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1 | INTRODUCTION

The first work on thin elastic structures dates back to the 19th century. It was carried out by Euler, Bernoulli, Navier and Kirch-
hoff (among others). This work was continued and completed in the 20th century by physicists such as Timoshenko and Love
(among others). All these authors started from the displacements of a beam or a plate and gave approximations: the Bernoulli-
Navier displacements (below BN displacements) or Kirchhoff-Love displacements (below KL displacements). Then, to solve
elasticity problems, they neglected certain components of the stress tensors.

For several decades, mathematicians have been interested in the elasticity problems of thin structures. They began by transform-
ing the structure (beam or plate) by expanding in the direction(s) of the small dimension(s) in order to work in a fixed domain.
They then treated elasticity problems as minimisation problems or they used PDE techniques for singular variational problems.
They have shown that the asymptotic behavior of the solutions of elasticity problems are BN or KL displacements, and they
have also shown that certain components of the stress tensors vanish.

Both approaches have their limitations.

The mathematical approach cannot easily be extended to structures formed by a large number of beams or plates. The approach
of the early pioneers (mechanicians and physicists) is the most natural. But restricting the displacements of beams or plates to
BN or KL displacements is not enough, so they have added some assumptions about the stress tensors. In their decompositions,
shearing and warping are missing. It should be noted that it is not easy to deal with these last small parts of the displacements.
To deal with them, we need accurate estimates of all the terms of the decomposition. However, we can establish a simple rule for
using the residual displacements (shearing+warping): in the strain and stress tensors, it is sufficient to neglect the partial deriva-
tive(s) of these terms in the direction(s) of the larger dimension(s) of the structures; i.e. we keep only the partial derivative(s)
of these terms in the smallest dimension or dimensions (if there are several of the same order) (see Theorem [2| and’>!19).

It’s a truism that a thin-walled beam with a rectangular cross-section is neither a beam nor a plate. But on closer inspection,
this structure looks much more like a plate than a beam. It has thickness 26, width 2¢ and length L (0 < 26 < 2¢ < L), each of
its pieces of length 2¢ is a small plate. This is why we start by treating this structure as a plate.

We therefore decompose any displacement of the thin-walled beam as the sum of a KL displacement and a residual displacement
(we use the simplified version of the displacement decomposition of a plate obtained in'%),
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Any displacement u € WI’P(QEﬁ) is written as
i

o0 ! 07/'3 ’
Uy (x)—x3—(x)

u(x) = U3, (x) + @' (x) = . 01/ + ! (x) for a.e. x in Q
KL Uy (x") — x3 ox, 2 (x') y m t €0
U;(X ) resiaua 1Sp acemen

Kirchhoff-Love displacement
where Q, ; = P. X (=5,6), P. = (0,L) X (=&,€) and U?, UT € W(P,), U? € W(P.), W = i'e, +W'e, +ie; €
W (Q, 5)°.
The KL displacement Uy, can now be considered as a displacement of the 3D beam B, = (0, L) X (—¢, €)%. As a displacement
of this beam, it could be decompose as the sum of a BN displacement and a residual displacement. Unfortunately, this does not
work. A straightforward calculation shows that the contributions of membrane displacement U; = U'’e, + U’ ’e, and bending
U7 to the strain tensor are not of the same order. That is why we take a different approach. First, we consider U, as a displacement

of the 2D thin beam P, and we decompose it as the sum of a BN displacement and a residual displacement (see'l™). This gives
us U, € WH(0, L), U, € W>P(0, L) and &, = 1, e, + ﬁzez € WP(P.)? such that

Vi(x)) — xzd (xl)
U,(x))

We continue by dealing with bending U7. As x; is close to 0 (|x,| < &), we develop it as follows:

U',;(x/) = +u,(x") forae.x"in P..

o

0
UP(x') = U (x,0) + x, axj

(x1,0) + U2(x").

<>

Unfortunately, the functions l/'°( 0), ( 0) and the last one above are not smooth enough to be used in a PDE equation.
0x,

That is why we are replacing them with functlons that are much better suited to PDE equations. We show that there exist
Uy, € W(0,L),® € WP(0, L), iy € WP(P,) such that

Uy (x') = Us(x)) + x,0(x)) + 3(x") fora.e. x' € P..
We therefore arrive at the following decomposition of u:

u(x) = Upn (x) + 0™(x) = Upp(X) — Xp%3 %(Xl)e1 + 7 (x) + P (x),
1

~

ou
dv. dU; T (X)) = a2 (!
Ul(x1)—x2#(x1) x3d—(x1) () x36~1 () (1)
Upn(x) = " i . )= 0
UV, (x)) — x30(x,) U, (x") X355 CO1
UV5(x)) + x,0(x,) 7 () X2

fora.e. xin Q_;.
The first and main part of the above decomposition is a BN displacement, the second term: the displacement u"" is the residual

- . doe
part of the decomposition of u. Displacement #™ is the sum of 3 terms. First —x,x; — 7 (x,), where © is the torsion angle, and the
X,

KL displacement ¥, these two terms give information on shearing and warping of the cross-sections {x,} X o, 5, x; € (0, L).
The last term @ represents shearing and warping of the fibers {x"} X (=4, 6), x’ € P.. These terms are smaller than those in
the main part but we cannot neglect them as they play an important role in the strain and stress tensors. In the end, we can see
that the decomposition of the displacements of a thin-walled beam resembles that of a beam (at least in its main part: the BN
displacement).

Such a decomposition is only of interest if we can give an order of magnitude for the various terms that make it up, which is
done in Theorem [T)).

As a general reference on elasticity, we refer the reader to**, For mathematical modeling of plates we refer to“ and® for rods.
There is an abundance of literature written by mechanicians on the study of thin-walled beams (see e.g.®”%). A mathematical
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study of the thin-walled beams with rectangular cross-sections using I'-convergence is given in. The decomposition of displace-
ments is presented in''%I2 for curved beams, in' 113 for straight beams, in'l® for plates, the decomposition of the deformations
is presented in'? for beams and"® for shells. In these papers we also find references to the decomposition of displacements or
deformations of structures made up of a large number of rods, plates, or plate and rod(s).

The paper is organized as follows:

o In Section[2] we introduce the main notations.

e In Section 3| we decompose any displacement of the thin-walled beam as the sum of a Kirchhoff-Love displacement and
a residual displacement.

e In Section ] we detail the (I) writing of a displacement and we give all the estimates (see Theorem ).

e In Section |5} we choose a sequence of displacements of the thin-walled beam Q, ; whose strain tensor has a L” norm of
order (¢6)!*1/7. In Theorem [2| besides the limits of the terms of the decomposition, we give the asymptotic behavior of
the strain tensor using the limits of the terms of the decomposition.

e In Subsection[6.1} we give an application of our decomposition. We choose a classical loading of the structure and derive
the limit elasticity problem (see Theorem posed in the rescaled domain Q = (0, L) X (-1, 1)> and then the variational
problems satisfied by the limit terms in the Bernoulli-Navier displacement. In Subsection [6.3] the thin-walled beam is
made of a homogeneous and isotropic material, in this case we rewrite the results of the previous subsection.

e Appendix (Section[/) is devoted to some technical results.

