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Abstract
In this paper, we investigate the existence and attractivity of mild solutions to
fractional evolution equations with Caputo fractional derivative on an infinite inter-
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1 Introduction

Fractional differential equations have gained much attention in the recent years. Many
applications in science and engineering have indicated that fractional differential equations
can better describe some mathematical models than their integer order counterparts. For
significant developments on fractional derivatives, see the monographs by Kiryakova [14],
Podlubny [18], Kilbas et al. [12], Diethelm [8], Bajlekova [1], Zhou [23] and the refer-
ences therein. One of the branches of fractional differential equations is the fractional
evolution equations, where the standard abstract theory in Banach space can handle frac-
tional partial differential equations, such as the fractional diffusion equations, fractional
Rayleigh-Stokes equations and fractional Navier-Stokes equations and so on, for instance,
see [4, 11, 21, 26, 27] and the references cited therein.

In recent years, the study of fractional evolution equations has mainly focused on

the existence of solutions on a finite interval [0,a], where a € (0,00) (for instance, see
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[3, 15]). It is well-known that the solutions for a semilinear fractional diffusion equation
will blow-up or just lie on a local time region, for example, see [13, 22|, and the problem
will be globally well-posed for small initial data, see for example [6, 11] or the behavior of
solutions is uniformly convergent to zero at infinity [16]. Moreover, the long time behavior
of solutions may depend on the global time region (infinite interval [0,00)) in order to
ensure that the solution globally exists. One way to overcome this situation is to weight
time in a specific space [24, 25]. For this technique, a useful mathematical tool is the
generalized form of Ascoli-Arzela theorem or the Kuratowski measure of noncompactness
in the time weighted function space. Based on these methods, several existence results
of solutions on an infinite intervals are established in this paper. We also discuss the
asymptotic behavior of solutions which are attractive.
The purpose of this paper is to study a fractional evolution equation with Caputo

derivative:

CDg,a(t) = Ax(t) + f(t,2(t)), € [0,00),

z(0) = o,

(1.1)

where CDS‘Jr is Caputo fractional derivative operator of order 0 < « < 1, A is the in-
finitesimal generator of a Cp-semigroup of exponential stable linear operators {Q(¢)}+>0
in Banach space X, f :[0,00) x X — X is a given continuous function satisfying certain
assumptions and xg is an element of the Banach space X.

The remaining part of the paper is organized as follows. In Section 2, we recall some
preliminary concepts of fractional calculus. In Section 3, we establish some lemmas that
match with the generalized form of Ascoli-Arzela theorem. In Section 4, we establish
sufficient conditions for the global existence of mild solutions for (1.1) in the cases when
semigroups are compact or noncompact. In Section 5, we obtain some results concerning

the asymptotic properties of the mild solutions.

2 Preliminaries

In this section, we recall some concepts on fractional integrals and derivatives, and
state some known lemmas. We denote by X a Banach space with norm | - |, while the
notation £(X) stands for the space of all bounded linear operators from X into itself with

norm || - .

Definition 2.1. The Riemann-Liouville fractional integral of order o > 0 for a function

f:1]0,400) = X is defined as

18 (1) = F(la)/o (t— $)* Lf(s)ds, t>0,
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provided the right side is point-wise defined on [0, 400).

Definition 2.2. The Riemann-Liouville fractional derivative of order o € (0,1) for a

function f:[0,4+00) — X is defined as

MR 1) = S, 10

Definition 2.3. The Caputo fractional derivative of order o € (0,1) for a function f :
[0,+00) = X is defined as

DR f(t) ="DR(f(1) - f1(0), t>0.

Definition 2.4. [23] Define a Wright function My (0) by

o _pyn—1
Ma(a)zz(n—(l)!er)(l—an)’ 0<a<l, §eC,

n=1

with the following property

Ma(0) >0, for§>0; / YO P Chuul) B S

0 o F(l + O[(;) ’
Definition 2.5. [18] The Mittag-Leffler function E, g(-) is defined by

o k
z
EOC’[-}(Z) = ];—OW, o > O7 ,8 S R, z € C

If0<a <1, B>0, then the asymptotic expansion of E, g(z) as z — oo is given by

l2(1*'3)/0‘ exp(zY/?) + eq5(2), |argz| < %om,
Eap(z) =4 ° ) (2.1)
e jarg(=) < (1 3a)
where
N1y .
5a75(z):—2m+0(|z| ), asz— .

