SOME RESULTS OF WATSON, PLANCHEREL TYPE INTEGRAL
TRANSFORMS RELATED TO THE HARTLEY, FOURIER
CONVOLUTIONS AND APPLICATIONS

TRINH TUAN!

ABSTRACT. In this work, we study the Watson-type integral transforms for the convo-
lutions related to the Hartley and Fourier transformations. We establish necessary and
sufficient conditions for these operators to be unitary in the L2(R) space and get their
inverse represented in the conjugate symmetric form. Furthermore, we also formulated
the Plancherel-type theorem for the aforementioned operators and prove a sequence of
functions that converge to the original function in the defined L2(R) norm. Next, we
study the boundedness of the operators (T%). Besides, showing the obtained results, we
demonstrate how to use it to solve the class of integro-differential equations of Barbashin
type, the differential equations and the system of differential equations. And there are
numerical examples given to illustrate these.
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1. INTRODUCTION

One of the integral transforms studied by many mathematicians is the Watson integral
transform. This transform is built for the Mellin convolution (see [25, 27]) with the kernel
k(zy) in the following form:

f@)r—g= <f X k> , where g(z) = / k(zy) f(y)dy, k(zy) is the kernel of transformation.
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2 TRINH TUAN

Furthermore, we can study the Watson-type integral transform as follows

(1.1) f(x) — g =D(f k) (2),

where D is an arbitrary operator and k is a known function. In recent years, there have been
some results of integral transformations for convolutions involving Fourier sine, Fourier
cosine and Kontorovich-Lebedev transformations in case D is the differential operator of
order 2 or 2n. From there, the authors use these results to solve in a closed form some
classes of differential equations, Parabolic equations (see [0} [8, 14}, 18| 20, 22, 26]) in the
space L1(R). These above convolutions are also used to solve in a closed form some classes
of integral equations of Fredholm and Toeplitz-Hankel type and study the boundedness
of the solution (see [IT], [19) 21}, 23| 28]). As we know, the integro-differential equation of
Barbashin type was first introduced by E. A. Barbashin in 1957 (see [4]) and studied in
[2, B], which has the following form

b

Of(t, s) =C(t, s)f(t, ) +/K(t,s,p)f(t7p)dﬂ+9(t7 s),

ot

(1.2)

where C(t, s), g(t, s) are the given functions, K(t, s, p) is the kernel of the equation and f is
the unknown function. The equation has been applied in many fields such as mathe-
matical physics, radiation propagation, mathematical biology and transport problems, e.g
more detail in (see [2], Chapter 4. §19. p421—447). One of the characteristics of the equa-
tion is that studying solvability of the equation is heavily dependent on the kerner
K(t,s,p) of the equation. For example, we can use the Cauchy integral operator to study
the equation in case the kerner does not depend on ¢. In some other cases, we need to use
the partial integral operator to study the equation (see [2], 3]). Until now, the solution of
the equation is still an open problem in case K(t, s, p) is an arbitrary general kerner.

0
On the other hand, if we call A as the operator defined by A := T C(t,s)Z, where 7 is
the identity operator, then the equation (1.2)) is written in the following form

b
(1.3) Af(ts) = / K(t. 5, p) f(t. p)dp+ (1, 5).

The main contents of the paper are presented in sections 3, 4 and 5. In section 3, by
2

d
choosing the operator D = ( - d2> and using the scheme (|1.1)), we build Watson-
x

type integral transforms for the convolutions defined by the formula , . These
convolutions are related to the Hartley, Fourier integral transformations studied in [9} 24].
We establish necessary and sufficient conditions for these operators to be unitary in the
space La(R) and the inverse symmetric transform, which are the contents of the Theorems
and . In [13], the authors proved Plancherel’s Theorem in general form for the Fourier
transform on Ly(R) and confirmed that this transformation is unitary and this result is
also still true for Hartley transforms. The main contents of section 4 are studying the
Plancherel-type theorems of the operators presented in Section 3, by using the technique
in [§] specifically the study of approximation in the norm of space La(R), for the operator
(Ty) constructed in the formula . Specifically, if suppose that the image function
V(z) = (Tkf) (z) and the original function f(z), then it can approximate to sequences
of functions in the space La(R) that converge normally in La(R) to an arbitrary function
f(x), which also belongs to La(R). By using Risez’s interpolation Theorem [I7], we study
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the boundedness of operator (T}) from L,(R) to Ly(R) with —+ - =1and 1 < p < 2,
p

which are the contents of the Theorems [4.1] and 4.2 !