In this work, the constants appearing in the estimates will always be independent from ¢, 6 and L. As a rule the Latin indices
i, j, k and [ take values in {1, 2, 3} while the Greek indices @ and f§ in {1,2}. We also use the Einstein convention of summation
over repeated indices.

2 | NOTATIONS

We denote by | - | the euclidian norm of R3 and by - the associated scalar product. The euclidian space R? is referred to the
orthonormal frame (O; e, e,, €;).
In this paper L is a fixed parameter while € and 6 are two small parameters satisfying 0 < 26 < 2e < L, they will simultane-

ously tend to 0 as well as é
€

Denote
o P.=(0,L)x(-¢,8), Q,5=P, x(-6,06)the mid-surface and the thin-walled beam,

* w5 = (—¢,€) X (=6, 8) the reference cross-section,

I, 5 = {0} X », 5 the clamped part,

. = {0} X (=&, €) the clamped part of the mid-surface,

Q = (0, L) x (-1, 1)? the re-scaled thin-walled beam,

P = (0, L) x (-1, 1) the re-scaled mid surface,

® = (=1, 1)? the re-scaled reference cross-section, I' = {0} X ®,

for every v € Wl’p(96’5)3, 1 < p < o, the strain tensor of v is

=L@ +v0). = 1(2 )
ev—2 v v, e,-ju—zaxj o )

e(v) is the 3 X 3 symmetric matrix whose entries are the e; j(v)’s,
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3 | DECOMPOSITION OF A THIN-WALLED BEAM DISPLACEMENT VIA A
KIRCHHOFF-LOVE DISPLACEMENT

In this section we decompose every displacement as the sum of a Kirchhoff-Love displacement plus a residual displacement.
Below, we use the function p; € W2 (R) defined by
0 if0<x <6,
ps(x)) = é(x1 —-6) ifé<x; <26,
1 if x, > 26.

Note that .

vx, R, 0<Py<l
T dx, )

Proposition 1. For every displacement u belonging to Wl"’(QE,&)3 there exist a Kirchhoff-Love displacement and a residual

displacement such that

a <o
UP(x) = x3—=(x)
7 0x, l
u(x) = Ug, (x) + #'(x) = . oy + ' (x) )
KL Uz (X,) _ XSa_xz(x,) | R,_J
Ve (x') residual displacement
3

Kirchhoff-Love displacement
fora.e. xin Q_;.

U, = UTe, + UJe, is the membrane displacement, U7 is the bending and ! satisfies

o é

/ @' (X', x3)dx; = / #(x',x3)dx; =0  forae.x' € P.. 3)
=5 =5

We have
Ut e W (PY, ULeW(P), w'eWw'(Q,,)’
and the following estimates:
C
”eaﬂ(v‘,:)”LP(P{) < mlle(u)llu(gm,
29 ro
“ 0°U;
0x,0X
1% Nl o, ) + SNV Nl 1o, ) < Colle@ll 1o, -

es) =

¢ “4)
(P < m ||€(u)”]_p(géﬁ),

The constants do not depend on &, § and L.
Moreover, if u = 0 a.e. on ', 5 then

U =0, VUy =0 ae.ony, #w'=0 ae.onl,.

Proof. First, we decompose u as the sum of an elementary displacement and a warping (see Theorem[5]in Subsection[7.T)). Then,
we extefld uto Q! 5 (see Proposition [3|in Subsection . For simplicity, we still write u the extension of u to the thin-walled
beam Q ..

£,0
This gives

u(x) = U™ (x') + x; R*(x') + ™" (x) forae. x = (x',x;) € Q ; (5)
where
Ut e W (P, R*eWw' (P, uew' Q)

These terms satisfy the estimates (52)).

Case I: The thin-walled beam Q, ; is not clamped.



Set Y = (0, 1)? and
B Z{ce?|s¢E+Y)cP), P = interior( U s+ Y)).
$€E, ;5
We have
P.CcP CP.
Now, we are in position to construct the Kirchhoff-Love displacement associated to u. To do this, we follow the lines of the proof
of Theorem 5.2 and its Corollary 1 in* (remember that all we have to do is change U™** and R**). This gives the estimates (@)
with constants independent of €, § and L since these estimates are based on those of (52)).
Case 2: The thin-walled beam Q, ; is clamped on I, ;.

In this casee we replace the above decomposition (3)) by the following one:
u(x) = U™ (x) + x; R (x) + 4" (x) forae. x = (x',x;) € Q) ; (6)

where

U™ =UT"e + Uy e, + ps U™ e, R*™ = p,R*™ a.e.in P/

U (x) = (U ) = U (X)) + x3(1 — ps (xR (x') + 1™ (x)  forae. xin€Q ;.
We have only modified U} and R**.
Since in this case U™ and R** vanish on {0} X (=3¢, 3¢). Estimate (52), and the Poincaré inequality yield

C
”R**”LP(C&S) < C5||VR**”L2(P!) < mlle(u)llu(g&é) where C, ;5 = (0,26) X (-3¢, 3¢). @)
Then, the above together with (52))5 lead to
C
”VU;*“LP(C&,Q < m”e(u)llu(gw) ®
and then, using the Poincaré inequality
15 oce,,) < €8 Plle@ll 1o, 9
A straightforward calculation leads to
I e ) < Colle@lg,y  I1VE gy, < Clle@ll g,
skeksk
stk ok 3 sk C
4 / —— < — .
BIIVR*™ | oy + sV oo + H o R < 5@l
The constants do not depend on €, 6 and L.
We are now in a position to construct a Kirchhoff-Love displacement vanishing on I, ;. To do this, we proceed as in Step 1.
For the conditions (3)), we refer tol Section 6. O

4 | FROM A KIRCHHOFF-LOVE DISPLACEMENT TO A BERNOULLI-NAVIER
DISPLACEMENT OF THE THIN-WALLED BEAM

Theorem 1. Any displacementu € W“’(QE, 5)° is the sum of a Bernoulli-Navier displacement U, and a residual displacement
a‘tw

u(x) = Ugn (x) + 0" (x) = Upy (x) — x2x3%(xl)el + 7 (x) + WP (x),
1

- oJu
U (x') - x3a—x3(x’)

av, dv;
Ul(xl)_xzd_xl(xl)_xsd_x](xl) ~4<1 X 10
Usn() = Us(x)) = x:0(x,) Bl LACORRICeS
Us(x)) + x,0(x)) 2

