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Abstract

In this paper, we propose an algorithm for solving a two-point boundary-value
problem for a linear differential equation with constant delay subject to a nonlin-
ear boundary condition. We derive sufficient conditions for the convergence of the
algorithm and for the existence of an isolated solution to the problem under study. A
numerical example is provided.
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1 INTRODUCTION

We consider the linear system of delay differential equations
𝑑𝑥(𝑡)
𝑑𝑡

= 𝐴(𝑡)𝑥(𝑡) + 𝐵(𝑡)𝑥(𝑡 − 𝜏) + 𝑓 (𝑡), 𝑥 ∈ 𝑅𝑛, 𝑡 ∈ (0, 𝑇 ), 𝜏 > 0, (1)

𝑥(𝑡) = diag[𝑥(0)] ⋅ 𝜑(𝑡), 𝑡 ∈ [−𝜏, 0], (2)
subject to a nonlinear two-point boundary condition

𝑔(𝑥(0), 𝑥(𝑇 )) = 0. (3)

Here the 𝑛 × 𝑛 matrices 𝐴(𝑡), 𝐵(𝑡) and the vector function 𝑓 (𝑡) are continuous on [0, 𝑇 ], 𝜑 ∶ [−𝜏, 0] → 𝑅𝑛 is a continuously

differentiable vector function such that 𝜑𝑖(0) = 1, 𝑖 = 1 ∶ 𝑛; 𝜏 is a constant delay; ‖𝐴(𝑡)‖ = max
𝑖=1,𝑛

𝑛
∑

𝑗=1
‖𝑎𝑖𝑗(𝑡)‖ ≤ 𝛼, ‖𝐵(𝑡)‖ =

max
𝑖=1,𝑛

𝑛
∑

𝑗=1
‖𝑏𝑖𝑗(𝑡)‖ ≤ 𝛽, where 𝛼 and 𝛽 are some constants.

A solution to the boundary-value problem (1)-(3) is a continuous on [−𝜏, 𝑇 ], continuously differentiable on (−𝜏, 0)
⋃

(0, 𝑇 )
vector function 𝑥∗(𝑡), satisfying Eq. (1) and conditions (2), (3).

When modeling the processes of mass, energy and information transfer (in particular, hereditary information), it is necessary
to consider differential equations with deviating arguments, including delay differential equations1,2,3,4,5,6,7. Basic concepts and
definitions of the theory of differential equations with deviating arguments, as well as existence theorems and approximate
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methods of their solution, are covered in8,9,10,11. Boundary value problems for delay differential equations have been studied by
many authors, e.g.,4,9,12,13,14,15,16,17,18,19,20.

This paper aims to obtain sufficient solvability conditions of problem (1)-(3) and to develop algorithms to find its solution.
To this end, we use the idea of Dzhumabayev’s parameterization method21, which is one of constructive methods that

allow to simultaneously investigate the existence and construct solutions of boundary value problems for differential equations.
This method was originally developed to investigate the linear two-point boundary value problem for the system of ordinary
differential equations

𝑑𝑥
𝑑𝑡

= 𝐴(𝑡)𝑥 + 𝑓 (𝑡), 𝑡 ∈ (0, 𝑇 ), 𝑥 ∈ 𝑅𝑛, (4)

𝐵𝑥(0) + 𝐶𝑥(𝑇 ) = 𝑑, 𝑑 ∈ 𝑅𝑛. (5)

The solution procedure for the boundary value problem reduces to the following two main problems: solving a system of linear
algebraic equations in parameters, introduced as the values of the desired solution at the partition points, and solving Cauchy
problems on the partition subintervals. This made it possible to derive necessary and sufficient conditions for the well-posedness
of problem (4), (5) only in terms of the input data 𝐴(𝑡), 𝐵, 𝐶 , 𝑓 (𝑡), 𝑑, and 𝑇 .

The parameterization method has been successfully applied to study and solve periodic boundary value problems for linear
delayed differential equations22,23,24 and nonlinear two-point boundary value problems for ordinary differential equations25,26,27.
In28, a modified algorithm of the parameterization method was developed to solve problem (4), (5). The results obtained served
as an impetus for the study of problem (1)-(3).

When solving problem (4), (5) by the parametrization method, Cauchy problems for ordinary differential equations are solved
at each step of the algorithm. It is natural to assume that applying the parametrization method to problem (1)-(3) will lead to
Cauchy problems for delay differential equations, which is not a simple problem in itself. However, the modification of the
parameterization method proposed in this paper, as applied to problem (1)-(3), is content with Cauchy problems for ordinary
differential equations. This approach facilitated the procedure of solving problem (1)-(3).

In this paper, sufficient conditions for the existence of an isolated solution of problem (1)-(3) are obtained. An illustrating
example is given.

2 AN ALGORITHM FOR SOLVING PROBLEM (1)-(3)

Let us suppose 𝑇 = 𝑁𝜏, where 𝑁 is a positive integer. We will use the following notation:

Δ𝓁 is a partition of the interval [−𝜏, 𝑇 ) =
𝓁𝑁
⋃

𝑟=−𝓁+1
[𝑡𝑟−1, 𝑡𝑟) by points 𝑡𝑠 = 𝑠𝜏∕𝓁, 𝑠 = −𝓁 ∶ 𝓁𝑁 , 𝓁 = 1, 2,…;

𝐶([−𝜏, 𝑇 ], 𝑅𝑛) is the space of continuous functions 𝑥 ∶ [−𝜏, 𝑇 ] → 𝑅𝑛 with the norm ‖𝑥‖1 = max
𝑡∈[−𝜏,𝑇 ]

‖𝑥(𝑡)‖;

𝐶([0, 𝑇 ],Δ𝓁 , 𝑅
𝑛𝓁𝑁 ) is the space of function systems 𝑥[𝑡] = (𝑥1(𝑡), 𝑥2(𝑡), … , 𝑥𝓁𝑁 (𝑡)) whose elements 𝑥𝑟(𝑡) ∈ 𝐶([𝑡𝑟−1, 𝑡𝑟)) have

finite one-sided limits lim
𝑡→𝑡𝑟−0

𝑥𝑟(𝑡), 𝑟 = 1 ∶ (𝓁𝑁 − 1), equipped with with the norm ‖𝑥[⋅]‖2 = max
𝑟=1∶𝓁𝑁

sup
𝑡∈[𝑡𝑟−1,𝑡𝑟)

‖𝑥𝑟(𝑡)‖;

𝐶([−𝜏, 𝑇 ],Δ𝓁 , 𝑅𝑛𝓁(𝑁+1)) is the space of function systems 𝑥[𝑡] = (𝑥−𝓁+1(𝑡), 𝑥−𝓁+2(𝑡),… , 𝑥−1(𝑡), 𝑥0(𝑡), 𝑥1(𝑡), 𝑥2(𝑡),… , 𝑥𝓁𝑁 (𝑡))
whose elements 𝑥𝑟(𝑡) ∈ 𝐶[𝑡𝑟−1, 𝑡𝑟), ∀𝑟 = (−𝓁 + 1) ∶ 0, and 𝑥𝑟(𝑡) ∈ 𝐶1[𝑡𝑟−1, 𝑡𝑟), ∀𝑟 = 1 ∶ 𝓁𝑁, have finite one-sided limits
lim

𝑡→𝑡𝑟−0
𝑥𝑟(𝑡) ∈ 𝑅𝑛, 𝑟 = (−𝓁 + 1) ∶ 𝓁𝑁 , equipped with the norm ‖𝑥[⋅]‖3 = max

𝑟=−𝓁∶𝓁𝑁
sup

𝑡∈[𝑡𝑟−1,𝑡𝑟)
‖𝑥𝑟(𝑡)‖;

𝐶([0, (𝑁 − 1)𝜏],Δ𝓁 , 𝑅𝑛𝓁𝑁 ) is the space of function systems 𝑥[𝑡] = (𝑥−𝓁+1(𝑡 − 𝜏), 𝑥−𝓁+2(𝑡 − 𝜏),… , 𝑥0(𝑡 − 𝜏), 𝑥1(𝑡 −
𝜏),… , 𝑥𝓁(𝑁−1)(𝑡 − 𝜏)) with elements 𝑥𝑝(𝑡) ∈ 𝐶[𝑡𝑝−1, 𝑡𝑝), 𝑝 = (−𝓁 + 1) ∶ 𝓁(𝑁 − 1), equipped with the norm ‖𝑥[⋅]‖4 =
max

𝑟=1∶𝓁𝑁
sup

𝑡∈[𝑡𝑟−1,𝑡𝑟)
‖𝑥−𝓁+𝑟(𝑡 − 𝜏)‖.