At the end of this paper, in section 5, we use some integral transformation techniques
presented in section 3 and some other results in [15] 9 24] 12] to solve in a closed form
some classes of integro—differential equation of Barbashin type , differential equations
and system of differential equations . Results obtained here are to establish the
explicit formulas and a space of solutions for the above problems (see Theorems
and . After theorems, we construct numerical examples to illustrate the obtained
results. It should be further clarified that the use of convolution and polyconvolution
techniques related to Hartley and Fourier integral transforms to solve in a closed form
some classes of integro—differential equation of Barbashin type is a new idea in the theory.
We have not found any previous results using this method.

2. RECALLING SOME RESULTS OF THE HARTLEY, FOURIER CONVOLUTIONS

In this section, we briefly recall some useful results of the Hartley, Fourier convolutions
and the Hartley convolution, which will be used in the next sections of the article.
The generalized convolution for the Hartley—Fourier integral transforms is of the form

(see [24]). Let f,g € L1(R) then (f *g) € Li;(R) and

(2.1) Hy (f+9) (9) = (HL)(w) (Fo)(y), y € R,

where

(22) (f+9) @) [F(@ty)+f (=) +if (~a—y)=if (~+y)] dy, @ € R.

2\/ 27T

In (p. 364, [9]), the authors used integral transformations

(T f) (x f/cos wy+4)f(y)dy
and

(Tof) @) = = / sin (ay +7) 7y

to study the convolutions ( f b g> and ( f b g). It’s obvious that, we get:
1 2

2 2
cos <$y + 2) = \Zf cas(—zy) and sin <:cy + %) = \2[ cas(zy). Therefore, (11 f) = (Haf)
and (Tof) = (H1f), where H ! is the Hartley transform defined by ([2.5]). Consequently,

2
the Theorem 3.5 (p 337 in [9]) and the Theorem 3.14 (p 378 in [9]) can be rewritten in
the following form.

Assume that f, g belong to Lq(R) then (f * g) € L1(R) and

(2:3) Hyy (F39) ) = (Hyyyf) @) (Hy9) @) v e R,
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where
T
(2.4) (f:;g> (z) = EWors / FW)gz+y)+9(z—y)+9(—x+y)—g(—z—y)|dy, z € R.

Notably, the results for the Hartley convolutions was studied in R™ by (see [1]). The Hartley
transform was proposed as an alternative to the Fourier transform by R. V. L. Hartley
in 1942. Compared to the Fourier transform, the Hartley transform has the advantages of
transforming real functions to real functions (as opposed to requiring complex numbers)
and has following form (see [5 [I6] 25]).

+oo
(2.5) <H{%}f> (y) :== \/12? / f(z) cas(tzy)dx, y € R.
And the inverse transform is of the form
+o00
(2.6) f(z) = \/:;7% / <H{%}f> (y) cas(£zxy)dy, = € R.

The Fourier (F) integral transforms were studied in (see [5} (16} 25]).

+oo
2.7 PN = 2= [ @y, ye R
where: cas(zy) = cos(zy) + sin(zy) = ! ; ie_”y + %eiwy and
(2.8) e = % cas(zy) + L cas(—zy).
1—1 1+
(2.9 D) = Hpyy (50 + ) )
(2.10) () 0 =7 (50 + ) o)

3. THE WATSON-TYPE THEOREMS

In this section, we study the Watson-type integral transform for the convolutions were
defined in the formulas and in the Ly(R) space. We establish the necessary and
sufficient conditions for these operators to be unitary. Moreover, the inverse transforma-
tions can be represented in the conjugate symmetric form.

Lemma 3.1. Suppose that, f,g € La(R) then (f * g) , (f % g) belong to the space Lo(R)

and were determined respectively by (2.2),(2.4). We get the factorization equalities (2.1)),
(2.3) and the Parseval’s equality is as follows

(3.1) (£19) @ = m(EHNWEIW ) ).
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(3.2) (159) @ = H{;}((H{é}f) w) (#3)9) <y>)<x>-

Proo

70' (Fe0) @ de< 70(70 o) |fa )+ Fa =)+ ifa = 9) = if-a ) Qdy) da
<= ZOZOMW 149+ 11 = P + 10— )P + (=2 + )P dyds
—y/2 707019 LG~ ) dody + 22 +/m+/oo|g I+ )P dady

Since f, g belong to the Ly(R) space, using Fubini’s Theorem and the variable trans-
formation formula for u = x — y; u = z + y, we obtain

77(]“{9)( dm<4\/> /|g \dy /]f ]du < 400,

On the other hand, the proof of factorization equality of convolution ( * ) in Lo(R) space

is similar to in the L;(R) and combining the unitary property of the Hartley transform,
we obtain equality (refer Lemma 4.2 in [24]).