=1

3

For short, we set E4 () := Eq,1(-) and eq(+) := Eqyo(-), from the definition of E, g and

[20, Lemma 2], for ¢ > 0 and some w > 0, we have

and Ea(0) = 1, eq(0) = F(la) (2.2)

‘ -

0< Eo(—wt?) <1, 0<eq(—wt) <

—~

(@)’

Remark 2.1. In particular, from (2.1), for a € (0,1) and t € R, we have

lim E,(t) = lim eq(t) = 0.

t——o0 t——o0
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Throughout this paper, we suppose that A is the infinitesimal generator of a Cp-
semigroup {Q(¢)}+>0 of exponential stable linear operators on Banach space X. This

means that there exist M > 1 and some w > 0 such that
Q)| < Me™**, fort > 0.

Lemma 2.1. [23] If the following equation holds:

z(t) = zo + I‘(loz)/o (t — 5)* L (Az(s) + f(s,2(s)))ds, fort >0,
then .

z(t) = Sa(t)ro +/0 (t —s)* 1P, (t — 5)f(s,z(s))ds, fort >0,
where

Sat) = [ MaOQU0)S, Paft) = [ a0MA(0)Q(e"0)db
0 0
By virtue of Lemma 2.1, we give the following definition of the mild solution of (1.1).

Definition 2.6. By a mild solution of the Cauchy problem (1.1), we mean that the function
x € C([0,00),X) satisfies

t
(1) = Su(t)zo +/ (t— ) Po(t — 8) (s, 2(5))ds, ¢ > 0.
0
Similar to the proofs of [23], we have the following lemmas.

Lemma 2.2. For any fized w,t > 0, So(t) and P,(t) are linear and bounded operators,
that is, for any x € X, we have

‘Sa(t)x‘ S MEa(_Wta)’x‘v ’Poc(t)x| S Meoc(_Wta”x"

Lemma 2.3. {S,(t)}+>0 and {P.(t)}+>0 are strongly continuous, that is, V x € X and
t" >t >0, we have

|Sa(t)x — So(t)x| = 0,  |Py(t")x — Poy(t)x| = 0, as t" — .

Lemma 2.4. Assume that {Q(t)}+>0 is compact operator. Then {Sq(t)} >0 and { P, (t)}i>0

are also compact operators.

Let D be a nonempty subset of X. The Kuratowski measure of noncompactness [ is

B(D)=inf{d>0: D C | )M, and diam(M;) < d ¢,
j=1
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where the diameter of M; is given by diam(M;) =sup{|z —y|: =,y € M;},j=1,...,n.
Let J = [0,00) and C(J, X) be the space consisting of all continuous functions from .J

into X. Moerover, we set
Co(J,X)={x € C(J,X): lim e !|z(t)| = 0},
t—00

with the norm ||z|| = sup,c ;e !|z(t)| < co. It is obvious that (Ce(J, X), ||-||c) is a Banach

space.

Lemma 2.5. [25] Let H C C.(J, X) be bounded and equicontinuous on [0,b] with b > 0.
If, for any x € H, there exists e t|z(t)| — 0 uniformly as t — oo, then

Be(H) = sup B(e_tH(t)),

teJ

where B, is the Kuratowski measure of noncompactness in Ce(J, X).

For the more details of the definitions, properties and applications of the measure of

noncompactness, we refer to the monographs [2] and [23].

Lemma 2.6. [7]. Let X be a Banach space, D C X be a bounded closed and convex set,
and 7y be a measure of noncompactness. If the operator Q : D — D is condensing (that is,

v(Q(D)) < v(D)), then Q has a fized point in D.

Lemma 2.7. [5, pp.125] Let X be a Banach space and W C X be bounded, then, for each
e > 0, there is a sequence {un}>>; C W, such that

W) <28({un}tpZy) + e

Lemma 2.8. [16] Let X be a Banach space and uy,(t) : [0,00) = X, (n=1,2,...) be the

continuous function family. If there exists p € L'[0,00) such that
lun(t)] < p(t), tel0,00), n=1,2,...,

then B({un(t)}22,) is integrable on [0,00), and

n=1
5({/ un(t)dt = n = 12}) < 2/ B{un(t): n=1,2,...})dt.
0 0
In the sequel, we need the following generalized form of Ascoli-Arzela theorem.