By introducing the parameters 𝜆𝑟 = 𝑥(𝑡𝑟−1), 𝑟 = (−𝓁 + 1) ∶ 𝓁𝑁 , 𝜆𝓁𝑁+1 = lim
𝑡→𝑇−0

𝑥(𝑡), and substituting 𝑢𝑟(𝑡) = 𝑥(𝑡) − 𝜆𝑟,
𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = (−𝓁 + 1) ∶ 𝓁𝑁 , we transform the boundary value problem (1)-(3) to the equivalent multi-point boundary
value problem with parameters

𝑑𝑢𝑟(𝑡)
𝑑𝑡

= 𝐴(𝑡)(𝜆𝑟 + 𝑢𝑟(𝑡)) + 𝐵(𝑡)(𝜆−𝓁+𝑟 + 𝑢−𝓁+𝑟(𝑡 − 𝜏)) + 𝑓 (𝑡), 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁, (6)

𝑢𝑟(𝑡𝑟−1) = 0, 𝑟 = 1 ∶ 𝓁𝑁, (7)
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𝜆𝑝 + 𝑢𝑝(𝑡) = Φ(𝑡) ⋅ 𝜆1, 𝑡 ∈ [𝑡𝑝−1, 𝑡𝑝), 𝑝 = (−𝓁 + 1) ∶ 0, (8)

−𝜆𝑝 + Φ(𝑡𝑝−1) ⋅ 𝜆1 = 0, 𝑝 = (−𝓁 + 1) ∶ 0, (9)

𝑔
(

𝜆1, 𝜆𝓁𝑁+1
)

= 0, (10)

𝜆𝑟 + lim
𝑡→𝑡𝑟−0

𝑢𝑟(𝑡) = 𝜆𝑟+1, 𝑟 = 1 ∶ 𝓁𝑁, (11)
Here Φ(𝑡) = diag[𝜑(𝑡)], 𝑡 ∈ [𝑡−𝓁 , 𝑡0].
A solution to problem (6)-(11) is a pair

(

𝜆∗, 𝑢∗[𝑡]
)

with elements

𝜆∗ = (𝜆∗−𝓁+1,… , 𝜆∗−1, 𝜆
∗
0, 𝜆

∗
1,… , 𝜆∗𝓁𝑁 , 𝜆

∗
𝓁𝑁+1) ∈ 𝑅𝑛(𝓁(𝑁+1)+1),

𝑢∗[𝑡] = (𝑢∗−𝓁+1(𝑡),… , 𝑢∗−1(𝑡), 𝑢
∗
0(𝑡), 𝑢

∗
1(𝑡),… , 𝑢∗𝓁𝑁 (𝑡)) ∈ 𝐶([−𝜏, 𝑇 ],Δ𝓁 , 𝑅

𝑛𝓁(𝑁+1)),
that satisfy (6)-(11).

Let us introduce the notation

𝑎𝑟(𝑃 , 𝑡) = 𝑋𝑟(𝑡)

𝑡

∫
𝑡𝑟−1

𝑋−1
𝑟 (𝜉)𝑃 (𝜉)𝑑𝜉, 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁,

𝑏𝑟(𝑢−𝓁+𝑟(⋅), 𝜏, 𝑡) = 𝑋𝑟(𝑡)

𝑡

∫
𝑡𝑟−1

𝑋−1
𝑟 (𝜉)𝐵(𝜉)𝑢−𝓁+𝑟(𝜉 − 𝜏)𝑑𝜉, 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁.

Here 𝑋𝑟(𝑡) is the linear operator29, p. 61

𝑋𝑟(𝑡) = 𝐼 +

𝑡

∫
𝑡𝑟−1

𝐴(𝑠1)𝑑𝑠1 +
∞
∑

𝑗=2

𝑡

∫
𝑡𝑟−1

𝐴(𝑠1)

𝑠1

∫
𝑡𝑟−1

𝐴(𝑠2)…

𝑠𝑗−1

∫
𝑡𝑟−1

𝐴(𝑠𝑗)𝑑𝑠𝑗 … 𝑑𝑠2𝑑𝑠1, 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁,

𝐼 is the identity matrix of order 𝑛.
For fixed 𝜆𝑟, 𝜆−𝓁+𝑟, and 𝑢−𝓁+𝑟(𝑡−𝜏), problem (6), (7) is the Cauchy problem for an ordinary differential equation, the solution

of which is

𝑢𝑟(𝑡) = 𝑎𝑟(𝐴, 𝑡)𝜆𝑟 + 𝑎𝑟(𝐵, 𝑡)𝜆−𝓁+𝑟 + 𝑏𝑟(𝑢−𝓁+𝑟(⋅), 𝜏, 𝑡) + 𝑎𝑟(𝑓, 𝑡), 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁. (12)

Let us compose the function system

𝑢[𝑡] = (𝑢−𝓁+1(𝑡), 𝑢−𝓁+2(𝑡),… , 𝑢−1(𝑡), 𝑢0(𝑡), 𝑢1(𝑡), 𝑢2(𝑡),… , 𝑢𝓁𝑁 (𝑡)).

From (12) we determine lim
𝑡→𝑡𝑟−0

𝑢𝑟(𝑡), 𝑟 = 1 ∶ 𝓁𝑁 . Based on (9)-(11), we construct the system of nonlinear equations for
unknown parameters

𝑄Δ𝓁
(𝜆, 𝑢) = 0,

here 𝜆 = (𝜆−𝓁+1, 𝜆−𝓁+2,… , 𝜆−1, 𝜆0, 𝜆1, 𝜆2,… , 𝜆𝓁𝑁 , 𝜆𝓁𝑁+1) ∈ 𝑅𝑛(𝓁(𝑁+1)+1) and

𝑄Δ𝓁
(𝜆, 𝑢) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

− 𝜏
𝓁

⋅ 𝜆−𝓁+1 +
𝜏
𝓁

⋅Φ(𝑡−𝓁) ⋅ 𝜆1

− 𝜏
𝓁

⋅ 𝜆−𝓁+2 +
𝜏
𝓁

⋅Φ(𝑡−𝓁+1) ⋅ 𝜆1

…

− 𝜏
𝓁

⋅ 𝜆0 +
𝜏
𝓁

⋅Φ(𝑡−1) ⋅ 𝜆1

𝜏
2𝓁

⋅ 𝑔
(

𝜆1, 𝜆𝓁𝑁+1
)

+ 𝜏
2𝓁

⋅ 𝑔
(

𝜆1, 𝜆𝓁𝑁+1
)

𝑎1(𝐵, 𝑡1)𝜆−𝓁+1 + (𝐼 + 𝑎1(𝐴, 𝑡1))𝜆1 − 𝜆2 + 𝑏1(𝑢−𝓁+1(⋅), 𝜏, 𝑡1) + 𝑎1(𝑓, 𝑡1)

𝑎2(𝐵, 𝑡2)𝜆−𝓁+2 + (𝐼 + 𝑎2(𝐴, 𝑡2))𝜆2 − 𝜆3 + 𝑏2(𝑢−𝓁+2(⋅), 𝜏, 𝑡2) + 𝑎2(𝑓, 𝑡2)

…

𝑎𝓁𝑁 (𝐵, 𝑡𝓁𝑁 )𝜆𝓁(𝑁−1) + (𝐼 + 𝑎𝓁𝑁 (𝐴, 𝑡𝓁𝑁 ))𝜆𝓁𝑁 − 𝜆𝓁𝑁+1 + 𝑏𝓁𝑁 (𝑢𝓁(𝑁−1)(⋅), 𝜏, 𝑡𝓁𝑁 ) + 𝑎𝓁𝑁 (𝑓, 𝑡𝓁𝑁 )

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.



4 NARKESH ISKAKOVA ET AL

Let us assume that the conditions of Theorem 125 are met in a ball 𝑆(𝜆0, 𝜌) with 𝜆(0) ∈ 𝑅𝑛(𝓁(𝑁+1)+1). In what follows, we also
suppose the following condition to be fulfilled.

Condition 1. The system of nonlinear equations
𝑄Δ𝓁

(𝜆, 0) = 0 (13)

has a solution 𝜆(0) =
(

𝜆(0)−𝓁+1,… , 𝜆(0)0 , 𝜆(0)1 ,… , 𝜆(0)𝓁𝑁+1

)

∈ 𝑅𝑛(𝓁(𝑁+1)+1) in 𝑆(𝜆0, 𝜌).

Let us compose the function system

𝑢(0)[𝑡] =
(

𝑢(0)−𝓁+1(𝑡),… , 𝑢(0)0 (𝑡), 𝑢(0)1 (𝑡),… , 𝑢(0)𝓁𝑁 (𝑡)
)

∈ 𝐶([−𝜏, 𝑇 ],Δ𝓁 , 𝑅
𝑛𝓁(𝑁+1)), (14)

where
𝑢(0)𝑝 (𝑡) = −𝜆(0)𝑝 + Φ(𝑡) ⋅ 𝜆(0)1 , 𝑡 ∈ [𝑡𝑝−1, 𝑡𝑝), 𝑝 = (−𝓁 + 1) ∶ 0;

𝑢(0)𝑟 (𝑡) = 𝑎𝑟(𝐴, 𝑡)𝜆(0)𝑟 + 𝑎𝑟(𝐵, 𝑡)𝜆
(0)
−𝓁+𝑟 + 𝑎𝑟(𝑓, 𝑡), 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁.

Then, using 𝜆(0) and 𝑢(0)[𝑡], we define the function 𝑥(0)(𝑡), piecewise continuous on [−𝜏, 𝑇 ], as

𝑥(0)(𝑡) =
{

𝜆(0)𝑟 + 𝑢(0)𝑟 (𝑡) if 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = (−𝓁 + 1) ∶ 𝓁𝑁,
𝜆(0)𝓁𝑁+1, if 𝑡 = 𝑇 .

(15)

Let us choose numbers 0 < 𝜌𝜆 < 𝜌, 𝜌𝑢 > 0, 𝜌𝑥 > 0 and construct the sets:
𝑆(𝜆(0), 𝜌𝜆) =

{

𝜆 ∈ 𝑅𝑛(𝓁(𝑁+1)+1) ∶ ‖𝜆 − 𝜆(0)‖ = max
{

‖𝜆𝑟 − 𝜆(0)𝑟 ‖, 𝑟 = (−𝓁 + 1) ∶ (𝓁𝑁 + 1)
}

< 𝜌𝜆
}

,
𝑆(𝑢(0)[𝑡], 𝜌𝑢) = {𝑢(𝑡) ∈ 𝐶([−𝜏, 𝑇 ],Δ𝓁 , 𝑅𝑛𝓁(𝑁+1)) ∶ ‖(𝑢 − 𝑢(0))[⋅]‖3 < 𝜌𝑢},
𝑆(𝑥(0)(𝑡), 𝜌𝑥) = {𝑥(𝑡) ∈ 𝐶([−𝜏, 𝑇 ], 𝑅𝑛) ∶ ‖𝑥 − 𝑥(0)‖0 < 𝜌𝑥},
𝐺0(𝜌𝜆, 𝜌𝑥) = {(𝑤1, 𝑤2) ∈ 𝑅2𝑛 ∶ ‖𝑤1 − 𝑥(0)(0)‖ < 𝜌𝜆, ‖𝑤2 − 𝑥(0)(𝑇 )‖ < 𝜌𝑥}.