Uy (x")
for a.e. x in Q, 5, where Uy € W'P(0, L), U, U;, © € WP(0,L) and &, = e, + uye, € WP(P)?, u; € WP(P,),
e whr(Q, ;).
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We have the following estimates:

dU; ”e(u)“Lp(gm.)
” dx, e, L) (55)1/11
C ”e(u)”Lp(gm)
” dx, llLr@.L) ” L7(0,L) E Eor
”d v, < C ||e(u)||Lp(gk'ﬁ) ||d21f3 < C ||e(u)||Lp(ghﬁ) "
dx% LP(0O.L) ~— & (55)1/1’ dx% Lr(O.L)y — § (55)1/17 (11
~ ~ ~ Ce?
||u3”Lp(pé) + 5”vu3”LP(P£) + 52“D2u3”Lr)(P£) SI+1/p —lle(u )”Lp(Q 5
~ ~ €
”“m”u(g) + 5”Vum”u(pg) < C51_/||e(u)“u(g )
||:lpl||Lp(Qeﬁ) + 5||Vapl||Lp(Q oS < Collell oo, 5"
The constants do not depend on &, 6 and L.
Moreover if u = 0 a.e. on I, 5 then
U0) = 00) = 130) = U3(0) = 22(0) = L2(0) = 490 =
T SR T dx, d1 12)
and #'=0, w'=0 ae onl,,.
Proof. We decompose u € W'(Q, ;)* as ().
Step 1. We transform the membrane dlsplacement associated to Ug,; .
The membrane part of the Kirchhoff-Love displacement U, is
U (x) = U (X e + Uy (x)e, forae. x' = (x,,x,) € P..
This is a displacement of the 2D beam P,. From (@) we have
C
e oir) < - le@ll o, - (13)

8l/p

Now, we want to decompose U’; as the sum of a 2D Bernoulli-Navier displacement and a residual displacement.

In'® we have dealed with 3D displacements of thin rods. Here, we can consider 1/',: as a displacement of the 3D rod B, =
(0, L)X(—¢, €)*. This displacement does not depend on the third variable x; and its third component is equal to 0. Before obtaining
a Bernoulli-Navier displacement, in'l>) we have decomposed any displacement as the sum of an elementary displacement and a
warping (see!?1%). Here, this gives

Ul =U"+R*A(x,e, +x3€3) + U’ ae.in B,

where U™*, R* € WhP(0, L)} andu” € W"P(Bé)3. Component U™ is the mean value of U, on the cross-sections, so U5 = 0.
Component R* is the mean value of certain moments of u on the cross-sections (see'#12), since the third component of Uy is
equal to 0 we obtain R} = R = 0. After this first decomposition, we have

Ue(x) = (U (x) = Ri(x)) e, + Uy (x)De, + ' (x)) fora.e. x’ = (x,x,) € P..
Then, in'> we have constructed the Bernoulli-Navier displacement by setting U = U, U, is constructed using U and Rj.
This gives U}, € W»(0, L), U, € W*P(0, L) and u,, = Elel +U,e, € WP(P.)? such that

U, ~ .
o) = 1) =X (x‘) +7,(x") forae. x'in P.. (14)
Vy(x,)
We have the following estimates (see'>):
av, U,
|7 e el 52 < e, < - le@lli,,
x; llLro,L) dx Lr(0,L) /p G 5) /p 8

1%, ”LF(P) + €|V, “LP(P) < C‘E”e(Uo)”Ln(P) <C— ”e(u)”Lﬂ(Q&&)'

51/p



The constants do not depend on €, § and L. The residual displacement u,, satisfies (see'>)

(2

/ﬂl(',x2)dx2 =0 forae.x; €(0,L). (15)
Step 3. We transform the bending U7

Now, we treat the remaining terms of the Kirchhoff-Love displacement Uy , .
Propositionin Appendix gives Uy € W2P(0, L), ® € W2P(0, L) and i; € W*P(P,) such that

and the estimates

d*v.
” dx; LeO,L) — l/pH (?x Lo(P.) = ﬁ” (u)“L”(Qg,a)’
2
”dxl L”(OL) ”d ®”LP<OL> el/p ” Lr(P,) Wlle(”)llL”@s.a)’

2~ 2
||u3||L,,(P) + £||VMSI|LF(P) te ”D uslan(P) < Ce’ D U‘OHLIJ(P) “e(u)”Ln(Q 5"

Ce?
Sl+1/p /
Component u, satisfies (see Proposition

£ £

/53(’, xZ)de = /53(', xZ)dexZ = O fOI‘ a.c. xl (S (O, L). (16)

—& —&

The Kirchhoff-Love displacement U, is then written as follows:

dv,
Vi(x)) = xp—=(x1) — x; (xl)
’ _ dxl dx X1 do® ~kl
Ug (0= Usy(x,) — x30(x,) — XpX3 d_xl(xl)el +ut(x)
U5(x)) + x,0(x,)
7
T (x) — x3—(x")
0x,
i) =]~ ou.
u(x) B (x') - x3a_3(x,) forae x € Q, ;.
X3
ty(x")
If u = 0 on I, 5 then, by Proposition |1} the Kirchhoff-Love displacement Uy, and the residual displacement W (given by the
v
decomposition (2)) vanish on I, ;. By construction of the fields Uy, U, U5, d_% o, 5—6 and u,, these functions also vanish
’ X
onl ;. i : O

Proposition 2 (Korn type inequalities). Let u be a displacement in WI’P(Q£’5), p € (1, 00). We assume the thin-walled beam
clamped on I', ;. Then, we have

||u1||LP(QE,s) = CL”e(u)”Lp(Q L

CL? CL?

||u2||u(95,5) < Tl|e(u)||L”(Qs,a)’ ||”3||Lp(ggﬁ) < T”e(u)”u(g)fﬁ)s
3

ou, ou, ou, CL

—_— < C|le(u , || ”— < —|le(u s
;” o N, < Cle@lnay |20, 52, < 10,
0u3 ()Ml CL
1520 5 = lle@ll o,
ox 1@, - Ilox, Lv(sz“;) g
Ous ou, CL
5= |- < el
0x, 1@, ) lox, ler@, » g

The constants do not depend on &, 6 and L.
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Proof. We decompose u as (I0). The estimates of this proposition are the consequences of those in (IT). Indeed, the Poincaré

inequality and (TT), , , 5 give

CL CL

Vil < ———lle@ll . . Oll . < ——llell @ )
IVl e, €)1/ le@ll Lo, > 1©llLoo.r 5(e6) /7 lle@l r, ,)
152 < —CE e 122 < Sk e

dx, llLro.n) 5(55)1/P LrQcs) dx, llLro.n) 5(55)1/p Lr@.q)

The last two inequalities and again the Poincaré inequality imply that
CcL? CL
U P S e P 2)? U P P
IV oo,y )" lle@ll e, ,) V51 oo,y < 5 5)1/p — 7 le@ll @)

The constants do not depend on ¢, § and L. The inequalities above and the estimates (TT)) lead to those in the proposition.

S | ASYMPTOTIC BEHAVIOR OF A SEQUENCE OF DISPLACEMENTS

First, we recall the definition of the dimension reduction operator.

Definition 1. For ¢ measurable function on Q, ;, the dimension reduction operator I, 5 is defined as follows:
IT, 5()(x1, Xy, X3) = ¢(x),€X,,6X3) forae. (x;,X,,X3) € Q.

I1, 5(¢) is a measurable function on .