Similarly, using the same above method to prove the convolution , we will get the
equalities , . The proof of lemma is completed. O

Lemma 3.2. Suppose that, h € L2(R) is a given function a satisfying the following
condition (A1) : (1+y*)|(Fh)(y)| < +oo, y € R and f € L2(R), then

a3 m( (1-15) (£5) @) 0) = 0+ AEDGE6). v R

1

Proof. Tt is well-known that f( ), Y&(y), ..., y"&(y) € L2(R) if and only if

F(¢)(x), dd (F&)(x), ..., ——(F§)(z) belong to La(R) following (Theorem 68, p.92, [23]).

Combined with formulas 2.9), (2.10) the above confirmation is still true for the Hartley
H{ } transform, which means f(y),yf(v), yv*f(y) € La(R) if and only if
2

(H{%}f) (z), % (H{%}f> (x), j; (H{%}f> (z) belong to La(R). Moreover, we have

di cas(£xy) = —y cas(Fxy). Furthermore, since Hy(f(+t)) = Ha(f(Ft)), then
x

d? d
@(H{%}f) (x) = \ﬁd</f cas j:t)dy)
1 o
(3.4) = == [ F) o eastay) dy = iy (<4 0)(a).
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On the other hand f(y),yf(y),¥*f(y) € La(R), using the formula (3.4)), we have

85 (1m ) () @ = gy (0500 ) @) € Lo,

Thanks to the formula (3.1)) in Lemma and (3.5)), we obtain

(1-25) (rem) @ = (1= 15 ) (D@ Ew ) @)
= (4 AN EN) )@

According to the condition (A1): (1 + y?)(Fh)(y) < +oo and (Hyf) € La(R), which
implies that (14 32)(Fh)(y)(H1f)(y) € La(R). And

36 (1- 1) (F18) @ = m (AN EN) ) @) € L)

In addition, the Plancherel’s Theorem for the Hartley transform is unitary in the space
Ls(R), which means H (1} % H (1= Z. From the formula (3.6)), we obtain
2 2

m((1-5) (£18) ) = L+ P ENGE). v R

The proof of lemma is completed. O

Next, we present the Watson-type integral transform that allows the convolution de-
fined by the formula . If we fix a function, say g = h(z), which h is a known function,
and let the remaining function f vary in certain function spaces, then we get an integral
operator of the convolution type. We consider the following operator

Th : LQ(R) —)LQ(R)
frore=Tu(r1n) =D (f1h).

d2
where D is the second order differential operator defined as D := (I - ) and

dx?
image
(3.7) 2
oto) = @f)o) = (1= 53 ) (£30) @)

- (1 - d‘;) { +/wh@) [f(m Y o)+ F@—y) +if(z—y) — if(—a + y>] dy}, reR

— 00

Theorem 3.1. Suppose that h € La(R) is a given function. Then, the condition

()5 IR = 1
given by formula (3.7)) to be unitary in the La(R) space. Moreover, the inverse operator of

with y € R is the necessary and sufficient one for operator (T},)
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(Th) has a symmetric form and is represented by the formula

5= (1- j;) { [ 50 ote )+ ota =)+ o2 =)~ iz -+ )]y}, 2 e R,

where h is a complex conjugate of h function.

Proof. By the (A3) condition, (1 + y?)(Fh)(y) is a bounded function, and f € Lao(R)
implies that (Hyf)(y) € La(R). Thus, (14 y?)(Fh)(y)(H1f)(y) is a function that belongs
to the Lo(R) space. Using the formula (3.6) in Lemma we obtain

(3.9)
2
@) = (0) (@) = (1= 0z ) (£11) @) = 5 (A4 AUERGEN D) ) @) € La(R)

According to the formula (3.9) and in the Lo(R) space then HH{%}fHLQ(R): Nl 2a(r)s
combined with (A3) condition and we have the following evaluation in the Lo(R) space
(3.10)

lell o= 1T flla@= L+ y)IER) W] IHL) W) Lo = 1EHL) O @)= 1]l @)-
This means that (7}) is an isometric transformation or unitary in the La(R) space. Using

the Plancherel’s Theorem for the (Hj) transformation and from the expression (3.9)), we
obtain

(3.11) (Hip)(y) = H(Tuf)(y) = (1 +y*)(Fh)(y)(H1f)(y) € La(R).
From the (As) condition and the equality , we obtain
(3.12) (H1f)(y) = 1+ y*)(Fh)(y)(Hip)(y) € La(R),

where h is a complex conjugate of h function. By the same argument as in the above, we
obtain

f(z) = H <(1 + y2)(F/_%)(y)(H1s0)(y)> (z) € La(R).

