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Abstract

In this paper, we discuss the Turing-Hopf bifurcation of a diffusive Holling-Tanner model with nonlocal effect
and digestion time delay. The stability, Turing bifurcation, Hopf bifurcation and Turing-Hopf bifurcation are
first researched. Then we derive the algorithm for calculating the normal form of Turing-Hopf bifurcation
of a diffusive Holling-Tanner model with nonlocal effect and digestion time delay. At last, we carry out
some numerical simulations to verify our theoretical analysis results. The stable positive constant steady
state and the stable spatially inhomogeneous periodic solutions are found. Furthermore, the evolution
process from unstable spatially inhomogeneous steady states to stable positive constant steady state, the
evolution process from unstable spatially inhomogeneous steady states to stable spatially inhomogeneous
periodic solutions, the evolution process from one unstable spatially inhomogeneous periodic solution to
another stable spatially inhomogeneous periodic solution and the evolution process from unstable spatially
inhomogeneous periodic solution to stable positive constant steady state are also found.

Keywords: Diffusive Holling-Tanner model, Nonlocal effect, Digestion time delay, Turing-Hopf
bifurcation, Normal form
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1. Introduction

By considering that the self-regulation of prey and by incorporating the Holling type-II functional
response function, May [I] has proposed a predator-prey model, which is known as the Holling-Tanner

predator-prey model and has the form

du(z,t) u(z,t) qu(z, t)v(z,t)
dt ruu(,t) (1 ok > Cu(z,t)+m L1
dv(z,t) (1.1)

50 ey (1- 220

where u(t) and v(t) represent the densities of prey and predator, respectively, 71 and ry are the intrinsic
growth rates of the prey and predator, respectively, k is the carrying capacity of the prey, ¢ is the maximum
value of prey consumed by per predator per unit time, m is a saturation value, and o is the conversion
or consumption rate of prey to predator. By considering that in the real world, the predator and prey

populations may move for many reasons, then by combining with model (1.1), the reaction-diffusion system
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subjects to homogeneous Neumann boundary condition can be written as

ou(z,t)

B Cul@, )\ qulz,t)u(z,t)
pran Dy Au(z,t) + riu(z,t) (1 - ) w@ ) tm z €N, t>0,
Ov(x,t) B v(z,t)
T DyAv(z,t) + rov(z,t) (1 cu@ ) ) xeQ, t>0, 12)
ou(z,t) _ ov(x,t) ~0, v e, t>0,
on On
u(z,0) = up(x), v(z,0) = vy(x), xz €,

where 2 C R is a smooth and bounded domain, Dy and Ds are the diffusion coefficients of u(z,t) and
v(z,t), respectively, Au(x,t) = 0%u(x,t)/02z%, Av(z,t) = 0?v(x,t)/02%, n is the outward unit normal
vector at the smooth boundary 09. Moreover, ug(z) and vo(z) are the initial functions. For model (1.2),

with a non-dimensionalized change of variables

u(z,t) v(z,t)
u(x,t) — e v(z,t) = ok t — rit,
and let
D D
d1:71;d2:727a:£ar:7’;27b:ﬂ7
T1 1 1 1 k

An et al. [2] obtained the simplified dimensionless ratio-dependent Holling-Tanner model with diffusion

subjects to homogeneous Neumann boundary condition

Oou(x,t) au(z, t)v(z,t)
ek dy Au(z,t) + u(z, t)(1 — u(z,t)) — R z €N, t>0,
ov(x,t) B ~u(w,?)
T doAv(z,t) = rv(x, t) <1 WD) xeQ, t>0, 13)
Ou(x,t) _ ov(x,t) _o, v e 00, t>0,
on On
u(z,0) = ug(x), v(z,0) = vo(a), T €9,

and they studied the Turing-Hopf bifurcation of this model in the spatial domain Q = (0, £7) with £ € RT. In
addition, for the diffusive Holling-Tanner model, Peng et al. [3] studied the local and global stability of the
unique positive equilibrium, Banerjee et al. [4] studied the Turing and non-Turing patterns for some fixed
parametric values. Furthermore, Ma et al. [5] studied the Hopf bifurcation and steady state bifurcation.
By noticing that the competition between prey for limited resources is often nonlocal in natural envi-
ronment and the consumption of resources at a spatial location depends not only on the local population
density but also on the weighted average of the nearby population, thus Furter et al. [6] and Britton [7] all
incorporated the spatial convolution integral to a single-species model. In addition, the nonlocal competition
effect has been extensively studied in many different cases, such as single-species models [§], competing pop-
ulation models [9, [I0] and predator-prey models [T} 12, 13| [I4]. As shown in [6], the most straightforward

way of introducing nonlocal effect is to replace the term 1 — u(x,t) in model (1.3) by 1 — u with

U= /QG(m,y)U(y,t)dy,

where G(z,y) is some reasonable kernels. By taking = (0,4r), £ € RT and G(z,y) = 1/(¢{x), the model
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(1.3) becomes the nonlocal model

ux i au(x v\
. E?t7t) = diAu(w,t) +u(w,t) (1 - éiﬂ/o U(yvt)dy> - W x € (0,¢7), t >0,
% = dyAv(z,t) + 1o (2, t) (1 — Zg:g) .z €(0,6m), t>0, (1.4)

Ug(x,t) = vg(x,t) =0, x =0,¢m, t >0,

u(z,0) =up(z) >0, v(z,0) =vo(z) >0, x € (0,n).

Here, we take G(z,y) = 1/]€| such that the nonlocal effect does not affect the positive equilibrium of model
(1.4). This kernel function means that @ is taken as the mean value of u(x,t) in the space interval (0, ¢7).
Furthermore, the digestion, gestation, hunting, migration and maturation time delays are usually considered
in the predator-prey models [I5] [16, [I7]. Moreover, the model with nonlocal effect involving time delay was
first researched by Britton [I8], and since then, the predator-prey models involving the nonlocal effect and
time delay are consided by many scholars [19] 20 21, 22]. In this paper, by combining with model (1.4), we
study the Turing-Hopf bifurcation of the following diffusive Holling-Tanner model with nonlocal effect and

digestion time delay subjects to homogeneous Neumann boundary condition

1%
au((;, ) _ diAu(z,t) + u(z, ) (1 — %/@ u(y,t)dy> - ‘W z € (0,4m), t >0,
ov(x,t v(z, t
(at ) _ doAv(w,t) + rv(x,t) (1 - u(m(t_)T)) , € (0,6m), t>0, (15)

Ug(x,t) = ve(2,8) =0, £ =0,¢m, t >0,

u(z,0) = up(z) >0, v(z,0) =wvo(x) >0, x € (0,4r), —7<t<0,

where 7 > 0 is the digestion time delay. It is necessary to point out that the algorithm for calculating the
normal form of Turing-Hopf bifurcation of the general reaction-diffusion systems without time delay or with
time delay has been developed in [23] 24} 25| [26], [27] are not applicable to the case with nonlocal effect and
time delay.

This paper is organized as follows. In Section 2, we discuss the stability of positive constant steady
state of model (1.5), and the Turing bifurcation, Hopf bifurcation, Turing-Hopf bifurcation of model (1.5).
In Section 3, we derive an algorithm for calculating the normal form of Turing-Hopf bifurcation of model
(1.5). In Section 4, we use the obtained third-order truncated normal form to investigate the classification
near the Turing-Hopf bifurcation point, and we carry out some numerical simulations to demonstrate our
theoretical analysis results. Finally, we give a brief conclusion and discussion in Section 5. The detailed

procedures for calculating the normal form (3.26) are given in Appendix A.

2. Stability and bifurcation analysis

Define the real-valued Sobolev space

X = {(M)T € (W22(0,¢m))" : % = % =0atz= 071277}

with the inner product defined by

Y2
Uy, Us] :/ UlTUQ dx for U; = (ul,vl)T € X and Uy = (UQ,UQ)T € X,
0



where the symbol T represents the transpose of vector, and let C := C([—1,0]; X) be the Banach space of

s+ continuous mappings from [—1,0] to X with the sup norm. It is well known that the eigenvalue problem

@ll(x) = X@(l‘), US (07677)7

§0)=¢'(tmr) =0

has eigenvalues Xn = —n2/0? with corresponding normalized eigenfunctions
L 0
- n—=
, 0) Vir’ ’
() =~ (2)ers () = _cos(na/l) 2.1
— COS (—) , n>1,
b /

ss  where e;, j = 1,2 is the unit coordinate vector of R? and n € Ng = NU {0} is often called wave number,

Ny is the set of all non-negative integers, N = {1,2, ...} represents the set of all positive integers.

58 The positive constant steady state of model (1.5) is

l—a—-10 b—1)24+4b (1—a—10 b—1)2+44b
Bu(un,v) = (1—a—b)++/(a+b—1)2+ ,( a—b)++/(a+b-1)2+ ) (22)
2 2
and the straightforward calculation gives the linearization of (1.5) at E, (s, vs)
Su(z,t) Au(z,t u(zx,t u(z,t —7 u
5 8tt - D ( ) ) +A1 ( ) ) +A2 ( ) ) +B1 7 (23)
% Av(z,t) v(z,t) v(z,t —7) v
e where
di 0 1— oy — ey, ot 00 —u, 0
p=| " A = Gru)?  Thtuc |4, - . B, = . (24)
0 do 0 —r r 0 0 0

Thus, the characteristic equation of (2.3) is

H Fn()‘) =0,

neNy

where '), (A) = det (M,,(A)). Moreover, by noticing that

62
)\IQ—Al —A267)\T —Bl, ’17,:0,

Mn()‘) = n2
)\IQ+D£7—A1—A2€_/\T, n €N
with I is the identity matrix of size 2, then from (2.5), we have

T'p(A\) = det (M, (N)
—A\T
abv, ))\ au*re_<1_2u*_(abv*)7«:07 n =0, (2.6)

Mo (1—2u, —r— ———
_ ( et (b+ uy)? b+ uy b+ uy )2
A P\ + 7+ gue N =0, neN,
e« Where
n2 abv,
n = (d1 +d2)— | 1l—-uy——,
o= (i +do) gz +r ( ! (b+u*)2>
nt abu n? abu
n=dido— + (dir—do (1 —uy — ——= )| — =1 (1 —uy — ——— |, 2.7
' ”W(” ( ! <b+u*>2>)z2 ( ! <b+u*>2> >0
_aur
qnib—l—u*'



When n =0 and 7 = 0, the first mathematical expression in (2.6) becomes

bu AUsT abv
o (1—2u, —r— 2% )\ LA (I W L - 2.
( et (b+u*)2) T ( " (b—i—u*)Q) r=0 (28)

s and then from (2.8), we know that when

* b* b*
AT —<1—2u*—(av>r>0, 1—2u*—r—L<0,

b+ u, b+ )2 (b+ uy)?

ie.,

—1+2u, >0, (2.9)

2
r > max (0, 1—2u, — abo, ) 2abu, + au;

(b+ u.)? (b+u.)?

¢ the positive constant steady state of model (1.5) is asymptotically stable.