Lemma 2.9. [25] The set H C C.(J, X) is relatively compact if and only if the following

conditions hold:
(i) the set U = {y: y(t) = e tz(t),xz € H} is equicontinuous on [0,b] for any b > 0;
(ii) for any t € J, U(t) = e tH(t) is relatively compact in X ;

(iii) limseo e t|z(t)| = 0 uniformly for x € H.
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3 Some Lemmas

Let us first introduce some assumptions needed for the forthcoming results.

(HO) The operator {Q(t)}+>0 is equicontinuous, that is, the operator Q(t) is continuous

in the uniform operator topology for ¢ > 0.

(H1) The function f(¢,x) satisfies the Carahéodory type condition, that is, f(¢,-) is
Lebesgue measurable with respect to all ¢ on (0, 00), f(-, x) is continuous with respect

to each z on X.

(H2) There exists a nonnegative Lebesgue measurable function m : (0,00) — RT such
that
|f(t,z)| <m(t)|z]?, forall z € X, and a.e. t >0,

where o > 0 and m(-) satisfies the following condition:

M t
sup7(t) := sup et/ (t—s)* tm(s)e?®ds < 1,
>0 >0 I'(a) 0

with %gr(l) n(t) = tli>I£10 n(t) = 0.

Let r¢ be such that
ro = M|zo| + supn(t)rg.
>0

and €, be a subset of Cc(J, X) defined by
Qry ={z: 2 € Ce(J,X), |z[le <ro}-

It is clear that €2,, is nonempty bounded, closed and convex.

For any z € (,, consider the operator F' defined by
t
(Fz)(t) = Sa(t)xo +/ (t — ) 1P, (t — s)f(s,2(s))ds, for t € J. (3.1)
0

It is clear that = is a mild solution of (1.1) in €, if and only if there exists a fixed point

x* € ,,, such that * = Fz* holds.

Lemma 3.1. Assume that (H0)-(H2) hold. Then U = {y: y(t) = e '(Fx)(t), = € Qy,}

is equicontinuous on [0,b] with b > 0 and limy_, e |(Fz)(t)| = 0 uniformly for x € Q,,.

Proof. Claim I. U is equicontinuous. By the assumption of m(-) in (H2), there exists a

b > 0 large enough such that

M t
et r“/ t—5)%tm(s)e?®ds < /2, t>b. 3.2
oK 0( ) (s) / (3.2)
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Hence, for t1,t2 > b and t; < t2, by virtue of (H2) and (3.2), for any = € Q,, we get

ww>—manse4{£7m—sw*Rxm—sv@w@»@

et /0 Ll 9 Pty — ) (s, 2(5))ds

<beA7m—ﬁ%amww—a%m@u@ww

+ Me™ /o 1(t1 — 5)* ea(—w(ty — 5)*)m(s)|z(s)|"ds

< M o _—to /tz(t )a—l ( ) asd
< Tn€ 2— S mi\sje S
['(a) 0 0

M t h 2g—1
+ r"el/ t—5)"T" "m(s)e?ds < e.

On the other hand, for any = € Q,, and t; = 0, t2 € (0,b], it follows by the Holder’s
inequality and (2.2) that

e (Fz)(t2) — (Fz)(0)]
<le7"28,(ta)mo — wo| + ‘e*tg /0 2(t2 — 8)* L P, (ty — 8) f(s,2(s))ds
<|le728,(ty) — I|||xo| + Me™ ™2 /0 2(tg —8)* ey (—w(ty — 5)*)m(s)|z(s)|7ds
<||le7"2Sa(ta) — I[Jxo| + Mn(t2)rg.

From the continuity of power function e, ¢t > 0, due to S,(0) = I and the assumption of
f, we get y(t2) — y(0), as ta — 0.
For 0 < t1 < to < b, we have

[y(t2) — y(t1)] <le™™Sa(t2)zo — ™" Sa(t)zol

t2
+ e_t2/ (t2—s)a_lPa(tg—s)f(s,x(s))ds‘

t1

+ etQ/NI«m——$a1—<n——@“wfa@2—slﬂ8ﬂiﬁﬁ“\
0

et [0 - 97 (Palta — )~ Palts — ) S, 2t
0

+ (6*152 — etl)/o 1(t1 - S>a71Poz(t1 - S)f(S, x(s))dS‘

=L+ 1o+ I3+ 14+ Is.
By Lemma 2.2, we have

I <(e™ — e712)| S, (t)zo| + 71 |Sa(ta) g — Sa(tr)xo|
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<M(e™ = e7")[ao| + | Sa(t2)zo — Saltr)zol

—>0, as to — t1.
Now, it can be deduced that Iy — 0 as to — t; directly. Indeed, since n(t) < 1,

Iy <Me "2 / 2(152 — 5)* ey (—w(ty — 8)*)m(s)|z(s)|7ds

t1

< M e 28 /tQ(tg — 5)% Lm(s)e?%ds
_F(Oﬁ) t1

—)0, as tog — tq.