We easily check that
1. forany ¢ € LP(Q,5), 1 < p < o0

L 5Dl o) = PNl Lo, ;)0

( 5)1/17
2. forany ¢ € WP(Q,;5), 1 <p< oo
oIl oIl oIl
es(®) _ H£5<%), cs5(®) e (%)’ 5(@) _ 51_[65(%)'
o0x, o0x, 0X, 0x, 0X; N\ 0x3

Let u be a displacement belonging to Wl""(QE,(S)3 , decomposed as (10).

The strain tensor of u is given by the sum of 3 X 3 symmetric matrices defined a.e. in Q, ; by

duv, d*v, d*U, o de gy 0 . .
i, Vo o M| | T a? Tax T Vo
e(ll) = —X3@ 0 E3 + l(a_’l;l + 0_%) — 02ﬁ3 a_’lzz — @ sk + e(apl).
dx; 2\0x, 0x, P0x,0x, 0x, ° 9x2

2
0 00 0 0 0

Denote for p € (1, )
D= W', L) x W0, L)> x W20, L),

[D(V’I’/”kl = {5 e W(=1,1> x W (-1,1) | /a(t)dt =0, /@(r)tdt =0

wp!

1
DP = {ap’ewl-P(—1,1)3 | /Epl(t)dt=0}-

We equip Dg{’jkl and I]]J(Wp)pl with the semi-norms

9

II‘”" |
Lr(-1,1) dr?

1l = ||d¢2

n »)
Vo € Dwkl’

Lr(—1,1) Lr(-1,1)

—pl d(i) —pl )
Iz ||p,,,,=||7 v$ en”

Lr(-1,1)

a7

(18)
O

19)

(20)

2y

(22)



We easily check that these semi-norms are norms equivalent to the usual norms of these spaces.

For every
— —pl
(@.%,2,0") € Dx L0, L; D(’uf,d) X LP(P; [D;/”pl)

— —pl
where @ = (@, @,, ®;) we define the 3 X 3 symmetric tensor E(®, ¥, ®, ol ) by

dod, d*®, d*®,
- X, - X; * *
dx, dx% : dx?
— . de 10®, 0D, 0@,
= -X;— + —— — -X
E(e.¥,@,07) ax, 20%,  ox, oxz @)
—nl —pl —pl
| 0D, 100, o®,
20X, 20X, 0X,
From now on, we assume that {(g,6)} is a sequence of strictly positive real numbers such that
e -0, 56— 0, é - 0.
€
Denote for p € (1, o) )
W(0,L) = {¢ € W0, L) | $(0) = 0},
. d
w200 = (¢ e W0, 0= “L0 =0}, (24)
1

=l 2, 2 1,
D,, = W70, L) x W>(0, LY x W7(0, L).

Theorem 2. Let {u, 5}, 5 be a sequence of displacements belonging to W '*(€Q, )%, p € (1, ), decomposed as (T0). Suppose
the thin-walled beam clamped on I', 5 and

||e(u5’5)||L,,(QL§) < C(es)HV/r (25)

where the constant does not depend on € and 6. z
There exist a subsequence of {(g, §)}, still denoted {(¢,6)}, (U, ®) € D,, and U € LP(0, L; IDiV”)kl), ﬁp € LP(P; D(v"’/ﬂpl) such
that

! V.51 = Uy weaklyin W%(0, L),

€5
%Um =V, weaklyin W>(0,L),
1 .
Tk U5 weakly in Wyz"’(O, L), (26)
é@aa — @ weakly in Wy"”(O, L),
dz@e& .
— — 0 weaklyin L?(0, L)
dx%
and 1 ’
—6H65(e(u£5)) -~ E(U, e.U.U" ) weakly in LP(Q)°. (27)
e :
Moreover we have
"o, )= %Y x V5 onaly i L(Q)
— — - _ — Stron m R
o5 ©° Ues.1 1 2a,x1 3dx1 gly
énm(um)a U, strongly in LP(Q), (28)
1

—II, 5(u, 53) — U3 strongly in LP(Q)
e 6o tes,

Proof. Convergences (20)) are the consequences of the estimates (I7)-(I8)-(23) and the properties (T9)-(20) of the operator I1;.
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Now, from ([T ;g9 10-(@23) and the properties (T9)-(20) of I1, 5 we deduce that

daIl_ . (u oIl . (u
)], | Pelsedy ey Ml
O Lo X, L@ ox, Lr(@)
~ 6H6,5 (55,5,3) azne,é (ae,é,S) 3
’ l'[g,a(ug,ag) @ + ”—6X2 @ + H—()Xg D@ S )
” aHs,& (ﬁs,5,3) C62 H aZHs,é (55,5,3 ) < Ce ” azns,é (ﬂe,5,3) 2
ox, @~ ox? @~ 0x,0X, @ =
e [ ()He,ﬁ (ﬁi,lé) 2
| e s (EI‘:‘S) L2(Q) + ” X, Lr(Q) < Ceds,
oI, (" oI, ("
” 5,5( g,a) < Ces, H 5,5( 5,5) < Ce2s.
0x, L@ X, e

Then, there exist a subsequence of {(¢, )}, still denoted {(,8)}, U € LP(0, L; W'(=1,1))*@® L?(0, L; W>P(—1, 1)) such that

%Hﬁ@&a) —~ U, weaklyin LP(0,L;W'?(-1,1)),
T ea(tes,

1 a~£§a 1 aHe 5(;[660() .
- ) = — (0 k1 LP(Q),
€6 55( 0x, ) €6 0x, weakly in LA()
(29)

L0, 5G9 ~ U5 weaklyin LP(0, L; W2(=1,1)),

ou 0%u 0%
S5 (S522), (=22 ), I, (52 ) = 0 weaklyin L7(@)
g2 0x, € 0x? e “°\0dx,0x,
and UP! € LP(P; W'(~1, 1))3 such that
%He,é(aflé)A UP' weakly in LP(P; W'P(=1,1)),
- ,
[ Il
LH (aaia) _ L()HE,é(ﬁf’é)
€6 “°\ ox, &6 0x,
I [
14 <67;5> 3 Lane,a('ﬁg’é)
g6 “°\ ox, €25  0X,

—~ 0 weaklyin L°(Q)°, (30)

—~ 0 weaklyin L°(Q)°.

The strong convergences (28) are the consequences of the fact that the sequences {L(SH‘g s, s 1)} , {él’lE s(u, 52)} ,
£ ’ ” €6 ’ " £,6

{ l1'[5 s(u s 3)} are uniformly bounded in W !*(Q) and the compact embedding of W !»(Q) in LP(Q).
e eoesd) |

Then, convergence (27) follows from convergences (26)-(29)-(30).

