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1 | INTRODUCTION

We consider the linear system of delay differential equations

% = A(x(t)+ BOxt—-1t)+ f(), x€R", te(0,T), >0, (1)

x(1) = diag[x(0)] - (1), 1€ [-7,0], @

subject to a nonlinear two-point boundary condition

8(x(0),x(T)) = 0. €)]
Here the n X n matrices A(t), B(t) and the vector function f () are continuous on [0,T], ¢ : [-7,0] — R" is a continuously

differentiable vector function such that ¢;(0) = 1,i = 1 : n; 7 is a constant delay; ||A(#)|| = max 2 lla;;OIl < a, |BOI =

i=1,n j=1
n

max Z 16;;()|l < B, where a and f§ are some constants.
i=ln 5_
M=
A solution to the boundary-value problem (I)-(3) is a continuous on [z, T'], continuously differentiable on (—z,0) [ J(0, T)
vector function x*(¢), satisfying Eq. (I) and conditions ), (3).
When modeling the processes of mass, energy and information transfer (in particular, hereditary information), it is necessary
to consider differential equations with deviating arguments, including delay differential equations 2345167, Basic concepts and

definitions of the theory of differential equations with deviating arguments, as well as existence theorems and approximate
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methods of their solution, are covered in®210L
many authors, e.g., ZOAISIGI7ITSION0,
This paper aims to obtain sufficient solvability conditions of problem (I)-(3)) and to develop algorithms to find its solution.
To this end, we use the idea of Dzhumabayev’s parameterization method?!, which is one of constructive methods that
allow to simultaneously investigate the existence and construct solutions of boundary value problems for differential equations.
This method was originally developed to investigate the linear two-point boundary value problem for the system of ordinary
differential equations

. Boundary value problems for delay differential equations have been studied by

% =A(x+ f@t), te€(,T), x€R" 4)

Bx(0)+Cx(T)=d, d€R". 5)

The solution procedure for the boundary value problem reduces to the following two main problems: solving a system of linear
algebraic equations in parameters, introduced as the values of the desired solution at the partition points, and solving Cauchy
problems on the partition subintervals. This made it possible to derive necessary and sufficient conditions for the well-posedness
of problem (@), (5) only in terms of the input data A(¢), B, C, f(t),d, and T.

The parameterization method has been successfully applied to study and solve periodic boundary value problems for linear
delayed differential equations?22*?% and nonlinear two-point boundary value problems for ordinary differential equations<>20'2Z,
In“®, a modified algorithm of the parameterization method was developed to solve problem (@), (3). The results obtained served
as an impetus for the study of problem (I)-(3).

When solving problem @), (5 by the parametrization method, Cauchy problems for ordinary differential equations are solved
at each step of the algorithm. It is natural to assume that applying the parametrization method to problem (I)-(3) will lead to
Cauchy problems for delay differential equations, which is not a simple problem in itself. However, the modification of the
parameterization method proposed in this paper, as applied to problem (I)-(3), is content with Cauchy problems for ordinary
differential equations. This approach facilitated the procedure of solving problem (I)-(3).

In this paper, sufficient conditions for the existence of an isolated solution of problem (I)-(3) are obtained. An illustrating
example is given.

2 | AN ALGORITHM FOR SOLVING PROBLEM (1)-(3)

Let us suppose T = N, where N is a positive integer. We will use the following notation:

¢N
A, 1is a partition of the interval [—7,T) = U [t,._;,t,)bypoints t, =st/f,s=—¢ : CN, ¢ =1,2,..;
=—(+1
C([—7,T], R") is the space of continuous functions x : [—7,T] — R" with the norm ||x||;, = r[naxT] [lx(|;
te[-,
C(0,T],A,, RN is the space of function systems x[t] = (x,(?), x,(¢), ..., x,5(¢)) whose elements x,.(t) € C([¢,_;,¢,)) have
finite one-sided limits limo x,(),r=1: (N — 1), equipped with with the norm ||x[-]||, =  max sup 1,5
t—1,— telt,_1.t,)

C([-7,T], A,, RN+ is the space of function systems x[t] = (x_f+1(t),x_f+2(t), ey Xy (1), x0(0), X1 (1), X5 (B), -, Xy N (1))
whose elements x,.(t) € C[t,_;,t,), Vr = (=€ + 1) : 0, and x,(t) € Cl[ ,t,), Vr =1 : £N, have finite one-sided limits
lim x.(t) € R", r=(=¢+1) : £N, equipped with the norm ||x[-]||; = max - sup [l ]l

t—t,—0 r=—0.¢N t€lt,_,.t,)