Condition 2. The function 𝑔(𝑤1, 𝑤2) is continuous in 𝐺0(𝜌𝜆, 𝜌𝑥) and has uniformly continuous partial derivatives 𝑔′𝑤1
(𝑤1, 𝑤2)

and 𝑔′𝑤2
(𝑤1, 𝑤2) that satisfy the following inequalities:

sup
{

‖𝑔′𝑤1
(𝑤1, 𝑤2)‖ ∶ (𝑤1, 𝑤2) ∈ 𝐺0(𝜌𝜆, 𝜌𝑥)

}

≤ 𝐿1,

sup
{

‖𝑔′𝑤2
(𝑤1, 𝑤2)‖ ∶ (𝑤1, 𝑤2) ∈ 𝐺0(𝜌𝜆, 𝜌𝑥)

}

≤ 𝐿2,

where 𝐿1, 𝐿2 are some constants.

Given 𝜆(0) ∈ ℝ𝑛(𝓁(𝑁+1)+1) and 𝑢(0)[𝑡] ∈ 𝐶([−𝜏, 𝑇 ],Δ𝓁 , 𝑅𝑛𝓁(𝑁+1)), we generate the sequence (𝜆(𝑘), 𝑢(𝑘)[𝑡]), 𝑘 = 1, 2,…,
according to the following algorithm.

Step 1.
(𝑎) From the equation 𝑄Δ𝓁

(𝜆, 𝑢(0)) = 0 find 𝜆(1) =
(

𝜆(1)−𝓁+1,… , 𝜆(1)0 , 𝜆(1)1 ,… , 𝜆(1)𝓁𝑁+1

)

∈ 𝑅𝑛(𝓁(𝑁+1)+1).
(𝑏) Compose the function system 𝑢(1)[𝑡] =

(

𝑢(1)−𝓁+1(𝑡),… , 𝑢(1)0 (𝑡), 𝑢(1)1 (𝑡),… , 𝑢(1)𝓁𝑁 (𝑡)
)

∈ 𝐶([−𝜏, 𝑇 ],Δ𝓁 , 𝑅𝑛𝓁(𝑁+1)), where

𝑢(1)𝑝 (𝑡) = −𝜆(1)𝑝 + Φ(𝑡) ⋅ 𝜆(1)1 , 𝑡 ∈ [𝑡𝑝−1, 𝑡𝑝), 𝑝 = (−𝓁 + 1) ∶ 0,

𝑢(1)𝑟 (𝑡) = 𝑎𝑟(𝐴, 𝑡)𝜆(1)𝑟 + 𝑎𝑟(𝐵, 𝑡)𝜆
(1)
−𝓁+𝑟 + 𝑏𝑟(𝑢

(0)
−𝓁+𝑟(⋅), 𝜏, 𝑡) + 𝑎𝑟(𝑓, 𝑡), 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁.

Step 2.
(𝑎) From the equation 𝑄Δ𝓁

(𝜆, 𝑢(1)) = 0 find 𝜆(2) =
(

𝜆(2)−𝓁+1,… , 𝜆(2)0 , 𝜆(2)1 ,… , 𝜆(2)𝓁𝑁+1

)

∈ 𝑅𝑛(𝓁(𝑁+1)+1).
(𝑏) Compose the function system 𝑢(2)[𝑡] =

(

𝑢(2)−𝓁+1(𝑡),… , 𝑢(2)0 (𝑡), 𝑢(2)1 (𝑡),… , 𝑢(2)𝓁𝑁 (𝑡)
)

∈ 𝐶([−𝜏, 𝑇 ],Δ𝓁 , 𝑅𝑛𝓁(𝑁+1)), where

𝑢(2)𝑝 (𝑡) = −𝜆(2)𝑝 + Φ(𝑡) ⋅ 𝜆(2)1 , 𝑡 ∈ [𝑡𝑝−1, 𝑡𝑝), 𝑝 = (−𝓁 + 1) ∶ 0,

𝑢(2)𝑟 (𝑡) = 𝑎𝑟(𝐴, 𝑡)𝜆(2)𝑟 + 𝑎𝑟(𝐵, 𝑡)𝜆
(2)
−𝓁+𝑟 + 𝑏𝑟(𝑢

(1)
−𝓁+𝑟(⋅), 𝜏, 𝑡) + 𝑎𝑟(𝑓, 𝑡), 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁.

Continuing the process, at Step 𝑘 of the algorithm we obtain the pair (𝜆(𝑘), 𝑢(𝑘)[𝑡]).

3 MAIN RESULT

In this section, we establish sufficient conditions for the convergence of the algorithm proposed in Section 2 to an isolated
solution of problem (6)-(11).
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Theorem 1. Suppose that for some 𝓁(𝓁) ∈ ℕ, 𝜌𝜆 > 0, 𝜌𝑢 > 0, and 𝜌𝑥 > 0 the conditions 1 and 2 are satisfied, the Jacobi matrix
𝜕𝑄Δ𝓁

(𝜆, 𝑢)
𝜕𝜆

is invertible for all (𝜆, 𝑢[𝑡])
(

𝜆 ∈ 𝑆(𝜆(0), 𝜌𝜆), 𝑢[𝑡] ∈ 𝑆(𝑢(0)[𝑡], 𝜌𝑢)
)

, and the following inequalities hold:

(A1) ‖

‖

‖

(𝜕𝑄Δ𝓁
(𝜆, 𝑢)

𝜕𝜆

)−1
‖

‖

‖

≤ 𝛾(Δ𝓁),

(A2) 𝑞(Δ𝓁) =
𝛽𝜏
𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁 max

{

1, max
𝑡∈[−𝜏,0]

‖Φ(𝑡)‖, 1
𝛾(Δ𝓁)

, 𝑒𝛼𝜏∕𝓁 − 1,
𝛽𝜏
𝓁
𝑒𝛼𝜏∕𝓁

}

< 1,

(A3) 𝛽𝜏
𝓁

⋅
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁

1 − 𝑞(Δ𝓁)
‖𝑢(0)[⋅]‖4 < 𝜌𝜆,

(A4)
𝑞(Δ𝓁)

1 − 𝑞(Δ𝓁)
‖𝑢(0)[⋅]‖4 < 𝜌𝑢,

(A5) 𝜌𝜆 + 𝜌𝑢 < 𝜌𝑥.

Then the sequence (𝜆(𝑘), 𝑢(𝑘)[𝑡]), 𝑘 ∈ ℕ, with 𝜆(𝑘) ∈ 𝑆(𝜆(0), 𝜌𝜆), 𝑢(𝑘) ∈ 𝑆(𝑢(0)[𝑡], 𝜌𝑢), determined by the algorithm, converges
to (𝜆∗, 𝑢∗[𝑡]) with 𝜆∗ ∈ 𝑆(𝜆(0), 𝜌𝜆), 𝑢}∗[𝑡] ∈ 𝑆(𝑢(0)[𝑡], 𝜌𝑢), an isolated solution to problem (6)-(11), and the following estimates
hold true:

‖(𝑢∗ − 𝑢(𝑘))[⋅]‖3 ⩽
𝑞(Δ𝓁)

1 − 𝑞(Δ𝓁)
‖(𝑢(𝑘) − 𝑢(𝑘−1))[⋅]‖4, (16)

‖𝜆∗ − 𝜆(𝑘)‖ ≤
𝛾(Δ𝓁)𝛽𝜏𝑒𝛼𝜏∕𝓁

𝓁 − 𝛾(Δ𝓁)𝛽𝜏𝑒𝛼𝜏∕𝓁
‖(𝑢(𝑘) − 𝑢(𝑘−1))[⋅]‖4. (17)

Proof. Under Condition 1, we compose the function system (14) and choose (𝜆(0), 𝑢(0)[𝑡]) as an initial approximation to the
solution of problem (6)-(11).

We then find the parameter 𝜆(1) from the equation

𝑄Δ𝓁
(𝜆, 𝑢(0)) = 0, 𝜆 ∈ 𝑅𝑛(𝓁(𝑁+1)+1).

The operator 𝑄Δ𝓁
(𝜆, 𝑢(0)) satisfies all assumptions of Theorem 125 in 𝑆(𝜆(0), 𝜌𝜆). Choosing a number 𝜀0 > 0, satisfying the

inequalities
𝜀0𝛾(Δ𝓁) ≤

1
2
,

𝛾(Δ𝓁)
1 − 𝜀0𝛾(Δ𝓁)

‖𝑄Δ𝓁
(𝜆(0), 𝑢(0))‖ < 𝜌𝜆

and using the uniform continuity of the Jacobian matrix
𝜕𝑄Δ𝓁

(𝜆, 𝑢(0))
𝜕𝜆

in 𝑆(𝜆(0), 𝜌𝜆), we find 𝛿0 ∈
(

0, 1
2
𝜌𝜆
]

such that for any
𝜆, 𝜆̃ ∈ 𝑆(𝜆(0), 𝜌𝜆) the inequality

‖

‖

‖

𝜕𝑄Δ𝓁
(𝜆, 𝑢(0))
𝜕𝜆

−
𝜕𝑄Δ𝓁

(𝜆̃, 𝑢(0))
𝜕𝜆

‖

‖

‖

< 𝜀0
holds for ‖𝜆 − 𝜆̃‖ < 𝛿0.