From the assumption of function m(-) in (H2) and noting that

(0= 97 = (t2 = )" m()e™ < s (= 9 m(a)er™,

for a.e. s € [0,11], and the right-hand side of the above inequality is integrable in s from 0
to t1, and (t; — s)* 1 — (to — s)* ! a.e. [0,#1], then the Lebesgue dominated convergence

theorem implies that
t1
/ (1= 8)* 1= (ta — ) ")m(s)e’ds — 0, asty — t.
0
Therefore, we have

I <Me" /0 ((h = )% = (t — ) Vea(—w(ts — 5)¥)m(s)|e(s)|"ds
—)0, as to — t1.

For given € > 0 be small enough, from the assumption (H2), we get
t1—e€
Iy <et / (fr — )2 | (Palts — 5) — Palts — )) (s, 2(s))|ds
0

bt [ 0= (Bl ) Putt ) o oo

1—€

t1
§6t27‘8/ (t1 — s)aflm(s)egsds sup || Pa(ta — s) — Pa(t1 — 9)||
0 s€[0,t1—¢]

oM /tl 1

+——e " (t1 — ) m(s)|xz(s)|%ds
F(a) t1—e

<Ip + a2,

where

t1
Iy :7“8/ (t1 — s)a_lm(s)eosds sup || Py(te — s) — Pa(t1 — s)||,
0 s€[0,t1 —¢]
2M

t1
I :e_tlr”/ t1 — 8)Y Lm(s)e?®ds.
F(a) 0 ] ( ) ( )

1—¢€



Cauchy problems of fractional evolution equations on an infinite interval 9

One can observe that (H0) implies the continuity of Q(¢)(¢ > 0) in ¢ in the uniform operator
topology. Then it follows from Lemma 2.3 that Iy; — 0 as to — ¢;. In a similar manner,
15 tends to zero. Thus we get Iy — 0 as € — 0. In consequence, I; — 0 as to — t1, and

¢ — 0 independently of x € },,,. Finally, we get
t1
Is <|(e72 — e ™)elt | Me ™™ / (t1 — ) Leq (—w(ty — 5)*)m(s)|z(s)|7ds
0
<|(e72 —e ™M) |rfn(t1) — 0, asty — .

Consequently, for any ¢1,ts € [0,b] with t; < t2, we have |y(t2) — y(t1)| — 0 as ta — ;.
To end this proof, for 0 < t; < b < to, if to — t1, then to — b and t; — b. Therefore,

we obtain
[y(tz) — y(t)] < ly(ta) — () (8)] + e~ (Fa)(b) — y(t1)] < e, (3.3)
as t; — b and to > b. Hence, together with the foregoing arguments and (3.3), we have
ly(ta) —y(t1)| — 0, as ty — 1

independently of z € Q,,. Thus U = {y: y(t) = e *(Fz)(t), = € Q,} is equicontinuous.
Claim II. limy_,o e !|(Fz)(t)| = 0 uniformly for = € Q,,. For any z € Q,,, by (H2)

and Lemma 2.2, we have

[(Fz)(t)] <|Sa(t)xo| + ’ /0 (t — s)a_lPa(t — s)f(s,x(s))ds‘
<M Eo(—wt®)|zo| + M /0 (t — ) T en(—w(t — 8))m(s)|z(s)|°ds Y
<M Eq(—wt®)|zo| + e'n(t)rs,
which implies that

. —t < : —t I 3 =0.
Jim e (Fz)(t)] < M lim e™" Eq (—wt®)|zo| + lim n(t) = 0

This means that lim;—,o, e *|(Fz)(t)| = 0 uniformly for x € Q,,. The proof is completed.
O

Lemma 3.2. Assume that (HO)-(H1) hold. Then F maps Qy, into itself and F is contin-

uous.
Proof. Claim I. F maps Q,, into €,,. In fact, for each o > 0 by (2.2) and (3.4), we have

e H(Fx)(t)| <Me ' Ey(—wt®)|zo| + et/o (t — )2 Leq(—w(t — s)Y)m(s)|z(s)| ds

<M|xzo| + supn(t)rg < ro,
>0
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Thus, we get that FQ,, C £, for t € J.
Claim II. F is continuous. Since limy_, o, n(t) = 0, for € > 0, there exists a constant
T > 0 such that
n(t)rg < g, fort > T.