C([0,(N — 1)1],AK,R"“’) is the space of function systems x[t] = (x_,(t — 7),X_p,(t — T),..., %0t — 7),x(t —
7).y Xpny—1y(t — 7)) with elements x,(r) € Clt,_;,1,), p = (= +1) : (N — 1), equipped with the norm ||x[]|, =

max sup ||x_,., (& —7).
r=1:0N epy 1) +r

p-1°

By introducing the parameters A, = x(t,_;), r = (=€ +1) : N, Ayny = hm0 x(t), and substituting u,.(f) = x(f) —
t €t,_,t), r =(=¢C+1): N, we transform the boundary value problem @ (@) to the equivalent multi-point boundary
value problem with parameters
du,(t)
TR AWA, +u,®)+ Bt (A_py, +u_p, =1+ f@), teE[t,_,t), r=1:¢N, ©6)

u(t,_)=0, r=1:¢N, 7
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Ay u ) =00 - A, 1€, 11, p=(=C+1):0, (8)
—A,+®(, ) A =0, p=(-£+1:0, ©))

g (A1 Aensr) =0, (10)

Aot lim () = 4y, r=1: 0N, (11)

Here @(r) = diag[e()], t € [1_,, 1].
A solution to problem (€)-(TT) is a pair (4*,u*[¢]) with elements
= (A e A A A A ALy ) € RIINEDHD,
Wt = Wy (), O, 50,6, ... ul (1) € C([—7, T, Ay, RNVHD),

that satisfy (6)-(TT).

Let us introduce the notation

a@ﬁ=&®/£%ﬁ@% t€lt 1), r=1:¢N,

Tro

t
by (). 7. t) = X, (1) / XN EOBOu_ g (E—D)dE, 1EL,_,1,), r=1:¢.

Here X, (2) is the linear operator® P- 6!

t Sj-1

w ! 5 _
X,(t)=I+/A(s1)dsl+Z/A(sl)/A(SZ).../A(sj)dsj...dszdsl, telt,_,t), r=1:7N,
jzzz,,l oy t

Ty r-1

1 is the identity matrix of order n.
For fixed A,, A_,,,, and u_,(t — ), problem (6), (7) is the Cauchy problem for an ordinary differential equation, the solution
of which is

u(t) =a (A, A, +a.(B,)A_,,, +bu_,.,.(),T,t)+a.f,t), tE€[t_,t), r=1:¢N. (12)
Let us compose the function system
ult] = WU_p (O u_p o (@), oo u_ (@), ug(0), uy (1), uy (1), ..., upn (1))
From (I2) we determine z-ljz,n—lo u(t), r =1 : £N. Based on (9)-(II), we construct the system of nonlinear equations for

unknown parameters
0y, (A1) =0,
here A = (A_, 1, A_pios oo s A5 Ags A1 Aoy oo s Apns Apngl) € RCN+D+D and

T T
7 Ao+ 7 D_p) - 4

T T
7 T 7 SO _pyy) - 4y
T T
—? < Ao+ ? SO - A

QAt,(jﬂ u) =

T T
378 (11’AKN+1) + 278 (ilv}”t’NH)
ay(B,t)A_pp + T +a; (A, t)A — A + by (u_p (), 7,t) +a (f, 1)

ay(B, 1)) A_pyn + (I + ay(A, 1)) Ay — A3 + by(u_p 5 (1), T, 15) + ay(f . 1,)

asNBtoN)Aevony + U+ apn(Astoy DAy — Apngr +ben ey (s Toton) + apn (fo1oy)
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Let us assume that the conditions of Theorem 122 are met in a ball S(4°, p) with A© € R*¢(N+D+D Tn what follows, we also

suppose the following condition to be fulfilled.

Condition 1. The system of nonlinear equations
0, (4,0)=

has a solution A© = (/I(O;H, s ﬂéo), A(O) s )”g)z)v 1) € RMCIN+D+D) in §(A0, p).

Let us compose the function system

Ol = (W, @, o) OO, ) (1) € C=7.T]L A, RYNHD),

where
W)= =20+ o0)- A, 1€lt, ,t,), p=(-£+1):0
w0 = a,(A4,0A° + a,(B, )2 . Fa(f,n, tE€lt,_,t), r=1:¢N.
Then, using A and u@[¢], we define the function x@(¢), piecewise continuous on [—z, T], as
A9 +uO@) it re(t,_,1,), r=(-¢+1):¢N,
xO(t) = { o T
N+ ifr=T
Let us choose numbers 0 < p,; < p, p, > 0, p, > 0 and construct the sets:
S(A®, p) =14 € RN 4~ 4O = max {[|4, = AQ|,r = (=€ + 1) : N + 1)} < pi}
SwO(r], p,) = {u(t) € C([-7,T1, Ay, R“ND) ¢ @ = u)[|l; < p, ),
SO, p,) = {x(t) € C([-7,TLR" : |lx = x|y < p,},
Go(pypy) = {(wy, wy) € R ¢ |lw; = xQ0)|| < p;, lw, = xOD)|| < p, ).