Choosing 𝛼1 ⩾ max
{

1, 𝛾(Δ𝓁)
𝛿0

‖𝑄Δ𝓁
(𝜆(0), 𝑢(0))‖

}

, we build the iterative process:

𝜆(1,0) = 𝜆(0),

𝜆(1,𝑚+1) = 𝜆(1,𝑚) − 1
𝛼1

(𝜕𝑄Δ𝓁
(𝜆(1,𝑚), 𝑢(0))
𝜕𝜆

)−1
𝑄Δ𝓁

(𝜆(1,𝑚), 𝑢(0)), 𝑚 = 0, 1, 2,… .
(18)

By Theorem 125, the iterative process (18) converges to 𝜆(1) ∈ 𝑆(𝜆(0), 𝜌𝜆), an isolated solution to the equation𝑄Δ𝓁
(𝜆, 𝑢(0)) = 0.

Taking into account 𝑄Δ𝓁
(𝜆(0), 0) = 0, we get

‖𝜆(1) − 𝜆(0)‖ ≤ 𝛾(Δ𝓁)‖𝑄Δ𝓁
(𝜆(0), 𝑢(0))‖ = 𝛾(Δ𝓁)‖𝑄Δ𝓁

(𝜆(0), 𝑢(0)) −𝑄Δ𝓁
(𝜆(0), 0)‖ ≤ 𝛾(Δ𝓁) max

𝑟=1∶𝓁𝑁
‖𝑏𝑟(𝑢

(0)
−𝓁+𝑟(⋅), 𝜏, 𝑡𝑟)‖ ≤

≤ 𝛽𝜏
𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁 max

𝑟=1∶𝓁𝑁
sup

𝑡∈[𝑡𝑟−1,𝑡𝑟)
‖𝑢(0)−𝓁+𝑟(𝑡 − 𝜏)‖ =

𝛽𝜏
𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁‖𝑢(0)[⋅]‖4 < 𝜌𝜆. (19)
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The components of the function system

𝑢(0)[𝑡] =
(

𝑢(0)−𝓁+1(𝑡),… , 𝑢(0)0 (𝑡), 𝑢(0)1 (𝑡),… , 𝑢(0)𝓁𝑁 (𝑡)
)

satisfy the following inequalities:

‖𝑢(0)𝑝 (𝑡)‖ ≤ ‖𝜆(0)𝑝 ‖ + ‖Φ(𝑡)‖ ⋅ ‖𝜆(0)1 ‖, 𝑡 ∈ [𝑡𝑝−1, 𝑡𝑝], 𝑝 = (−𝓁 + 1) ∶ 0,

‖𝑢(0)𝑟 (𝑡)‖ ≤ max
{

𝑒𝛼𝜏∕𝓁 − 1,
𝛽𝜏
𝓁
𝑒𝛼𝜏∕𝓁

}

‖𝜆(0)‖ + 𝜏
𝓁
𝑒𝛼𝜏∕𝓁 sup

𝑡∈[𝑡𝑟−1,𝑡𝑟)
‖𝑓 (𝑡)‖, 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁.

Under our assumptions, the Cauchy problems
𝑑𝑢𝑟(𝑡)
𝑑𝑡

= 𝐴(𝑡)
(

𝜆(1)𝑟 + 𝑢𝑟(𝑡)
)

+ 𝐵(𝑡)
(

𝜆(1)−𝓁+𝑟 + 𝑢(0)−𝓁+𝑟(𝑡 − 𝜏)
)

+ 𝑓 (𝑡), 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁,

𝑢𝑟(𝑡𝑟−1) = 0, 𝑟 = 1 ∶ 𝓁𝑁,

have the unique solutions determined by

𝑢(1)𝑟 (𝑡) = 𝑎𝑟(𝐴, 𝑡)𝜆(1)𝑟 + 𝑎𝑟(𝐵, 𝑡)𝜆
(1)
−𝓁+𝑟 + 𝑏𝑟(𝑢

(0)
−𝓁+𝑟(⋅), 𝜏, 𝑡) + 𝑎𝑟(𝑓, 𝑡), 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁,

and
𝑢(1)𝑝 (𝑡) = −𝜆(1)𝑝 + Φ(𝑡) ⋅ 𝜆(1)1 , 𝑡 ∈ [𝑡𝑝−1, 𝑡𝑝), 𝑝 = (−𝓁 + 1) ∶ 0.

It follows from (19) that

‖𝑢(1)𝑝 (𝑡) − 𝑢(0)𝑝 (𝑡)‖ ≤ ‖𝜆(1)𝑝 − 𝜆(0)𝑝 ‖ + ‖Φ(𝑡)‖ ⋅ ‖𝜆(1)1 − 𝜆(0)1 ‖ ≤ max
{

1, max
𝑡∈[−𝜏,0]

‖Φ(𝑡)‖
}

‖𝜆(1) − 𝜆(0)‖ ≤

≤ 𝛽𝜏
𝓁

max
{

1, max
𝑡∈[−𝜏,0]

‖Φ(𝑡)‖
}

𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁‖𝑢(0)[⋅]‖4, 𝑡 ∈ [𝑡𝑝−1, 𝑡𝑝], 𝑝 = (−𝓁 + 1) ∶ 0, (20)

‖𝑢(1)𝑟 (𝑡) − 𝑢(0)𝑟 (𝑡)‖ ≤ ‖𝑎𝑟(𝐴, 𝑡)‖ ⋅ ‖𝜆(1)𝑟 − 𝜆(0)𝑟 ‖ + ‖𝑎𝑟(𝐵, 𝑡)‖ ⋅ ‖𝜆
(1)
−𝓁+𝑟 − 𝜆(0)−𝓁+𝑟‖ + ‖𝑏𝑟(𝑢

(0)
−𝓁+𝑟(⋅), 𝜏, 𝑡)‖ ≤

≤ max
{

𝑒𝛼𝜏∕𝓁 − 1,
𝛽𝜏
𝓁
𝑒𝛼𝜏∕𝓁

}

⋅ ‖𝜆(1) − 𝜆(0)‖ +
𝛽𝜏
𝓁
𝑒𝛼𝜏∕𝓁 max

𝑟=1∶𝓁𝑁
sup

𝑡∈[𝑡𝑟−1,𝑡𝑟)
‖𝑢(0)−𝓁+𝑟(𝑡 − 𝜏)‖ ≤

≤ 𝛽𝜏
𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁 max

{

1
𝛾(Δ𝓁)

, 𝑒𝛼𝜏∕𝓁 − 1,
𝛽𝜏
𝓁
𝑒𝛼𝜏∕𝓁

}

‖𝑢(0)[⋅]‖4, 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁. (21)

Thus, we have the estimate

‖(𝑢(1) − 𝑢(0))[⋅]‖3 ≤ max
𝑟=(−𝓁+1)∶𝓁𝑁

sup
𝑡∈[𝑡𝑟−1,𝑡𝑟)

‖𝑢(1)𝑟 (𝑡) − 𝑢(0)𝑟 (𝑡)‖ ≤ 𝑞(Δ𝓁)‖𝑢(0)[⋅]‖4 < 𝜌𝑢,

i.e. 𝑢(1)[𝑡] ∈ 𝑆(𝑢(0)[𝑡], 𝜌𝑢).
The structure of the operator 𝑄Δ𝓁

(𝜆, 𝑢) and the equality 𝑄Δ𝓁
(𝜆(1), 𝑢(0)) = 0 imply

𝛾(Δ𝓁)‖𝑄Δ𝓁
(𝜆(1), 𝑢(1))‖ = 𝛾(Δ𝓁)‖𝑄Δ𝓁

(𝜆(1), 𝑢(1)) −𝑄Δ𝓁
(𝜆(1), 𝑢(0))‖ ≤ 𝛾(Δ𝓁) max

𝑟=1∶𝓁𝑁
‖𝑏𝑟((𝑢

(1)
−𝓁+𝑟 − 𝑢(0)−𝓁+𝑟)(⋅), 𝜏, 𝑡𝑟)‖ ≤

≤ 𝛽𝜏
𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁 max

𝑟=1∶𝓁𝑁
sup

𝑡∈[𝑡𝑟−1,𝑡𝑟)
‖𝑢(1)−𝓁+𝑟(𝑡 − 𝜏) − 𝑢(0)−𝓁+𝑟(𝑡 − 𝜏)‖ ≤ 𝛽𝜏

𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁‖(𝑢(1) − 𝑢(0))[⋅]‖4, (22)

where 𝑢(1)[𝑡] ∈ 𝐶([−𝜏, 𝑇 ],Δ𝓁 , 𝑅𝑛𝓁(𝑁+1)).
If 𝜆 ∈ 𝑆(𝜆(1), 𝜌1), where 𝜌1 = 𝛾(Δ𝓁)‖𝑄Δ𝓁

(𝜆(1), 𝑢(1))‖, then by (A2), (A3), (19), and (20), the estimate

‖𝜆 − 𝜆(0)‖ ⩽ ‖𝜆 − 𝜆(1)‖ + ‖𝜆(1) − 𝜆(0)‖ < 𝛾(Δ𝓁)‖𝑄Δ𝓁
(𝜆(1), 𝑢(1))‖ + ‖𝜆(1) − 𝜆(0)‖ ⩽

⩽ 𝛽𝜏
𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁(𝑞(Δ𝓁) + 1)‖𝑢(0)[⋅]‖4 <

𝛽𝜏
𝓁

⋅
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁

1 − 𝑞(Δ𝓁)
‖𝑢(0)[⋅]‖4 < 𝜌𝜆,

holds, i.e 𝑆(𝜆(1), 𝜌1) ⊂ 𝑆(𝜆(0), 𝜌𝜆).
The operator 𝑄Δ𝓁

(𝜆, 𝑢(1)) in 𝑆(𝜆(1), 𝜌1) satisfies all conditions of Theorem 125. Therefore, the iterative process

𝜆(2,0) = 𝜆(1),

𝜆(2,𝑚+1) = 𝜆(2,𝑚) − 1
𝛼1

(𝜕𝑄Δ𝓁
(𝜆(2,𝑚), 𝑢(1))
𝜕𝜆

)−1
𝑄Δ𝓁

(𝜆(2,𝑚), 𝑢(1)), 𝑚 = 0, 1, 2,… .
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converges to 𝜆(2) = (𝜆(2)−𝓁+1,… , 𝜆(2)0 , 𝜆(2)1 ,… , 𝜆(2)𝓁𝑁+1) ∈ 𝑆(𝜆(1), 𝜌1), an isolated solution to the equation 𝑄Δ𝓁
(𝜆, 𝑢(1)) = 0, and

‖𝜆(2) − 𝜆(1)‖ ≤ 𝛾(Δ𝓁)‖𝑄Δ𝓁
(𝜆(1), 𝑢(1))‖.