Let {zm}o0_; C Qpy, x € Qpy, and let limy, oo p, = z. Then, by the continuity of f
in (H1) for a.e. t € [0,T], we have
lm f(t,xm(t)) = f(t,z(t)).

m—0o0
Therefore, for a.e. t € [0,T],

2

I'(a) rS(t — s)* tm(s)e’”.

(t =) Pea(—w(t = 5)") f(s,2m(s)) — f(s,2(5))] <

In addition, the function (t — s)* !m(s)e?® is integrable for a.e. s € [0,¢] and t € [0,T].

Hence, it follows by the Lebesgue dominated convergence theorem that
e !|(Fam)(t) — (Fz)(t)]

<ot / (t = )2 Y Pa(t — 5)(f(5,2m(s)) — F(5,2(5)))|ds

B 0
<01 [t )" et = )T s (5) — 5050 s
—0, asm — 0.
On the other hand, for ¢ > T, we have
e”!|(Fam)(t) — (Fo)(t)]
S (b — 5 ea(—lt — V(T (s am(D] + (s a(D)ds (35)
L2n(t)rg < e.
Therefore, in view of the above statements, it is obvious that ||Fxz,, — Fz| — 0 pointwise

on J as m — oo. By Lemma 3.1, we have that F'z,, — Fx uniformly on J as m — oo,

that is, F' is continuous. The proof is completed. O

4 Existence

In this section, we show the main existence results for problem (1.1).

Theorem 4.1. Assume that (HO)-(H2) hold. Furthermore, if f satisfies the Lipschitz

condition:

(H3) for any z,y € Ce(J, X), there exists a nonnegative constant L < 1/M such that

[f(t2(8) = f(ty()] < Llz(t) —y(0)], te
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Then the problem (1.1) has a unique mild solution.

Proof. By Lemma 3.2, we know that F' maps €),, into itself. It remains to prove that F

is contractive by Banach fixed point theorem. Indeed, for any x,y € €Q,,, we have

t
|Fa — Fyll. <M supe™ / (t = ) Lea(—w(t — 5))| f(s,2(s)) — F(5,y(s))lds
teJ 0

ML —t ! a—
gr(a) sup e /0 (t — s)* Ha(s) — y(s)|ds

teJ

ML t
< sup/ t— ) e =9 gg||z — y
Fag s [ (=) I =yl
ML /t a—1_-—s
= sup | s e Yds|lx —y
(@) ter Jo | e
<MLz =y,

which shows that the operator F' is a contraction. Thus the problem (1.1) has a unique

mild solution on 2. O

4.1 The case Q(t)(t > 0) is compact

Theorem 4.2. Assume that Q(t)(t > 0) is compact, and the condition (H1)-(H2) hold.
Then the Cauchy problem (1.1) admits at least one mild solution.

Proof. Obviously, it is sufficient to show that x = Fx has a fixed point in €,,. Since
Q(t)(t > 0) is compact, the condition (HO) holds. By Lemma 3.1, we know that the set
U={y: y(t)=e ' (Fz)(t),r € Q,} is equicontinuous on [0, b] and lim;_,~, e *|(Fz)(t)| =
0 uniformly for x € §,,. It remains to prove that for each ¢ € J, the set U(t) = {y(¢) :

y(t) = e H(Fx)(t), z € Q,,} is relatively compact in X according to Lemma 2.9. Obviously,
U(0) is relatively compact in X. Let ¢ € (0,00) be fixed. For every ¢ € (0,¢) and § > 0,

define an operator F; s as follows
(FL5x)(t) =Sa(t)xo
t—e 00
+ Q(e%9) / / af(t — s) TMo(0)Q((t — 5)%0 — %6 f (s, z(s))dOds.
0 1

Since Q(t) is compact for ¢t > 0, by Proposition 2.4, we know that S, (t) is compact.
Let Uss = {Yes : Yes(t) = e H(F.52)(t),x € Qyy}. From the compactness of Q(£%9), we
obtain that the set U, 5(t) is relatively compact in X for any ¢ € (0,¢) and for any § > 0.
Then, for any x € Q,,, y € U and y. 5 € U, s, we have