Equalities (3)-(T3)-(T6) yield

1 1
/ﬁlpl("xs)dxs =/ﬁ§l(',X3)dX3 =0 a.e.in P,

-1 -1
1

/ﬁl(-,Xz)dXz =0 a.e.in (0, L),
-1

1 1
/ﬁ3(',X2)dX2 = / Us(-, X,)X,d X, =0 a.e.in (0, L).
-1 21

1 1

The conditions /ﬁ;l(-,X3)dX3 =0 a.e.in P and / 172(-,X2)dX2 =0a.e.
-1

in (0, L) are missing to get UP! € LP(P; D(:/)pl)

-1
7 .m® 1
and U € LP(0, L; DWM
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Despite this absence of conditions, it should be noted that these functions are only involved in the strain tensor via their partial

1
1

c . . . . ~ —pl ~ ~ .
derivative with respect to their last variable. We can note that Ué’ " and U, = Ué’ o2 / Ué’ ", X 3)d X5 have the same partial

2
21

. . . . . . ~ =l =l o~ . o
derivative with respect to X;. That is why in the strain tensor limit we replace UP' by U with U . =U 4 ! In the strain tensor limit

1

we also replace U by U with ﬁi = 17,-, i€ {l,3} and 52 = (72 - %/ ﬁz(-,Xz)dXz. Of course we have U € L?(0, L; D(v?kl)

21
—l
and U € L2(P;D? ).
wpl

As a consequence of the above theorem

Corollary 1. We have

U,
1 R de ~ U, . ;
%H&(;(ugﬁ —Upn.es) —)(2)(361,—xle1 +|U, - X3a_x2 weakly in L7(Q)°.
0
; . m® .m® :
We equip the space LP(0, L; IDWkl) (resp. LP(P; IDWpl)) with the norm
— — oD 00 0°®
p .m® — 2 3
VO € L/O. LD, Pl = | X2 e o T [ X s
(resp. YO € L'(P;D? ), B 0, = ||
' S wpl” wrir o X @)™
These norms are equivalent to the usual norms of these spaces.
Lemma 1. For every
— —pl
(0,%,®,8 ) €D x L0, L; D(:jkl) x LP(P; Di’;)pl)
we have
e B e R e
dx; leron g2 leon -~ I dxy llron ~ lldx, lro.n
= =l = =l
<
@l 18 < 0¥ 0T,
— —pl
Proof. From the expression (23) of E(®, ¥, ®, @ ) we first obtain
IR e R e Y il R LS g
dx, 1Lr@©.L) dx% Lr(0,L) dx; llLr@.L) wpl = Lr(Q)
Remind that if ¢, y are functions in L?(P) then
||¢||LP(P) + ”W“LP(P) < C”d’ + X3W”LP(Q)'
The constant only depends on p.
Hence, we get .
0P — i
15 o * 55 = €] B0 2237,
dxl Lr(0,L) aX2 L”(P) Lr(Q)
0D 0*D — —pl
I3 * 1552 |  ClE@ 2T,
0X, llLr (P aX2 U(Q) Lr(Q)

This completes the proof of (BT).

O

(€19}

' A more complete decomposition of the displacements of the plates and beams would show that these quantities are in fact equal to 0.
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6 | ASYMPTOTIC BEHAVIOR OF THE SOLUTION OF A LINEAR ELASTICITY PROBLEM

6.1 | The linear elasticity problem

Denote
Hl{g,a(gﬁﬁ) = {U €H'(Q,;)|v=0 aeonl,; },

HA(Q) = {u €eH'(@Q|v=0 ae. on r},
D, = H'(0, L) x (H2(0, L))" x H'(0, L),
Dy, = L%, L; D(W”kl) x L*(P; D<2> -
Forl <i, j, k,1 <3, letgq; kI be in L*(w) and satisfy the symmetry condltlons
al.jk,(X2,X3) = aj,-k,(Xz,X3) = ak,,-j(Xz,X3) forae. (X,,X3) €Ew
as well as the coercivity condition
;i1 (Xo, X3)&;,81 2 o5& for a.e. (X,, X3) € Q (32)

for every 3 X 3 symmetric matrix & = (&;;) (¢, is a given strictly positive number).
The coefficients a;;, . 5 of the Hooke tensor are given by

Xy X3
e (%) = al.jkl(?, 3) forae. x €€, ;.
The constitutive law of the materials is the relation between the strain tensor and the stress tensor,
1 3
0ije.5(0) = G ¢ 5€1(V), Vv e Hrgé(Qs,ﬁ) .

For simplify we consider only applied body forces.
The displacement u, ; € H (Q, 5)* of the thin-walled beam is the solution of the following elasticity problem:
: o s

[ testusre,@ix= [ 1400 000dx. 1€ @,
Qs Q. (33)
Yo e Hrlgﬁ Q, ;).

Due to the above assumptions on the a; . 5’s, the Lax-Milgram theorem applied to problem (33) implies that this problem has

a unique solution.
We make the assumption that the applied body forces f, 5 are of the form

a0 = e8] (A0 + Zaar + e Jer + (00 = D Je + (67,000 + D Jes|

where f = (f1, f,, f3) and g = (g, &, &3) belong to L*(0, L)*.
This allows us to obtain an a priori estimate of u, ;. Using the decomposition (T0) forau € H\. (L, 5)* and estimates (TT)g 79 ;.
we first have w

| [ e a=Upn) x| < Cell g sl el

(34)
< C£2(€5)3/2(||f||L2(0,L) + ”g”LZ(O,L))”e(”)”LP(QLé)
and then
L L
/fg,5 Ugy dx = 4(55)2</f1 U dx, +/ef2 U, dx, +/5f3 v, a’xl)
o, 0 0 0
L L L

dU- o dv. 2
+4(55)2(—§/g2_2dx1—§/g3 3dxl 3£/g1®dx]
0 0

dx,
0
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Hence, from (I7)), , 3 4 and (I8)), , we deduce that

| /fg,a -Upn dx| < C(55)3/2(||f”L2(0,L) + ”g”LZ(O,L))”e(u)”LP(Q“s)' (35)
Q 0

The constant does not depend on € and 6.
Applying the estimates (34)-(35) for u, ; taken as test function in (33), give the estimate

lle(e ) e, ;) < C(55)3/2(||f||L2(0,L) + ||g”L2(0,L))' (36)

6.2 | The rescaled limit problem

— —pl
Theorem 3. Let u, ;5 be the solution of the elasticity problem (33). Then, there exists (U’, 0,U, U’ ) € D, X Dy, such that for
the whole sequence {(g, )} the convergences (26) and the following hold:

— —pl
11, (elwp) — E(V.0,0.0")  suwonglyly in 2@, 37)
The quadruplet (U’ e,U, 7 ) belonging to D, X Dy, is the solution of the variational problem
— —=pl = =l
/ 4, E;(UV,0,U, U )E, (0,9, 0,0 )dx dX,dX;
Q

L L

L
1 do, 2 — —pl
_4( Jo@dx =5 [ st +g gl‘del), V(®,%,0,8") €D, x Dy,
0 0 0

(38)

Proof. The solutlon to problem (33) satisfies (36). So, there exists a subsequence of {(¢,5)}, still denoted {(e,5)} and
(v.e, v.U ) € D, x Dy, such that convergences (26)- - 27) hold.