13)

(14)

5)

Condition 2. The function g(w,, w,) is continuous in Gy(p,, p,) and has uniformly continuous partial derivatives giv (w;, w,)
1

and g/, 2(wl , W,) that satisfy the following inequalities:
sup { llg], (wp, wll © (wy,107) € Golpyp) | < L,

sup { 18], (0. w0l = (@01,105) € Gop;.p) |} < Ly,

where L, L, are some constants.

Given A® € R™WN+D+D and O[] € C([-7,T],A,, R N+D), we generate the sequence (A%, u®[1]), k = 1,2,...,

according to the following algorithm.

Step 1.
(@) From the equation 0, (4,u®) =0 find AV = (20 ..., 4P, 2, .. ,1(‘;v+l) € RMEIN+D+D),
(b) Compose the function system uV[t] = (u (I;H(t), e, E)l)(t), u(ll)(t), . (1) V(@) € C([-7,T], Ay, RN*Y), where
uP() = =20 + o) - AV, reft, ), p=(=£+1D:0
uD() = a,(A,04" +a,(B.02Y + 5,0, ().t +a(f.1)., t€l,_ 1), r=1:¢N.

Step 2.

(@) From the equation 0, (4,u") =0 find A® = (1% ... 2% 4%, .. a0} ) € RCN+D+D,

(b) Compose the function system u®[1] = (u®) | @), ....u" (0,7 @), ... .u2} (1)) € C([-7.T1, A,, R“N+D), where

W2 (1) = —A9 + o) - AP, telt, 1), p=(=f+1):0

u?(t) = a,(A,01? + a,(B.0A% + b)) ().r.0+a,(f.1), tE€[t_.t,), r=1:¢N.

Continuing the process, at Step k of the algorithm we obtain the pair (A%, u®[t]).

3 | MAIN RESULT

In this section, we establish sufficient conditions for the convergence of the algorithm proposed in Section 2 to an isolated

solution of problem (6)-(TT).
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Theorem 1. Suppose that for some £(£) €N, p, > 0, p, > 0, and p, > 0 the conditionsandare satisfied, the Jacobi matrix
90, (A.u)

2 is invertible for all (A, u[t]) (A € S(A?, p)), ult] € S@ (1], p,)), and the following inequalities hold:

00, (4, 1)

Y >_1H <780,

|

— ﬁT at [t 1 at [ ﬁT at /¢
(A2) q(Ay) = fy(Af)e max l,tgl[_e%] ||<I>(t)||,y(Af),e 1 ¢ <1,

ﬂ‘L’ y(Af)e‘”/f

bz .

(A3) 7 T q) 1[4 < 2y
G

(A TGS IO < o,

(AS) p, +p, < py-

Then the sequence (AX,u®[1]), k € N, with A% € S(A?,p,), u® € Sw[t], p,), determined by the algorithm, converges
to (A%, u*[t]) with A* € S(A?, p,), u'*[t] € S@[1], p,), an isolated solution to problem (6)-(TT), and the following estimates
hold true:

Q(Af)
1 —q(A,)
r(Ap)Bre™!?
¢ —y(Ap)pret/?

@ — u® )15 < l@® — w1y, (16)

|4* = AW <

@® — u® D))l a7

Proof. Under Condition |1}, we compose the function system (T4) and choose (A?,u?[¢]) as an initial approximation to the
solution of problem (6)-(TT).
We then find the parameter A" from the equation

QA (A u(())) =0 1e Rn(f(N+1)+l)
£ b 9 .

