.
<16ll0sAdllz: + CIAdIE: + ClIVaunl 7 10Vl 7z.

Similarly,

/ Z Z u;0;03d030;0;d + Z u30303d030;0;ddx

i=1 j=1 Jj=1
<Cllunllzel|05Vd|| 20 [103Ad]| 12 + Cllus ||zl

Ad|| 2
2 1 p=3 3
SCHthth;Tp||33Uh\|22|\53Vd||L§ 103Ad| 72|03 Ad]| L2

3 lovusll} 410 At
+ OVl sl 5V 50

*HagAdlle +C||VhUh||“” v ||33Uh|\“” REAI®

+CIIVUIIJ‘“ K HVhUhII“" V105 Vd|z

P

*HasﬁdHLz +C(|Vull2 + ||thh|| ||thh|\ )|\33Vd||L2

4p
p+6

(3.3)

(3.6)



where ¢ > 3 guarantees 1 < ( 7y < 2. And here we have used Lemma 2.1 with p; = ps =2,p =
3q, which is

2 1
lusllzsa < CVul f2]|05us] Lo

For J4, we have
i :/ Ds(|d|2d — d) - s Addz
RS

sc/ (10sd||d[*|0sAd] + |Dsd||0s Ad|)da:
R3
<C|0sdl| e [ldl 76 105 Adl| 2 + |05 2| O3 A 2
1
<C05Vdl|7z + 5 105Ad] 2 + ClIVd] 7. (3.7)

Combining (3.1)-(3.7) yields
d 2 2 5 2 O 2
7 19sullze +1195Vdl[z2) + 21105Vl + 2 105Ad] 7

_2q_
*llAVhdlle + O+ [ VulZe + [|Ad]7. + ||thh||2p 2 Va7

P46

x (14 [185Vdl|Zs + [V Vrd|Z2 + [|05ull72)- (3.8)

Next, applying Vj, to (1.1)1, A to (1.1)2, and taking inner products with Vj,u and Apd respec-
tively, then adding them up and integrating by parts, we obtain

1d
2dt

=— / Vi(u-V)u-Vyude — / ViV - (Vd o Vd) - Vyudz
R3 R3

— (IVhullZz + IV VRd]Z2) + IVVhullZ2 + | AVyd] 72

—/ Au-Vd) - Apddz — [ A(|d*d — d) - Apdda
R3 R3

/ Z (OuiDiu;Opu; + Opuszdsu;Opu; + Opuiduzdyus + Opuzdzusdpug)de
1,5,k=1
2
/ Z > ui(0;0,0kd0;0;d + 0;dOk 0 0;0;d + 20;0,d00;0;d)d

1,j=1 k=1

/ Z Zuza ddy,0,0;0; ddx+/ V(|d)*d —d) - A, Vddz

1,j=1 k=1
Z:K1 +K2+K3+K4 (39)

For K, employing Holder and Gagliardo-Nirenberg inequalities yields

K, SOHthhHLPHVWHZLp + C||[Vrun| e |Ozul| 27P||vhu||L2

2p—

<CHV}LWHLP||VW||L2 IIVVWHB +C\|thh||Lp||83u||L2 ||33VUHL2IIVWIIL2
SCHthhHZ’;’S IVhullZ: + CIWhUhHif 105ullZ> + ClIVhullZ:

1
+ SV Thul + 0sVul22), (3.10)



Because K5, K3 contain some terms that can be canceled, combining them and decomposing into
several terms, we have

Ko+ K3 =— / Z Zul (9;01,01,d0;0;d + 20; 0,0y 0;0;d)dx

i,j=1k=1
3 2 2 3 2
= - / DD (wi0:0k0kd0;0;d + w000k d0305d) + Y Y (2u;0;0kd0k0;0;d))da.
R% =1 j=1k=1 ij=1k=1
2 2 2
/ DN (wi0i0k01d0;0;d + ua0s 0401 d0; 0;d + ;0,040 dD0sd
R® 527 5=1 k=1

2 3 2
+ U030k 0k d0303d) + D > > 2(u;0;04d03,0;0;d + u3030,d0y,0;0;d)|da

i=1 j=1k=1
Similar to Js, J3, we can deduce from the above equation that
Ky + Ky <Cllup|| e (IVVrd]| | 2o, +[[VOsd] | 20 )|AVRd] 2
+ CHU3||LS<1(||VVhd|| o, + ||V53 o IIAVR] 22

g(”Avhd”L"’ +[|Adsd]7) + C(IIVUIILz + HVhUth” Tt IIVhUhII )
x (IVVnd|Z2 + 105 Vd|[72). (3.11)
For last term K4, we have
Ki <C [ (9udlldPIAVhd] + Vad][AV,d)do
SCHVdHLﬁlldH%eHAVhdHLz + [IVdll L2 |AVAd] L2
<C|lAd|Z + < IIAV;LdIILz +C||Vd| 2. (3.12)

Collecting (3.8)-(3.12), we get

d
2 U0sullZe + [VaulZe + 105ValLz + IVVadllZ:) + 105V ullz: + [VVaulZz + 10sAd]72

FIAVRdZ: < O+ [VulZa + [ Ad)Zs + [Vaunl 2 + [ Vaunlf) x (1 -+ sul32
+IVhullZs + 10sVdl7> + [V Vrd]Z2), (3.13)

where 2 < o = p‘f < 4. Combining the condition 1.6, the above inequality indicates that by
Gronwall inequality,

T
IVullZs + [[Ad]IZ +/ (1Aullzs + [[VAd||Z:)dt < C.
0

Thus we complete the proof of Theorem 1.2. O
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