The last estimate and (22) imply

‖𝜆(2) − 𝜆(1)‖ ⩽ 𝛽𝜏
𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁‖(𝑢(1) − 𝑢(0))[⋅]‖4. (23)

The Cauchy problems

𝑑𝑢𝑟(𝑡)
𝑑𝑡

= 𝐴(𝑡)
(

𝜆(2)𝑟 + 𝑢𝑟(𝑡)
)

+ 𝐵(𝑡)
(

𝜆(2)−𝓁+𝑟 + 𝑢(1)−𝓁+𝑟(𝑡 − 𝜏)
)

+ 𝑓 (𝑡), 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁,

𝑢𝑟(𝑡𝑟−1) = 0, 𝑟 = 1 ∶ 𝓁𝑁,

have the unique solutions determined by

𝑢(2)𝑟 (𝑡) = 𝑎𝑟(𝐴, 𝑡)𝜆(2)𝑟 + 𝑎𝑟(𝐵, 𝑡)𝜆
(2)
−𝓁+𝑟 + 𝑏𝑟(𝑢

(1)
−𝓁+𝑟(⋅), 𝜏, 𝑡) + 𝑎𝑟(𝑓, 𝑡), 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁,

and
𝑢(2)𝑝 (𝑡) = −𝜆(2)𝑝 + Φ(𝑡) ⋅ 𝜆(2)1 if 𝑡 ∈ [𝑡𝑝−1, 𝑡𝑝), 𝑝 = (−𝓁 + 1) ∶ 0.

Taking into account (23), we obtain

‖𝑢(2)𝑝 (𝑡) − 𝑢(1)𝑝 (𝑡)‖ ≤ ‖𝜆(2)𝑝 − 𝜆(1)𝑝 ‖ + ‖Φ(𝑡)‖ ⋅ ‖𝜆(2)1 − 𝜆(1)1 ‖ ≤ max
{

1, max
𝑡∈[−𝜏,0]

‖Φ(𝑡)‖
}

‖𝜆(2) − 𝜆(1)‖ ≤

≤ 𝛽𝜏
𝓁

max
{

1, max
𝑡∈[−𝜏,0]

‖Φ(𝑡)‖
}

𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁‖(𝑢(1) − 𝑢(0))[⋅]‖4, 𝑡 ∈ [𝑡𝑝−1, 𝑡𝑝], 𝑝 = (−𝓁 + 1) ∶ 0, (24)

‖𝑢(2)𝑟 (𝑡) − 𝑢(1)𝑟 (𝑡)‖ ≤ ‖𝑎𝑟(𝐴, 𝑡)‖ ⋅ ‖𝜆(2)𝑟 − 𝜆(1)𝑟 ‖ + ‖𝑎𝑟(𝐵, 𝑡)‖ ⋅ ‖𝜆
(2)
−𝓁+𝑟 − 𝜆(1)−𝓁+𝑟‖ + ‖𝑏𝑟(𝑢

(1)
−𝓁+𝑟(⋅) − 𝑢(0)−𝓁+𝑟(⋅), 𝜏, 𝑡)‖ ≤

≤ max
{

𝑒𝛼𝜏∕𝓁 − 1,
𝛽𝜏
𝓁
𝑒𝛼𝜏∕𝓁

}

⋅ ‖𝜆(2) − 𝜆(1)‖ +
𝛽𝜏
𝓁
𝑒𝛼𝜏∕𝓁 max

𝑟=1∶𝓁𝑁
sup

𝑡∈[𝑡𝑟−1,𝑡𝑟)
‖𝑢(1)−𝓁+𝑟(𝑡 − 𝜏) − 𝑢(0)−𝓁+𝑟(𝑡 − 𝜏)‖ ≤

≤ 𝛽𝜏
𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁 max

{

1
𝛾(Δ𝓁)

, 𝑒𝛼𝜏∕𝓁 − 1,
𝛽𝜏
𝓁
𝑒𝛼𝜏∕𝓁

}

‖(𝑢(1) − 𝑢(0))[⋅]‖4, 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁. (25)

Thus, we have the estimates

‖(𝑢(2) − 𝑢(1))[⋅]‖3 ≤ max
𝑟=(−𝓁+1)∶𝓁𝑁

sup
𝑡∈[𝑡𝑟−1,𝑡𝑟)

‖𝑢(2)𝑟 (𝑡) − 𝑢(1)𝑟 (𝑡)‖ ≤ 𝑞(Δ𝓁)‖(𝑢(1) − 𝑢(0))[⋅]‖4 < 𝜌𝑢,

i.e. 𝑢(1)[𝑡] ∈ 𝑆(𝑢(0)[𝑡], 𝜌𝑢), and

‖𝑢(2) − 𝑢(1)‖3 ⩽ 𝑞(Δ𝓁)‖(𝑢(1) − 𝑢(0))[⋅]‖4 ≤ 𝑞(Δ𝓁)‖(𝑢(1) − 𝑢(0))[⋅]‖3 ≤ 𝑞2(Δ𝓁)‖𝑢(0)[⋅]‖4,

‖𝑢(2) − 𝑢(0)‖3 ⩽ ‖𝑢(2) − 𝑢(1)‖3 + ‖𝑢(1) − 𝑢(0)‖3 ≤ (𝑞2(Δ𝓁) + 𝑞(Δ𝓁))‖𝑢(0)[⋅]‖4 <
𝑞(Δ𝓁)

1 − 𝑞(Δ𝓁)
‖𝑢(0)[⋅]‖4 < 𝜌𝑢,

i.e. 𝑢(2)[𝑡] ∈ 𝑆(𝑢(0)[𝑡], 𝜌𝑢).
Assume that (𝜆(𝑘−1), 𝑢(𝑘−1)[𝑡]), where 𝜆(𝑘−1) ∈ 𝑆(𝜆(0), 𝜌𝜆), 𝑢(𝑘−1)[𝑡] ∈ 𝐶([−𝜏, 𝑇 ],Δ𝓁 , 𝑅𝑛𝓁(𝑁+1)), is determined, and

‖𝜆(𝑘−1) − 𝜆(𝑘−2)‖ ≤ 𝛽𝜏
𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁‖(𝑢(𝑘−2) − 𝑢(𝑘−3))[⋅]‖4, (26)

‖𝑢(𝑘−1) − 𝑢(𝑘−2)‖3 ⩽ 𝑞(Δ𝓁)‖(𝑢(𝑘−2) − 𝑢(𝑘−3))[⋅]‖4. (27)

Let us find the 𝑘-th approximation 𝜆(𝑘) of the parameter 𝜆 from the equation 𝑄Δ𝓁
(𝜆, 𝑢(𝑘−1)) = 0. Similarly to (20), using (26),

(27) and the equality 𝑄Δ𝓁
(𝜆(𝑘−1), 𝑢(𝑘−2)) = 0, we obtain

𝛾(Δ𝓁)‖𝑄Δ𝓁
(𝜆(𝑘−1), 𝑢(𝑘−1))‖ ⩽ 𝛽𝜏

𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁‖(𝑢(𝑘−1) − 𝑢(𝑘−2))[⋅]‖4, (28)
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Let us now choose 𝜌𝑘−1 = 𝛾(Δ𝓁)‖𝑄Δ𝓁
(𝜆(𝑘−1), 𝑢(𝑘−1))‖ and show that 𝑆(𝜆(𝑘−1), 𝜌𝑘−1) ⊂ 𝑆(𝜆(0), 𝜌𝜆). Indeed, in view of (26)-(28)

and (A3) we have

‖𝜆 − 𝜆(0)‖ ⩽ ‖𝜆 − 𝜆(𝑘−1)‖ + ‖𝜆(𝑘−1) − 𝜆(𝑘−2)‖ + ‖𝜆(𝑘−2) − 𝜆(𝑘−3)‖ +…+ ‖𝜆(1) − 𝜆(0)‖ <

< 𝜌𝑘−1 +
(

𝛽𝜏
𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁

)𝑘−2

‖𝜆(1) − 𝜆(0)‖ +
(

𝛽𝜏
𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁

)𝑘−3

‖𝜆(1) − 𝜆(0)‖ +…+ ‖𝜆(1) − 𝜆(0)‖ ⩽

≤

(

(

𝛽𝜏
𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁

)𝑘−1

+
(

𝛽𝜏
𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁

)𝑘−2

+
(

𝛽𝜏
𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁

)𝑘−3

+…+ 1

)

‖𝜆(1) − 𝜆(0)‖ <

<
𝛾(Δ𝓁)(𝛽𝜏∕𝓁)𝑒𝛼𝜏∕𝓁

1 − 𝛾(Δ𝓁)(𝛽𝜏∕𝓁)𝑒𝛼𝜏∕𝓁
‖𝑢(0)[⋅]‖4 ≤

𝛽𝜏
𝓁

⋅
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁

1 − 𝑞(Δ𝓁)
‖𝑢(0)[⋅]‖4 < 𝜌𝜆.