The operator Q4 (4, u®) satisfies all assumptions of Theorem 12 in S(4?, p,). Choosing a number &, > 0, satisfying the
inequalities

1 y(Ay)
A< -, PIORONTI
ggr(Ay) < ) 1= egr(d,) ”QAf( U < p,
90, (4,u®) 1
and using the uniform continuity of the Jacobian matrix By E— in SO, p 1), we find 6, € (0, 2P ,1] such that for any

A, A € S(AY, p,) the inequality

” 00,,(4u®) 00, (Au®)

EY) ox ” < %o

holds for || 4 — || < &,.
Choosing @, > max { 1, % ||QA/(A(O), | } , we build the iterative process:
0
A(1,0) — ,1(0),
5QA€(ﬂ(l’m), u®)
04

By Theorem 12, the iterative process (I8) converges to A € S(A©, p,), an isolated solution to the equation O, (4, u(”) = 0.
Taking into account Q AK(/I(O), 0) = 0, we get

1 (18)

/1(1’”“'1) — A(l,m) _ _<

-1
) s, G u0), m=012,...
[24] ¢

120 = 20N < yANNQs, GV u = r(ANNQs, (A7 u”) = 04, G, 00| < 7(A,) max [Ib,wS) (). 7.1,)Il <

B ¢ () pr
< y(A)e*” max  su t— =20 (AN NWOT, < p,. (19
< GO0 ma s 0= 0l = TS0 WO < s (19)
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The components of the function system

w11 = (%, @, ... ul OO, )

satisfy the following inequalities:
OO < 1AQN + 1SN - 1AV, 1 € Ttpyst,], p=(=£+1):0
lu@@®)| < max {e‘”/f -1, %e‘”/f} [[AO]] + % e/t te[st}i[l)’tr) lfOl, telt,_.t), r=1:¢N.
Under our assumptions, the Cauchy problems
du,(t)

= = A0 (4 +u,0) +B(z)(/1“;+ u (t—r))+f(t), telt,_.t), r=1:¢N,

—f+r
u(t,_;)=0, r=1:7N,
have the unique solutions determined by

uD@) = a, (A0 +a,B,0A") +b, (). t.0)+af.0), t€lt,_,t), r=1:¢N,

+ £+r
and
uPty==AV+ @) A", 1€, 1), p=(=£+1):0

It follows from (T9) that
16P@) = DN < 14D = A0 + )] - 14" = 4”1 < max { 1, max [|®@)]| } 120 = 20 <
te[—7,0]

T
< 7 max { L. max [|o(0)] } @) WOy, 1€ Lyt p=(=£+1)10, Q0)

4@ — @@ < lla, (A DN - 14D = 29 + la, B oI - 147, = 2% |1 +116,® (). 7,0l <

—C+r —C+r C+r

gmax{e”/f—l,%ew/f}-||/1<1> ,1<°>||+/; “/? max  sup ||u

| <
r=1:¢N yer 1)

f+r(t

< %y(Af)e‘”/f max{L et 1, &

i ar/t O, tE[t_.t), =1:¢N. (21
y(Af) fe }”u []”4 [r—l r) r ( )

Thus, we have the estimate

@ =), <€ max sup [ulP(0) =¥ @]l < gA)NP Ly < P,
r=(=¢+1): NIE[I Ll

ie. uV[r] € SWO[t], p,).
The structure of the operator O, (4, u) and the equality O, (4", u®) = 0 imply

r@IQs, AP uD)l| = r(A)IQs, (A4 ) = 0y, GV u) | < 1(8p) max 15, ), —u?) ()71, <

pr 4 o) 4@ ik /00, _ 1 (0)
< Tr@oe max sup Wy, =0 =il 0= 0l < Zr@pe N - ikl @)
where u[1] € C([=7,T1, A,, R*N+D),

If A € S(AW, p)), where p, = y(Af)HQAK(/l“), u)]|, then by (A2), (A3), (T9), and (20), the estimate

12 = 201 < lla = AVY + 140 = 20 < @IIQs, AP uD)l| + 1127 - A7) <

bt J/( Pl

o,
7 T=4a) II [y <P

< Zr@ne @) + DILOLII <

holds, i.e S(AV, p,) € S(A©, p,).
The operator Q, (4,u") in S(A", p) satisfies all conditions of Theorem 1. Therefore, the iterative process
120 - ,1(1)’
aQA (,1(2 ) u(l))

22m = jem <—a,1 ) 0, (O™ Uy, m=0,1,2,....
1
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) 19 Q) 1@
1 LR

@ —
converges to A'” = (A2, |, ..., 45", N+

) € S(A, p)), an isolated solution to the equation 0,,(4, uM) =0, and
4P = 2] < yANQA, AN, D).

The last estimate and (22)) imply
pr

”A(Z) _ A(l)” < 7y(Af)eaT/f”(u(1) _ M(O))[]”4 (23)

The Cauchy problems

du,(1)
dt

—C+r ‘+

= A®) (A2 +u,(0) + B() (/1(2) +ul (- 7)) +f@), tE€lt_ 1), r=1:¢N,
u(t,_;)=0, r=1:7¢N,
have the unique solutions determined by

u?(t) = a,(A,01? + a,(B.0A% + b)) ().r.0+af.1). tE€[t_.t), r=1:¢N,

and

uD(t)==AP + @) - AP if t€lt, 1), p=(=£+1):0.