Using the formulas (3.6)) and (3.1)) consecutively, we have
2

1) = (1 25 ) m(ERw) ) ) @
= (1 i) 10 @
- = (1-5){ 70h<y> ola-+1)+pla =)+ ipl=a =)~ igl-o+3)| do

= (Trp) ().
Sufficient condition: Suppose that the operator (T) mapping f(z) — (Tnf) (x) = ¢(z)
determined by (3.7) with the inverse operator (3.8)). We need to show that h satisfies
condition (Asz), which means

—00

1
Fh = — R.
(ERW = 15z v
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Indeed, since (T} f) = ¢(z) is unitary in the Lo(R) space and () can be rewritten in the

form (3.9)), we obtain
H1ol| o m) = [[H1 (Thf) (o) = @l ra(r)

equivalent to

1H1 (1 + y*)(FR) () (HLF) (W) o) = L+ ER) )] N EHL) W) L)
= [Hifllo@y= 1f Loy, Vf € L2(R).

This shows that there exists a multiplication operator of the form Mg(.) defined by
Mo (f)(y) == O(y).f(y), where O(y) = (1 + y?)|(Fh)(y)|. The above expression can be

rewritten
[H1f | Lary= Mo (Hif) o), VS € La(R).
It means Mg(.) is unitary in the Lo(R) space, and this happens if and only if

(1+y?)|(Fh)(y)| = 1, Yy € R, implies that the function h must satisfy the condition (As).
The proof of theorem is completed. (]
Lemma 3.3. (Follow [10]) Let w € Li1(Ry), ¢ € L1(R) then (w * go) (x) € L1(R) and get

the factorization equality

Hi (w3 ¢) (v) = (Fa) (9 (Hi0)(v),y € R,

(z+u) +w(z —u)]p(u)du, z € R. This result is also true

with <w * ) /
xo) (2) Tn
for in case w € La(R4), G Lo(R), where F, determined by the formula (5.5).

Remark 1. We can replace the (Ag) condition in the Theorem with a weaker con-
dition denoted by (A,2) and state the following:

Suppose that h is a given functz’on belonging to (La) space and satisfying the following
condition (Ay) 1 0 < ¢; < (14+92)|(Fh)(y)| < ¢2 < +00. We have the following assertions

(1) el fllo@ < N Thf 1 Lo < c2llfllLo )
(ii) The inverse operator of (Ty) have the form

d2
@) = (e @) = (1= 53 ) (010) @)
Indeed, from (3.10) and the (AIQ) condition, we obtain

c1llfllzom) = et Hifll o< 1L+ %) (FR) (y) (HL) (W) Lo (r)
= L+ y)ER) W) NEHLH) @) o) = 1 Tnf) ) < c2llHLf | )= c2llf |z (m)-
Furthermore, from the (Ay) condition, we also get

1 1 1

'S o+ ) ST PAENW] S al+ )

1
(1+y2)*(Fh)(y)
a function w € Lo(Ry) such that (Few)(ly|) =

Therefore belongs to the Lao(Ry) space, and this shows that there exists
1

(1+y?)*(Fh)(y)

€ Ly(Ry). From the
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formula B12) and combining with the (Ay) condition and Lemma we obtain

(Hip)(y) = (1+4%) (Hip)(y)

1 1
DW= T En 0+
= (1+ ") (Few)(ly) (Hrg) (y) = (1 +y*) Hy (w * so) (Y)-

Continuing to use Plancherel’s Theorem for the (Hy) transformation and combining with
the formula (3.3)), we get the following inverse operator

) = @) = 1+ (# (w030) ) ) ) = (1= 25 ) 1 (10 (w36) )] 0)

(-5 )

Another remarkable point is that the inverse operator obtained here does not preserve the
symmetry.

An example is given below to illustrate the above result.