Since 𝑄Δ𝓁
(𝜆, 𝑢(𝑘−1)) satisfies all conditions of Theorem 125 in 𝑆(𝜆(𝑘−1), 𝜌𝑘−1), there exists 𝜆(𝑘) ∈ 𝑆(𝜆(𝑘−1), 𝜌𝑘−1), a solution to

the equation 𝑄Δ𝓁
(𝜆, 𝑢(𝑘−1)) = 0, and

‖𝜆(𝑘) − 𝜆(𝑘−1)‖ ⩽ 𝛾(Δ𝓁)‖𝑄Δ𝓁
(𝜆(𝑘−1), 𝑢(𝑘−1))‖. (29)

The Cauchy problems
𝑑𝑢𝑟(𝑡)
𝑑𝑡

= 𝐴(𝑡)(𝜆(𝑘)𝑟 + 𝑢𝑟(𝑡)) + 𝐵(𝑡)(𝜆(𝑘)−𝓁+𝑟 + 𝑢(𝑘−1)−𝓁+𝑟(𝑡 − 𝜏)) + 𝑓 (𝑡), 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁,

𝑢𝑟(𝑡𝑟−1) = 0, 𝑟 = 1 ∶ 𝓁𝑁,
have the unique solutions determined by

𝑢(𝑘)𝑟 (𝑡) = 𝑎𝑟(𝐴, 𝑡)𝜆(𝑘)𝑟 + 𝑎𝑟(𝐵, 𝑡)𝜆
(𝑘)
−𝓁+𝑟 + 𝑏𝑟(𝑢

(𝑘−1)
−𝓁+𝑟(⋅), 𝜏, 𝑡) + 𝑎𝑟(𝑓, 𝑡), 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁,

and
𝑢(𝑘)𝑝 (𝑡) = −𝜆(𝑘)𝑝 + Φ(𝑡) ⋅ 𝜆(𝑘)1 , 𝑡 ∈ [𝑡𝑝−1, 𝑡𝑝), 𝑝 = (−𝓁 + 1) ∶ 0.

If 𝜌𝑘 = 𝛾(Δ𝓁)‖𝑄Δ𝓁
(𝜆(𝑘), 𝑢(𝑘))‖ = 0, then 𝑄Δ𝓁

(𝜆(𝑘), 𝑢(𝑘)) = 0, which implies

−𝜆(𝑘)𝑝 + Φ(𝑡𝑝−1) ⋅ 𝜆
(𝑘)
1 = 0, 𝑝 = (−𝓁 + 1) ∶ 0,

𝑔
(

𝜆(𝑘)1 , 𝜆(𝑘)𝓁𝑁+1

)

= 0,

𝜆(𝑘)𝑟 + lim
𝑡→𝑡𝑟−0

𝑢(𝑘)𝑟 (𝑡) − 𝜆(𝑘)𝑟+1 = 0, 𝑟 = 1 ∶ 𝓁𝑁,

i.e. (𝜆(𝑘), 𝑢(𝑘)[𝑡]) is a solution to problem (6)-(11).
From (28) and (29) we obtain the estimates

‖𝜆(𝑘) − 𝜆(𝑘−1)‖ ≤ 𝛽𝜏
𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁‖(𝑢(𝑘−1) − 𝑢(𝑘−2))[⋅]‖4, (30)

‖𝑢(𝑘) − 𝑢(𝑘−1)‖3 ⩽ 𝑞(Δ𝓁)‖(𝑢(𝑘−1) − 𝑢(𝑘−2))[⋅]‖4 ⩽ 𝑞(Δ𝓁)‖(𝑢(𝑘−1) − 𝑢(𝑘−2))[⋅]‖3, (31)
‖𝑢(𝑘) − 𝑢(0)‖3 ⩽ ‖𝑢(𝑘) − 𝑢(𝑘−1)‖3 +…+ ‖𝑢(1) − 𝑢(0)‖3 ≤

≤ (𝑞𝑘(Δ𝓁) +… + 𝑞(Δ𝓁))‖𝑢(0)[⋅]‖4 <
𝑞(Δ𝓁)

1 − 𝑞(Δ𝓁)
‖𝑢(0)[⋅]‖4 < 𝜌𝑢, 𝑢(𝑘)[𝑡] ∈ 𝑆(𝑢(0)[𝑡], 𝜌𝑢).

It follows from (30), (31) and 𝑞(Δ𝓁) < 1 that the sequence of pairs (𝜆(𝑘), 𝑢(𝑘)[𝑡]) converges to (𝜆∗, 𝑢∗[𝑡]) , the solution to
problem (6)-(11), as 𝑘 → ∞. Moreover, (A3) and (A4) imply that 𝜆(𝑘), 𝜆∗ ∈ 𝑆(𝜆(0), 𝜌𝜆), 𝑘 ∈ ℕ, and 𝑢(𝑘)[𝑡], 𝑢∗[𝑡] ∈ 𝑆(𝑢(0)[𝑡], 𝜌𝑢).
Letting 𝑚 → ∞ in the inequalities

‖𝜆(𝑘+𝑚) − 𝜆(𝑘)‖ <
𝛾(Δ𝓁)(𝛽𝜏∕𝓁)𝑒𝛼𝜏∕𝓁

1 − 𝛾(Δ𝓁)(𝛽𝜏∕𝓁)𝑒𝛼𝜏∕𝓁

(

1 −
(

𝛽𝜏
𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁

)𝑚)

‖(𝑢(𝑘) − 𝑢(𝑘−1))[⋅]‖4,

‖(𝑢(𝑘+𝑚) − 𝑢(𝑘))[⋅]‖3 ⩽
𝑞(Δ𝓁)

1 − 𝑞(Δ𝓁)
(1 − 𝑞𝑚(Δ𝓁))‖(𝑢(𝑘) − 𝑢(𝑘−1))[⋅]‖4,

we obtain estimates (16) and (17).
Let us now show that the solution to problem (6)-(11) is isolated. Suppose (𝜆, 𝑢̃[𝑡]) is a solution of problem (6)-(11), where

𝜆 ∈ 𝑆(𝜆(0), 𝜌𝜆), 𝑢̃[𝑡] ∈ 𝑆(𝑢(0)[𝑡], 𝜌𝑢). Then there exist numbers 𝛿1 > 0 and 𝛿2 > 0 such that

‖𝜆 − 𝜆(0)‖ + 𝛿1 < 𝜌𝜆, ‖(𝑢̃ − 𝑢(0))[⋅]‖3 + 𝛿2 < 𝜌𝑢.
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If 𝜆 ∈ 𝑆(𝜆, 𝛿1) and 𝑢[𝑡] ∈ 𝑆(𝑢̃[𝑡], 𝛿2), then the inequalities

‖𝜆 − 𝜆(0)‖ ⩽ ‖𝜆 − 𝜆‖ + ‖𝜆 − 𝜆(0)‖ ⩽ 𝛿1 + ‖𝜆 − 𝜆(0)‖ < 𝜌𝜆,

‖(𝑢 − 𝑢(0))[⋅]‖3 ⩽ ‖(𝑢 − 𝑢̃)[⋅]‖3 + ‖(𝑢̃ − 𝑢(0))[⋅]‖3 ⩽ 𝛿2 + ‖(𝑢̃ − 𝑢(0))[⋅]‖3 < 𝜌𝑢,

imply that 𝜆 ∈ 𝑆(𝜆(0), 𝜌𝜆) and 𝑢[𝑡] ∈ 𝑆(𝑢(0)[𝑡], 𝜌𝑢), i.e. 𝑆(𝜆, 𝛿1) ⊂ 𝑆(𝜆(0), 𝜌𝜆) and 𝑆(𝑢̃[𝑡], 𝛿2) ⊂ 𝑆(𝑢(0)[𝑡], 𝜌𝑢).
We choose a number 𝜀 > 0 such that

𝜀𝛾(Δ𝓁) < 1,

𝛽𝜏
𝓁

⋅
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁

1 − 𝜀𝛾(Δ𝓁)
max

{

1, max
𝑡∈[−𝜏,0]

‖Φ(𝑡)‖,
1 − 𝜀𝛾(Δ𝓁)

𝛾(Δ𝓁)
, 𝑒𝛼𝜏∕𝓁 − 1,

𝛽𝜏
𝓁

⋅ 𝑒𝛼𝜏∕𝓁
}

< 1.

Condition 2 and the structure of the Jacobi matrix
𝜕𝑄Δ𝓁

(𝜆, 𝑢)
𝜕𝜆

imply its uniform continuity for all 𝜆 ∈ 𝑆(𝜆, 𝛿1) and 𝑢[𝑡] ∈

𝑆(𝑢̃[𝑡], 𝛿2). Hence there exists 𝛿 ∈ (0,min{𝛿1, 𝛿2}] such that

‖

‖

‖

𝜕𝑄Δ𝓁
(𝜆, 𝑢)

𝜕𝜆
−

𝜕𝑄Δ𝓁
(𝜆, 𝑢̃)

𝜕𝜆
‖

‖

‖

< 𝜀, 𝜆 ∈ 𝑆(𝜆, 𝛿), 𝑢[𝑡] ∈ 𝑆(𝑢̃[𝑡], 𝛿).

Note that if (𝜆, 𝑢̃[𝑡]) is a solution to problem (6)-(11), then the equality 𝑄Δ𝓁
(𝜆, 𝑢̃) = 0 holds.