Taking into account (23]), we obtain
2 1
4@ @) = uPO < 1122 = AD) + [[D@O - 147 = 2| < max { 1, max_[|@@)]| ¢ 4% - 2D <
p p p p t€[-7,0]

T
< ﬁ? max { I, max o0 } rAN N —u) Ny tE€L, 1)), p=(=£+1): 0, (24)

4@ (@) —uP Ol < lla, (A DI - 14D = AN + la, (B, oI - 1147, = A0 1+ 116, () —u® (), 7,0 <

—C+r —C+r —C+r —C+r

BT 4err pr o) ©)
<max{ e/ — 1, e/ AP = AV + Z=e*/Y max  su u t—1)—u t—1)|| <
{ = || I+ e/ max sup Iy, (=0 =ul), 0= 0

pr ¢ 1 e BT 4eje H_ O
< y(Ape ™ max § ——, %7 — 1, =7 3 |V =Nl tE€Tt_pht), r=1:¢N. (25
7 4 J/(Af) £ 4 1

Thus, we have the estimates

1@ =y < max  sup @@ —uPON < AN = )l < pys
r=(=C+1):¢N sz, | 1)

ie. uV[1] € S@O[1],p,), and
1@ = w5 < gAIEP = a1, < g AN = )1l < FA) N,

q(A,)

I =l < =y + =l < @A)+ qAD L < 7=
- 14

1@l < pos

ie. u®[r] € SWO[t], p,).
Assume that (A%=D, u*=D[¢]), where A&~V € S(A©, p,), u*D[1] € C([~7,T], A,, R"N+D), is determined, and

T
JA%=D — 462 < %y(Af)e“/fu(u(k-D — N, (26)
a0 — w25 < AN E*? = u D, @7

Let us find the k-th approximation A% of the parameter 4 from the equation Q, (4, u*~") = 0. Similarly to (20), using (26),
(27) and the equality Q, (A*~D,u*=?) = 0, we obtain

pr

rADNIQs, AP u D <y (A @ = u LI, (28)
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Let us now choose py_; = y(A)[1Q,5, (A*V, u*~D)]|| and show that S(A*~Y, p,_}) € S(A©, p,). Indeed, in view of (26)-(28)
and (A3) we have

1A= A0 < 12 = 29D 4+ 297D = 2072 4+ 1442 = 26 4 120 = 20 <

k=2 k=3
BT n BT A e
<pk_1+<7y<Af>e ) =20+ Zr@pe ) IAY = A0+ 14D = A0 <

ﬂT k-1 ﬂT k=2 ﬂT k=3
< <<7)/(Af)e‘"/f> + <7y(Af)e‘"/f> + <7y(Af)e‘"/f> ot 1> 4D = 29 <

YA )BT /E)e™ /" B r(Ap)e””
1 —y(A,)(Br/C)eat/? £ 1-q(a,)
Since O (4, u*~D) satisfies all conditions of Theorem 1°*'in S(A*~Y, p, ), there exists A®) € S(A*Y, p,_,), a solution to
the equation Q, (4, u®=Dy =0, and

a1l < II ULl < pye

1A% = A%V < y (A0, 4, u® D)) 29
The Cauchy problems
du, (1)

- = AOGP +u, ) + BOAY, +u Dt —on+f@), telt, 1), r=1:¢N,

—f+r —f+r
u(t,_)=0, r=1:7¢N,
have the unique solutions determined by

u®@) = a, (4,040 +a,(B,0AY +b,w V).t ) +a,(f.), tE€lt,_y,t), r=1:¢N,

+ £+r
and
W) = A0 + o) - A telt, ), p=(=£+1):0.