[y(t) — yes ()] = le™" (Fo)(t) — e (Fes)(1)]

ot /t 5/ 049 ) 1Ma<9)Q((t— S)QG)f(S,l'(S))dﬁds
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tet /ti /Ooo bt — ) Mu(0)Q((t — 5)°0) £ (s, 2(5))dBds

é
SaMrget/ (t—s)o‘lm(s)e"sds/ 0e= =" N1, (0)do
0 0

+ aMrge*t /

t—e

t (t — 5)* tm(s)e’*ds /OO 9e= =" N1 (0)d6
0
é t
<al'(a)n(t) /0 OM,(0)do + Mrget/ (t — )" Leq(—w(t — 8)*)m(s)e’*ds.

t—e

In view of n(t) < 1 and [* My(0)dd = 1/T(a), we know that
ly(t) — ye5(t)] = 0, ase—0, § =0.

Therefore, the set U(t) is closed to an arbitrary compact set for ¢t € (0,00). As a result,
the set U(t) = e *(FQ,,)(t) is relatively compact set in X for ¢t € J. By Lemma 2.9, we
know that F),, is a relatively compact set. On the other hand, by Lemma 3.2, we know
that F' maps (), into itself and F' is continuous. Hence, F' is a completely continuous
operator. Therefore, according to Schauder’s fixed point theorem, there exists at least one
fixed point z* € Q,, such that * = Fz* is satisfied. Then z* is a mild solution of (1.1).
The proof is completed. O

4.2 The case ((t) is noncompact

Theorem 4.3. Assume that Q(t) is noncompact, and the conditions (H0)-(H2) hold and

f satisfies the following condition:

(H4) There exists nonnegative constant I < 1/(4M) such that for any bounded set D C X,

B(f(t,D)) <1B(D), tel.

Then the Cauchy problem (1.1) admits at least one mild solution.

Proof. By Lemma 3.2, we know that F' : ,, — ,, is bounded and continuous. Let
H={y:yt)=e ' (Fz)(t), * € Q,}. Then H C Q,, C Cc(J, X) and is bounded. From
Lemma 3.1, we have that the set H(t) is equicontinuous on [0,b] for b > 0. In addition,
for any y € H, it follows that lims o e t|y(t)| = 0 uniformly. Thus it remains to verify

that F' is a condensing map according to Lemma 2.6. Let
Fx = Fiz+ Fox, forx e (),

where (F1x)(t) = Sq(t)xo for t € J and

(Fyx)(t) :/0 (t — 5)* Py (t — 5)f(s,2z(s))ds, forte J.
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Let H=QV

70?7

then Q0 C Q,,, FQ, is bounded, equicontinuous and e~ *|(Fz)(t)| — 0

as t — oo uniformly for xz € ng and hence Lemma 2.5 implies that

Be(F,) = iglj)ﬁ(e_t(Fﬂgo)(t))- (4.1)

Moreover, by Lemma 2.5, there exists a sequence {x,}5°; C QQO such that

Be (FQQ,QO) =sup 3 (e*t(FgQSO)(t))
teJ

<2 Té? Ble " ({Foxn}o2))(t) +&

<2 supﬁ(e_t /Ot(t —5)27 P, (t — 5)f(s, {xn(s)}flo:l)ds) +e.

teJ
Therefore, for t € J, according to Lemma 2.8, we have

B (F90,) <AM supe™ / (t — )2 ea(—w(t — 5)™)B(F (s, {wn(5)}321))ds + €
teJ 0

<AMlsupe™ / (t— )" ea(—w(t — ))B({2a()}22y))ds + <
teJ 0

=4 M| sup e_t/ (t—8)" ea(—w(t —s)*)e*Be *{zn(s)}22y))ds + ¢
teJ 0

4Mlﬁe(Q7QO) 4 /t 1
<—— % supe t—s5)*e’ds + ¢
) b

<AMIBe(2ry) + €.