Let (𝜆, 𝑢̂[𝑡]), with 𝜆 =
(

𝜆−𝓁+1, 𝜆−𝓁+2,… , 𝜆0, 𝜆1,… , 𝜆𝓁𝑁+1
)

∈ 𝑆(𝜆, 𝛿) and 𝑢̂[𝑡] =
(

𝑢̂−𝓁+1(𝑡), 𝑢̂−𝓁+2(𝑡),… , 𝑢̂0(𝑡), 𝑢̂1(𝑡),
𝑢̂2(𝑡),… , 𝑢̂𝓁𝑁 (𝑡)

)

∈ 𝑆(𝑢̃[𝑡], 𝛿), be another solution to problem (6)-(11).
Since 𝑄Δ𝓁

(𝜆, 𝑢̃) = 0 and 𝑄Δ𝓁
(𝜆, 𝑢̂) = 0, the equalities

𝜆 = 𝜆 −
(𝜕𝑄Δ𝓁

(𝜆, 𝑢̃)
𝜕𝜆

)−1
𝑄Δ𝓁

(𝜆, 𝑢̃), 𝜆 = 𝜆 −
(𝜕𝑄Δ𝓁

(𝜆, 𝑢̃)
𝜕𝜆

)−1
𝑄Δ𝓁

(𝜆, 𝑢̂)

imply

𝜆 − 𝜆 = −
(𝜕𝑄Δ𝓁

(𝜆, 𝑢̃)
𝜕𝜆

)−1
1

∫
0

(𝜕𝑄Δ𝓁
(𝜆 + 𝜃(𝜆 − 𝜆), 𝑢̃)

𝜕𝜆
−

𝜕𝑄Δ𝓁
(𝜆, 𝑢̃)

𝜕𝜆

)

𝑑𝜃 ⋅ (𝜆 − 𝜆)−

−
(𝜕𝑄Δ𝓁

(𝜆, 𝑢̃)
𝜕𝜆

)−1
(𝑄Δ𝓁

(𝜆, 𝑢̃) −𝑄Δ𝓁
(𝜆, 𝑢̂)),

and

‖𝜆 − 𝜆‖ ≤
𝛾(Δ𝓁)

1 − 𝜀𝛾(Δ𝓁)
‖𝑄Δ𝓁

(𝜆, 𝑢̃) −𝑄Δ𝓁
(𝜆, 𝑢̂)‖ ≤

𝛾(Δ𝓁)
1 − 𝜀𝛾(Δ𝓁)

max
𝑟=1∶𝓁𝑁

{

‖𝑏𝑟(𝑢̃−𝓁+𝑟 − 𝑢̂−𝓁+𝑟, 𝜏, 𝑡𝑟)‖
}

≤

≤ 𝛽𝜏
𝓁

⋅
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁

1 − 𝜀𝛾(Δ𝓁)
‖(𝑢̃ − 𝑢̂)[⋅]‖4 ≤

𝛽𝜏
𝓁

⋅
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁

1 − 𝜀𝛾(Δ𝓁)
‖(𝑢̃ − 𝑢̂)[⋅]‖3. (32)

The elements 𝜆 ∈ 𝑆(𝜆(0), 𝜌𝜆), 𝑢̃[𝑡] ∈ 𝑆(𝑢(0)[𝑡], 𝜌𝑢) and 𝜆 ∈ 𝑆(𝜆, 𝛿), 𝑢̂[𝑡] ∈ 𝑆(𝑢̃[𝑡], 𝛿) satisfy (6)-(11); that is, the components
of the function system 𝑢̃[𝑡] are of the form

𝑢̃𝑝(𝑡) = −𝜆𝑝 + Φ(𝑡) ⋅ 𝜆1, 𝑡 ∈ [𝑡𝑝−1, 𝑡𝑝], 𝑢̃𝑝(𝑡𝑝−1) = 0, 𝑝 = (−𝓁 + 1) ∶ 0,

𝑢̃𝑟(𝑡) = 𝑎𝑟(𝐴, 𝑡)𝜆𝑟 + 𝑎𝑟(𝐵, 𝑡)𝜆−𝓁+𝑟 + 𝑏𝑟(𝑢̃−𝓁+𝑟(⋅), 𝜏, 𝑡) + 𝑎𝑟(𝑓, 𝑡), 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁,

and the components of the function system 𝑢̂[𝑡] are of the form

𝑢̂𝑝(𝑡) = −𝜆𝑝 + Φ(𝑡) ⋅ 𝜆1, 𝑡 ∈ [𝑡𝑝−1, 𝑡𝑝], 𝑢̂𝑝(𝑡𝑝−1) = 0, 𝑝 = (−𝓁 + 1) ∶ 0,

𝑢̂𝑟(𝑡) = 𝑎𝑟(𝐴, 𝑡)𝜆𝑟 + 𝑎𝑟(𝐵, 𝑡)𝜆−𝓁+𝑟 + 𝑏𝑟(𝑢̂−𝓁+𝑟(⋅), 𝜏, 𝑡) + 𝑎𝑟(𝑓, 𝑡), 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁.

For their difference, the following estimates hold:

‖𝑢̃𝑝(𝑡) − 𝑢̂𝑝(𝑡)‖ ≤ ‖𝜆𝑝 − 𝜆𝑝‖ + max
𝑡∈[−𝜏,0]

‖Φ(𝑡)‖ ⋅ ‖𝜆1 − 𝜆1‖ ≤ max
{

1, max
𝑡∈[−𝜏,0]

‖Φ(𝑡)‖
}

‖𝜆 − 𝜆‖ ≤

≤ 𝛽𝜏
𝓁

⋅
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁

1 − 𝜀𝛾(Δ𝓁)
max

{

1, max
𝑡∈[−𝜏,0]

‖Φ(𝑡)‖
}

‖(𝑢̃ − 𝑢̂)[⋅]‖3, 𝑡 ∈ [𝑡𝑝−1, 𝑡𝑝], 𝑝 = (−𝓁 + 1) ∶ 0.
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‖𝑢̃𝑟(𝑡) − 𝑢̂𝑟(𝑡)‖ ≤ ‖𝑎𝑟(𝐴, 𝑡)‖ ⋅ ‖𝜆𝑟 − 𝜆𝑟‖ + ‖𝑎𝑟(𝐵, 𝑡)‖ ⋅ ‖𝜆−𝓁+𝑟 − 𝜆−𝓁+𝑟‖ + ‖𝑏𝑟(𝑢̃−𝓁+𝑟(⋅) − 𝑢̂−𝓁+𝑟(⋅), 𝜏, 𝑡)‖ ≤

≤ max
{

𝑒𝛼𝜏∕𝓁 − 1,
𝛽𝜏
𝓁
𝑒𝛼𝜏∕𝓁

}

⋅ ‖𝜆 − 𝜆‖ +
𝛽𝜏
𝓁
𝑒𝛼𝜏∕𝓁 max

𝑟=1∶𝓁𝑁
sup

𝑡∈[𝑡𝑟−1,𝑡𝑟)
‖𝑢̃−𝓁+𝑟(𝑡 − 𝜏) − 𝑢̂−𝓁+𝑟(𝑡 − 𝜏)‖ ≤

≤ 𝛽𝜏
𝓁
𝛾(Δ𝓁)𝑒𝛼𝜏∕𝓁 max

{

1
𝛾(Δ𝓁)

, 𝑒𝛼𝜏∕𝓁 − 1,
𝛽𝜏
𝓁
𝑒𝛼𝜏∕𝓁

}

‖(𝑢̃ − 𝑢̂)[⋅]‖4, 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = 1 ∶ 𝓁𝑁. (33)

Thus, we obtain the estimate

‖(𝑢̃ − 𝑢̂)[⋅]‖3 ≤ max
𝑟=(−𝓁+1)∶𝓁𝑁

sup
𝑡∈[𝑡𝑟−1,𝑡𝑟)

‖𝑢̃𝑟(𝑡) − 𝑢̂𝑟(𝑡)‖ ≤ 𝑞(Δ𝓁)‖(𝑢̃ − 𝑢̂)[⋅]‖4.

It follows from (A2) that 𝑢̃[𝑡] = 𝑢̂[𝑡]. Taking into account (32), we obtain that 𝜆 = 𝜆.

Using 𝜆(𝑘) ∈ 𝑅𝑛(𝓁(𝑁+1)+1) and 𝑢(𝑘)[𝑡] ∈ 𝑆(𝑢(0)[𝑡], 𝜌𝑢) (𝑘 = 1, 2,…), we determine the function

𝑥(𝑘)(𝑡) =
{

𝜆(𝑘)𝑟 + 𝑢(𝑘)𝑟 (𝑡) if 𝑡 ∈ [𝑡𝑟−1, 𝑡𝑟), 𝑟 = (−𝓁 + 1) ∶ 𝓁𝑁,
𝜆(𝑘)𝓁𝑁+1 if 𝑡 = 𝑇

that is continuous on [−𝜏, 𝑇 ] and continuously differentiable on [0, 𝑇 ].
Since problem (1)-(3) is equivalent to problem (6)-(11), Theorem 1 implies the following statement.

Theorem 2. Under assumptions of Theorem 1, the sequence (𝑥(𝑘)(𝑡)), 𝑘 ∈ ℕ, is contained in 𝑆(𝑥(0)(𝑡), 𝜌𝑥), converges to 𝑥∗(𝑡) ∈
𝑆(𝑥(0)(𝑡), 𝜌𝑥), an isolated solution to problem (1) - (3), and the estimate

max
𝑡∈[0,𝑇 ]

‖𝑥∗(𝑡) − 𝑥(𝑘)(𝑡)‖ ≤
2𝑞(Δ𝓁)

1 − 𝑞(Δ𝓁)
‖(𝑢(𝑘) − 𝑢(𝑘−1))[⋅]‖3, 𝑘 = 1, 2,…

holds true.