If p = y(ANI1Q,, (AP, uP)|| = 0, then Q (A%, uP) = 0, which implies

_i;k>+q)(,p l).,1<k)=o p=(=f+1):0,

W 0 )
8(4.485.,.) =0,

. k .
A9+ llnnlou(rk)(l‘) -9 =0, r=1:¢N,

i.e. (A0, u®[1]) is a solution to problem (6)-(TT).
From (28) and (29) we obtain the estimates

_ pr ue _ _
1A% — 24D < —r(Ap)e N @ED = W D)), (30)
lu® — u® D5 < gAN@* D = a1, < gAHN@ D = w15, @31
u® — O3 < lu® —u® DYy + .+ [Ju® = u@]]; <
Ap)
< (@A) + oo+ gL, < %Ilu“’)[ s < pus uP[t] € SO, p,).
14

It follows from (30), (3I) and g(A,) < 1 that the sequence of pairs (A%, u®[t]) converges to (A*,u*[7]) , the solution to
problem (B)-(TT), as k — co. Moreover, (A3) and (A4) imply that AY, A* € S(A©, p,), k € N, and u®[1], u*[t] € SW (1], p,).
Letting m — oo in the inequalities

at [t m
(A0 _ 100 < r(Ap)(BT/0)e <1 _ <%y(Af)ear/f> ) 1G® = e D)l

1= y(A )BT /E)e/”

A
@™ = u®)]l; < #(1—q’"(Af))u(u(k)—u“—”)[-]lu,

q(A,)
we obtain estimates (T6)) and (I7).

Let us now show that the solution to problem (€)-(TT) is isolated. Suppose (4, 11]) is a solution of problem (6)-(TT), where
1e SuO, p,), ult] € S[r], p,)- Then there exist numbers 8, > 0and 5, > 0 such that

14— 291 + 6, < p;, @ = a5+ 8, < .
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If A € S(2,8,) and u[f] € S(il1], 5,), then the inequalities
2= 2Q0 <A = A+ 17— A9 <6, + 17 = 29| < p,,
1@ = u)ls < @ =D + 1@ = dOE < 6 + 1@ = ™)l < pys

imply that 2 € S(A©, p,) and u[r] € S@O[t], p,). i.e. S(1.8,) C S(A©, p,) and S(@l1], 5,) C S@O[1], p,)-
We choose a number € > 0 such that

Ey(Af) < 13
A at [t 1= A
Bt . %max 1, max ||@®)], M’eaf/f -1, br Lo E L .
¢ 1—gy(Ay) 1€[~7,0] y(Ay) 4

00, (A,u) ~ ~
Condition [2| and the structure of the Jacobi matrix A(;—/l imply its uniform continuity for all A € S(4,6;) and u[f] €

Suft], 32). Hence there exists 6 € (0, min{g] , 52 }1 such that

00,,(4,u) aQA (/1 u
|
Note that if (, @[t]) is a solution to problem @-@, then the equality Q AK(A, u) = 0 holds.

Let (A,al1]), With 2 = (A_ps1s Apinseoes Ags Ao ees dongt) € SCLE) and Glt] = (Gpyy (0, 0_pyp (D), ... (1), By (1),
(1), ..., 0, N(t)) € S(ult], 5), be another solution to problem (6)-(TT).
Slnce 0] A, (/1 ) =0and Q A, (/1 ) = 0, the equalities

H <e, AeSLS), ult] € Sal,s).

-~ 00, (AW N a 00, (BB
1=i-(=5—) esam. A=i-(=5—) .G
imply
- aQA (m /00, u+eu D00, (A N
i-i=- ( /( - >d0-(/1—/l)—
0
00, (A\-1 . ~
- (=) @ Ai-0, G,
and
Y(Ap) 7(Ay) ~
7= 20 < 7o 108, (B = 04, Aol < 70 mas {16, =B <
f r=
pr r(Ap)e!” pr y(dpe
S7'm”( - ]||4_7 1—(Af)”(u_u)[']“3' (32)

The elements 2 € S(A?, p,), ult] € S@[1], p,) and 2 € S, ), lt] € SGlr], 6) satisfy (6)-(T1); that is, the components
of the function system u[¢] are of the form

0O =-A,+®0) 4, tE€t, 1], U, )=0 p=(-£+1:0
W) = a, (A4, + a(B.0)A_sy, + b, s, ()T )+ a,(f 1), tEt,_1.1,), r=1:¢N,
and the components of the function system %[¢] are of the form
0,0 =2, +®10) A, telt, .1l G, )=0 p=(-L+1):0
0.() = a (A4 +a,(B.DA_sy, + b0y ()T )+ a,(fo1), tEL,_1.1,), r=1:¢N.