Let (@, ¥) be in D,,, such that ¥ € W“(o L), and (@, @ ) € Dy, n (HLAQ) x H.(Q)*).
Now, consider the test displacement
do, do,
£6®(x)) — x,6—= T (xl) — x3eﬁ(xl)
P s(x) = 0D, (x)) — x3£‘P(x1) - x2x3£5\P (x,)e;
eD5(x)) + x,6¥(x))

— X, 5653 Xy
@ (x1,2) x5 52 (0 )
1

= —pl X, X
+e26| = X2 X3 0@y X\ |+e8%@” (xl, =, —3) fora.e. xin Q_;
®2 - x] [l E 5 ’

A straightforward calculation gives
— —pl

iéng s(e(@.5) — E(®,%,0,0") strongly in L2(Q)>.

&5 © .
In (33), we take ¢, ; as test function, we transform the RHS and LHS of this equality thanks to I1, 5, we divide by (£5)° and finally

— —pl — —pl

we pass to the limit. We obtain (38) with (@, ¥, ®, ol ). Then, a density argument gives (38) for all (®, ¥, ®, o ) € D, XDy,
Due to (31)) and the Lax-Milgram theorem, problem (38) has a unique solution. As a consequence, the whole sequences converge
to their limits. Proceeding as usual we show the strong convergence (37). O
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6.3 | The system satisfied by (1", ®)

— —pl
Now, we express the displacements U and U" in terms of V" and ©.

Set
100 -X,00 -X;00 0 -X;0
M'=[o00|, M*=| 0 00|, M’=| 0 00|, M'=|-Xx; 0 O].
000 0 00 0 00 0 0 0

The 4 pairs of correctors are the solutions to (m € {1,2,3,4})

-

(y(m) Ipl (m)) c D(Z)kl % p®
m —(m) —pl,(m) = 7
a,.jk,(Mij +E,(0,0,7".7 ))Ek,(0,0,tb,CD )dX,dX; =0
P

— _pl
¥(®.9") eb® xD? .
w w!

\

So, we get
— . dU; 4y iy 42Uy —0) —pi)y |, 47Us 7O 7k —@) —pl4)
Uu,u )=— X ) — N X )
(.U7) =0 7) dxf(" 77 d%( T + dxl(x 77
Theorem 4. The pair (l/', 0) e IDy is the unique solution to the variational problem
L L

d_ 1f2 d_ d>2 _ do, 2 >
/ dxl @3 /f Ddx, - /g"d la’x1 3 g ¥dx, ),
0 0
v(cp,lP,E,E”) eD,

where the entries of the 4 X 4 symmetric matrix A are given by ((m,n) € {1,2,3,4}?)

A

mn

- / G (M + E,,(0,0, 7" 7™) ) (M2, + E¢, (0,0, 7, 7)) d X,d X,
P
This matrix is definite positive.

Proof. Let & be a vector in R*. We have

4
aED / @6y (M + E;5 (0,0, 7. 77)) (M, + (0.0, 7. 77)) d X,d X,

mn=1 P
Set
& — X6 — X585 — X536, 0 1 4 .
M) = —X3f4 0 0], (?(5)’717 (f) Z . (m) —p (m))
O 0 O m=1

This allows us to rewrite AE - £ as

Ag-E= / 3 j1iEnn (M) + E;; (0,0, 78, 7)) (M (&) + E (0,0, 7(8), 77 (©)) ) d X, d X.

Thanks to (32)), we deduce that

—pl 2
AE-E> ¢ / M0+ E,,(0,0. 70, 7'©)[ ax,d X,

Now, proceeding as in LemmaI|leads to

A& &2 CIEP + @I, + 177N

wkl2 wpl2 )

where C is a constant strictly positive.

(39)

(40)
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6.4 | The case of a homogeneous and isotropic material
In this subsection, we consider a thin-walled beam made of a homogeneous and isotropic material. So, we have
ik = /hsijakl + /’l<6ik6j1 + 6i16jk>’ {i,j. k. 1} € {1,2, 3}4

where 6, j is the Kronecker symbol and A, ¢ the Lamé’s constants.
. . — —pl
For all ¢ € R* we consider the problem satisfies by ()((é‘), 7 (.f)) (S ID(:/)H X D(;/)pl' We have

TSy OTA)) Aoﬁ’l(a](@ 22

!{Mé'&é'&m+U+wma& 5o ax, 1\ax, " ox2
_pl
o7 #7 o7 @) 0 @D
A6 = Xt - Xa) + 4( g)z((f) - X, :;g:) ) +G+2m o ]0—Xi Jdxax; =0,
2 ‘ ‘
V@) e B x0%
and ! —pl [ —pl
97} (§) 0 075 (&) 00
/ L LaX,dX; =0, L/—i———i¢&¢ﬁ=0
9X, 0X, X, 0X,
9x1(&) 0P, — —pl ) o)
/(—ngkaxz>agd&ﬁXle v(@,9") ep?, xD? .
A straightforward calculation leads to
_ _ X3 _ X
7O =0, TOX) =—v(Xs - (F-2)a) BOX)=-v(F-2)

2
7O X) =B O X =0, B X =-v(6X, - X6 - (5 -2 )a)

where v = L is the Poisson coefficient.
2(A+ p)
So, we get
U 7 du, X5 1\dU, — X2 1\d?U,
i T (- (-D)5%), Tm(E -5
dx, 2 6/ dx? 2 6/ dx
—pl  —pl —pl dU 42U X2 d2U
UI: =(]127 =0, UI; =—V<X3—1—X2X3 2_(_3_1> 3).
dx, dx? 2 6/ ax
Problem (#3)) becomes
L L L I
E [ o da= [ fi®dx, 2l ax, =2 | g ¥dx,.
/ dx, dx, X1 J1@pdx, H dx, dx, X g ¥Ydx,
OL ’ L OL ° “43)
E [ d*U, d*®, B 1 do, v
g dx2 dx2 dxl = faq)a dxl - 5 gad—XIdxl, V((D, ) (= ID}/
0 1 1 0 J
HGBA+2u) .

where E = is the Young modulus.

A+
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Now, we can reconstruct the solution to problem (33). We obtain

dv, dUs
g6V (x)) — x00 —=(x) — x36——(x})
d dx,

"1 de
u 5(x) = oV (x)) — x360(x,) - x2x3£E(x1)e1
1
eV5(x)) + x,€0(x)
663 Xy
—x3£—<x1,—)
ox; \ € ; o x
2l — oUu X 2_p< 22 _3>
+e X 3 2\ |+e6°U, ( x,, —=, e
6U2(xl’_>_x3_aX2(xl’?) s\M s )
Us(x2)
€ , —
3\ X1 7

and for the stress tensor we have

2 2
E(d?fl _de U, —X3d U3> —2/4X3@ 0
dx, dx? dx? dx,
o(u, 5)(x) = _ouX @ 0 ol
3dxl
0 0 0

7 | APPENDIX

7.1 | Elementary plate displacement of the thin-walled beam

Definition 2. An elementary displacement of the thin-walled beam €, ; (considered as a plate of thickness 26) is a displacement
v € L'(Q, 5)* written in the form

v(x',x3) = V(x') + x;AKX")  forae. x = (x',x3) € Q.