When n € N and 7 = 0, the second mathematical expression in (2.6) becomes

N T, A+ D, =0, (2.10)
o where
2 b
T = —pn = —(di +do) s =1+ (1= — ——" )|
nt abv n? 2abru, + aru? (211)
D, =r,+ g, =dido— dir—dy (1 —uy — ——— ) | = — L
Tn+q 12€4+<1T 2( U (b—|—u*)2>> 7 T4 Uy + (e
2.1. Turing bifurcation
7 When n € N and 7 = 0, by combining with (2.9) and the first mathematical expression in (2.11), we
have the following Theorem 2.1.
n  Theorem 2.1. Assume that
abv, 2abu, + au?
> 0,1 —2u, — , 14 2u, >0
T max( , u (b+u*)2> (b—l—u*)z + 2u
holds, then forn € N and 7 =0,
76 (i) when 1 —u, <0, we have T, < 0;
(ii) when 1 — u, > 0, we have
>0, if r<r,,
Tn = 0, if r= 7,‘;»,“
<0, if r>7m,,
s where
_ 2202 — abu, 02 + (1 — u, )2 02
- (dy + d2)(b + us)*n® — abv, 02 + ( u)(b—l—u)ﬁl (2.12)
2(b+ uy)?
Proof.From the first mathematical expression in (2.11), we know that T;, can be rewritten as
T - —(dy + d2) (b4 us)?n? — 102(b + uy)? — abvl? + (1 — u,) (b + uy )22
" (b4 uy)? '
80 It is easy to verify that when 1 —u, < 0, we have T;, < 0 for any n € N and 7 = 0. Thus, the conclusion

(i) is proved.
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If 1 —u, > 0, we have

>0, if r<r,,
Tn: :0, if 7":77”,

<0, if r>r,,

where 7, is defined by (2.12). Therefore, the conclusion (ii) is proved. |

In the following, we always assume that

—142u, >0, 1 —u, >0

* ~ 2 N 2
(Co):r>max<0’1_2u*_ abv >7abu+au*

bruw)? ") Tt w)?
for n € Nand 7 = 0. From the second mathematical expression in (2.11), we know that D,, can be expressed

as

A
D,=—""_ 2.13
g4(b+U*)2 ( )

where

A, = dida(b+u,)’n* — (da (1 — we)(b+us)? — abv,) 2 — dir(b + u,)*0%) n?

(2.14)
+ (2abru* + aruz —r(b+ u*)2 + ru. (b + u*)2) Al
Case 2.2. It is easy to see that if the conditions (Co) and
(C1) + da (1 — ue)(b+us)? — abv,) €2 — dyr(b +u,)*0* <0,
(Qabru* + aru? — r(b+ u*)2 + ruL (b + u*)Q) >0,
or
(Cll) A <0
hold, then (2.14) has no positive roots, where
A= (da (1 — u)(b+us)® — abv,) £ — dyr(b+ u*)2€2)2
— Adyda (b + u,)? (2abru, + arul — r(b+ u)® + ru. (b +u,)?) £ < 0.
Hence, all roots of (2.10) have negative real parts under the conditions (Cy) and (C;) or (Ci1).
Case 2.3. If the conditions (Cy) and
(Ca) + da (1 —u)(b+ ui)?® — abvy) €2 — dyr(b+u,)*0* > 0,
(2abru, + aruZ — r(b+uy)® + ru. (b +u,)?) €4 > 0,
A>0
hold, then the (2.14) has two positive Toots.
Moreover, if we let Z = n?, then the mathematical expression (2.14) can be rewritten as
F@) = dido(b+ )27 — (do (1 — we)(b+ ws)? — abv.) 2 — dyr(b+ u.)??) 7 .15)
2.15

+ (2abru, + aru? — r(b+ u.)® + ru. (b + u.)?) 4



Without loss of generality, we assume that the two positive roots of (2.15) are ; and Zo, i.e.,

__ —BF¥VB2-4AC (2.16)

T2 =
2A

under the conditions (Cp) and (C3), where

B =—(do (1 — ) (b+us)? — abv,) 2 — dir(b +u,)?0?),
(2.17)

96

A = dydy(b+ us)?,
C = (2abru* +aru? — r(b+ ue)? + ru. (b + U*)2> .

Since 7; = n? and Zo = 13, then we have 1; = v/Z; and 7y = \/Z. By using a geometric argument, we

s can conclude that

<0, ny <n < ng,

An
Zoa ngﬁlorn2ﬁ27
where n € N.
Furthermore, we have sign(D,,) = sign (4,) from (2.13), where sign(.) represents the sign function. In

100
the following, for simplicity, we set

R ={(r,n,us)|

abv - 2abu, + au? - -
* >, (b+:)2*—1+2u*>0,n1<n<n2,0<u*<1}.

r>max (0,1 —2uy — ———,7
( (b+u)? "
From the above discussion, we know that R is the region where the Turing bifurcation curve may exist.

102
Moreover, by solving for r in the second mathematical expression of (2.11), we have

A
r=—=, 2.18
5 (2.18)
s where
~ abv, n? nt
A=dy (1 —uy — ——— | 5 — dida—,
( ! <b+u*>2) RN
(2.19)
B_d &2_1+u +2abu*+auf
R T+ u)?

Furthermore, from the second mathematical expression in (2.11), we know that when r > 121\/ B , D, >0

and when r < A/B, D,, < 0.

Theorem 2.4. From the above discussion, for the case 2.3, and in the region R,
(1) when r > A/B, the positive constant steady state E,(u,,v,) of model (1.5) is asymptotically stable

106

108
fort =0, and if 0 <r < Zl/B\, the positive constant steady state E.,(u«,vs) of model (1.5) is unstable;

(2) the model (1.5) will undergo Turing bifurcation at r = A/B.

110

In the following, we continue to verify the transversality condition.

Lemma 2.5. In the region R, whenn € N, 7 =0 and r = A\/E, we have

112

A <0
dr A=0,7=0,r=A/B
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Proof.By differentiating the second mathematical expression in (2.6) with respect to r, we have

A _ 3\ e e dan

_ -\ 27 _
(2>\+pn Tdne ) dr dr dr dr’

where p,,, ¢, and r, are defined by (2.7). Furthermore, by noticing that when n € N and 7 = 0, we have
T, = —pn <0 and

Ay abv,
—(1-2u, — —=_) >0,
bt ( ! (b+u*)2> g

then from Theorem 2.1 and Cj, we have

n? abu, Al
d\ _ —dlé*z"‘ (1_u*_4(b+u*)2> ~ bru. <0
dr k:O,T:O,r:A\/ﬁ _Tn '

2.2. Hopf bifurcation

In the following, the Hopf bifurcation of model (1.5) for r > A\/E is investigated. Suppose that A\ = +iw,
with w, > 0 are a pair of purely imaginary roots of the second mathematical expression in (2.6), then

substitute A = +iw, into the second mathematical expression in (2.6), we have
Ty — w2 + @y €08 (WnT) + i (Prwn — ¢n sin (W, 7)) = 0 (2.20)

for n € N. By separating the real and imaginary parts of (2.20), we have

2 _
sin(w,7) = pnw", cos(w,T) = “n " Tn, (2.21)
dn dn
Moreover, by combining with (sin (w,,7))? + (cos (w,7))? = 1 and (2.21), we have
wy + (3 = 2rp)wl + 12 — q2 =0. (2.22)

In the following, we mainly consider the case of 72 — g2 < 0, that is (2.22) has only one positive root wy,.
Then we will discuss the case which is used to guarantee r2 — ¢2 < 0. Notice that when r > E/ E, we have
D,, = rp + g, > 0. From (2.7), we have

4

n abu, n? aru?
— g = dido—r —dy (1 — — ) ) = — L 2.2
Tn — Qn = d1da /i + (dlr do ( u (b+u*)2>> 7 T+ TU bt (2.23)

Since 1 — u, > 0, then (2.23) has only one positive root n,. Moreover, if we let 2 = n?/¢?  then the

mathematical expression (2.23) can be rewritten as

abv, arui
f([L’) = d1d2$2 —+ <d1’l" — dg (1 — Ux — W)) T —7r—4+ TUyx — m, (224)

and the unique positive root of (2.24) is

b+ Vb —dae

% — , 2.25
x % (2.25)
where
b=dir—dy(1—u _ g a=dids, c=—-r+ru —Lui (2.26)
=dq 2 * (b+u*)2 3 — 102, - * (b+u*)2 .
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Since x. = n?/¢% and by noticing that r, — ¢, is a quadratic polynomial with respect to n?/¢?> and

ro — go < 0. Therefore, there exists ng = ¢,/x, > 0 such that r,, — g,, = 0 and

) ) <0, 0<n<n,,
Tn —dn
>0, n>n.+1,
where n € N, and n, is defined by
ng—1, ng €N,

[’Ilo} , no ¢ N

Ny =

Here, [.] stands for the integer part function. Therefore, w,, is the unique positive root of (2.22) for 0 < n <

N4, Where

Wy = \/27"n — i+ /(R —2r)* —A(r} — ¢3)

. 2.27
; (227)
Furthermore, by noticing that sin(w,7) > 0, if we let 7, ;, n € N, j € Ny be the root of
2 _
cos(w,T) = En " Tn (2.28)
qn
with wy, in (0, 27]. According to (2.28), we can define
1 2 r,
Tnj = — (arccos (W) + 2j7r> , 0<n < ng, (2.29)
Wn dn

then the second mathematical expression in (2.6) has a pair of purely imaginary roots +iw, at 7 = 7, ;.
If taking 7 as a parameter, and let A(7) = «(7) + iw(7) be the pair of roots of the second mathematical
expression in (2.6) near T = 7, ; satisfying a(7, ;) = 0 and w(7, ;) = wy, for 0 < n < n, with n € N. In the

following, we continue to verify the transversality condition.

Lemma 2.6. In the region R, when r > /T/E and 0 < n < n,, we have

dRe(A(T))

>0,
dr

T=Tn,j

where Re(A(T)) represents the real part of A(T).
Proof.By differentiating the two sides of
T,(\) =det (M, (A) = A2 + pu A+ 7, + gue ™ =0, n €N

with respect to T, where p,,r, and ¢, are defined by (2.7), we have

A\ 22X +p. T
_ T 2.30
( dr ) Agre=T A (2:30)
Therefore, by combining with (2.30), we have
-1
Re(d)\(T) ) ~ Re < 2iwn + P —T’”)
dr — Wy Qne W Tn.j W,
< 2iwy, + pn, )

=Re | - —

iwnqn(cos(wp Ty ;) — isin(w, Ty ;) (2.31)

— Re <(2iwn + pn)(cos(wn Ty ;) + 1 SiIl(UJnTn,j))>

1Wnqn
_ 2 cos(wyTn,;) 4 Pn sin(wn Ty, ;)
dn Wndn



From (2.21), we have

2

sin (wnTh,j) = pnw", cos (WnTh,j) = Un " Tn (2.32)
n qTL
Moreover, by combining with (2.31), (2.32) and
o, — p2 2 _9r )2 _4(r2 — g2
wn:\/r pn+\/(pn2r) (rn Qn)>07ri_qi<07
we have
-1
Re ( d\(T) ) _ 2w2 — 2r, + p2
ar |, . a2
2 _9r )2 _4(12 — ¢2
_ V-2 )2 (i —dz) _ .
an
This, together with the fact that
dRe() A B
sign { M } = sign ¢ Re ( (7) )
dr e dr |,_,
mn,J n,J
completes the proof. [

Moreover, according to the above analysis, we have the following results.

Theorem 2.7. In the region R, when r > g/é, if we denote
Te =min{7,0:0<n <n,, neN},

then the positive constant steady state Ey(u.,vs) of model (1.5) is asymptotically stable for 0 < 7 < 7. and

unstable for T > .. Furthermore, model (1.5) undergoes Hopf bifurcation at T = Ty.

2.3. Turing-Hopf bifurcation
By combining with Theorem 2.4 and Theorem 2.7, we have the following lemma.

Lemma 2.8. In the region R, the model (1.5) undergoes (na,ny)-mode Turing-Hopf bifurcation at (r.,T),
where 7, = A\/ﬁ

3. Normal form for Turing-Hopf bifurcation of model (1.5)

Assumption 3.1. When (r,7) = (r«,T«), there exists no € N such that the equation T'y,(A) = 0 has a
sitmple zero root A = 0, and there exists n; € N such that the characteristic equation Ty, (X) = 0 has a pair
of simple purely imaginary roots Liw,,. In addition, all roots of T',(\) = 0 with n # nq,ne have negative

real parts, and the corresponding transversality conditions hold.