For their difference, the following estimates hold:

17, = 8,0l < 17, = 2,1l + max (@] [17, - 4, < max{l,tem[_a}()] ||d>(z)||} 17 =71 <

A ar [
_g % ax{l, épaxmné(z)n}||(ﬁ—a)[-1||3, t€l, ), p=(=£+1):0
y te[—r,
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1%t = 2.l < Nla (AN - 1A, = 20+ Na Bl - 1A_py, = Apirll + 1B, G () = Bp (), 7, D] <

T ~ A~ T ~
< max {e‘”/f -1, ﬁ—e‘”/f} A=Al + ﬂ—e‘”/f max sup |u_,..(t—7)—U_,.(t—7)| <
14 14 r=1:¢N telt,_,.1,)

pr ¢ {
< = y(A,)e" /" max :
¢ (D) ¢

Thus, we obtain the estimate

@ —-w[ll; < - max, Nte[s;ull)r : l[u,(t) — .l < q(A)I@ —W[1ll4-

It follows from (A2) that @[¢] = u[¢]. Taking into account (32)), we obtain that 1=

Using A% € R*WN+D+D and u®[1] € S@O[t], p,) (k = 1,2, ...), we determine the function

A0y = { A(k; +u® (1) if €l 1), r=(C+1:CN,
/lfN +1 ifr=T
that is continuous on [—7,T] and continuously differentiable on [0, T].

Since problem (I)-([@) is equivalent to problem (6)-(IT), Theorem [T]implies the following statement.

e‘"/f—l,ﬂ—e‘”/"}II(E—ﬁ)[-]Iu, teft,_y,t,),r=1:¢N. (33)

Theorem 2. Under assumptions of Theorem 1, the sequence (x¥)(1)), k € N, is contained in S(x?(¢), p,), converges to x*(t) €

S(xO(1), p,), an isolated solution to problem (T)) - (3), and the estimate

2q(A,)

(1) — x®(t (k) _ o (k=Dyr, , k=1,2,...
max llx*(®) = x| < T (Af)ll(u w5

holds true.

4 | EXAMPLE

We consider the problem

dx(t)y 1 (2% =P 0 5t )
=1 <_t3 52 ()+8000 _lop o )XE=0D+f0). xeR. 1€,

cos (0.21)
exp(0.57)

3x1(1)—2x2(1) - xl(O) 23 4.
[V x2<o>>_ 2090 " 7 ™" (1'1)

x(t) = diag[x(0)] - < ) , te[-0.1,0],

4x,(1) + 8x2(1) 124

x1(0) - x3(0) 1

here
—0.006251 - (0.1 exp(0.5¢ — 0.05) + 5¢° + 20¢> — 407> + 881 — 80)

if t € [0, 0.1),

0.025 (0.055 - % cos (0.21 — 0.02) — 0.01 exp(0.5¢ — 0.05) + 5¢° + 1113 — 3512)

F@ =1
—0.0078125¢ (41‘5 + 15.993 — 31.997¢2 4+ 70.3997¢ — 63.91999)

ifrefo.l, 1].

0.03125 (4t5 +0.01* + 8.7993 — 27.9562¢2 + 0.00003¢ — 0.008001)

For N =10 and # = 1, we make the partition A, of the interval:

[0,1)=[-0.1, O)u [0, 0.1)u [0.1, 0.2)u...uU [0.9, 1).

(34)

(35)

(36)
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Let us take p = 0.91, p, = 0.000277, p, = 0.000278, p,. = 0.0006 and

A0 = (20,29, ... /1?0,,10)=<<f>,<i>,...,<i>,<i>>eR24,

and construct system (T3)) for problem (34)-(36). We solve this system of nonlinear algebraic equations in the unknown parameter
A by using the iterative process

0.0 — )(O’

- 00, (A%™,0)
AQmHD = Z0m) _ 2 —— QAI(A(O*W,O), m=0,1,2,....

Since [|Q,, (4%39,0) || < 10715, we can set A© = 1059, The parameter 4© is (/1(0), /1(10), s /1(1%), /1(101)> then have the
components

20 _ 1.0997831106403650 /1(0) 1.1000031039278944 20 _ 1.1025030034601186
~\0.9512323129323107 )’ 1.0000030365246515 — \ 0.9998774325528766

20 _ 1.1100030071178857 (0) 1.1225030215202900 20 _ 1.1400030613205100
—10.9990024391897256 ) ° 0.9966274846858628 /° 75\ 0.9920026218449720

0 _ <1.1625031478414525> o

1.1900033088364850 20 _ 1.2225035777346023
0.9843779229934498 ’ B

0.9730034816057488 0.9571294149119083

20 _ 1.2600039919001174 20 _ 1.3025045891583442 20 _ 1.3500054014062932
~ | 0.9360058677982158 ~1.0.9088830184287469 |’ ~ | 0.8750110862807049

Further, we determine an approximate solution to problem (34)-({36). The numerical results are provided in Table[T |and Figure
[I] (for the initial approximation) and in Table[2 | (for the third step of the algorithm).