The component V belongs to L' (P,)? while A = A,e, + A,e, isin L'(P.).
Here, V gives the mid-surface displacement and x5.A(x") represents a small rotation” of the fiber {x’} X (-6, §), whose axis is
directed by —A,(x")e, + A,(x")e, and whose angle is approximately |.A(x")|.

To any displacement u € L'(®, ;)* we associate an elementary displacement U*, € L'(Q, ;)* and a warping u” € L'(Q, ;)

u(x) = U}, (x) + u"(x)

forae. x = (x',x;) € Q, (44)
U (x) = U () + x;, R (x) ’ °
so that
s s 5
/ﬁ*(-,x3)dx3 =0, /ET(-,x3)x3dX3 - /ﬁ;(‘,x3)x3dx3 =0 ae.inP,. 45)
-5 -6 -6

The above equalities determine U"*(x’) and R*(x’) in terms of u and integrals on the fiber {x’} X (=6, §) (seel?). We have
5
U = % / u(x', x3)dxs,
-5
B

" 3
R*(x') = ﬁ/)% (ul(x',x\;)el +u2(x',x3)e2)dx3,
s

fora.e. x’ € P..
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Theorem 5 (Theorem 4.1 in''%). Let u be a displacement in WI’P(Q£’5)3, p € (1, ), decomposed as (@4). The terms U™*, R*
and u” of this decomposition satisfy

Ut e WP}, R*eWW(P), ueWw' Q)

”ﬁ*llu(géﬁ) < Cé'le(u)”u(gm), ”VE*HLP(QLE) < C“e(’f‘)llu(ghé), (46)

C
@) < m”e(u)uu(gm)-

a

* * av.; *
SIVR sy + leap@ sy + | == +R
The constants do not depend on €, 6 and L.

Proof. In'? Theorem 4.1 we have considered a plate whose mid-surface is a bounded domain in R? with a Lipschitz boundary.
We have proved that the constants in the estimates given in'? Theorem 4.1 are independent of §. In fact, these constants depend
only on the boundary of the mid surface and on p.

Now, if we revisit the proof of!# Theorem 4.1 bearing in mind that the mid-surface of the thin-walled beam is P., we realize
that what is important is to fill &, 5 with parallelotopes whose dimensions we control.

Set I3 I3
£ £
e R

where [f] is the integer part of + € R. We have
6 <1, 5 <26, 6 <15 <26.

Denote Y, ;5 = (0,15) X (0,1, ) X (=8, 6). Note that Y, ; has a diameter less than R; = 46 and it contains a ball of radius r; = §/2.
This is important because the estimates in''2 Theorem 4.1 are controlled by the ratio R;/rs < 8.

Observe that Q, ; can be entirely filled with parallelotopes isometric to Y, 5, two by two with empty intersections.

It now remains to follow the lines of the proof of'% Theorem 4.1 to obtain the estimates (#6) with constants independent of €, &
and L. O

7.2 | Extension of a thin-walled beam displacement

Denote . . -
PV = (=L, L) x (¢,¢), P® = (-=L,2L) X (-¢,¢), P® = (-L,2L) X (¢, 3¢),
Q) = PV x (-5,9), Q® = PP x (-4,9), Q¥ = PO x (-4,9),
P/ = (~L,2L) x (-3¢, 3¢), ! 5 = (=3¢,3€) X (=5, 6), QL ;= P/ X(=6,6).

Proposition 3. There exists an extension operator P, from W'2(Q, ;)* into W'2(Q! /)%, p € (1, ), satisfying
Yu e Wl,p(Q%){ P.(u) e Wl,p(Qé’5)3’ Pe(”)lﬂfﬁ =u, ”e(Pg(u))”U(Q, ) < C||e(u)||LP(QE’5).
.6

The constant does not depend on €, 6 and L.

Moreover, if u =0 a.e. on I', 5 then P, (1) = 0 a.e. in (—L,0) X a); 5

Proof. Construction of P_(u).
We decompose u as ({@4).
Step 1. Extension of u to the thin-walled beam Qf;

First, if u = 0 a.e. on {0} X w, 5 then we extend u by 0 in (=L, 0) X w, 5. Obviously the terms of the decomposition of u (see
(@4)) are also extended by 0 in (=L, 0) X o, .
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Otherwise, we set

Ul(x) = U (x) forae. x’ € P,

V() = 41/'*( - % x2> —3UM(=xp.x,)  forae. x' € (—L,0) X (=, ),
R (x") = R*(xX)) forae. x' € P,

RH(x') = 2R*< x2 ) +3R*(=xp,xy)  forae x' € (—L,0) X (=&, €),
i () =7(x) forae x € Q,;,

7 (x) = 0 (=x ;0 X5, X3) forae. x € (~L,0) X w4

We have
v ewr(POP, R ewr@OR, @ ew @)y
Using the estimates {#6)), we easily check that

—x1 —x]
1 iy < Colle@llng, e IVE Nl qn, < Clle@llLg, s
vy (47)
1 1
SIVR M Ly o, + eV D 1y oo, + || R - lle@llra -

o4

C
LP(P(”) sl/p
We set
w(x) = U (X)) + xR + 7 (x) forae. x € QS;

Thus, we have u*! € Wl”’(QS;P. A straightforward calculation yields

e ) gy < Clle@ll g, - (48)
The constants do not depend on €, 6 and L.

We proceed in a similar way to extend u and the terms of its decomposition in (L,2L) X w, 5. We denote u*? the extension of
u to the domain (~L,2L) X @, 5 and U™*2, R*2, &' the terms of its decomposition. The estimates @7) and (@8) are still valid
replacing QS; by Qf) , of course the constants are always independent of €, 6 and L.

Hence, we have

17l o < Colle@ g, I1VE o) < cuawum%),
(49)
SIVR™ |y p2) + Nleag W™ Loy 2 v <5 /p ——lle@llnq, -
So, u*? € Wl’P(Qf;f and is decomposed as
w2(x) = UR(x) + ;R + 02 (x)  forae. x € Q(z)
It satisfies
||e(u*2)“Lh(Qiz;) < Clle@l oq, - (50)
Step 2. Extension to the thin-walled beam 9(3)
We set
UH) = U (x) forae. x’ € P®,
Y, #2 3e—x #2 /
U*(x") =4U (xl, ) = 3U"(x;,2e — x,) fora.e. x’ € (—=L,2L) X (g, 3¢),
R¥(xX) = R (x) forae. x’ € P?,
%301 *2 3e —x; #2 ’
R¥3(x) = —2R (xl, ) +3R(x,,2 —x,)  forae x' € (~L,2L) X (&, 3¢),
a7 (x) = 07 (x) forae. x € Q%)

2 (x) = U (x,, 26 — x5, X3) fora.e. x € (—L,2L) X (&,3¢) X (=8, ).



19

Here, using the estimates (7)), we obtain
UBew (PP, RPew'r @Yy, @t ew @)y,

—*3 —*3
”L‘* “L"(Qfé) < C(S”e(u)”Lp(QL&)’ “Vu* ”LF(QS;) < C”e(u)”Lp(Q&&), 51)
o’
*3 3 3 3
SIVR 00, + leap@ Dl ey + |52 + R oy < 55 1@l

We set
#3 W %301 ~3 3

U (x) =U"(x) + x;3RE (X)) +u (x) forae. x € Q.