3.1. Normal form derivation of Turing-Hopf bifurcation for model (1.5)

By the time scaling ¢ — t/7 and by setting r = r, + pu1, 7 = 7w + po such that g := (u1, p2) = (0,0)
is the Turing-Hopf bifurcation point in the perturbation plane of p; and pe. Furthermore, by setting

10
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(x,t) = ulz,7t) — us, 0(w,t) = v(x,7t) — vy and U(t) = (u(z,t),v(x,t))T, then dropping the tildes for

o(z,
simplicity, the model (1.5) can be rewritten as the following model in the space C

aﬁit +uz<¢Au (%O+u0ﬂ—ﬁPHW)_Mw%i@tﬁﬁi2ﬁ00>j@n
371(89; D (rt o) <d2m (@,8) + (r + p) (v(w, ) + v <1m»

Then for Uy (0) = U(t+6) € C, Uy(8) = U(t+6) € C, —1 < 6 <0, the model (3.1) becomes the compact

form
S = d@AU0) + L()U(0) + LT (0) + F (U,(6). Tu(0). ), (32)

where for p(6) = (4,01(9),902(9))T € Cand $(0) = (£1(0), P2(0 )) e€C, L(p), ( ):C— X,F:CxCxR? —
X and d(u)A are given, respectively, by

d(p)Ap(0) = (e + p2) DAP(0), L()p(0) = (e + p2)(A1(p1)p(0) + A2 (p1)p(—1)),
L()3(0) = (e + p2) B13(0)

and

a($1(0) + u) (92(0) + v
b+ (#1(0) + u)

(r+ i) (£2(0) +v.) (1 - m> (3.3)

(01(0) 4 u) (1 = (@1(0) + ua)) —
F(e(0),2(0), ) = (7e + p2)

— L(1)2(0) — L(1)3(0).

Here, D and B are defined by (2.4),

abv, _ _auy
e e e I T R R
0 —(r + 1) r+ur 0

~

In what follows, we assume that F((6), $(0), i) is C*, k > 3, smooth with respect to (8), (0) and pu.

By noticing that p is the perturbation parameter and is treated as a variable in the calculation of normal
form, thus if we denote

~

do := d(0), Low(8) := L(0)p(8) = 7o(A19(0) + Asp(~1)), Lo3(0) := L(0)§(0) = 7.1 5(0),

the system (3.2) can be rewritten as

%it) = do AU (0) 4 LoUy(6) + LoUy (0) + F(U(8), U (0), 1) (3.4)

by separating the linear terms from the nonlinear terms, where

F(U(8), Uy(0), 1) = pa DAU(0) + po Ay (1)U (0) + pro A (111) Uy (—1) + pa B1U3(0) + F(Uy(6), Uy (0), 12).(3.5)

Therefore, the characteristic equation for the linearized system of (3.4)

%Et) = doAU(0) + LoUy(6) + LoU,(0) (3.6)
is
[I .0 =0,
n€eNg

11



184

186

188

190

192

194

196

198

where T'p (A) = det (M](A)) with

My — 7,41 — e Ase ™ — 7.B1, n =0,
My (A) = 2 (3.7)

Mo + TCDZ — 1. A1 — 1. Ase™, neN.
Then from (3.7), we have
T, (\) = det (/\7”@))
bv 7' au,re™ abv
A2 — 1—2u, —r 400 : —7r2(1-2u,— ——"=)r=0 =0, (3.8
) TC( u s ) T (1e 2 - T =0 n=0, 69
N b Tepp A+ T2, 4+ TR gne ™ = 0, n €N,

where p,,, r, and ¢,, are defined by (2.7).
By comparing (3.8) with (2.6), we know that (3.8) has a pair of purely imaginary roots +iw. for n =
ny € N, and all other eigenvalues have negative real parts, where w, = T.w,,. In order to write (3.4) as an

abstract ordinary differential equation in a Banach space, follows by [28], we can take the enlarged space
BC := {w(e) :[-1,0] — X : ¢(0) is continuous on [—1,0),3011%1 ¥(0) € X},
o

then the system (3.4) is equivalent to an abstract ordinary differential equation on BC

dU,(9)

G = AULO) + XoF(U(0), Ti(0), ).

Here, A is a operator from Ci = {¢(0) € C: ¢(0) € C,(0) € dom(A)} to BC, which is defined by
Ap(8) = (0) + Xo (e DAp(0) + L (¢(8)) — ¢(0)),
where
TcAHD(O) + TCA2()0(_1) + 7-63130(0)7 n =0,
L (¢(0)) = (3.9)
TeA19(0) + 1. A2p(—1), n €N,
and Xy = X((0) is given by
0, -1<6<0,
1, 6=o0.

Xo(0) =

In the following, the method given in [28] is used to complete the decomposition of BC. Let C :=
C ([-1,0],R?),C* := C ([0,1], R?*), where R?** is the two-dimensional space of row vectors, and define the

adjoint bilinear form on C* x C' as follows
0 0
(1b(s),0(0)) = ¥(0)9(0) — /_1/0 V(€ — 0)dMy,(0)(£)dE for p € C*, ¢ € Cand { € [-1,0],  (3.10)

where M (6) is a bounded variation function from [—1,0] to R**2  i.e., M (0) € BV ([—1,0];R2X2), such
that for ¢(6) € C, we have

0
L.(6(0)) = / M (0)6(0),

-1

where

L (6(0)) = Ly (6(9)) + Lg (6(6)) (3.11)



with

n2 TCA1¢(O) + TCA2¢(7]‘) + TCB1¢(O)7 n= Oa
Ly (¢(9)) = ~Teyz DO(0), Lo (4(0)) =
T A10(0) + TeA20(—1), n € N.
200 By choosing
¢1(0) = (gnleiwcevgnleiiwcg) ) (PQ(G) = 577.27
_ , (3.12)
Ui (s) = col (m, e ™", 1y, €=%) . Wa(s) = 1y,
where the col(.) represents the column vector, &,, = col(&n,1,&n,2) € C? and &,, = col(&,1,8&n,2) €

22 R? are the eigenvectors of system (3.6) associated with the eigenvalues iw. and 0, respectively, 7,, =

col(nn,1,Mn,2) € C? and 7y, = col(nn,1,Mn,2) € R? are the corresponding adjoint eigenvectors such that
(1(s), @1(0)) = I2, (P2(s), P2(0)) = 1. (3.13)
204 According to [28], the phase space C can be decomposed as
C=Pa®Q, P=Im 7w, @ =Ker m,

where for ¢ € C, the projection 7 : C — P is defined by

T T

) o), 541 [60). 6]
m(¢) = | 1 { Y1, By + | @2 ( Vo, Brsy- (3.14)
69,6 (60,6

206 Next, we will calculate the eigenvectors &,,, and &,, as well as the corresponding adjoint eigenvectors 7,

and 7, associated with the eigenvalues iw. and 0, respectively. Choose

TCAQa 0= _17 TCA27 0= _17
Mo () = 0, —-1<0<0, My0)= 0, -1<6<0, (3.15)
T.A1 + 1.By, 0 =0, ch%zD + 1. A1, 0 =0,

28 then by combining with (2.4), when n = 0, we have

bv au
1—2u, — 22, — a1 a1z
T(:Al + TcBl = Tc (bFu) bfu. =T 5
0 T a1 a2
0 0 b1 b2
TeAy =T, =T )
T 0 b21 b22
and when n € N, we have
1 — U, — % _ QUx aiq a12
* btuy)? b+uy —
T A = Te ( ) =T, )
0 T a921 as9
0 0 b1 b1
TeAs = Tc =T
r 0 b21 b22

210 Furthermore, by combining with (3.10), (3.12), (3.13) and (3.15), after a straightforward calculation, we

can obtain
gnl = (Lkl)Ta gnz = (17k3)Ta

(3.16)
Ny = (Tl (1’ kQ))Tv Nny = (T2 (17 k4))T7

13



212 where

dwe + Tokdy — Teary — TobiyeT i iwe + Tolhdy — Toary — TobiyeT i
L Tea12 + Tebige e P TeQ21 + Tebgre e ’
2 2
oy = Tcdl%*%au*%bn L= Tcdlz%*Tcan*chll
Tear2 + Tebi2 , Tea21 + Tcbo ’ (3.17)
T _ 1
YT kg + 14 e (Tebi1 + Tebarka + ki (Tebiz + Tebaoks))
T2 = !

(Tebrz 4 Tebaoka 4 ka) k3 4 (Tebry 4 Tebarka + 1)
Therefore, according to the method given in [28], BC can be divided into a direct sum of center subspace

2 and its complementary space, that is
BC =P ®ker m, (3.18)

where dim P = 3. It is easy to see that the projection 7 which is defined by (3.14), is extended to a

26 continuous projection (which is still denoted by 7), that is, 7 : BC — P. In particular, for a € C, we have

[, 6] [0 5]
7 (Xo(0)a) = | ©1(0)¥1(0) By + | ©2(0)¥2(0) Brs- (3.19)
a2 2]
By combining with (3.18) and (3.19), U;(#) can be decomposed as
T
2 o r [ B
Ui(0) = | 21(0) . @ + (2392(0)) @ + w(f)
= (51600 + 220, € 0) 3, (0) + s (2) + 0(0) 520)
21Yny ({E) wl(e)
= (®1(0) 2(0)) | 2o7m () |+ ,
'LUQ(Q)
23Yng (Z)
28 where w(6) = col(wy (#), wa(0)) € Ct NKer 7 := Q! and
. (U(6), 8] (U(6), 8]
= <‘If1(0)a > , 23 = <\1/2(0), > :
2 U6, 82| U6, 82|
Therefore, if we assume that
B(0) = (91(0), P2(0)), 20 = (219, (@), 227, (2), 287ma (7)),
20 then (3.20) can be rewritten as
U(8) = ®(0)z, + w(0). (3.21)

By combining with Uy (6) = @(0) and (3.21), and for the simplicity of notation, we let
- v=ngy
|7 (@020 +w(0),(0), 1), 5]

[ﬁ (®(0) 22 + w(0),w(0), 1), 552)} v=n;

([ [F@®z 06,0000 50 [ [F@O2+ 06).00).1). 5]
[F(@(6)2 +w(6), @(0),0),57] )\ [F@©)z +w(6), 00),1), 5]

14



222

224

226

228

230

232

then the system (3.4) is decomposed as a system of abstract ordinary differential equations (ODEs) on

R3 x Ker , with finite and infinite dimensional variables are separated in the linear term. That is

vV=ng

F(@(0)z +w(®),0(0), 1), 5|

[F(@(0)z, +w(0),®(0), p), B (3.22)

vV=ni

2= Bz + U(0)

i = Aguw + (I = 1) Xo(B) F(®(68)z, + w(6), @(0), 1),
where ¥(0) = diag(¥;(0), ¥5(0)), I is the identity matrix, z = (21, 20, 23)T, B = diag {iw,, —iw,, 0} is the
diagonal matrix, and Ag: : Q' — Ker 7 is defined by
Agiw = w + Xo(0) (1. DAw(0) + Liw(8) — w(0)).