1.4 %
x(1)
1.3

1.2 ¢

09

0.8

-0.1 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1

FIGURE 1 Exact solution xT(t) ——, approx. solution x(]o)(t) ----, exact solution xz(t) ——, approx. solution x(zo)(t)
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TABLE 1 The values of the exact solution x*(t) = <

(erry = |xy(1) = X} (O], erry = |xy () = x5,

xi(0)

X

0
x50

err,

>, the approximate solution x(¢) = <

x3(0)

N0
xO)

)
X0 (1)

> and the error

err,

-0.10
-0.05
0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95
1.00

1.0997800073332356
1.0999450004583318
1.1000000000000000
1.1006250000000002
1.1025000000000000
1.1056250000000000
1.1100000000000000
1.1156250000000000
1.1225000000000000
1.1306250000000000
1.1400000000000001
1.1506250000000000
1.1625000000000000
1.1756250000000001
1.1900000000000002
1.2056250000000002
1.2225000000000001
1.2406250000000000
1.2600000000000002
1.2806250000000001
1.3025000000000002
1.3256250000000000
1.3500000000000000

1.0997831106403650
1.0999481042310310
1.1000031039278944
1.1006280914908437
1.1025030034601186
1.1056280046163758
1.1100030071178857
1.1156280115518250
1.1225030215202900
1.1306280330823730
1.1400030613205100
1.1506280854512374
1.1625031478414525
1.1756281914940954
1.1900033088364850
1.2056283801894372
1.2225035777346023
1.2406286854849837
1.2600039919001174
1.2806291438062700
1.3025045891583442
1.3256297893082490
1.3500054014062932
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3.103e-06
3.104e-06
3.104e-06
3.091e-06
3.003e-06
3.005e-06
3.007e-06
3.012e-06
3.022e-06
3.033e-06
3.061e-06
3.085e-06
3.148e-06
3.191e-06
3.309e-06
3.380e-06
3.578e-06
3.685e-06
3.992e-06
4.144e-06
4.589¢-06
4.789e-06
5.401e-06

0.9512294245007140
0.9753099120283327
1.0000000000000000
0.9999843750000000
0.9998750000000000
0.9995781250000000
0.9990000000000000
0.9980468750000000
0.9966250000000000
0.9946406250000000
0.9920000000000000
0.9886093750000000
0.9843750000000000
0.9792031250000000
0.9730000000000000
0.9656718750000000
0.9571250000000000
0.9472656250000000
0.9359999999999999
0.9232343749999999
0.9088750000000000
0.8928281250000000
0.8750000000000000

0.9512323129323107
0.9753128735809234
1.0000030365246515
0.9999872617517296
0.9998774325528766
0.9995805587709788
0.9990024391897256
0.9980493234928042
0.9966274846858628
0.9946431393780809
0.9920026218449720
0.9886120641509687
0.9843779229934498
0.9792061757610511
0.9730034816057488
0.9656755744678882
0.9571294149119083
0.9472703860525825
0.9360058677982158
0.9232407665135098
0.9088830184287469
0.8928369087846616
0.8750110862807049

2.888e-06
2.962e-06
3.037e-06
2.887e-06
2.433e-06
2.434e-06
2.439e-06
2.448e-06
2.485e-06
2.514e-06
2.622e-06
2.689¢e-06
2.923e-06
3.051e-06
3.482e-06
3.699e-06
4.415e-06
4.761e-06
5.868e-06
6.392e-06
8.018e-06
8.784e-06
1.109e-05
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AP08956612 and "The Best University Teacher Award - 2021").

6 | BIBLIOGRAPHY

References

1. Euler L. Nova method usin venien ditrajectoria sreciprocas Algebraicas. Opuscula varii argumenti 1751; 194: 57-87.

2. Euler L. Ineignipromotione method itangentivain versal. Novi commentarii Academial scientiarumimpirialis Petropolitanae
1764; 10: 135-155.

3. Condorcet M. Sur le determination des functions arbitraires qui entrentdans les integrals des equations aux differences
partielles. In: Paris Memoires de mathematiqueet physique. 1771 (pp. 49-74).

4. Myshkis A. Lineinye differencyal’nye uravneniya s zapazdyvayushchimsya argumentom [Linear differential equations with
lagging argument]. Moscow: Nauka . 1977. (in Russian).



NARKESH ISKAKOVA ET AL

13

TABLE 2 The values of the exact solution x*(t) = (

(erry = |x7() = (O], erry = |xy (1) = x50,

0

X

x| (1)
x5(1)

err;
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) and the error
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