Example 3.1. Let we choose h(z) = \/Ze"ml € La(R), then

1 +o0 1 +o00
(Fh)(y) = al /em”e””|da:—2 / e(—lzl=izy) 7.

5\/27r
0 +oo
:% /e(l_iy)‘”dx+ / e~ Fwe gy
— 00 0

1 1 N 1 1
S 2\1—iy 1+4idy) 1492

Thus, |(Fh)(y)| satisfies the condition (Az). Then

1 1
L+ y2)2(Fh)(y)  L1+¢?

400
2 1
So, there exists a function w(z) = \/7 / cos(zy)dy = \/ze_”” € La(Ry).
™
—o0

(Few)(lyl) = € Lo(Ry).

1492

Next, we study the Watson-type integral transform for the Hartley convolution defined

by the formula ([2.4)).
Let the operators (1)) be defined by mapping

Ty : Lo(R) —s Lo(R)
f»—>\Iszk(f>|2<k):D(f*k),
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2
where D = <1 - d

(3.13) - 2
¥(o) = (1) (o) = (1- Ji) (F15) @

) and function ¥ is determined by the formula

:2\/1ﬂ< dac2>{/f [ (@ +y) + k(- >+’f(—x+y)—k‘(—x—y)]dy},xeR.

Theorem 3.2. Suppose that k is a given function belonging to La(R) space and satisfying
the condition (Az) : (14 yz)’(H{l}k) (y)’: 1 with y € R. Then, the (As) condition
2

is the necessary and sufficient one for (Ty) to be an unitary operator in the La(R) space.
Moreover, the inverse operator of (Ty) can be represented in the conjugate symmetric form.

(3.14) 2
o) = G @) = (1- 45 ) (v55) @)

—2\/1§(1—CZ;){70\Il(y)[kz(m+y)+k(x—y)+k( z+y) — k(- —y)]dy},weR-

where k is a complex conjugate of k function.

Proof. By the same argument as in Theorem and consecutively using the formulas

(3.5)), , we obtain
vw) = @nw = (1-15) (1 () ) (H30) @)@

=H 1+y?) (Hpiyk H Ly(R).

o (05 (y8) 0 (137) ) 0 € e

Thus, f belongs to La(R) space. Besides, in Ly(R) we obtain ||H{1}f||L2(R) = [ fllro(m)
2

So we have the evaluation of the equality (3.15)) and the (A3) condition as follows

‘H{;} (“ +0%) (Hpyk) ) (Hyy7) <y)>

=) (Hgyy0) )

(3.15)

19| o)== 1Tk f Nl Lo(m) =

La(R)

) W

H
W), = "
= fllz.m)-

Therefore, the (T}) operator is an isometric transformation or an unitary operator in Ly (R)
space, using the formula (3.15)), we obtain

3.16 <H @) — Hy1y (T, -1 2<H k) (H )
(3.16) (1Y) @) =Hey (Tif) (y) = A+ y7) (Hpn k) () (B f) ()
From (3.16) together with the (As) condition and using Plancherel’s theorem for the
Hartley transform is unitary <H{ 1 X H{ 1= I) in the Lo(R) space, we obtain

2 2

(H{%}f) (y) = 1+ <H{%}l}) () (H{%}\I/) (v)
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o) = gy (@02 () 0 () ) @) € La(R)

We continue to use formulas (3.5)) and by using the Parseval’s identity (3.2]) in Lemma
then the above expression can be rewritten

) = @0 @) = (1= 15 ) 1y () ) () ) @

d? .
P (w8 @)
< da:2> ’5’“ (z)
To prove the sufficient condition, suppose that To prove the sufficient condition, suppose

that the operator (7}) in (3.13)) is unitary in Ly(Ry) and that the inversion operator (77)
is given by (3.14)), we obtain

1¥la= TSy = (142 (g ) 0] || (337) 0)

Lo(R)
=1 (H )W) =1l
‘ ' {2} L2(R) 2%

This equality holds for all f € La(R) if and only if k£ function satisfies condition (As).
The proof of theorem is completed. O
The following example is an illustration of the above result.