Thus, we have u*3 € Wl’p(QS;P and
’ 3
le@ g0, < Clle@l e, -

The constants do not depend on €, 6 and L.
Step 3. Extension to the thin-walled beam Qi 5
We proceed as in Step 2 to extend u*3 and the terms of its decomposition in QL s- We denote u™* the extension of u to the domain

Q! ; and U™, R™, u"* the terms of its decomposition. The estimates (@7) and (@8] are still valid replacing QS; by Qf;, of
course the constants are always independent of €, 6 and L.

We finally obtain / )
U e Wl’p(P€)3, R** Wl,p(P )2 ﬁ** W] p(QI 5)3
”ﬁ**”u(g < C(S”e(u)”]_P(Qus)a ||Va**”1_p(gz’ C”e(u)”u(gz”), (52)
#k #k U-3** ok
SIVR™ N agry + NewsU ™ ogry + ”W AR L 51/p le@ll rca, -
We set
P, (u)(x) = U™ (xX') + x; R*™(x) + 4" (x) forae. x € Qgﬁ.
We have P, (u) € W'?(Q! ;)* and
”e(pg(“)) ”LP(QLJS) < C”e(’«l)”Lp(gé'ﬁ)-
The constants do not depend on &, 6 and L. O
7.3 | Decomposition of functions defined on P,
Proposition 4. Let ¢ be in W'?(P,), p € (1, ). There exist ® € W20, L) and ¢ € W '»(P.) such that
¢ = CD+$ a.e.in P,
with the following estimates
” Lr(0, L) el/p “ (P “dxl ”LP(O Ly~ l/p ” 0x, (P
”d) LP(P) “ axz /Py (53)
H 0x LF(P) “ ox, ey’ ” 0x, lLr(p) ™ ” 0x, lLre)
2
Furthermore, if belongs to LP(P,) then
X10Xy
e Y e 4
0x, LP(P) dxldxz Lr(P,)

The constants only depend on p.

Proof. We set

D(x,)) = i/(j)(xl,xz)dx2 forae. x;in (0,L) and $=q§—d).
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We have ® € W'2(0, L) and ¢ € W'(P,). The derivative of ® is
dod 1 ¢ .
d_xl(xl) = Z/ a—XI(xl,xz)dx2 for a.e.in (0, L).

op 0P
Then, the Holder inequality yields (53, ,, from which we obtain (53),. Since we have 0_¢ = a—¢ estimate (33)5 follows.
X2 X2

Observe that / E(xl, x,)dx, = 0 for a.e. x, in (0, L). Thus, the Poincaré-Wirtinger inequality leads to (53);.

€
2

¢ 0
We have also / a—qb(xl,xz)dx2 = 0 for a.e. x; in (0, L). Hence, if 3 ¢
X1

belongs to LP(P.) then the Poincaré-Wirtinger

X10Xy
—E
inequality leads to (34).
O
Proposition 5. Let ¢ be in W2P(P,), p € (1, ). There exist ®, ¥ € W22(0, L) and ¢ € W>P(P,) such that
¢>=<I>+x2‘I‘+d~> a.e.in P,
with the following estimates:
I U PO - Bt
Lo = gl/plITlLece,) dx o = gl/ellox, ey’
“ d’® || ¢
L0, L) gl/rllox2 vy’
II‘P Tillse s |7
Lr(0, L) el/p ax2 LP(P) dx, lleeo.n) = gl/rll 9x 0x, lLecp,)’
% |54
Lr(0,L) ,gl+1/p LP(PE)’ (55)
0
||¢ <2, I II 7
LP(P) 0x3 1L (p) 0x, Lﬂ(P) Lr(P,)
52, 5 el 750 =
axl Lﬂ(P) axlaxz Le(P,)’ ax2 )~ Wl gx? LP<P5>’
|22],..,, <cl52 ¢ Az
o2 s = 2Mlzery” 6x16x2 iy = 0x16x2 L)

The constants only depend on p.

Proof. Step 1. We define ®©, ¥ and 5
We set

D(x)) = %/qb(xl,xz)de fora.e. x; in (0, L),

Y(x,) = 2%3 / d(xy, x5)x,dx, forae.x;in (0, L),

and $(x1, Xy) = P(xy, x5) — P(x;) — x,¥(x;) forae. (x;,x,) € P..
We have ©, ¥ € Wz’l’(O L) and 5 € W2P(P,).

,,,,,

First, as in Proposition[d] we prove (55) 5.
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Now, observe that
Y(x)) = 3 / P(xy, Xp)x,dx, = i'/SMde2 fora.e. x, in (0, L)
2e3 2¢e £ I3

where 5 =¢ - 0.
Set _
X1,X7) X
w(x,,x,) = 3M—2 forae. (x;,x,) € P,.
€ €
Function y belongs to W2P(P,). From the estimates in Proposition |4 H and a straightforward calculation we deduce that
oz

0x,0x,

LP(P) Ln(p)

<clst |52
Wl <€ 55,0 5

H0x16x2 Lr(P,) _“0x10x2
Then, again from the estimates in Proposition E| we obtain (33)), 5 6.
Step 3. We prove the estimates (53) g o.
Observe that

Lr(P)’

/(,17(361,x2)dx2 =0 forae.x; €(0,L),

¢ —(x, xp)dxy = — op

25 ox, 2 F 2(xl,xz)dx2 Y(x,) forae.x; €(0,L).

We have

13
3 a¢ 3(x2 —€?)
X2

) r 3x§ —-€2
So, since ———dx, =0
22

—&

a 0 3x2 — g2
—- ¢ —(x, xp)dx, = g/ ¢ (xl,xz)z—dx2

0x, 0x, 2¢?
¢ ¢ for a.e. x; € (0, L). (56)
2_ 2
a¢ 3x5—¢€
, Xp)———d
26 (x1 %) 202 2
. . . op .
Estimate (53)); applied with ¢ replaced by 0_ gives
X
” 0%, ||LI(P) ” LI’(Pe).
As a consequence of the above estimate and equality (36) we obtain
ad) 1 1/p
” 2e / _( » X2)d%; L0, L) ” Ln(PE)' 7

—&

We can now use the Poincaré-Wirtinger inequality with the function a—¢ Estimate (33)); yields
X2

o¢

||0x2 2e 6x2( x2)dx2“

L (P) ” LF(I:)'
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The above together with lead to

0 0?
H—¢ 4 e A
0x, Lr(P,) 0x3 1L (e)
Again the Poincaré-Wirtinger inequality
02
oo s8], <22,
Lr(P,) 0x3 1L (e
This proves (33)); 5.
2’9 PP . . . ,
We have pyeialewt This gives (39),,. Estimate (53)) is a consequence of (34) and (53)s. Estimate (33);; comes from (53));-
X X
2
(®3). Estimate (39),, is a consequence of (53))s. O
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