4 EXAMPLE

We consider the problem

𝑑𝑥(𝑡)
𝑑𝑡

= 1
4

(

2𝑡2 −𝑡3

−𝑡3 2𝑡2

)

𝑥(𝑡) + 1
8000

(

0 5𝑡
−10𝑡2 2

)

𝑥(𝑡 − 0.1) + 𝑓 (𝑡), 𝑥 ∈ 𝑅2, 𝑡 ∈ (0, 1), (34)

𝑥(𝑡) = diag[𝑥(0)] ⋅
(

cos (0.2𝑡)
exp(0.5𝑡)

)

, 𝑡 ∈ [−0.1, 0], (35)

⎛

⎜

⎜

⎜

⎜

⎜

⎝

√

3𝑥1(1) − 2𝑥2(1)
209

− 4
𝜋
tan−1

(

𝑥1(0)
𝑥2(0)

)

−
√

23
2090

+ 4
𝜋
tan−1

(

1.1
)

4𝑥1(1) + 8𝑥2(1)
𝑥1(0) ⋅ 𝑥22(0)

− 124
11

⎞

⎟

⎟

⎟

⎟

⎟

⎠

= 0, (36)

here

𝑓 (𝑡) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

⎛

⎜

⎜

⎝

−0.00625𝑡 ⋅
(

0.1 exp(0.5𝑡 − 0.05) + 5𝑡5 + 20𝑡3 − 40𝑡2 + 88𝑡 − 80
)

0.025
(

0.055 ⋅ 𝑡2 cos (0.2𝑡 − 0.02) − 0.01 exp(0.5𝑡 − 0.05) + 5𝑡5 + 11𝑡3 − 35𝑡2
)

⎞

⎟

⎟

⎠

if 𝑡 ∈ [0, 0.1),

⎛

⎜

⎜

⎝

−0.0078125𝑡
(

4𝑡5 + 15.99𝑡3 − 31.997𝑡2 + 70.3997𝑡 − 63.91999
)

0.03125
(

4𝑡5 + 0.01𝑡4 + 8.799𝑡3 − 27.9562𝑡2 + 0.00003𝑡 − 0.008001
)

⎞

⎟

⎟

⎠

if 𝑡 ∈ [0.1, 1].

For 𝑁 = 10 and 𝓁 = 1, we make the partition Δ1 of the interval:

[0, 1) = [−0.1, 0) ∪ [0, 0.1) ∪ [0.1, 0.2) ∪… ∪ [0.9, 1) .
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Let us take 𝜌 = 0.91, 𝜌𝜆 = 0.000277, 𝜌𝑢 = 0.000278, 𝜌𝑥 = 0.0006 and

𝜆0 =
(

𝜆00, 𝜆
0
1,… , 𝜆010, 𝜆

0
11

)

=
((

2
1

)

,
(

1
1

)

,… ,
(

1
1

)

,
(

1
1

))

∈ 𝑅24,

and construct system (13) for problem (34)-(36). We solve this system of nonlinear algebraic equations in the unknown parameter
𝜆 by using the iterative process

𝜆(0,0) = 𝜆0,

𝜆(0,𝑚+1) = 𝜆(0,𝑚) − 1
2

(

𝜕𝑄Δ1
(𝜆(0,𝑚), 0)
𝜕𝜆

)−1

𝑄Δ1
(𝜆(0,𝑚), 0), 𝑚 = 0, 1, 2,… .

Since ‖𝑄Δ1

(

𝜆(0,55), 0
)

‖ < 10−15, we can set 𝜆(0) = 𝜆(0,55). The parameter 𝜆(0) is
(

𝜆(0)0 , 𝜆(0)1 ,… , 𝜆(0)10 , 𝜆
(0)
11

)

then have the
components

𝜆(0)0 =
(

1.0997831106403650
0.9512323129323107

)

, 𝜆(0)1 =
(

1.1000031039278944
1.0000030365246515

)

, 𝜆(0)2 =
(

1.1025030034601186
0.9998774325528766

)

,

𝜆(0)3 =
(

1.1100030071178857
0.9990024391897256

)

, 𝜆(0)4 =
(

1.1225030215202900
0.9966274846858628

)

, 𝜆(0)5 =
(

1.1400030613205100
0.9920026218449720

)

,

𝜆(0)6 =
(

1.1625031478414525
0.9843779229934498

)

, 𝜆(0)7 =
(

1.1900033088364850
0.9730034816057488

)

, 𝜆(0)8 =
(

1.2225035777346023
0.9571294149119083

)

,

𝜆(0)9 =
(

1.2600039919001174
0.9360058677982158

)

, 𝜆(0)10 =
(

1.3025045891583442
0.9088830184287469

)

, 𝜆(0)11 =
(

1.3500054014062932
0.8750110862807049

)

.

Further, we determine an approximate solution to problem (34)-(36). The numerical results are provided in Table 1 and Figure
1 (for the initial approximation) and in Table 2 (for the third step of the algorithm).

−0.1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0.8

0.9

1

1.1

1.2

1.3

1.4

𝑡

𝑥(𝑡)

FIGURE 1 Exact solution 𝑥∗1(𝑡) —–, approx. solution 𝑥(0)1 (𝑡) ⋅⋅⋅⋅, exact solution 𝑥∗2(𝑡) —–, approx. solution 𝑥(0)2 (𝑡) ⋅⋅⋅⋅
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TABLE 1 The values of the exact solution 𝑥∗(𝑡) =
(

𝑥∗1(𝑡)
𝑥∗2(𝑡)

)

, the approximate solution 𝑥(0)(𝑡) =
( (0)

1 (𝑡)
𝑥(0)(𝑡)

)

and the error

(err1 = |𝑥(0)1 (𝑡) − 𝑥∗1(𝑡)|, err2 = |𝑥(0)2 (𝑡) − 𝑥∗2(𝑡)|).

𝑡 𝑥∗1(𝑡) 𝑥(0)1 (𝑡) err1 𝑥∗2(𝑡) 𝑥(0)2 (𝑡) err2
-0.10 1.0997800073332356 1.0997831106403650 3.103e-06 0.9512294245007140 0.9512323129323107 2.888e-06
-0.05 1.0999450004583318 1.0999481042310310 3.104e-06 0.9753099120283327 0.9753128735809234 2.962e-06
0.00 1.1000000000000000 1.1000031039278944 3.104e-06 1.0000000000000000 1.0000030365246515 3.037e-06
0.05 1.1006250000000002 1.1006280914908437 3.091e-06 0.9999843750000000 0.9999872617517296 2.887e-06
0.10 1.1025000000000000 1.1025030034601186 3.003e-06 0.9998750000000000 0.9998774325528766 2.433e-06
0.15 1.1056250000000000 1.1056280046163758 3.005e-06 0.9995781250000000 0.9995805587709788 2.434e-06
0.20 1.1100000000000000 1.1100030071178857 3.007e-06 0.9990000000000000 0.9990024391897256 2.439e-06
0.25 1.1156250000000000 1.1156280115518250 3.012e-06 0.9980468750000000 0.9980493234928042 2.448e-06
0.30 1.1225000000000000 1.1225030215202900 3.022e-06 0.9966250000000000 0.9966274846858628 2.485e-06
0.35 1.1306250000000000 1.1306280330823730 3.033e-06 0.9946406250000000 0.9946431393780809 2.514e-06
0.40 1.1400000000000001 1.1400030613205100 3.061e-06 0.9920000000000000 0.9920026218449720 2.622e-06
0.45 1.1506250000000000 1.1506280854512374 3.085e-06 0.9886093750000000 0.9886120641509687 2.689e-06
0.50 1.1625000000000000 1.1625031478414525 3.148e-06 0.9843750000000000 0.9843779229934498 2.923e-06
0.55 1.1756250000000001 1.1756281914940954 3.191e-06 0.9792031250000000 0.9792061757610511 3.051e-06
0.60 1.1900000000000002 1.1900033088364850 3.309e-06 0.9730000000000000 0.9730034816057488 3.482e-06
0.65 1.2056250000000002 1.2056283801894372 3.380e-06 0.9656718750000000 0.9656755744678882 3.699e-06
0.70 1.2225000000000001 1.2225035777346023 3.578e-06 0.9571250000000000 0.9571294149119083 4.415e-06
0.75 1.2406250000000000 1.2406286854849837 3.685e-06 0.9472656250000000 0.9472703860525825 4.761e-06
0.80 1.2600000000000002 1.2600039919001174 3.992e-06 0.9359999999999999 0.9360058677982158 5.868e-06
0.85 1.2806250000000001 1.2806291438062700 4.144e-06 0.9232343749999999 0.9232407665135098 6.392e-06
0.90 1.3025000000000002 1.3025045891583442 4.589e-06 0.9088750000000000 0.9088830184287469 8.018e-06
0.95 1.3256250000000000 1.3256297893082490 4.789e-06 0.8928281250000000 0.8928369087846616 8.784e-06
1.00 1.3500000000000000 1.3500054014062932 5.401e-06 0.8750000000000000 0.8750110862807049 1.109e-05
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TABLE 2 The values of the exact solution 𝑥∗(𝑡) =
(

𝑥∗1(𝑡)
𝑥∗2(𝑡)

)

, the approximate solution 𝑥(3)(𝑡) =
(

𝑥(3)1 (𝑡)
𝑥(3)2 (𝑡)

)

and the error

(err1 = |𝑥(3)1 (𝑡) − 𝑥∗1(𝑡)|, err2 = |𝑥(3)2 (𝑡) − 𝑥∗2(𝑡)|).

𝑡 𝑥∗1(𝑡) 𝑥(3)1 (𝑡) err1 𝑥∗2(𝑡) 𝑥(3)2 (𝑡) err2
-0.10 1.0997800073332356 1.0997800806249047 7.329e-08 0.9512294245007140 0.9512294934360170 6.894e-08
-0.05 1.0999450004583318 1.0999450737609966 7.330e-08 0.9753099120283327 0.9753099827087413 7.068e-08
0.00 1.1000000000000000 1.1000000733063300 7.331e-08 1.0000000000000000 1.0000000724696916 7.247e-08
0.05 1.1006250000000002 1.1006250733078828 7.331e-08 0.9999843750000000 0.9999844474720773 7.247e-08
0.10 1.1025000000000000 1.1025000733183120 7.332e-08 0.9998750000000000 0.9998750724831861 7.248e-08
0.15 1.1056250000000000 1.1056250733457682 7.335e-08 0.9995781250000000 0.9995781975110192 7.251e-08
0.20 1.1100000000000000 1.1100000734237820 7.342e-08 0.9990000000000000 0.9990000728233261 7.282e-08
0.25 1.1156250000000000 1.1156250735071176 7.351e-08 0.9980468750000000 0.9980469479062948 7.291e-08
0.30 1.1225000000000000 1.1225000739014825 7.390e-08 0.9966250000000000 0.9966250747970745 7.480e-08
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