Example 3.2. Now, we choose k(x) = \/§e|‘” € Ly(R), then

I
e~ 1*l cas(+ay)da
( \f 2 Vo ). (£zy)
L -
=5 /¢ [ cos(zy) + sin(zy)]|dx
+00 1 +o00
— / 6_‘x| Cos($y)d$ — 5 / [6—(1—1'24)3: + 6_(1+iy)w] dCC
0 0

1 1 N 1 1
S 2\1—dy  14dy) 14y%

Thus, k is satisfies the condition (As), which implies that

e (g (f57) ) ] -

Remark 2. We exstend the study for the operators (Ty,) and (T}) in the above theorems by
2

d
replacing the second-order differential operator D = (1 — d2> by the differential operator
n 2m

of order 2m in the following form D*™ = Z (=) ™ap,

m=0

gz " € N (see [0]). Then, the
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condition (Az) in Theorem [3.1] becomes

(43) ¢ |(FR)(y)| = (1

i amy2m>
m=0

and the condition (As) in Theorem becomes

(43) : <z": am92m> ‘ <H{%}k> (y)' =1, yeR,
m=0

where P(y) = > 4 amy®™ is a polynomial with real coefficients without real zero points
which implies that, the conditions (A%) and (A3) are well-defined. Then, the operator

, Yy ER,

d2
D = <1 — c12> becomes a special case with n =1,a9 = a1 = 1.
T

4. THE PLANCHEREL-TYPE THEOREMS

In this section we indicate the norms approximation of the operators (T}) defined
by the formula (3.13) in the space La(R) and get the Planchernel-type theorems. The
approximation here can be understood in the sense of to the norm convergence in La(R)

space, we study the boundedness of operator (Tj) from L,(R) to Ly(R) with — + - =1
p q
and 1 <p <2

Theorem 4.1. Suppose that k belongs to the La(R) and satisies the condition (As) of
2

d°k
Theorem (3.2)) such that K(x) = <k($) - dQ> is a locally bounded function on R. Let
x

f € La(R) for any positive number N, we set

N
(4.1) Uy(z) = 2\/15 / f(y) [K(x—i—y)—l—K(a:—y)—l—K(—x—i—y)—K(—a:—y) dy, = € R.
N

Then the following assertions hold
(i) U (x) belongs to the La(R).
(ii) When N — 400, the sequence of functions {Uy(x)} converge in the sense of the
norm to a function W(z) in La2(R) and satisfy ||| r,w)= [|fllLo(w)-
(iii) Let N (z) = U(x).X_n N and set
d2
fn(z) = (T,Y) (2) = (1 - dx2> <\IIN x k) (),

then the sequence of functions { fn(x)} is converge in the sense of the norm to the function
f(x) in La(R) space.

Proof. (i) According to the assumptions of the Theorem and f belonging to Ly(R)
space, the formula (4.1)) is rewritten as
(4.2)

1
2V 27

\IIN(x) =

N P
/ f(y) <1 — dm2> [k(x—i—y)—i—k(w—y)—l—k(—a:—i—y)—k(—:v—y)}dy, x € R.
-N
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The integration (4.2)) is convergent. We continue to change the order of the integration
and the differentiation. Set fV = f-X_n,ny, it follows N € Ly(R), which X[_n N is the
characteristic function of f on finite interval [N, N]. We obtain

(4.3)

o) = 5o (1 dﬂ)/fN (o) + k(e ) + K 4 y) — b~ — y)]dy

- <1 - CZ;) (fN x k) () = (TufN) (v)-

By theorem we get Uy (x) € Lo(R). So, the first assertion is completed.
(i) It is clear that ||f~ — f||;,®)— 0 when N — +oco. Following to the formula

d2
(3.13) then ¥(z) = <1 ~ a2 (f x k:) (z) € La(R). Then, subtracting from both sides of
the expression (4.3) and (3.13]), we obtain

v -0 = (1- 1) (M50 @ - (1- 45 ) (39 @
= (1 5) (7 = 158 )= (@™ - ) @)

Since fV — f € La(R) and the condition (A43) in Theoremis satisfied, we have ¥y — V¥ €
Lo(R) and [|[ O — U, @)= ||/ = fll o). However || f — fll,m)— 0 as N — 400, it
follows ¥y — ¥ as N — +o0 in LQ(R) space. Furthermore, seelng U as the image of f
under the operator (7)) in La(R) space, by Theorem we obtain || f|| 1, ®)= [Tk f o (r)=
¥ £, (r), which is unitary. Now, the second assertion is completed.

(iii) Let OV (z) = ¥(z).X;_y, n) and

(4.4) Fn(z) = <1 - j;) (\I/N : /2) () = (T, 0Y) ().

Thus, ¥ € Ly(R) then UV € Ly(R). Besides, k is a complex conjugate of k and satisfies

the conditions (Ag). So, by Theorem then fx € L2(R), by using and (4.4)), we
obtain

(= 1) = (1= 25 ) (87 = 03 B) (0) = (100" - ) ).

Since UV — ¥ € Ly(R) it follows (fn — f) € La(R) and ||fn — f||L2(1R)= H\I/N — \I/||L2(R)

Moreover, UN — ¥ when N — +o00, which implies thatfy — f as N — +o0.
The proof of theorem is completed. O

A note that, the functions k£ were shown in examples also satisfying the conditions

d2 9 _ 2
of Theorem respectively and K(z) = <1 — dx2> <\/Ze|x|> = \/z ewx < +o00

with x > 0 are the functions locally bounded on R.
In the next theorem, we consider the boundedness of the operators (T}) from L,(R) to

1 1
Ly(R), with1 <p<2and -+ - =1.
p q
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Theorem 4.2. Suppose that k € L1(R) N La(R) has second order continuous derivatives

d’k
on R with K(x) = <k(:r) s

condition (As) of Theorem . Then, the operator (1}) is a bounded operator from L,(R)
1

to Ly(R), with1 <p <2 and -+ - =1.
p q

> is the locally bounded functions on R and h satisfy the

Proof. If pg = 1 then gy = oo, according to the formula (3.13) then

2\/1%< dﬁ)/f [ x+y)+k(m—y)+k(—x+y>—k(—x—y)}dy

is convergent. We can change order of taking differentiation and integration, and obtain

(T f)(z) =

(TLh(@) / 5 (1= 5 ) [Fa )+ b = )+ Kz +0) = K = )]y

2f

= 2\/1%/ f(y)[K(:z:er)+K(w—y)+K(—w+y)—K(—x—y)}dy-

d’k
According to the assumption of the theorem, K (x) = <k‘($) - d2> is the locally bounded
x

functions on R, which means 3M > 0 such that |K(x)| < M,Vz € Q C R. Moreover,

400
B < 5 [ 10 K o)+ Ko=)+ Koo +9) = K2 =) d

+oo
4M 2
< ﬁ / ‘f(t)’dt_M\/;HfHLl(R)< —+00,

which implies that (7}) is a bounded operator from L;(R) — Loo(R). On the other
hand, if p; = 2 then ¢; = 2, by theorem it follows (T}) is a bounded operator from
Ly(R) — La(R). Thus, using Riesz’s interpolation Theorem (refer Theorem 1.3, p. 179,

Chapter 5 in [I7]), we obtain (7}) is a bounded operator from L,(R) — L4(R), where p, ¢
-—a !

So1-2

1 + 2 2
The condition 0 < a < 1 implies 1 < p < 2. Adding the cases p = 1,p = 2 that already
hold, we conclude that the operator (T} ) is bounded from L,(R) to Ly(R) for all 1 < p < 2.

The proof of theorem is completed. O

is a pair of conjugate exponents and p is determined by formula — =

Remark 3. By setting ¥(x) = (Tr.f)(z) = Nhj)l <1 - ddQQ> (fN % k:) (x) and

d? -
f(z)y= lim (1--— (\I/N * k:) (x), then U, f are the locally bounded functions from

N—sc0 dz? 2
L,(R) to Ly(R) and with % + % = 1, where the limits are understood in the norm sense in

the space Ly(R) and fN = f-X_n.Nps N = VX _n N
We have ¥(z) = Nhn+l (T fN) (z) and f(z) = Nlirrrr (T ™) (z) with k is conjugates
—+00 —+00
function of k. Following Theorem then the (7)) and (T%) are bounded operator from
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L,(R) to Ly(R). Implies that ¥ and f are the locally bounded functions from L,(R) to
L,(R).

5. SOME APPLICATIONS

In this section, we will use the obtained results in section 3, combined with the tech-
niques of convolution and polyconvolution in [9, 15, 24] and [12] to study the solving
of some classes of the integro-differential equations of Barbashin type , differential
equations and system of differential equations (5.12f). We will give explicit formu-
las of solutions and determine the function spaces of solutions. Following each result are
illustrative examples.

5.1. Solving the integro—differential equations of Barbashin type. The main idea

of this section is that we replace the expression Af(t, s) of the equation (1.3]) by the formula
2

d
Af(t,s) == <1 — d2) (f * g)(x). Then the equation (1.3|) can be rewritten as follows
x

(5.1) (1—5;) /Kxuv w)du + ®;(z),

where g, ®;(z), i = 1,2 are the given functions, K(z,u,v) are some given kernels and
f is an unknown function. To solve the equation (5.1]), we choose (f x g) defined by the
formula (2.2), (2.4)) and (2, u, v) as the kernel of the convolution, polyconvolution defined
in [I5, 9.

Lemma 5.1. (See [15]), Suppose that f, o2 € La(R), p1 € La(Ry). Then, polyconvolution
<>§(f7 <P17902)> belongs to La(R) and

62 Hyyy (5o ) o) = (H{yy ) O FEeo) (Hpye2) 0, v e R

where
400 +00

(5.3) < (f,901,¢2> = 47T//f u)1(v)®(z, u,v) dudv, z € R.

And
(5.4) O(z,u,v) = p2(—r+u+v)+p2(z —u+v)+a(—z+u—v)+ @a(xr —u+0)
' +po(—x—u+v)—palr+u—v)+ pa(—x—u—v) — pa(x+u+wv).

And

(5.5) Fep1)( \/7 / 1(x) cos(zy)dx, y > 0.

e Firstly, we choose (a,b) = (—o0,4+00), and (f xh) = (f x k) which is defined by the
1 b
formula (2.4]), and the selected kernel of equation K(x,u,v) = I / ®(x,u,v)dv, where
T
0
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®(x,u,v) is defined by (5.4). Applying the formulas (3.7) and (5.3), then the equation
(5.1) can be rewritten as follows

(5.6 @) + (5 (Frorven) ) () = ),

where the operator (T} f) defined by the formula (3.7)), the polyconvolution (?; (f,p1,92)

is defined by the formula (5.3), @1, p2,k, &1 are given functions and f is a unknown
function.

Theorem 5.1. Let o, k, @1 be functions that belong to La(R) space and o1 € Lo(R4) are
given functions satisfying the following condition

(H{%}(I)l) (y)
(1 +92) (H{1yk) 0 + Ep) () (Hy1ye2) W)

Then, the equation (5.6) has a unique solution in La(R) which can be presented in the
form

(A4) : < LQ(R), (TS R.

T (A3 2) W)
V() (Hyyk) )+ Feon) () (Hye2) )
where H{%},Fc are respectively determined by and .

Proof. Applying the Hartley H (1 transformation on both sides of the equation ([5.6)) and
2
using consecutively the formulas (3.16]), (5.2]), we obtain

Hey (Tef) () + Hy 1y < x(f, <P17902)> (y) = (H{%}%) (),
or equivalently,
(1+4%) (H{%}@ (y) <H{%}f> (y)+<H{%}f> () (Feer) () (H{%}W) (y) = (H{%}‘IH) (y)-
Under the condition (A4), we have
(H{%}f> () [(1 +9%) (H{%}@ (y) + (Fee1)(lyl) (H{%}soz) (y)] = (H{%}%) ),

which means

flz

cas(txy)dy, x € R,

(H{1}f> (y) = (H{%}(I)l) Y € L2(R), y € R.
: (497 (Hyyyk) )+ Fep) (o)) (Hyzy02) )

By using the inverse transform of Hartley defined in the formula (2.6)), we obtain

e Hei @) (y)
f(z) = / ( {3} 1) cas(+zy)dy, = € R,
o @) (Hyuyk) 0) + Fepn) (o) (Hyzye0) )
and f(z) belongs to La(R). The proof of theorem is completed. O

An example is given below to illustrate the above result.
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Example 5.1. We choose ®1(x) = @a(z) = k(z) = \/Ze_””| as functions belonging

to the La(R) space and ¢1(z) = \/Ze_m € Ly(Ry). We have H{ }<\/>e |z> =
T . 1 . .
F, <\/;e ) =17 ) are satisfying the condition (A4) and
<H{%}‘I)1> (y) B 1492

(497 (Hyyyk) )+ Fep) (o)) (Hyzy02) () NIRRT

With the help of Mathematica 5.1 tool, we have the solution for this case as follows

1+ g2 \[/ 1+y
(+ =
f(z) = \/%/ 059 +1cas xy) dy = Cos(:ny) dy

e To further study the solvability of the equation (5.1]), we choose (a,b) = (—o0, +00)
and the convolution (f * g)(x) = < f * g) (x), which is determined by the formula (2.2]).

Now, the kernel of the equation is chosen by the expression

€ Ly(R).

K(z,y,t) = K(z,y) = