ARONSON-BENILAN ESTIMATES FOR WEIGHTED POROUS
MEDIUM EQUATIONS UNDER THE GEOMETRIC FLOW
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ABSTRACT. In this paper, we study Aronson-Bénilan gradient estimates for
positive solutions of weighted porous medium equations

Oru(x, t) = AguP (x,t), (x,t) € M x [0,T]

coupled with the geometric flow % = 2h(t), %—‘f =
space (M™, g, e’(ﬁdv). As an application, by integrating the gradient estimates,

we derive the corresponding Harnack inequalities.

A¢ on a complete measure

1. INTRODUCTION

An n-dimensional smooth metric measure space (or smooth weighted Riemann-
ian manifold ) is denoted by the triple (M", g,e~?dv) where (M™,g) is an n-
dimensional complete manifold with the Riemannian metric g and a weighted vol-
ume element e~?dv such that ¢ € C?(M) and dv is the volume element of g on
M. The weighted Riemannian manifolds are naturally endowed with analogue of
Ricci tensor, called Bakry-Emery tensor tensor and with analogue of Laplace oper-
ator called weighted Laplace operator (or Witten-Laplace operator). The weighted
Laplacian is a symmetric diffusion operator given by

Ay =A-V¢-V
where A is the Laplace-Beltrami operator. The Bakry-Emery tensor (see [3]) on
metric measure space (M",g,e~%dv) is defined by
Ricy := Ric + Hess¢
where Ric is the Ricci tensor of the manifold M of the metric g. For any integer
m > n, an (m — n)-Bakry-Emery tensor (see [4]) is defined by
\Y \Y
Rz’ch_" := Ric + Hess¢ — 7(1) ® d).
m—n

Also, the weighted Bochner formula for any smooth function f on an n-dimensional
metric measure space (M, g, e~?dv) is as follow

1 )
(1.1) 5A¢|Vf|2 = [Hessf|> + (VA f, Vf) + Rics(Vf, V).
In present paper, we will prove local Aronson-Bénilan gradient estimates for positive
solution to the weighted porous medium equation
(1.2) ur(z,t) = AguP(z,t), (x,t) € M x[0,T], p>1,
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on a n-dimensional metric measure space (M, g,e~?dv) evolving by the geometric
flow system

0 g

where h is a general time-dependent symmetric (0,2)-tensor on metric measure
space and T is taken to be the maximum time of existence for the geometric flow
system. In the geometric flow (1.3),

1) if h = —Ric then it becomes the Ricci flow [16] where Ric is the Ricci

tensor,

2) if h = —1 Rg then it becomes Yamabe flow [9] where R is the scalar curva-
ture,

3) if h = —Ric + pRg then it becomes Ricci-Bourguignon flow [8] where p is
constant,

4) if h = —Ric+aV¢®@V¢ then it becomes the extended Ricci flow [24] where
a(t) is a nonincreasing function and ¢ is a smooth scalar function.

For various values of p > 1, the equation (1.2) has arisen in different application
to model diffusion phenomena see [12, 14, 25, 30] and the references therein. The
weighted porous medium equations are generalization of porous medium equations,
the appearance of the weighted e? correspond to spacial nonhomegeneity of the
medium, either as concerns was density and as concerns the diffusion coefficient.

In 1979, Aronson and Bénilan [1] established a second order differential inequality
for any positive solution to the porous medium equation u; = Au? on the Euclidean
space R™ with p > (1 — %)‘*‘ On the other hand, for any complete Riemannian
manifold (M™, g) with a fixed metric and Ricci curvature bounded from below by
—K, where K > 0, Li and Yau [21] obtained the celebrated differential gradient
estimates for positive solutions u to the heat equation u; = Au, now widely called
the Li-Yau estimate,

Vul? U no’K no?
|Vu| ¢

u? u ~ 2(a—1) 2t
where « > 1 is a constant. Since then, this method plays a powerful role in study of
the elliptic and parabolic equations and there have arisen various gradient estimates

for these equation. In 1989, Davies [13] improved Li-Yau’s estimate (1.4) as follows

|Vu|? ug na’K N na®

u? w ~ 4a—1) 2t
In 1993, Hamilton [17] generalized the constant « in inequality (1.4) to the function
a(t) = €Kt in fact, he derived the following inequality

(1.4)

Vul|?
[Vl . ezmﬂ < 64Kt£.
u? u 2t
In [22], Li and Xu derived another type estimate for this positive solution to u; = Au

as

|Vul? sinh(Kt) cosh(Kt) — K\ us _ nK
u? (1 sinh?(Kt) )i = 7(1 + coth(K1)),

and its linearized version [5, 28],
|Vul? 2 Ut
U

— (14 =Kt
u? (+3 )

u

n
< =
5 (

& | =

1
+ K+ gK2t).
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In [30], Vdzquez proved Aronson-Bénilan and Li-Yau type estimate for positive solu-
tions to porous medium equation u; = AuP on complete manifold with nonnegative
Ricci curvature. In 2009, Lu et al. [25] established more general Aronson-Bénilan
and Li-Yau type gradient estimate for the porous medium equations u; = Au?
on Riemannian manifolds with a fixed metric under the weaker condition that the
Ricci curvature of M is bounded from below by —K where K > 0. Then Huang et
al. [18] generalized the results of Lu et al. and obtain the Li-Yau-Hamilton type
and Li-Xu type gradient estimates for the porous medium equations. Also, Wang
and Chen [31] proved the sharp global Li-Yau type gradient estimates for positive
solution to doubly nonlinear diffusion equation u; = A,u” on complete Riemannian
manifolds where v > 0, p > 1.

Recently, many authors used similar techniques to prove gradient estimates and
Harnack inequalities for positive solutions of parabolic equations under the geo-
metric flows, see for example [2, 7, 15, 19, 23, 34, 29]. In 2014, B. Ma and J.
Li [26] obtained Li-Yau type estimates for porous medium equation u; = Au? in
M x (0,T] under the Ricci flow for p > 1. In 2015, Cao and Zhu [11] obtained
Aronson-Bénilan estimates for solution to the porous medium equation under the
Ricci flow. In 2018, Wang et al. [32] derived another local Aronson-Bénolan type
gradient estimates for the porous medium type equation under the Ricci flow.

Throughout the paper, we assume u be a positive smooth solution to the general
parabolic equation (1.2). We denote by n the dimension of the metric measure
space M, and by d(x,y,t) the geodesic distance between z,y € M under g(¢). In
addition, for any fixed zop € M, R > 0 we define the compact set

Q2r1 = {(x,t) 1 d(x,20,t) <2R, 0<t<T} C M" X (—00,+00).

If v = -L5uP~! then by (1.2) the function v satisfies
P

(1.5) v = (p — vAgv + Vol

Similar to [32], on Riemannian manifold (M, g(t)) we introduce three C* functions
a(t), B(t), and v(t) : [0,400) — (0,+00). Let these functions satisfy the following
conditions

(A1) a(t) > 1 and v(t) > 0,
(A2) a(t) > 1 and ~(t) are non-decreasing functions,

! o’ 1 B
(A3) %JFE—?[mtl]afov
!
(Ad) o' + [ +1]8% =20,
1 a—1 o’

(A5) 2oy +1]27 8+ & 20,

(A6) -3 < c for some constant ¢ or —15 is a nondecreasing function.
Firstly, we give a local space-time gradient estimate for (1.2)-(1.3) with conditions
of Ricy'™" is lower bounded.

Theorem 1.1. Let (M, g(0),e=?dv) be a complete metric measure space, and let
g(t), ¢(t) evolve by (1.8) for t € [0,T]. Given xo and R > 0, let u be a positive
solution to (1.2) in Qar,r = such that wP~1l < pp%lk for some positive constant k.
Suppose that there exist constants k1, ko, k3, ks such that

Ricy ™™ = —(m — 1)k, —kog < h < k3g, |Vh| < ky,
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on Qarr. Let there exist three functions a(t), B(t), and (t) satisfy conditions
(A1)-(A6). Suppose that

61 := sup |Vg|, 0o := sup |[VAJ|.

Q2R,T Q2R,T

For any constant p > 1,

(1) if 25 < c then there exist positive constants co,c1, and cz such that
Vo] v m(p—1) 2 1+m(p—1)
1.6 - < —r K Ko———=
(16) v Yy S 1+m(p—1) ATy e m(p—1) +ab,

on Qar,T where

K = c2k2+k( m—1) \f+ )+2( —1)/@@
1/ mp*(p—1a ¢
(2 7’“)

; (l—l—m(p—l)) RQC

+%c{2(p — Dk(ky +ks) + (p— D2k + 1) + 2(a — 1)1:3},

and
2 2 129, 9 2 1 2 1 2
Ky = o*(p — V)nmax{ks, k3} + f(p — Dna’ky + *kg()é(p — ko7 + ia(p — 1)k6s.

(2) If 725 be a nondecreasing function then there exist positive constants co, c1,
and 02 such that

Vol v m(p —1) 1+m(p—1)

on Qa2r,T where

K; = Oé2|:62k'2+k'(R —1 \/74— >+2( )kﬁ}
mp*(p—1) o o’
21+m(p—1)) RPa—1
+%aa7_21 [Q(p — Dk (k14 ka) + (p — Der(2k2 + 1) + 2(a — 1)k3]

The three functions a(t), 5(t), and y(t) are the following
1. Li-Yau type:

-1 kk
a(t) = constant > 1, B(t) = mg(p 1) l 1% + o 711,

)=t  0<h<2

2. Hamilton type:

— kit _ m(p—1) o2kt
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oft) = 1+ SnhER) cosh(kEh,f) — kit
sinh”(kkqt)
_ kkym(p —1) _
B(t) = mp— 1) + T (1+coth(kkit),  (t) = tanh(kkyt).

4. Linear Li-Xu type:

_ __mp-1) /(1
’y(t) = k)klt.

Corollary 1.2. Let (M, g(0)) be a complete noncompact metric measure space
without boundary, and g(t), ¢(t) evolve by (1.3) for t € (0,T]. Let u be a positive
solution to (1.2) in M such that uP~1 < 2=L}: for some positive constant k. Suppose
that there exist constants k1, ko, k3, k4 such that

Ricy™" > —(m — 1)kig, —kag < h < k3g, |[Vh| < ky,

on M. Let there exist three functions a(t), 5(t), and ~(t) satisfy conditions (A1)-
(A6). Suppose that

0, := sup |V, O := sup |VA¢g|
Mx[0,T] M x[0,T]

For any constant p > 1,

(1) if %5 < c then there exist positive constants co,c1, and ¢z such that

Vo> m(p—1) 2 |- 1+m(p-1)
(1.8) » az < 1_+_m(p_1)<04K4—i—oz K5m(p—1)>+aﬁ’

on M where
1
Ki = coby+ 50[2@ — Vk(kr + Ea) + (p— D2k + 1) +2(a — 1)k3},
and
2 9 2y, 9 2 1 o 1 2
Ks=a°(p— 1)n max{k3, k3} + f(p —Dnaky + *kzO[(p - 1)kO7 + fa(p —1)k©s.

(2) If —*5 be a nondecreasing function then there exist positive constants cg, c1,
and 02 such that

|Vol? Vg m(p—1) o2 1+m(p—1)

Loy MVE U o MWl g Ky P~ 2)

L) = 7% S Temp-D) TR T g B
on M where

11
K¢ = coko+ a1 [2(p = Dk(k1 4+ ka) + (p— Dor(2kz + 1) + 2(ar — 1)k3].

As an application of the global gradient estimates obtained in Corollary 1.2, by
integrating the gradient estimates in space-time we derive the following Harnack
inequality. We first introduce the following notation. Given (y1,s1) € M x (0,7
and (y2,82) € M x (0,T] satisfying s; < s, define

T (Y1, 51,92, 52) :inf/ ¢’ (¢ )|2
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and the infimum is taken over the all smooth curves ¢ : [s1, s3] — M jointing y;
and ys.

Corollary 1.3. With the same assumptions in Corollary 1.3, for (y1,s1) € M x
(0,T] and (yz2, s2) € M x (0,T] such that s; < sg, if ZX5 < ¢ then we have

als
v(yi,s1) < U(y2,$2)exp{ i];)j(yl,Sl,yQ,@)

=2 m(p-1) l+m(p—1)
+ll {1+m(p—1) <a2K4+a K5 m(p—l) >+Oéﬂ}dt}a

and if 25 be a nondecreasing function then

als
v(y1,s1) < U(yQ,SQ)eXP{ ig)J(ybsl,yz,@)

=2 m(p-1) l+m(p—1)
[y (o R o

where k = Mir[1f . v. In particular, for Li-Yau type estimate, we have
x 10,

m(p—1)a?

89\ THat=1D a

vy, 1) < v(yaysz)(;) ! eXp{MJ(yl,sl,yz,&)
1

+{m(p—1) <a2K6+Oé K51+m(p_1)> + akkl}(SQ_sl)}’

1+m(p—1) m(p—1) a—1

2. PROOFS OF RESULTS

For prove our results, we need the following lemmas. From [10] we have

Lemma 2.1. Let the metric evolves by (1.3). Then for any smooth function f, we
have

D191 = ~an(V 1, V1) + 2491,V
and
(Apf)e = Agfi —2(h,Hessf) — 2(divh — %V(trgh), V)
+21(V¢, Vf) — (Vf, VAP)
where divh is the divergence of h.
Let

A

F a— —af
v

where a = «a(t) and 8 = 5(t) are functions dependenig to ¢ let
L=0—(p—1)vA,.
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Lemma 2.2. Let (M",g,e”?dv) be a metric measure space, g(t) evolves by (1.3)
for ¢ € [0,T] satisfies the hypotheses of Theorem 1.1. Then

1+ m(p — 1) 2 1 Ut / ’
< _ -t _ _ a2t _
L(F) < 2p(Vu,VF) mp—1) ((p 1)A¢v) o o'B—ap
v 2
(2.1) +cl% + Oy
where

Cl = 2(p - 1)]€(/€1 + ]f4) + (p - 1)05(2kg + 1) + 2(0& - ].)k?g
and
2 2 1.2 9 2 1 2 1 2
Cy = a(p — 1)nmax{k3, k3} + g(p — Dna“ky + §k2a(p — 1)k67 + Za(p — 1)k65.
Proof. Using Lemma 2.1 and simple calculation we obtain

L(v) = [(p — DvAgv+ |Vv|2]t —(p—1)vAy(vy)
= (p—1DvApv+ (p— 1)v(Agv), — 2h(Vv, Vo) + 2(Vu, Vi)
—(p— DvAy(ve)

(22) = (p—1vAyv—2(p—1)v(h,Hessv) — 2(p — 1)v(divh — %V(trgh), Vo)
+2(p — L)vh(V,Vv) — (p — 1)v(Vv,VA@) — 2h(Vv, Vo)
+2(Vu, Vo).
From the weighted Bochner formula (1.1) we obtain
L(|Vv]?) = —2h(Vv,Vv) +2(Vv, Vuy)
—2(p — 1)11(\Hessv|2 + (VAgv, Vu) + Ricy(Vu, Vv))
(2.3) = —2h(Vv, Vo) +2(Vv,V [(p — DoAgv + [Vol?])

—2(p — 1)@(\Hessv|2 + (VAgv, V) + Ricg(Vu, Vv))
= —2((p — DvRicy + h)(Vv,Vv) + 2(p — 1)|Vv[*Ayv
+2(Vv, V|Vv|?) — 2(p — 1)v|Hessv|?.
By direct computaion, we have

(2.4) z:(g) — L)~ jﬁz(g) +o(p— 1)v<V(§),V10gg>, Vf,g € (M),
Using (2.2) and (2.3) into (2.4) yields

c(™) = %L(vt)—Z—;E(v)—FQ(p—1)U<V<%>,Vlogv>

1
= (p-— 1)%A¢v —2(p — 1){h, Hessv) — 2(p — 1)(divh — §V(trgh), Vo)

+2(p — DA(Ve, Vo) — (p — 1)(Vo, VAG) — %h(Vv, Vo)

vy [Vol?

2 U
Jr;(Vv, V) — . +2(p— 1)v<V(;),V10g v)
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and
ﬁ( W:‘Z) = —2((p—1)Ricy + %h) (Vv, Vo) +2(p — 1) |VZ|2A¢U
4
+%(Vv, V|Vo|?) —2(p — 1)[Hessv|* — %
+2(p — 1)v<v(‘w|2),v1ogv>.
Therefore
2
ey = (V) g () —or — g ap
= —2((p—1)Ricy + %h)(Vv, Vo) +2(p — 1) |W|2A¢U _ |sz\4
+%<VU, V|Vo|?) —2(p — 1)[Hessv|* + 2(p — 1)U<V(|vv‘2>’V]Og v)
(2.5) —a(p - 1)%A¢U + 2a(p — 1){h, Hessv)
+2a(p — 1)(divh — EV(trgh), Vo) — 2a(p — 1)h(Ve, Vv)
Falp—1)(Vo, VAG) +ah(Vo, Vo) — o> (Vo, Vo) + o eIVl
*QG(P*I)U(V( ) Vlogv)—a —dB—ap.
Also,

2(p — 1)U<V(@),V10gv> —2a(p — 1)U(V( ) Viegv) =2(p — 1){(Vu,VF)

and
2 2 2
~(V0,VIVoP) — a>(Vo, Vo) = 2(F + ) W“‘ +2(Vv, VF)
imply that
2(p— 1)11(V<|VU|2> Viogv) — 2a(p — 1)11<V<ﬂ) V log v)
v v/’
2 2
+;(V1},V|V1}|2> - oz;(Vv Vo)
2
2p(Vv, VF) + 2(F + ) |VZ‘
B |Vol|? v\ | Vol?
(2.6) = 2p(Vo, VF) + 2(T - a;) =

Using (1.5) we conclude

2 4 2
2(p—1) [Vl Agv — [Volt _ alp — l)ﬂAd,v + aﬁﬂ
v v
o VUl (ﬂ B IW\Z) Vet e (ﬁ B \Vv|2> LoV
v v v v2 v\ v v voow

_ Ut |Vv|2 |V’U|4 v\ 2
(2.7) = (2a+2) o - 7704(*) .
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Equations (2.6) and (2.7) yield

2(p — 1)U<V(|VZ|2)7VIOgv> —2a(p— 1)U<V(%),Vlog v) + g<w V|Vol?)
02 (V0. Vo) +2(p - >'v Pp o oo 1) %0+ a2t VE
= 2p(Vv, VF) — ( ) —@—1)(%)2
(2.8) = 2p(Vu, VF) — ( ~1 A¢v) —(a— 1)(%)2.
Plugging (2.8) into (2.5) we deduce
L(F) = 2p(Vu,VF)— ((p - 1)A¢v)2 —(a—1) (%)2 - o/% —o'B—af