Since F} is Lipschitz continuous with constant 0, it follows from the definition of
Kuratowski measure of noncompactness that S(F1(Q9)) = 0. By virtue of (4.1) and the

arbitrariness of ¢, we have
Be (FQO) < Be (FIQO) + 6@ (FQQO) < 4MlBe(Q0)'

Thus, from the above arguments, we find that F' : Q9 — g is a condensing operator.
Thus, we deduce by Lemma 2.6 that F' has a fixed point x* which is a mild solution of

(1.1). The proof is completed. O

Example 4.1. We consider the following fractional diffusion equations

0y 2u(t, z) = —0..u(t, 2) + e In(1 + |u(t, 2)|), z € [0,7], t >0,
u(t,0) =u(t,m) =0, t >0, (4.2)

u(0,2) = up(z), z€[0,n],

where 0f is the Caputo fractional partial derivative of order o =1/2.
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We define an operator A by Av = v” with the domain
D(A) = {v € L*[0, 7], v,v" absolutely continuous, v € L*[0, 7], v(0) = v(7) = 0}.

Then A generates a compact strongly continuous semigroup {Q(t)};~o. Clearly, the semi-
group is also exponentially stable. In fact, let Ay = k% and ej(2) = /2/7sin(kz) for
every k € N. It is clear that {—\g,er}72 is the eigensystem of the operator A, where
0 <A <X <ooo, Ay = 00 as b — oo, and {e;}72, forms an orthonormal basis of
L?[0,7]. Then

Az = — Z)\k(x,ek)ek, x € D(A),
k=1

where (-, -) is the inner product in L?[0, 7]. Thus the semigroup is given by

Qt)x =Y e (x,ex)er, x € L2[0,7].
k=1

Therefore, we have |Q(t)x|r210 - < € *[#|12[0,7. This means that the semigroup is also
exponentially stable. Consequently, the problem (4.2) can be reformulated as an abstract
Cauchy problem (1.1) for x(t) = u(t,-) and f(t,z) = e *In(1+|xz|). Clearly, the function f
satisfies (H1) and (H2). By Theorem 4.2, the problem (4.2) has at least one mild solution.

5 Attractivity

Definition 5.1. The mild solution x(t) of the Cauchy problem (1.1) is attractive if x(t)

tends to zero as t — 00.
In order to obtain the attractivity of mild solution, we need the following lemmas.

Lemma 5.1. [25] If p€ (0,1),v >1—pu,7 >0 and t > 0, then
t
/ (t —s)P1s" e 8 ds < Ky,
0
where
1 = max {B(p, ), (5 + v — 1P+ Le= 000G B 1 — )} > 0,
and B(-,-) is the Beta function.
Lemma 5.2. [10] If 3, pu,w > 0, then
t
tlﬁ/ (t — 5)P L5t te™w3ds < Ky, t > 0,
0

where 1o = max{1, 2P () (1 + p(p +1)/B)w™" > 0.
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Theorem 5.1. Assume that Q(t)(t > 0) is compact. Let (H1) hold and f satisfies the

following condition

(H5) There exist K > 0, 8 >0, d > 0 and A > 0 with A > 0 such that |f(t,z)] <
Ke Mt8|z|0 fort € J, and

MK MKkqr?
ﬁ<1, M|x0]+¢§r, for each r > 0.
o

I(a)
Then the solution of (1.1) is attractive.

Proof. Considering the operator F' defined by (3.1), it is obvious that FQ, C Q, for each
r > 0. In fact, by the assumption (H5), for ¢ > 0, we have

|(Fx)(t)] <M E,(—wt®)|zo| + MK/0 (t — 8)% Leg(—w(t — s)¥)s’e |z (s)|%ds

MK [
<Mlzo| + / (t — s)* 1sPe=(A=0sgs
| I'(a) Jo )

MKkqr?
<M — <.
<M |zo| + () <r

The case of t = 0 is trivial. Hence, we get ||Fz|/. < r. Let

C(t) = %f) / t(t — 5)2 LB A 0)s g,
0

From Lemma 5.2, we know that ((t) — 0 as ¢ — oo. Since

MK !
C(t) = 8 jats / (1—s)*1sPem D05 0, ast—0,
F(a) 0

similar to the proofs of Lemmas 3.1 and 3.2, we get that {y : y(t) = e "(Fz)(t), v € Q}
is equicontinuous and lim¢ o e ¢|(Fz)(t)| = 0 uniformly for z € Q,. Moreover F' maps
Q, into itself and F' is continuous. Then, similar to the arguments used in the proof of
Theorem 4.2, there exists at least one mild solution x so that x = Fz of (1.1). By Lemma

5.2, we have
t
|z(t)] <M Eqo(—wt®)|xo| + MK/ (t — 5)2 Leq(—w(t — 5)%)sPe |z (s)|°ds
0

MK 1 t
<M Ep(—wt®)|wo| + 2T / (t — 5)* P (AD)ags
L(a) Jo

MKFch‘f
I'(a)

<M Eq(—wt®)|zo| + ot
—0, ast— oo,

which shows that the solution z(t) is attractive. O
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Remark 5.1. In particular, if K = 0 in (H5), then the problem (1.1) is the linear Cauchy
problem, and it follows from Theorem 5.1 that (1.1) has at least one mild solution which

18 attractive.
Similar to Theorems 4.1 and 5.1, we have the following result.

Theorem 5.2. Assume that (HO)-(H1) and (H4)-(H5) hold. Then the problem (1.1)
admits at least one attractive mild solution. Furthermore, if (H3) holds, then the attractive

solution is unique.

Example 5.1. We can describe the a population of cells, which are distinguished by their
individual size, at time t by the number w(t,s) of cells having size s by the following

fractional evolution equation (see [9, p.349] and references therein)

1
4v(2s)w(t,2s), for 5 <s< 3

+ . (5.1)
0, for - <5 <1,

with the boundary condition
w(t,6> =0, fort>0,

and the initial condition

N |

w(0,s) =wp(s), for = <s<1,

where 0 is Caputo derivative of order a € (0,1), 5 > 0 denotes the minimal cell size, i
is a positive continuous function on [g, 1] which is the death rate, and v is the division

which should be continuous with
v(s) >0, forse(f,1), andv(s)=0, otherwise.

As a natural Banach space we choose X = Ll[g, 1], in which the norm f of a positive

function is the size of the total cell population represented by f.

Next, we define the operators
Aof == —f — (u+v)f, with D(Ag) = {f e Wit [2,1] : f(g) - o},

and

dv(2s)w(t,2s), for = <s <

7

Sy

~~

—

V2]

N—

i
N =N
o N

0, for

A
»
IN
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Set A := Ag + B with D(A) := D(Ap). Based on these notations, the equation (5.1)
reduces to an abstract Cauchy problem
“D&u(t) = Agu(t) + Bu(t), fort >0, (5.2)
5.2
u(0) = wy,
for the vector-valued function v : J — X. By [9, Chapter VI, Proposition 1.3], the
operator (A, D(A)) generates a strongly continuous semigroup {Q(t)}+>0 on X, and by
[9, Chapter VI, Proposition 1.4], the semigroup {Q(¢)}+>0 is eventually continuous and
even eventually compact for ¢t > 1 — g Moreover, by [9, Chapter VI, Corollary 1.17],
the semigroup {Q(t)}+>0 is positive on the Banach lattice X and uniformly exponentially

stable if and only if

—

£(0) :=—-1+ /2 4v(2s)e” I3 o) gy o 0,

2

Then, from Remark 5.1, we know that there exists one attractive mild solution of (5.1).

Example 5.2. Let X be a Banach space. Then we consider the following fractional

Cauchy problem

CDt1/2CU(t) = A.’E(t) + Le_t SiH(CE(t)), for t € [0’ OO)’ (5 3)
z(0) = xo, |

where A generates an exponentially stable semigroup.

Obviously, let f(t,2) = Le !sin(x) for any 2 € X, then for any bounded set D C X,
(H3)-(H4) hold. In fact, for any z,y € Q,

=|Le " sin(xz(t)) — Le~'sin(y(t))|
<Llz(t) —y(t)|, te

£t 2(2) — f(£,y(t))

According to the definition of Kuratowski measure of noncompactness, we obtain (H4) for
each z € D. Then, choosing L € [0,1/4), we deduce from Theorem 5.2 that there exists

at least one mild solution of (5.1) which is attractive.

Example 5.3. Let we consider the fractional differential equation

CDex(t) + \x(t) = Ke™t, for t € [0,00),

o (5.4)
xr = 2.

where X is a real number with A >0, 0 < K <I'(a)/k1.
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It is clear that \ generates an exponentially stable Cp-semigroup Q(t) = e, for

t > 0. Let f(t,z) = Ke~'. Then f satisfies (H1), (H5) and the unique solution of (5.4) is
in C(]0,00),R) which is given by

2(8) = Bt (—M)a0 + /0 (1 — 8)"Lew (= A(t — 8)) f(5)ds.

Obviously, the solution is attractive. In particular, we observe that the solution possesses

the same attractive behavior as @ — 1 for the case of first order differential equation.
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