By combining with (3.5) and the formal Taylor expansions of L(u ) Z( ), F(U,(6), ﬁt(O), ) as follows

L0+Z L0+Z

]>1 ]>1

F(U.(6), 0,00),1) = 3 %ﬁjwt(e), 0,(0), ),

i>2

the systems (3.22) can be rewritten as

z—Bz+Z f (z,w,w(0), 1),

]>2

_ 1 _
w = AQlw + Z ﬁff(zawvw(o)vp’)?

where f; := ( jl,fjg) , 7 > 2, are defined by

112w, @(0), 1)

L1 (0)(@(0)z + w(0)), B8] + [T 1 (w)(@(0)), BO | + [F5(@(0)20 + w(0), @(0)., ), BV |
9L (@022 4+ w(0)). 5P| + 1Ly () @(0)). 5] + [E5(@(0)z + w(®).@(0). p). 5] )

o~

F3(z0,0(0), 1) = (T = m)Xo(0) (FLi—1 (1)(@(0)20 + w(0)) + F L1 ()B(0) + Fy(D(0)20 +w(0), B(0), 1))

vV=mns

— ¥(0)

Furthermore, by using (3.3), we obtain

— q1+q2 q3 a1 .92 .93
= E Aq1q2q37n1 (@) (33)2’1 29" %3
q1+q2+q3=2

+85 (D(0) 2, w(6)) + 82 (B(8) 2, B(0)) + O (|(w(6), B(0))[?)

and

F3 (@(9)2170,M) = Z Aq1q2q321121212243,yq1+q2( )7;1132 (:C)
q1+92+93=3

1) q1 92 ,93 ., q1+4q2 a3
DAY AT e e (g (1)
q1+q2+q3=2

S AR PP Bt () (1) + O (|2 ul?)
q1+q2+q3=2

where S ((0)z,, w(6)) is the product term of ®(6)z, and w(6), Ss (®(6)z,, @(0)) is the product term of
®(0)z, and w(0), g1, q2,93 € No. Furthermore, Aqlqz%,ﬁﬁ,}lpqa,ﬁgﬂm €R?, and Ay, 405 = Agagrs-

15
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As given in [22], we have

1 2
Ker(My) = span {z123e1, 21 [11€1, 21 [12€1, 2223€2, Za/i1€2, Z2/l2€2, Z172€3, 23 €3, Z3/11€3, Z3/12€3,
2 2
H1HU2€3, (1€3, #263} )
1 . 2 2 2 2 2 2
Ker(My) = span {zl Z9€1, Z123€1, Z123[41€1, Z123[42€1, Z1 4] €1, 21 42€1, 2141 [42€1, Z125€2, 2223 €2,
2 2 3 2 2
R2223M1€2, 2223 42€2, 22[41€2, 22[19€2, 2241 42€2, 21 2223€3, Z3€3, 23 [41€3, 23 42€3,
2 2 3 3 2 2
Z122[1€3, 212242€3, Z3H71€3, 23263, Z3U1 H2€3, [11€3, U2€3,; L1 H2€3, N1M2€3}

20 and
-1 .
U (2,1) = (Mg) "~ Projy, () £3(2,0,0, ), (MZUZ) (2, 1) = £3(2,0,0, ),
where ¢;(i = 1,2, 3) are the standard basis on R3. By letting

[722(27 pn) = CO](U22(Z7 1), (722(2’ 1), U22,ma:(z7 ),

U22(27M) = h(%/% 9) = Z hn(Z>M79)7n(x)a

n€eNy
26 and from (2.1), we have
772 1 2 n?
UQ(Zvﬂ) = EhO(Zhuvo)a UQ,xx(ZHU') = Z T2 hn(zvﬂag)’yn(x)’
n€Ng
where
hY (2,0 W asasasas (0
RO B ED S i E
b (2, 1, 0) Gi+aatastastas=2 \ Pn,g1q205q.95 (0
238 Applying the arguments of [22], and by noticing that the term of order 3 obtained after the changes of

variables in previous steps is given by

E(Z,0,0,u) = f31(2,0,07u) + g ((sz21) (2,070,,[1)(]21(2,;1,) + (Dw,@,@mf%) (270107/1')[722(*27“)
- (DZU21(27/J“)) g%(za 0707“’)) )

20 we derive the normal form
. 1 1
£= Bz 4 5105(2,0,0, 1) + 2:05(2,0,0, 1) + O ([2|]?) (3.24)

with g% (Z7 0,0, M) = Projker(Mz}) f21 (Z, 0,0, :u) and g§<za 0,0, M) = Projker(M?}) f?} (Z, 0,0, /J)

242 Here,

lg% (2,0,0, 1) = 1 Proj N FH(2,0,0, 1) = H (B1o1ooz123 + (B1ooiog1 + Biooo1 h2)21) ,
2! 2! Ker (M3 )
Bi10002122 + (Bootiop1 + Boo1o1t2) 23

1 . ~

igbl’ (2,0,0,p) = Pro.]ker(M;) fS} (2,0,0, )
1
BE]

. (3.25)
3!

2 2
H (B210002122 + Bio2002123 + Frot102123p1 + Fioi01212342)

Projg, f1(2,0,0,0) + — Projg, f(2,0,0, 1) + O(|||ul?)

3 2 2
Bii1o0#z12223 + Boozooz3 + Fiio102122/1 + Fiio01 2122442 + Foo21023 11 + Foo20125 o
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244

246

248

250

252

254

256

with
2 2 2 2 3
Sl = Span {Zl 22€1,2123€1, Z129€2, 2223€2, Z12223€3, 2363} 5

2 2
SQ = Span {2123/1,161, leglugel, ZQZg/.LleQ, ZQZ3M2€2, 2122ﬂ1€3, 2122/12637 23/1,163, 23/1,263} s

a1 92,93 01, 12
a1 92 3 lllulz) _ Qzy 29" 23" [y Mg
z) =

H(azl 29> 24° Hq , aeC.

=42 91 93 11, 12
Gz 29 237 [y Mg

Therefore, by combining with (3.24) and (3.25), the normal form for Turing-Hopf bifurcation of model

(1.5) can be written as

. H (B1o1002123 + (B1oo1ot1 + Bioooit2) 1)
2 =DBz+

Bi1oooz122 + (Bootiot1 + Booto142) 23

N H (B210002122 + B1o2002123 + Flo110212301 + Fio1012123/02) (3.26)
Biiiooz12223 + BOO3OOZ§ + Frio1021 2201 + Frio01 212202 + F002102§/~L1 + F00201z§,u2

+0 (J2llul?) -

The mathematical expressions of B1¢100, B10010, B100o1, B11000, Boo110, Boo1io1, B21000, B1o200, F10110, Fio101,
Bi11100, Boosoo, F110105 F11001, Fo0210, Foo201 are given in Appendix A. The normal form (3.26) can now be
written in real coordinates through the change of variables z; = v; — ivs, 20 = vy + iv9, 23 = v3, and then
changing to cylindrical coordinates by v; = pcos©,vy = psin ©,v3 = ¢, where © is the azimuthal angle.

Therefore, we obtain, truncating at third order term and removing the azimuthal term

p=ar(p)p+ kup® + K1aps®, p >0,
(3.27)

¢ = ag(p)s + Ka1p*s + Kaac®,

where

a1 (1) = Re(Bioo10)t1 + Re(Biooo1 )2, aa(pr) = Boor1ot1 + Bootoi 2, (3.28)

k11 = Re(Ba1000); k12 = Re(B1o200); k21 = Bi1100, K22 = Boosoo-

~

3.2. Cualculations of Aq,g2qs5 quqzqa’ So(P(0) 2y, w(0)), S2(P(0)zs, w(0))

According to Section 3.3.1 in [25], by letting

F((6), 5(0), 1) = col (FV((68), 3(0), ), ) (0(6), 5(0), 1))

for any ¢(6) = col (¢1(0), v2(0)) € BC and $(0) = col (¢1(0),$=2(0)) € BC, and writing the m-th Fréchet
derivative Fp,(¢(0),5(0), 1), m > 2 as

1 N 1
%Fm(@(e)a(p(o)ﬁi) = Z mflll2l314l5l6<plll (0)<pl22 (0)<)0l13(_1)()/0\l14(0)M115M126’
litle+ls+la+ls+lg=m

where fi, 151514151, = col (fl(lll)zlaldsle’ fl(121)253141516> with
" | Qhtatlatlats s p(1)(0,0,0,0,0,0)
Fitatstatsts = DG (0)002 (01005 (—1)0F (0)Opls duls’
" | Qhtlatltlatls s p(2)(0, 0,0, 0,0,0)
Fiitotstatste = D' (01892 (0)0pk (—1)0F% (0)opt>aule”

(3.29)
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and F(p(0),(0), 1) is defined by (3.3).
258 Furthermore, it follows from (3.3) and (3.29), we can see that fl(lll)213l41516 = 0 for either I > 2,13 > 1, or

ly > 2, and fl(12l)2l3l41516 = 0 for either I; > 1, or I3 > 3, or l4 > 1. Moreover, we can verify that féig)loo =0,

1 1 1 1 2 2
260 502)111 =0, f(§12)011 =0, f(§12)101 =0, f(gu))no =0, f(goiou =0 and f(glg)OH = 0, then we have

FV(0(8),8(0), 1) = F5V (0(6), $(0),0) = 2510091 (0)31(0) + 2100091 (0)22(0) + Fiano00%% (0),

(3.30)
FP(0(8),8(0), 1) = F5 (0(6), 5(0),0) = fioroo0?s (—1) + 25T 00002(0)91 (1) + 3000023 (0),

FV (p(0), $(0), 1) = 0,

FyP (0(0), 3(0), 1) = 3fiono0193(— iz + 3fiono109 2 (— i + fomooo @t (—1) + Gféﬂomsoz(o)w(fl)u%g )
+ 6/ 101022(0) 01 (— 1)1 + 3f¢ h00002(0)¢3 (—1) '
+ 3f(§§())001%05(0)ﬂ2 + 3fo(§())01090§(0)ﬂ1 + 3fé§iooo‘ﬂ§(0)¢1 (_1)~

22 By combining with (3.3), (3.29), (3.30) and (3.31), we can obtain

1 1 _ _
f1(0())100 = —Te, f1(12)000 = —7ea(b+ u,) "+ Teau (b + uy) "7,

f2((1)2)000 = 27.av,(b + u*)fz — 27cauvs (b + u*)f‘o’,

féggooo = —27rviu.’, féﬂooo = 27.rv.u; 7, f(g%ooo = —2rru; !,
fég)zom = —2rviu; f(%%mo = —27.vlu;
f(gg:)moo = 67—&"”31‘*—47 féﬂom = 2TU*U;2,
féﬂom = 2rev.u; g%ooo = —47. v,
(532)001 = —2ru,’, 532)010 = —27.u, ",

(2) _ -2
fo21000 = 27cruy

By using the decomposition of BC, we know that ¢(0) = ®(0)z, + w(f) and $(0) = @w(0). Fur-
»%¢ thermore, by noticing that F(0,0,u4) = 0 and DF(0,0,u) = 0, and according to Section 3.3 in [25],
Fy (®(0)z + w(0),w(0), u) can be written as

Fy (®(0) 2 +w(0), w(0), p) = F (®(0) 20 + w(f), w(0),0)

= E q1+q2 q3 a1 .92 93
- AQ1Q2Q3rYn1 (.13)’)/”2(&3)21 Z2 Z3
q1+g92+g3=2

+ 85 (®(0) 20, w(0)) + Sz (®(0) 2, B(0)) + O (|(w(6), B(0))[) (3.32)
= Aso07a, (2)2F + Ao207s, (2)25 + Aooava, (7)23

+ AllO'}/ELl (x)z122 + A101Vn, () Yn, () 2125 + A011Vn, (€)Y, (T) 2223

+ 82 (®(0) 2, w(0)) + Sz (B(0) 2, D(0)) + O (|(w(6), B(0))]?) ,
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w6 and F3 (®(0)z,,0, 1) can be written as

F3(2(0)20,0, 1) = > Agigugy i 2828092 ()95 (2)
q1+q2+4g3=3

ie! q1 .92 93 +
+ Z A‘(ll)QMS 21 %2 %3 7q1 q2( )7;1;:; (x),ul
q1+q2+q3=2

+ Y AR g e (2)y® (1) + O (|2 |uf?)
q1+q2+q3=2

= As007s (2)25 + Aosors (2)25 + Aooss, (2)25 + Asio7s (2)21 22

+ Ara073, (2)2122 + Avoryon (2072, (2)2122 + Aoraas ()72, (2)2222 + Ao 72, () (2)224655)

)Y, (@ )Z%ZB +A111’721($)’Yn2 (z)z12223

(1) 2

1
Ao zip + Agoon, (2 Z2N1+A002%2( )75

(
+ Aoz, (
+ Azoo%l (z

+ A110’Yn T)z12z2p01 + A101’Yn1 T)Vn, () 2123401 + Aon’Ym( )Vna () 2223401

)
)
)22 z)

() (

+ A200'Yn1 (z)zipe + Aozo’Ynl (z)25p2 + A 0)2’Yn2( )23 12

AR2 (x) 21202 + Aoy (@) g ()21 23102 + Ay Yy (€)Vng () 2223082 + O (12]|1f?) -

More precisely, after a straightforward calculation, we have

o(0) = B(0)2, + w(0) = £ni121Yn, (@) + & 1227, (@) + Enp123Vns (2) 4+ w1 (0) |

€ni2217m, (%) + €,1,2%2Vm, (%) + Eng2237n, (2) + w2(0)
5(0) = @(0) = | (3:34)
w2(0)
(p(—l) _ (I)(—1>zw n w(—l) _ 67111217711 (x)e—z:wc + %71/11227711 (x)ez:wc + 57121237712 (33) + wl(_l)
Eni221Yny ()€ + &, 0207, (2)€"¢ 4 Eny223Vn, () 4+ wa(—1)

268 By comparing the corresponding coefficients of (3.30) and (3.32) as well as (3.31) and (3.33), respectively,

we have

1 1
250000 (Emn1Emaz + Enp1Emz) + 2L oh000En11Ens1

Aro1 = , = Ao,
2 fio000En11Ena1e” e + 2f51) 000 (Eni26na1 + Enyobnne” ) + 2 [ 300006m 26n22
Ajpp = 4f1i0000 Re (£n1160,2) + 2f2(é%000|§n11|2
2502000 6ns1 > + 4F63 1000 Re (6n12E0,16™7) + 2f530000|Ens2 |
0
A1 = 3f(§§?5000§721115n116_i% —+ 3f012000 (26n12/8n 112 + &, 082 167%) | = A,
+3f(§§%000 (20€n12PEnne™™ + €2 5E,,1€™7)
0
A1z = 3f(§(2jgooo§ml§%21€7w" + 3f(§3000 (Eni2bny1 + 26ny06n,160m0e7) | = Aoz,
+3f ¢ 000 (€2,08m16™ " + 285,26n,26n,1)
0
. 6 fgas000lén.1 [ €nn
+3f81000 (260,280, 16n021€ + 28, 0€ni1Emar1e” " + 26,0801 7)

+3-f021000 (25"125’”226”118—1&)0 + 25”12£n22gn116iwc + 2|€n12|2§n21)
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0
2
f003000 ne1 T 3f0120005n22fn21 + 3f(§2%000§12122§n21

) 1
A 2/ 1bo00Eni16nr2 + f2(0())0005727,11 _ 7
200 = = Ao2o,

—2
foozooofnlle e + 2f0110005n12§n118 e 4 f0200005n12

(1
2f1100005n21§n22 + f202)000§727,21

Agoz =
f002000 ne1 T 2f011000§n22§n21 + f0200005n22
270 and
ag), "
—iw 2 —iw 2 ’
6f(§(2)%010£n11§n216 c+ 6f(§11010 (€n12£n21 + §n22§n116 C) + 6f(§22)0105n12€n22
A - ’
—iw 2 —iw 2 ’
6f(§(2)%001§n11§71216 °+ 6f(§1%001(§n12§n21 =+ gnﬂfmle C) =+ 6f(§22)001§n12§n22
ag, = !
2 2 = iw
6 fg0r010/6m111> + 12511010 Re (€ns280,16) + 6 530010/n:21?
~ 0
2
Agl)O =

ra iw 2
6J0002001|§ml|2 + 12fo11001 Re (£n,2E,,,1€°) + 6f(§2())001|5n12|2

Moreover, by combining with (3.30) and (3.34), we have

Ss (&n,™% ho,11000(0))
2f1(13)000 (fnllho 11000(0) +fn12h&1000( )) + 2f2%2)0005n11h0 11000(0)
= 2f(§§)2000§n11h(()}11000(—1)€_wc + Qféﬂooo (fnﬂho,nooo(—l) + gmlho,nooo(o)@_mc) )
+2f0(§2)0005n12h((321000(0)

S (€,,67™%  ho 20000(0))

2f110000 (£7L11h§)2%0000( )+ gnﬂhégoooo( )) + 2f2((1)2)0005n11h(()20000(0)
= 2f(§02000§n11h0,%0000< e +2f§% 000 (€n12h(() Jooo0(—1) + §n11hé?%0000(0)e"‘“0) g

+2fé§2)0005n12h(() 30000 (0)
Sa (0,6 han, 11000(0))
210000 (fnllhéi)l,uooo(o) + fnﬂhggl,nooo(o)) + 2f2(é())000§7111h$z)1,11000(0)
2f(g(2))2000€n11h2n)1,11000(_]‘) Tiwe 4 2f(§§)1000 <5n12héi)1,11000(_1) + §n11hgi)1,11000(0)67i%> )
Jr2fo200005n12hgi)l,11000(0)

S (€,,67%%  han, 20000(0))

2110000 ( n11hgi)1,20000( )+En12hé}'7,)1,20000( )) + 230000 nllhéiz)l,QOOOO(O)
= 2fé§)20007n11h2n1,20000(71) e + 2fouooo (fn12h2n1 20000(—1) + fnﬂh(zi)l,zoooo(o)ewc) J

2
+2f(§22)000£n1 1 h’2n1 20000(0)
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Sa (&n, ™%, ho,00200(0))

2f1(i())000 (5n11h(()?()]0200(0) + 5n12h((]%())0200(0)) + 2f2((1)()]0005n11h8()]0200(0)
= Qféggooofmlhg())ozoo(_l)e_w” + 2f(§ﬂ000 (§n12h(()}30200(—1) + §n11hé?())0200(0)e_i”“> )

+2f(§§%000§n12h§f€)0200(0>

Sa (0,6 han, 00200(0))

2f1(12)000 <§n11hé2n)1,00200(0) + §n12h$1)1,00200( )) + 2f200000§n11hgz)l,oozoo(o)
= 2f002000£n11h(2121,00200(_1)€_W° + Qf(g)lOOO (§n12h2n1,00200(_1) + 5n11hgi)1,00200(0)€_w°) )

+2f(§§())0005n12h’§2n)1,00200(0)
82 (&nss My +n2,10100(0))
2f110000 (fnzlhgzzl)+n2,101oo( )+ fnz2hgl)+n2,101oo(0)) + 2f2(éz)ooofnzlhgzll)+n2,10100(0)
= 2f002000£n21h;11)+n2,10100( 1) + 2/ 0o (§n22h5111)+n2,10100(_1) + 5”21h5121)+n2,10100(0)> )
Jr210020000&22fL£L21)+712,10100(0)
82 (&nas Ping—ny,10100(0))
211000 (§n21h|(,21)2,n1‘,10100(0) + £n22h|(711)27n1\,10100(0)) + 2f2(é%0005n21h\(7111 na,10100(0)
= 2f(§§%000§n21h|(7112 nil, 10100( ) + 2f(§§)1000 (fnﬂh\(rlz)rnu,lowo(_l) + gmlhl(rzll nyl, 10100(0)) ’
+2f020000£n22h|(2)2—n1|710100(0)

S (€0, €% My 1z ,01100(0))

2 f10000 (fnllhgi)JrnQ,ouoo( )+ 5”12h;11)+n2,01100(0)> + sz((l)())ooofm1h;11)+n2,01100(0)
= 2f(§§%000£n11h£11)+n2,01100(*1) e 4 2f011000 (fn12h§zll)+n2,01100(*1) =+ Enl1h7(121)+n2,01100(0)67iwc> )

+2f020000§n12h5?1)+n2,01100(0)
S (€, By s 10100(0))
2f1(12)000 (gnllhgi)Jrng,lOlOO( )+Zn12h£111)+n2,10100( )) +2f2(32)0007 lhn1)+n2 10100(0)
= 2f002000§n11h;11)+n2,10100(—1) we 4 2fonooo <€n12h531+n2,10100(_1) + fn11hn1+n2,10100(0)emc> )
+2f020000§n12h5121)+n2,10100(0)

S (€0, €™% By —ni 101100(0))

2f{ib000 (§m11hims 1 01100(0) + Eni2hi) o 01100(0) ) + 2F000006m11h{2)  y 01100(0)
= 2foo2ooofn11h|(,1,l_n1\,01100(_1)6 e 4- 2féﬂooo (fn12h|(,lll_nl\,011oo(_1) + fnllh‘(i)z_nl‘)01100(0)6_”’C)

+2f(g§())ooofm2h\(i)rnl|,01100(0)
So (Eme*iwce, Pjny—ny|,10100(6))
2f110000 (Eﬂllh\(fb)z—’VhLlOlOO( ) +gn12h\(711)2—n1|710100(0>) + 2f2((1)2)0005”11h\(711)2 n1|710100(0)
= 2f(§(§;0007n11h|(711)27n1|,10100(_1) e 4 2fouooo (En12h|(717,)27n1|,10100( 1)+ §n11h|(32 nal,10100(0)€ iwc) ’
+2f020000§n12}1\(?2—111\,10100(0)
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215000 (fnzlhé?looo( )+ fnﬂhggmoo( )) + 2f2000005n21h621000(0)
Sz (fnza h0,11000(9)) = 2fé§)20005n21h(()21000( ) + 2]0011000 (fnﬂho,imoo(_l) + §n21h(()?%1000(0)) )
+2f020000€n22h(()?21000(0)
2fnoooo (gnzlhézrb)z,nooo(()) + §n22hé22,11000(0)) + 2f2(é())000€n21hé132,11000(0)
Sa (fnza h2nz,11000(9)) = 2f002000§n21h;1l)2,11000( ) + 2féﬂooo <£n22h§32’11000(—1) + §n21hg’2n)2,11000(0)) )
+2f(§§2)000§n22h%)2,11000(0)

S2 (§nz 5 10,00200(0))

2110000 (§n21h((f())0200(0) + 5n22h&30200( )) + 2f2ooooofn2lh<()}())0200(0)
= 2f0020005n21h(()%())0200( 1)+ 2£ 000 (fnﬂho,oozoo(*l) + fnglhé?aozoo(o)) ’

+2f020000§n22h(()?())0200(0)

S (€nas hany,00200(0))

210110000 (fmlhgi)g,oozoo(o) + 5n22h$32 00200(0 )) + 2f2000005n21h222,00200(0)
= Qféggooofnzlhggz,omoo( 1)+ Qféﬂooo <§n22h2n2,00200( 1)+ 5”21}7’52732,00200(0)) )

+2f020000£n22hén)z,oo200(0)
Sa (&n, ™% ho00110(0))
2f110000 <§n11h$30110(0) + fn12hg())0110(0)) + 2f2((1)2)000§n11h(()130110(0)
= Qf(%;ooofmlho,oono(_l)e_iwc + 2f(gﬂooo (§n12hé}30110(_1) + fnllh(()?())011o(0)€_iwc) )
+2f(§§2)000§n12h((f())0110(0)
Sa (0,6 han, 00110(0))
2f1(}2)000 (5n11h§31,00110(0) + fn12h;31,00110(0)> + sz((l)g)ooofnllhéln)l,00110(0)
= 2f002000§n11hé21,00110(_1)€_iwc + Qfé?moo (§n12h§2,00110(_1) + gnllhéi)l,oouo(o)e_wc) )
+2f<§§t))000§n12h2n1 00110(0)

Sz (§nas hny4nz,10010(0))

2 1 1 1
2f110000 (§n21h21)+n2,10010(0) + €n22h§zl)+n2710010<0)> + 2f2(02)000§n21h§11)+n2710010(O)
1 2 1 2
= 2f002000§n21hgn)+n2,1oo1o( 1)+ 2f(gﬁooo (5"22h£11)+n2,10010(_1) + fnzlh£1)+n2,1oo1o(0)> ;

2
+2f02000057L22h5Ll)+n2,10010(O)
S (fnz, h|n27n1|,10010<9))
9 1@ Jxey o) + 20 JYeN 0
fllOOOO §n21 |n27n1\,10010( )+§n22 [ne— nl\IOOIO() + f200000£n21 g — nl\,IOOIO()

_ 1
= 2f002000§n21h|(n)2—m\,10010( 1)+ 2fouooo (ﬁnﬂ [na—nal, 10010(—1) + §n21h|n2 nil, 10010(0)) ’
+2fozoooofnz2h|n2—n1|,10010(0)

Sa (&n, €™ ho,00101(9))
2 1 1 1
2f110000 <§n11hé,30101(0) + fn12h6,())0101(0)) + 2f2(0())000§n11h§),30101(0)
— 2 —iw, 2 1 2 —tw
- 2f(§0%000§n11h0,00101(_1)6 ¢+ 2f(§1%000 (5n12h8,())0101(—1) + fnllhg,())owl(o)e c) )
2 2
+2f(§22)000§n12h((),30101(0)
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Ss (&n, €™, han, 00101(0))
2f1(i())000 (5n11hgi)1,00101(0) + §n12h(211)1,00101(0)) + 2f2%2)0005n11h$31,00101(0)
= 2f(§(2);000§n11h&)1,00101(—1)6_M“ + Qf(gf)looo <§n12h$31,00101(—1) + fnllhéi)l,O()lm(O)e_w”) )
+2fé§%0005n12hé?1,00101(0)
82 (§nas Pony+n2,10001(0))
2fnoooo (£n21h£L21)+n2,10001( )+ €n22h1(111)+n2,10001( )) + 2f2((1)3)000€n21hn1+n2 10001 (0)
= 2f002ooofnzlh;11)+n2,10001( 1)+ 2£§) 000 (§n22h5111+n2,10001(_1) + §n21hn1+n2,1ooo1(0)) )
+2f020000€n22h’£121)+n2,10001 (0)
82 (&nas Py —ny 10001 (0))
2110000 (fnzl ns—na,10001 (0) + fn22h|(711)2—n1\,10001(0)) + 2f2((1)())000§n21h‘(7111—n1‘,10001(0)
= 2f002000£n21h|(n)27n1‘,10001(_ )+ 2f511000 (5”22h\(rlb)27n1|,10001(_1> + gnzlhﬁifm,wom(o)) ’
+2f(§§%0005n22h|(2)27n1|,10001(0)
Sz (€n,€™°% My 4y 01010(6))
2f110000 (§n11h£21)+n2,01010(0) + §n12h1(111)+n2,01010(0)) + 2f2((1)%000§n11h1(111)+n2,01010(0)
2f(§§;000§n11hn1)+n2,01010(_1) e 4+ 2£ 000 (fn12h£zll)+n2,o1o1o(—1) + fnl1h7(121)+n2,01010(0)37m“) ;
+2f02oooo§n12h£121)+n2,01010(0)
Ss (€, By s 10010(0))
2f1(}2)000 <gn11h5121)+n2,10010( )+ En12h5111)+n2,10010(0)) + fogé())ooognl1h7(111)+n2,10010(0)
= 2f(§§%000§n11h1(111)+n2,10010(*1) we 4 2fo11000 (€n12h211)+n2,10010(71) +Enl1h221)+n2,10010(0)6iwc> )
+2f02oooo§n1thi)+n2,1001o(0)
S (€0, €% Ry iy 1,01010(0))
2/ 10000 (Ena1B{or s 01010(0) + €mizhla) 1 01010(0)) + 2/888000ms1Alms s 01010(0)
= Qfoozooofmlhﬁ)z—m\,01010(_1)6_MC +2£3 000 (fm?hl(rlt)z—m\,omlo(_l) + gnllh\(z)z—nl\,01010(0)6_MC> ’
+2f(§§2)000§n12h\(2)27n1|,01010(O>
Sa (€,€7 Ry —ny 1, 10010(6) )
2f1(12)000 (gnﬂh\(zi —n1,10010(0) +gn12h\(,1b)2_m|,1001o(0)) + 2f2(é())0005n11h\(:b)2_n1|710010(O)
= 2foo2000 n11h|(n)2 ml, 1oo10(—1)€™e + 2f011000 (§n12h|(i)2_n1|710010(—1) +EnllhfZl_nl\,10010(0)€MC> )
+2f020000£’n12h\(5)27n1\,10010(0)
Ss (0,€™% hiny 1z,01001 ()
2f110000 (€n11h1('7,21)+n2,01001( )+ §n12h5111)+n2,01001(0)) + 2f2(é())00057l11h5111)+n2,01001(0)
= 2f(§(§;000§n11hn1)+n2,01001(_1) e 4 2fouooo (§n12h;11)+n2,01001(_1) + §n11h5121)+n2,01001(0)67““) )

2
+2100200005711 2h7(11)+n2 01001(0)
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S (€., By s 10001 ()
2f1(12)000 (gnllhgi)+n2,10001(0) + gnlzh;ll)+n2,1ooo1( )) + 2f200000§7111h5111)+n2,10001(0)
= 2foo2000 n11h211)+n2,10001(_1)@iwc + 2féﬂooo (En12h£bl1)+n2,10001(_1) + €n11h$b21)+n2,1ooo1(0)€iwc) )
+2fégg)ooognl 2 h'ELQl)+n2 10001 (0)
S (€0,€™% By 101001 (0))
2fnoooo (5n11h\(721)2—n1| 01001( )+ 5"12h\(711)2—n1|,01001(0)> + 2f2(é%000€n11h|(1'17,)2—77/1|701001(0)
- 2f002000£"11h|(n)rn1\,01001(_1) T 2000 (gmzhl(rlzlfnl\,omm(_l) + fnllh\(ilfnl\,01001(0)6_Mc> ’
+2f(g())0005m2h\(27m|,01001(0)
S (€, e ?, Rjny—ny),10001 (0))
2 /{15000 (Emlh\(iifm,mom(o) +gn12h\(2 na,10001 (0 )) + 2f200000§n11 \nz w1 1,10001 (0)
= 2f(§§%0002n11h|(711)27n1|,10001(f”eiwc + Qf(gﬂooo (£n12h|(n2 nil, 10001( 1)+ 57111h|(7212 nil, 10001(0)6w6> )
+2fé§%ooogn12h\n2—nl\,10001(O)

S2 (§nys ho,00110(0))

2115000 (fmlh((f())ono(o) + fnﬂhél())ouo( )) + 2f200000§n21h(()%())0110(0)
= 2fé§%ooofnzlhg())ono( D+ 2f(§ﬂooo (fnﬂho oo110(—1) + €n2lhé?30110(0)) )

+2f020000§nz2h0,00110(0)

82 (€nys P2ny,00110(0))

2 {18000 (&na157 00110(0) + snﬂhé&,m(m) + 2 55h000€ns 1A 00110(0)
= 2f002000§n21h(222,00110( 1)+ 2f011000 <§n22héln)2,00110(—1) + fnzlhgi)z,oono(o)) )

+2f0200005n22héi)z,oono(o)

82 (§nz5 ho,00101(0))

2f110000 (5”21}7’6?30101(0) + §n22h(()}())0101(0)> + 2f2((1)())0005n21h8())0101(0)
= 2f0020005n21h(()%30101(_1) + 2fo(ﬂooo (fnﬂh((fgoml(_l) + fnzlh(()?())oml(o)) )

+2f(§§())ooofnz2h$())o1o1(0)

82 (& hany 00101(0))

2f110000 (§n21h(23L)2,00101( )+ 67122h51n)2,00101( )) + 2f2000005n21hg22,00101(0)
= 2f002000§n21h522,00101( 1) + 2£§3 000 (£n22h2n2,00101(_1) + §n21héi)2,00101(0)> ’

Jr2fo200005n22hgi)rz,omm(0)

1) (1)
~ . 2 ny1h 0
S, (fmewceaho,nooo(&)) _ J1001008n:1 0,11000( ) ’

0
5 /7 —iw.0 2flOOlOO n11h£)1%0000(0)
Sa(&,67"7, ho 20000(0)) = . ’ )
(1) (1)
~ ) 2 ni1h 0
So(&n, €™, ho 00200(0)) = Fio01008 1; 0.00200(0) )

S. 2f gnglh (0)
SQ(§n27 h0711000(9)) = 100100 0,11000 7
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272

274

276

278

280

282

284

286

1 1
2f1(02JIOO§n2 1 hé,()moo (0)

S2(Ens ho,00200(0)) = 0 )
8y (En e hono110(0)) = 2f1((1)3100§n1;hé}30110(0) 7
Sy (€nr ™0 ho 00101 (0)) = 2f1((1)2noo§n101hé}())0101(0) 7

§2(£n2’ hos00110(0)) = 2f1((1)())1005n201h&())0110(0) ’

§2<£n27 ho.00101(6)) = 2f1((1)())1005n2;h8())0101(0)

4. Numerical simulations

For the parameters d; = 0.1,ds = 10,4 = 3,a = 2.5,b = 1,r = 0.8, according to (2.2), we know that
the positive constant steady state of model (1.5) is E.(0.3508,0.3508). From (2.16) and (2.17), we have
71 = 2.6353 and 75 = 11.8182, then we have n; = &1 = 1.6234 and 7y = /25 = 3.4378. From (2.25)
and (2.26), we have z, = 2.0411, then ny = ¢\/z, = 4.2861. Therefore, in this paper, we take n; = 1 and
ny = 3. When ny = 3, by combining with (2.18) and (2.19), we have r, = 1.1814. Furthermore, according
to (2.27), we have w,, = 0.2921, and we have 7, = 7,,, ¢ = 3.2507 from (2.29). By combining with (3.16)
and (3.17), we have

€n, = (1,0.2426 — 0.4499))" | ¢, = (1,0.1057)"
T, = (0.3199 — 0.79414, —0.0609 + 0.2326i)" , 1, = (1.2972, —0.0753)" .

Furthermore, according to Theorem 2.8, we know that model (1.5) undergoes Turing-Hopf bifurcation at
(re, ) = (1.1814,3.2507). According to (3.27) and (3.28), the third order truncated normal form for
Turing-Hopf bifurcation of model (1.5) is

p = (0207441 + 0.2075u2)p + 0.5370p> — 0.5916p52, p > 0, 1)
4.1
¢ =—0.2190p15 — 0.1178p%c + 0.0359¢>.
The system (4.1) has a zero equilibrium point A(0,0) for any pi, ue € R, three boundary equilibrium

points

—0.2074p1 — 0.2075p4
A fi —0.
1 (\/ 05370 ,01, for pue < —0.9995u,,

021901,
AF [0, 44/ ——2 f >0
2(’ V 0.0359)’ o k1~ %

and two interior equilibrium points

4 (\/—0-1221u1 +0.0074 45 i\/_0'0932“1 + 0.0244u2>

0.0504 0.0504

for po > 16.5u1 and po > 3.8197p4.
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290
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294

296

298

300

302
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306

308

In addition, according to the above four inequalities which are used to ensure the existence of the

equilibrium points Ay, AQi and A3i, we can define the critical bifurcation lines as follows
T:pu =0,
Cq: po = —0.999541,
Cy @ pg = 16.5u1, p1 >0,
Cs: o = 3.8197u1, 1 < 0.

Notice that these four lines divide the p1 — po parameter plane into six different regions marked as R;(j =

1,2,3,4,5,6), see Fig.1 for details.

T 2
(&)
C,
Cs
R3 RZ
Rl
Ra H1
R5 RG

Figure 1: Bifurcation diagram of model (1.5) near the Turing-Hopf bifurcation point (r«, 7«) = (1.1814, 3.2507).

In region Ry, the normal form (4.1) has equilibrium points Ay and A;t. In region Rs, the normal form
(4.1) has equilibrium points Ay, A;t and Aét. In region R3, the normal form (4.1) has equilibrium points
Ag and A3i. In region Ry, the normal form (4.1) has equilibrium points Ag, A; and A3i. In region Ry, the
normal form (4.1) has equilibrium points Ay and A;. In region Rg, the normal form (4.1) has equilibrium
points Ag, A1 and AQi.

In region R;, system (4.1) has two equilibrium points Ay and A;. Moreover, Agi is unstable, Ag is
asymptotically stable. Figure 2 shows the heteroclinic orbit connecting the unstable spatially inhomogeneous
steady states shaped like cos(z) to the positive constant steady state Ei(us,vs).

In region Rs, system (4.1) has three equilibrium points Ag, A;E and Agt. Moreover, Ag and A;E are
unstable, while Agjf is asymptotically stable. It therefore follows that model (1.5) possesses two stable
spatially inhomogeneous periodic solutions with a spatial shape like the combination of cos(x/3) and cos(z),
as depicted in Fig.3.

In region Rz, system (4.1) has two equilibrium points Ag and A?jf. Moreover, Ag is unstable, while A?f
is asymptotically stable. It therefore follows that model (1.5) possesses two stable spatially inhomogeneous
periodic solutions with a spatial shape like the combination of cos(z/3) and cos(z), as depicted in Fig.4.

In region Ry, system (4.1) has three equilibrium points Ay, A; and Aét. Moreover, Ag and A; are
unstable, while A;f is asymptotically stable. It therefore follows that model (1.5) possesses two stable

spatially inhomogeneous periodic solutions with a spatial shape like the combination of cos(x/3) and cos(z).
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Figure 2: For (p1,p2) = (3.2,-3) € R1, r = 1.1814 + p; and 7 = 3.2507 + 2, the spatially inhomogeneous steady states are
unstable, and there exists a heteroclinic orbit connecting the unstable spatially inhomogeneous steady states shaped like cos(z)
to the positive constant steady state Fx(u«,v«) = (0.3508,0.3508). (a) and (b) are transient behaviours for the prey u(z,t)
and predator v(z,t) populations, respectively. (c) and (d) are the evolution processes for the prey u(z,t) and predator v(z,t)

populations, respectively. The initial values are u(z,0) = ux + 0.1 4+ 0.2 cos(z) and v(x,0) = v« + 0.1 + 0.2 cos(x).

Prey u(x,t)

4

Time t 0 o Space x Time t 0 o Space x

(a) (b)

Figure 3: For (u1,p2) = (0.01,1.2) € Rg, r = 1.1814+ p1 and 7 = 3.2507 + p2, the positive constant steady state Ey(u«,vs) =
(0.3508,0.3508) and the spatially inhomogeneous steady states are unstable, and there are stable spatially inhomogeneous
periodic solutions with a spatial shape like the combination of cos(z/3) and cos(z). The initial values are u(z, 0) = ux+0.1 cos(zx)

and v(x,0) = v« + 0.1 cos(z).
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Figure 4: For (pu1,p2) = (—0.01,1) € Rz, r = 1.1814+ p1 and 7 = 3.2507 + p2, the positive constant steady state Ei(us,vs) =
(0.3508,0.3508) is unstable, and there are stable spatially inhomogeneous periodic solutions with a spatial shape like the
combination of cos(z/3) and cos(z). The initial values are u(z,0) = us + 0.1cos(z/3) + 0.01cos(z) and v(z,0) = v« +
0.1cos(z/3) 4 0.01 cos(z).

Figure 5 shows the heteroclinic orbit connecting the unstable spatially inhomogeneous periodic solution
shaped like cos(x/3) to the stable spatially inhomogeneous periodic solutions shaped like the combination

of cos(x/3) and cos(z).

Prey u(x,t)

Timet 0 o

Space x

(a) (b)

Figure 5: For (u1,pu2) = (—0.01,0.009) € R4, r = 1.1814 + 1 and 7 = 3.2507 + uo, the positive constant steady state
E4(ux,v«) = (0.3508,0.3508) and the spatially inhomogeneous periodic solution shaped like cos(z/3) are unstable, and there
exists a heteroclinic orbit connecting the unstable spatially inhomogeneous periodic solution shaped like cos(z/3) to the stable
spatially inhomogeneous periodic solutions with a spatial shape like the combination of cos(z/3) and cos(z). The initial values

are u(z,0) = us + 0.1 cos(z/3) + 0.1 cos(z) and v(z,0) = v« + 0.1 cos(z/3) + 0.1 cos(z).

In region Rjs, system (4.1) has two equilibrium points Ag and A;. Moreover, Ay is unstable, while
A; is asymptotically stable. It therefore follows that model (1.5) possesses stable spatially inhomogeneous
periodic solution with a spatial shape like cos(z/3), as depicted in Fig.6.

In region Rg, system (4.1) has three equilibrium points Ao, A; and AF. A; and AF are unstable,
while Ag is asymptotically stable. Figure 7 shows the heteroclinic orbit connecting the unstable spatial-
ly inhomogeneous periodic solution to the positive constant steady state E,(u.,v.). Figure 8 shows the
heteroclinic orbit connecting the unstable spatially inhomogeneous steady states shaped like cos(x) to the

positive constant steady state F. (s, vy ).

28



= X
X > 06
H s

<
[ S04
o 4

o

0
1000

Time t 0 o

Space x Time t 0 o Space x

() (b)

Figure 6: For (ui,p2) = (—0.01,-0.05) € Rs, r = 1.1814 4+ p1 and 7 = 3.2507 + pa, the positive constant steady state
E, (ux,v«) = (0.3508,0.3508) is unstable, and there is stable spatially inhomogeneous periodic solution shaped like cos(z/3).
The initial values are u(z,0) = us — 0.1 cos(z/3) and v(z,0) = vs — 0.1 cos(z/3).
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Figure 7: For (u1,p2) = (0.01,—1) € Rg, » = 1.1814 + pq and 7 = 3.2507 + p2, the spatially inhomogeneous periodic solution
shaped like cos(z/3) are unstable, and there exists a heteroclinic orbit connecting the unstable spatially inhomogeneous periodic
solution shaped like cos(z/3) to the positive constant steady state F.(ux,v«) = (0.3508,0.3508). (a) and (b) are transient

behaviours for the prey u(z,t) and predator v(z,t) populations, respectively. (c) and (d) are the evolution processes for

the prey u(z,t) and predator v(z,¢) populations, respectively. The initial values are u(z,0) = us + 0.1 + 0.13 cos(z) and
v(z,0) = vy — 0.1 4+ 0.13 cos(z).
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Figure 8: For (p1,u2) = (0.02,—2.5) € Rg, r = 1.1814 4+ p1 and 7 = 3.2507 + 2, the spatially inhomogeneous steady states

are unstable, and there exists a heteroclinic orbit connecting the unstable spatially inhomogeneous steady states shaped like
cos(z) to the positive constant steady state Ex(usx,vs) = (0.3508,0.3508). (a) and (b) are transient behaviours for the prey

u(z, t) and predator v(z,t) populations, respectively. (c) and (d) are the evolution processes for the prey u(z,t) and predator

v(z, t) populations, respectively. The initial values are u(z,0) = usx + 0.1 + 0.1 cos(z) and v(z,0) = v« + 0.1 — 0.1 cos(z).
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5. Conclusion and discussion

In this paper, we investigate a diffusive Holling-Tanner model with nonlocal effect and digestion time
delay. We discuss the stability of positive constant steady state, the Turing bifurcation, Hopf bifurcation
and Turing-Hopf bifurcation of model (1.5). More specifically, when 7 = 0, n € N, the Turing bifurcation
of model (1.5) is researched, when 7 > 0, n € N, the Hopf bifurcation of model (1.5) is researched. In
addition, we discuss the Turing-Hopf bifurcation of model (1.5) under the condition of Turing stability.

In order to investigate the dynamical behaviours near the Turing-Hopf bifurcation point, we choose r
and 7 as bifurcation parameters, and we derive the algorithm for calculating the normal form of Turing-
Hopf bifurcation of model (1.5). By choosing some proper parameters and according to the algorithm for
calculating the normal form of Turing-Hopf bifurcation of model (1.5), we divide the pu; — uo plane into six
regions and illustrate different dynamical behaviours in these regions. Furthermore, we find rich dynamical

behaviours of model (1.5) by some numerical simulations.
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Appendix A: Detailed calculations of the normal form (3.26)

By combining with (2.1), we first give some mathematical expressions that will be useful later on

(2)d \/ﬁ, for ny = 2ny,
z)dr =

Y2
a1 ::/ 77211 ("L‘)'Wm
0 0, forng # 2ny,
b b
o :/ 'y,%l(x)dx: 1, a3 :/ 'yfu(m)d:c— 1,
0 0
Eﬂ' 4 3 ZTF 2 2 1
o= [ b @ = 5 0= [ ok @k ede = o
b 4 3 Y4 5
o ::/0 Yy (T)dr = 2 O :/0 YT, (x)dz = 0,
b L forn; =2n
ZE 1 2y
o= [ @i a)da =4 V7
0 0, forny # 2ns,
I
Qg = / Vs, (z)dz =0,
0
i 1, forng =2n4,
o= [ o () () =
0

0, forng # 2nq,

forny; = 2ns,

0, forny # 2ng,

b 1, form = ‘ng — ’I’Ll|,
1z = [ o (@ () =
0 0, forng # |ng —nyl.

From the above mathematical expressions, when ny # 2ng, no # 2n; and ny # |ny — ny|, we have

a1 = ag = ajg = a1 = ajz = 0. In the following, we give the detail calculation procedures of

B10100, B10o10, B1ooo1, B1100o, Boo110, Boo1ot, C21000, C102005 C11100, Co0300, DP210005 P10200, D11100, Doo3oo,
E21000, £102005 E11100, £003005 B21000, B10200, B111005 Boo3oo; G1o110, G1o101, G110105 G11001, Goo210, Goozo1,
Hio110, H10101, H11010, H11001, Hoo210, Hoo201, {10110, L10101, L11010, {11001, L00210, L002015 F10110, F10101,
F11010, F110015 Fooz210, Foo201

steps by steps.

Step 1:

1
T

Bio100 = §Wn1A1010417

T 7(1,0) w6
Bioo1o = 1, Ly 6, € e,

T 1(0,1) iwed r

_ » We

Biooor = 0y, Ly &n € g — ﬁmDﬁfnlO&z,

1
Bi1ooo = 5777TL2A110041,

1,0
Boo110 = HSQLE &, s,

2
0,1 n
Booi01 = TIZQLE )§n2a3 - ngDﬁanzas,
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Step 2:

Step 3:

where

0 O 0
1,0 iw —iw
L( (€n1 0) = Tc ! £n1 + 7 €n1e i)
1 — . — abv, _ _aus 0 0 .
0 iw * Uy Uy —iWwe
L( 1)(€n1 0) (bFeen) bt €n1 + fvue 3
0 - Y
0 O 0 0
1,0
Lg )gnz = Tc gng + Te §n27
0 -1 1 0
0 1) 1—uy — 7(17117;’:)2 _ b(fu** 0 O
E’I’Lz = gnz + f’nz'
0 —y v 0

1 1
Ca1000 = %77?“ Az10, Cro200 = %UTTLlAmz,

1 1
C11100 = %UTTLQAln, Coos00 = MUZ;AOO&

(afn) Aorint, Asoo) |

Ds1000 = i
C

1 1
D1o200 = 67 (2 1|nn1A011\2 + 2a8ﬁn1A00277n2A101>

1
D11100 = 6iw (—afn,{zAmo??glen + 04?777{21402%5114101 - 043777{214101775214011 + CY§773;2A01177£2A101) )

1
Doozo0 = Gico (—045772214101775114002 + 04577221401@2114002) .
Es1000 = <6r(52(§m “<? ho.11000(0)) + S2(€,,, €%, ho 20000(0)))

GM(SQ(&“ <8 hony 11000(0)) + S2(E,, €7 hany 20000(6)))
1 Q. (7 —iw,
+ \/K—W(SQ(Em “<? ho.11000(0)) + Sa (€, e, ho,zoooo(e)))) ;

1
E10200 = (6\/» 5 (€ny €% ho.00200(0)) + —— \/ﬁ So(&ny €™ hon, 00200(0))

1 1
+7S n27hn1 na, 0 + o
\/ﬁ 2(€ + 10100( )) 6\/%

(§n1 wel ho,oozoo(e))) ,

Sy (gnza h|n27n1\,10100 (9))

6f
Ei1100 = <6M(52(5n1 hn1+n2,01100(9)) + 52@”167”“0, Py 4nsz,10100(0)))
GW(Sz(fnl 8 Ring—ny),01100(0)) + S2(E, €7 By 10100(0))
+6\}€7T52(§n2, ho,11000(0)) + 6\/;2%52(5”2’ han,.11000(0)) + ﬁ@(fnz, h0,11000(9))> ,

1 1 1 -~
E, = 17’: —=S nzah 0 +7/75 nzah no 0)) + —=9 n2,h 0 )
00300 = My (6\/@77 2(& 0,00200(0)) ol 2(& 2112,00200(6)) i 2(& 0,00200(6))
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Step 4:

Step 5:

Bs1000 = C21000 + 5

Bii100 = Cr1100 +

3
= (D21000 + F21000) s
3
3 (D11100 + E11100) ,

1 .
T 7(1)
Gio110 = —a1n,, A1, Gioto1

B1o200 = C10200 +

2

Boozoo = Cooz00 +

1 ~2
= 70[17777;1‘450)17

3
= (D10200 + E10200) 5

3
3 (Doo3oo + Eooz00)

—iwe Tl2 ra —iwe0=
0772114101) + Re (777{1 <—D€21) En€ ”9775114101>) ;

6 6
1 ~ 1
Giio10 = 60!1777114511)0, Giio01 = 60177”2145212)7
Goo210 = 0, Gooz01 = 0.
1 c —tw,
Hig110 = 30 (UTTLngl’O)fm Canglfhm) )
1 _
Hipi01 = 3. (Re (Ugngo’l)fm
Hi1010 = Imag (772;2142007]3;1LgLO)gmeiiwCG) ;
c —iw, ’fl2 c —iw
Hii001 = “3iw aq (Imag (nnggoongngo b fnl “9> + Imag (777{214200777{1 (—D€21> fnle “9)> )

Hop210 = 0, Hpp201 = 0,

where Imag(v) represents the imaginary part of v.

Step 6:

1 1 . 1 .
Io110 = 677;{1 <\/£f52(5n1€lw“97 ho,00110(0)) + Wsz(fmew“e, hany,00110(0))
iy iy
1 1 1 ~ .
+E52(€n27hn1+n2,10010(9)) + ESQ(SM’ Piny—ny),10010(0)) + \/ﬁ&(ﬁm@w‘e, ho,oo110(9))> ;
2n?
o101 = 777{1 (QAlhnl,lol(O) + 24505, 101(—1) — D721hn1 101(0))
1 T 1 iwed 1 0
+ = ¢/ \/?52(&16 ¥ hooo101(8)) + \/ﬁsz(fm , hany 00101 (9))
1 1 1 ~ )
+\/%S2(§n27hn1+n2,10001(9)) + ESQ(gnza Ry —ny|,10001(0)) + ﬁ&@mew(‘g, h0,00101(9))> ,

e Ry tny10010(0)))

s Moy 4m,10001 (0)))

1 1 | )
_[11010 = 77777;2 (52(5n161w097 hn1+n2,01010(9)) + 52(677,1
6 V20
o \/% (SQ(gnl 97 han_nll’OlOlO(g)) + S2(En1€_iwue’ h|n2—n1,10010(0)))> 9
2n2
1001 = 7752 (2A1h/n2¢110(0) + 2420, 110(—1) — D€22h’n2,110(0)>
1 1 | o
+ 6”52 (\/% (SQ(gnlewkea hn1+n2701001 (0)) + 52@”16—1%0 h
L - ra —iw
(52(5”161%9’ Rins—na),01001(F)) + 92(&, € <, Rins—ni10001(9))) | 5
V2in
1 - 1 1
00210 = 777712 = ngs 10, 00110 nas N2n5,00110
0210 = 7, | 7= 2(6na: h0.00110(0)) + o= Sa(6na: hana o0110(0)) +

T
Too201 = My,

7 N

+1T< 1
677n2 \/ETT

S2(&ns s ho,00101(6)) +

2n
2A1hp, 002(0) + 24204, 002(—1) — thg,OOQ( ))

1
V2l

S2(&nyy hang 00101(0)) +
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Step 7:

3 3
Fio110 = Gio110 + = (Hi0110 + L10110) s Fio101 = Gio101 + = (H1o0101 + L10101) ,

2 2
3 3
Fii010 = Giio10 + 5 (H11010 + T11010) 5 Fi1001 = Gr1o01 + 3 (H11001 + T11001)

3 3
Foo210 = Gooz10 + 5 (Hooz210 + Loo210) s Fooz01 = Gooz201 + 3 (Hoo201 + Loo201) -

350 Step 8: Clearly, we Stlu need to compute hk,llOOOa hk,QOOOO, hk700200 Wlth k‘ = O, 2711, hk710100 (0), hk701100(9)
with k& = ny + ng, [n2 — n1|, hi,00200(0), hi,11000(0) with & = 2na, hy 10100 With k& = n1, hi 11000,
352 hi 00200 With k& = ma, hy 00110, Ak,00101 With k& = 0, hg 00110, hk,00101 With & = 2ny,2n2, hg 10010,

hk710001, hk701010 and hk701001 with k& = ny + na, |n2 — TL1|. Similar to [22} and [25}7 we have

(Z hn (2 1, 0)n (z ) = (Z b (2, 1, 0)n (z )) Bz — Ao <Z hn(zaﬂaa)’}/n(m)>
n€eNy neNp neNg
354 and

M; (Z T (2, 1, ewn(z)) ,ﬂﬁf)]

nENp

M; (Z hn(%u,@)vn(x)) ,6512)]

neNy

= Z (iwe (2hn,20000(0) 27 = 2hn,02000(6) 23 + ha10100(0)2123 — hn,01100(0) 2223)
neNy

+iwe (hn,10010(0) 2111 + B 10001 (0) 21 42 — P 01010(0) 2261 — Fn01001 (0) 22402)
— (ol 11,0) + Xo(8) (reDA(n (2,1, 0)) + L hn (2,1, 6) = ha(z.41,0) ) ) ) 3 (@),
where L{hy (2, 1, 0) is defined by (3.9). It follows from (3.19) and the second mathematical expres-
356 sion in (3.23) that
£3(2,0,0, ) = (I = )Xo (6) F (9(6) 2, 0, 1)
P (9(60),0, ), 81 (0)]

= Xo(0)F2 (®(6)z,, 0, 12) — Dy,
B (2(0)22,0, 1), B2 ()]

Yoy ()

[ 1B
[
[E@(e)zm,oﬂ B (@)
()]

@0 (00, (0) | Yo (@
[P (@(0)20,0,11), B2
Then from
M3 (o (2. . 0)7 (@) 5| [£3(2,0.0,12), 8|
(043 (oot 0@ 60] |\ [73.0.0,00.50]
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358 we can obtain

2122

k= 2711 Z%

%

k:n1+n2

k:\ng—nl

2
23

k:2n2

kznl, 2123{ .

Bk 11000(0) = 0,

P11000(0) — L (hi.11000(0)) =

Pk 20000(8) — 2iwehi .20000(0) =

Pk 20000(0) — Ly, (h,20000(0)) =

hk,00200(9) =0,

Pk 00200(0) = Ly, (he.00200(0)) =

P 11000(0) = 0,

2122 . 1

hk,11000(0) — Ly (hi,11000(0)) =

Ik, 20000 (0) — 2iwehy 20000(8) =

Pk 20000(0) — Ly (hie.20000(0)) =

{ Ry..00200(0) = 0,

hi,00200(0) — L (hk,00200(6)) = 0.

P 10100(8) — iwehi 10100 (6) = 0,

Ly (hk,10100(0)) =

Z1%3 .
hi,10100(0) —

h.01100(8) + iwehi 01100(0) =
Z923

2122 { .

2122{_

hk01100(0) — Ly, (hi01100(0)) =

Pe10100(0) — iwehi 10100(0) =

— L (hg,10100(0)) =

2123 .
hi.10100(0)

Pe.01100(8) + iwehi 01100(0) =

Ly (hr,01100(0)) =

2223

hk,OllOO (0) -

Ry..00200(0) = 0,

Pk 00200(0) — Ly, (hk 00200(0)) =

hi11000(8) =0,
hi11000(0) — L (hk,11000(6)) = 0.
— iwchi,10100(0) = a1®p, (0)¥y, (0) Ao,
— Ly, (hi,10100(0)) = a1 Ajo1.
na (0)¥n, (0)Aiio,
Ly (hi,11000(0)) = a1 A110,
0,

Ly, (h,00200(0)) = 0.

hi 10100(0)
hi10100(0)

hi,11000(8) =

(
i, 11000(0) —
hi,00200(8) =

) —

k. 00200(0
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k=0 .
Z3H2 { .
k= 2’/11
232
Z3 1
k= 277,2
2312
k=nq1+ ng

k: |TL2—’I7,1‘

hge.00110(8) =
Pr.00110(0) — Ly, (hi00110(8)) = 0,
hi,00101(0) =
00101 (0) — Ly (hr,00101(0)) = 0.

hr.00110(8) = a10®@,, (0) T, (O)Lﬁl’o)&m
231

hk00110(0) — Ly, (hi00110(0)) = C¥10L(11’0)§n2,

’Il
hk 00101 - Otloq)m (9)\1]712 (0) <Lg071)§ng 25n2> )

{ hk 00101 — Ly, (hk 00101(9)) = Qq0 <L(O 1)fnz -D— fm) .
hi.00110(0) = 0,

h.00110(0) — Ly, (hi.00110(8)) = 0,

hi.00101(8) = 0,

P1.00101(0) — L, (hi.00101(6)) = 0.

P 10010(0) — iwehi 10010(8) = 0,

Ly (hk,10010(0)) = 0,

Z1H1
Pk, 10010(0

(

(

(0) — iwchi,10001(0) = 0,

he,10001(0) = Ly, (B 10001 (6)) = 0,

(

(

(

(

{ h.01010(0) + iwehi 01010(8) = 0,

P, 10001 (6
212

)
) =
) -
) -

221

Pi01010(0) — L, (hi01010(0)) = 0,

)
) —
hk 01001 9) + ’Lwchholool(o) = O’
2242

) — Ly (hi,01001(0)) = 0.
P 10010 (0) — iwehi 10010(0) = @12®p, (0)¥,,, (O)Lgl’o)gmeiwce,

e 10010(0) — L1 (hie10010(8)) = a2 L0¢,,, eie?,

Pr..01001 (0

Z1H1

hk,10001(9) - lwchk,wom(g) = alZCDnl (9)\I’n1 (0) <L§°’1)£n1 €MC9 - Dé{m) >
212 _ n2
I 10001 (0) — L (b, 10001 (6)) = a2 <L§°’1)£m eiweld D€21£n1> ,

hk,OlOlO(g) + iwchi 01010(8) = @129, (0) T, (O)L(ll’o)znlefiwcﬂ
22M1 g . - -
hi.01010(0) — Lk (hi,01010(8)) = 0é12L§170)§me’“"697

. ) _ » n2_
hi 01001 (0) + iwehi 01001 (0) = a12Pp, () ¥y, (0) <L§0’1)€m€ b _ D£215m> ,
Z2 42

hk,()lOOl(O) — L (hi,01001(9)) = @12 (L(lo’l)fnlewce - Dfnl) .

Here, Ly (.) is defined by (3.11).
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