1
—2((p — 1) Ricy + Eh) (Vu, Vo) — 2(p — 1)|Hessv|?
1
(2.9) +2a(p — 1)(h,Hessv) + 2a(p — 1)(divh — §V(trgh), V)
2
—2a(p — D)h(V¢,Vv) + a(p — 1)(Vv, VA@) + a;h(Vv, Vo).
The assumption —ksg < h < k3g implies that
|h|? < nmax{k3,k3}.
By Yaung’s inequality
1 o
< = 2, Q2
(h,Hessv) < 50 |[Hessv|~ + 5 |h

(2.10)

IN

1 no
%|Hessv|2 + - max{k?, k3}
. We also have
1 1. 3 3
(2.11) |divh — §V(trgh)| = 19" Vihj — 29 IVihij| < §|9|\Vh\ < 5\/ﬁk4-

Notice also that for any m > n we derive

0 < UaLyN o w v¢
mn
_ 1 N 2
= <57 L)(A0)? + 2 Ao{ Ve, V) + (Y0, V)
1 1
< [Hessof — — ((AU)Z — 2A0(Vo, V) + (Vo v¢>2) + —— (Y0, Vg)?
= |Hessv|* — (Ag0)° + ! (Vv, V)2,
m m—n
Therefore

Agv)? 1
(2.12) |Hessv|? > (Ag0)” _ (Vo, V)2
m m-—n
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For p > 1, substituting (2.13), (2.11), and (2.12) into (2.9) we arrive at

L(F) < 2p(Vu,VF)— ((p - 1)A¢v)2 —(a— 1)(%)2 - OLI% —dB—ap
—2(p — 1)Ricy(Vv, Vv) + 2(a — 1)k3 |VU of — (p — 1)|Hessv|?
(2.13) +a?(p — V)nmax{k3, k3} + 3a(p — 1)v/nks| Vo
+2ka(p — 1)(Vu, Vo) + a(p — 1)(Vu, VAP)
1+m(p—1) 2
< 2p(Vo,VF) — T —1) ((p - 1)A¢U>

N A I - N / _ 2 _ |VU|2
o o'B—af +2(p—1)k1|Vo]® +2(a — 1)ks »

+a?(p — V)nmax{k3, k3} + 3a(p — 1)y/nks| V|
+2ka(p — 1)(Vv, Vo) + a(p — 1)(Vv, VAP).
Youn’s inequality implies

IV 2

(2.14) 3an/nk4|Vo| < 2k4k + 8na2k4.
Using Cauchy’s inequality, we deduce
2
(2.15) Vo, Vo) < ot VU < VUL
U2 v 4
and
2
(2.16) (Yo, VAG) < ookt VU < VU k92
1)2

Substituting (2.14)-(2.16) into (2.13), we get

L(F) < 2p(Vu,VF)— W ((p - 1)A¢v>2 - a’ﬂ —a'B—ap

+[( 1) (2k1k + 2ksk + 2kaa + @) + 2(a — 1)k }'2"2
+a?(p— Dnmax (g B} + 2 (p — Dna®ks + phaa(p — Dho3
—I—ia(p — 1)k63.

This completes the proof of Lemma. O

Proof of theorem 1.1. Since the Ricci tensor and the evolution of the Riemannian
metric are bonded we imply that g(¢) is uniformly equivalent to the initial metric
g(0) (see [9, Corollary 6.11)),

e 2T g(0) < g(t) < e*7g(0).

Therefore the manifold (M, g(t)) is also complete for ¢ € [0,T]. Now let 1(s) be a
C?-function on [0, 4+00) such that

_J1, selo,1],
Wls) = {0, s € [2, +00),
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and it satisfies ¥(s) € [0,1], —co < ¢'(s) < 0, ¢¥"’(s) > —ec1, and % < ¢,

where ¢y and ¢; are absolute constants. Let R > 1 and define a function
r(z,t)
e, t) = ("),

where r(z,t) = d(z, zo,r). By using the argument of [6, 21], we can apply maximum
principle and invoke Calabi’s trick to assume everywhere smoothness of n(z,t).
Also, for obtain inequalities of n(z,t), we use generalization Laplacian comparison
theorem [3, 20, 27, 33]. Since Ricgl_” > —(m — 1)kq, the generalization Lpalacian
comparison theorem implies that

Agr(z) < (m—1 )\/ k1 coth( \/>r

and
1Ayt |V7’|2

(27) dan = W
——(m-1 \Fcoth \Fr
*E(mfl)(\/aJFE)*

v

v

Also, we have
\V4 2 712 \V4 2
o.15) VAl _ WPV e
n Ry R?
Let G = vy(¢t)nG. Fix arbitrary Ty € (0, 7] and assume that G achieves its maximum
at point (z9,t0) € Q2r,1, - If G(xo,to) < 0, then the result holds trivially and we
done. Hence, we may assume that G(zg,tp) > 0. In this point we have

VG =0, LG > 0.

Therefore, we conclude

F
(2.19) VF=-—Vp
n
and
(2.20) 0< LG =~nF +~FLn+~ynLF —2v(p — 1)v(Vn, VF).
By [29, p. 494], there exist a constant ¢y such that
(221) —F’I]t Z —CQkQF.
Replacing (2.17)-(2.19) and (2.21) into (2.20) we get
222) o0 < L G [chngk( “ 1)k + )bF

+W£F —2y(p — D)o(Vn, VF).
Then at point (zo, tg), it follows that

0 < jm [eaks +£(Bm = (Vo + )+ B ) |]AF

—2y(p — D)v(Vn, VE) + 2pyn(Vv, VF) — vna’ﬁ — e B —ynaf’
IVvl

(2.23) = [ﬁ + 1} ((p - 1)A¢v) + nC1—— +nCs
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By equation (1.5) and definition of F' we have

21 o 2(a—1) [Vu]?  (a—1)?|Vu|!
(2.24) ((p—l)A¢v) D L e
-1 2
g B, 2DV
a a v
and
F 1 2
(2.25) wo_ B LR 4
v a a v
By Cauchy’s inequality, we derive
(2.26) 0V, VE) = —F(Vv, V) < \/}?n%leWﬂ
V2
Inequality (2.18) yields
Vo> _ a
2.2 - Fy=F——— < —<F.
(2.27 n.vr) =L < 2
Putting (2.24)-(2.27) into (2.23), we get
0 < 7G+{c2k2+k( m — 1) (v + )+2( 1)kR2] F
ver 1,1 [Vl 1 F2
oy Y i p Y ]S
TR v3 fm[m(p—l) * ]a2
1 (a—1)% |Vol* 1 (a—1) _|Vv|?
— 1 -2 1 F
fm[m(p—l) + ] a? v2 ’m[m(p—l) + ] a v
1 2(a—1)B |Vo|? 1 5
717[771(})— 1) + 1} «@ v Pm[m(p— 1) + 1]5
1 2 Vo|?
B L N PN e
m(p —1) v
Vol?
—’yn( —F—&— | | + ﬁ)
then
v od 1 28
< (4% | —— 11
O_(fy+a {(—1)+}a)
+[02k2+k(R m—1)(Vkr + )+2( 1)kR2} F
ﬁ _1 |V | 1 F?
2 k2 —+1|—
+pR T Wn{m(p—l)—k }oﬂ
(Oé —1)? |Vo|* [Vol?

7’Yn{m(p1— 1) + 1] a? v 2[m(p -1)
}2(0‘_1)[3 —3/+01)w

(2.28) +777< - {m(pl_ 0 +1

+7n<02 —af - [ﬁ + 1} ﬁQ).

! +1} (=g

v
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Using conditions (A3)-A(5) we obtain

0 < {@kﬁk( m—1) \F+ R—l) —1k—}
+2p§n*§k§G|Z§| m|— (1 1)+1}F2
_VW[m(pl—n“](a;l |W|4 [ }(Q;I)G‘VEP

229) 4 YL e,

B2

By virtue of the inequality —Az? + Bz < 11 for a positive number A and any

number B, we get

1 |2

(@ —1)? [Vo[*
2

_ [Volf
(2.30) Vn[m(p— 0 + 1] = +nCh . < nCs3
where
Cg — m( ) 02
A a—1)2(1+m(p-1)) "
and
B 1 (a—1) |Vv|? \/a 1 |Vv|
(2.31) 2[ (p_1)+1} G + oYty G Uz
2
mp*(p — 1)a !
—n kG.
~2(a—-1)(1+m(p-1)) R2
Plugging (2.30) and (2.31) into (2.29), we infer
0 < [eako + B(Llm— DV + 2) 4 )+ 20— Dk | F
mp®(p — 1o n~! 1 F?
kG — | ———— 1]
2(a—1)(1+m(p—1)) R2 Wn[m(p -1) * } a?
(2.32) +v77(02 + 03).

Multiplying (2.32) by yn we conclude
2

0 < —[ﬁ +1]% + {7[021{;24—]{:(%(171— 1)(/k1 + %)

mp?(p — 1)« a1
} e rmp_n) Rz k}G

c1
+ 5 ) 20— Dk

(2.33) +72n? (Cg - 03>.

For a positive number @, a number b, and a nonnegative number ¢, the quadratic
inequality of the form —az2 + bz +¢ >0 implies that x < i.(l; + Vb2 4 4aé). Set
Ci = ek + k(S m = 1)k )2—11@7}
4 v |coka + i + +2( ) R2
2
mp*(p — 1)a Ltk
2(a—1)(1+m(p—1)) R?

+
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and
Cs = Cy+Chs.
Then
1 m(p—1)a? ) 1+m(p—1)
< 7 212 - - 7
G < ST +mp—1) Cy + | CF + 49212 Cs mip— D)a?
m(p —1)a? 1+m(p—1)
234) < —— | C 07
( ) < 1+m(p—1)< 4+7m/Cs m(p - 1)a?
m(p—1) 9 a? 1+m(p—1)
= T+mp-1) <O‘C4+777012(a—1)+7770‘ -1 )

If %5 < c then

m(p—1) l+m(p—1)
G < Trmp=D <a2C6 +may | Cs Y > )

1+m(p— m(p
where
Co 2 C1 Cc1
Cﬁ = ’y|:02]€2 + k(ﬁ(m — 1)(\/ ]fl + *) + 72) + 2(p — 1>kﬁ:|
2
mp*(p—1)a e 1
_ 2k + =ncC
2(1+m(p—1)) R 77 -
If —%5 be a nondecreasing function then
m(p—1) 1+m(p—1)
G ————— | Cr + Co——— |,
1+m<p—1>< R T
where
c; = |:CQI{/’2 + k’( — 1 \/ + ) + 2( — l)kﬁ}

mp’(p—1) ¢ ya® o 1 7@2
— 2k + —-n——-=C1.
2(1—|—m(p—1))R2a71n e ¢

To obtain the required result on F'(z,t) for an appropriate range of x € M, we get
n(z,Th) = 1 whenever d(z, zo,T1) < 2R and since (zg, o) is the maximum point of
G in Q2p,1, we have

G(z,T1) _ G(xo,t0)
v(Th) v(T1)

for all x € M, such that d(z,x0,T1) < R and Ty € (0,T] was arbitrary. Now, if
5 < cthen

mp—1) [ » L+m(p—1)
Pl = 16— (0‘ Gy C2m<pl>) ir,

F(SL’,Tl) = S
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where
Cs = 02k2+k( m—1)(\/k + )+2( )kﬁ
Lo mp*(p—1a
=k C
* (2(1+m( 1)) okt C 1)
If —*5 be a nondecreasing function then
m(p—1) 1+m(p—1)
F(z,Th) < Tom—1 mp—1) (Cg + CQim(p Y ot
where
Cg = 0&2|:(32k‘2+k’(R —1 \/ + )+2( —1)/{1?}

mp?(p—1) ¢ o 1 a3 c.

20+m(p-1)R2a—-1" " 2a-1
Since Ty is arbitrary, then inequalities (1.6) and (1.7) hold. Note that

(1) Li-Yau type gradient estimate
Let

a(t) = constant > 1, B(t) = 2y

yt) =t  0<b<2
By a direct calculation, we have

v o 1 g 0 2 1
AT ) P | g 2
5 + ! [m(p—l) + ]a t ot [m(p—l)

! 2 (—1)+1 (—1) Oék‘k‘l k‘k‘l
a6+[m(p—1)+1]6 (p—-1) [ p—1)+1ta—1 (a—l)}zo’
and
z[m(pl1)+1}0‘;15+Z‘:=2a;1+2[ (171)+1]%20.

Also, a(t) > 1, ¥(t), and 25 are nondecreasing functions. Hence «, 3, and
~ in this case satisfy the conditions (A1)-(A6).
(2) Hamilton type gradient estimate
Let
mp—1) ok
a(t) = efht, t) = e,
. 0= -+ 1
y(t) = tekkit,

Direct calculation shows

/ 1
1
14,2,2

— B
v o m(p—1)

1
+1]2 = = (1= 20kt — 2641) <,
a ¢t

1 m(p—1) e3kkit
1] = [’f’ﬁt—1—2kzkt}>o
aﬁ—‘_[m(pfl)—i_ 16 m(p—1)+1 ¢2 ¢ U=
and
1 -1 ! 2
2[ +1]2p 4 L = Skt 1)ekkit 4 gy > 0,

m(p—1) e a t
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We see that a(t) > 1, y(t), and —25 are nondecreasing functions. So, the

functions «, 5, and + in this case satisfy the conditions (A1)-(A6).
(3) Li-Xu type gradient estimate

Let
alt) = 1 4 Skhif) coshikhat) = kit
sinh”(kk1t)
kklm(p — 1)
p(t) m(p—l)—|—1( +coth(kkit)),  ~(t) = tanh(kky?)
We have

o/ (t) = 2kky — 2(a — 1)kky coth(kkqt).
The conditions (A3), (A4), and (A5) become

+1]§

v o 1
AT Y |
7 [m(p* 1)
. 1 kkla

T [sinh(k;klt) cosh(kkyt)
2k (1 + coth(kklt)}

kkq )
= 1 —2cosh®(kkit)| <0
sinh(kk1t) cosh(kklt)[ cosh”(kk: )} =<0,

+ 2]{)]{}1 - 2((1 — ].)kkl COth(kklt)

af + [ﬁ +1]82
_ (kk1)*m(p — 1)
(m(p — 1) + 1) sinh®(kky?)
sinh(kk1t) cosh(kk1t) — kkqt
- sinh? (k) ]
(kk1)?>m(p — 1) o2kkat
(m(p—1)+1) sinhQ(k;k;lt) (e2Fkit — 1)2

and

1+ coth(kkyt)) sinh?(kkit) — 1
I )

1 a—1 o
2 1 — =2kk; > 0.

On the other hand, lim -15 = % and lim 15 = 1, then -5 < ¢ for
t—0 @ t—+oo & o

some constant ¢. Thus, the functions «, 3, and ~ in this case satisfy the
conditions (A1)-(A6).
(4) Linear Li-Xu type gradient estimate

«

Let
- __mp—1) (1
aft) =1+ kkyt, B(t) = mp—1)+1 (t * kkl)
Then we get
A 1 B —1
—F+— 2=+l =77 <
a2l e = wrr e <°
/ 1 2 m(p_ 1) kkl
_— = N1 =
aﬂﬂm(p_n“]ﬁ T T (14 kkit) >0,
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and

Rk 0.

1 - -
+ 1+ kit =

2[m(p— 1) o

1 -1 !
|5 =B+ % = 2kh; +

Therefore, the functions «, 3, and 7 in this case satisfy the conditions
(A1)-(A5) and 5 = 1.

O
Proof of Corollary 1.2. Since g(t) is uniformly equivalent to the initial metric g(0
1

the (M, g(t)) is complete noncompact for ¢ € [0,T]. If R — 400 in (1.6) and (1.
then we obtain inequality (1.8) and (1.9).

oJ=

Proof of Corollary 1.3. Let ((t) be a shortest the geodesic joining y; and yo with
¢(s1) = y1 and ((s2) = y2. Now consider the path ({(t),?) in space-time. If 15 < ¢

and k= inf v then from Corollary 1.2, we have the following gradient estimate

M x[0,T]
(2.35)

) ) m(p—1) ) L+m(p—1)
—8t(1nv) < —EU‘VUD’U” + m <Oé Ki+ o K5m(pl)> +a67

Integrating this inequality along (, we get

log v(y1, 51)
'U(yg, 82)

S2 d
:_/ %(mv(g(t),t))dt

S1

-/ " (@) + (V) (C(0).1). ) )t

S1

* _E o) m(p—1) o2 o r1+m(p—1) o
s/ { Z |V (1nw) +1+m(p_1)< K o[ s s >+ 8

~(V(mv), (1)) } dt

2 [ ald(t)? m(p — 1) 2 1+m(p—1)
S/Sl { 0 +<1—|—m(p—1) (aK4+a K5m(p_l)>—|—o¢ﬂ)}dt

L[ e =) _mlp-1) 2 L+m(p—1)
SE ., Oé|<(t)| dt+A1 {:[—'—Tn,(p—l) (OZ K4+O[ K5’rn,(p—1)>+aﬁ}dt

where in the computation above we have used (2.35) to obtain the inequality in
the third line and used inequality —axz? — b < % to arrive at the inequality in the
fourth line. Since « is anondecreasing function, by exponentiation we have

a(sz2)

v(y1,s1) < v(y2782)exp{4]%\7(3/178173/2,82)

=) _mp-1) > 1+m(p—1)
"‘/81 {:HT)’L([)I) (O[ K4+OZ K57n(p1)>+aﬁ}dt}
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Silmilarly, if —25 be a nodecreasing function then we obtain

a(s2)

v(y1,51) < U(?J2752)6XP{ i T (Y1, 51,2, 52)

=) _mp-1) 2
+/ —— | Kg+ oy | Ks————— | +af p dt
s ([1+mp-1) m(p—1)
In Li-Yau type gradient estimate « is a constant, then
-1 1 -1
1+m(p—1) m(p—1)
is a constant. Therefore,
52 -1 1 -1
/ _mlp=1) ? K+ oy | K5t P =) m(p 1) +afB pdt
o | 1+ml-1) m(p—1)
m(p—1) 9 1+m(p—1) kkia
= K Ky—— — —
Trmp—1 \ & Kot oy Bs—rr =y [ (s —s)+ 272 = 5)
— a2
mp = Da” 52
I+mp—1) ‘s
Hence,
s m(p—1)a?
1+m(p—1)
U(ylvsl) < v(y2752)(872) exp{l‘{':j(ylaslvaVSQ)
1
m(p—1) 9 akk;
K, _
+ T+ mp—1) " fe + o1 (52 — s1)
This completes the proof of Corollary. ]
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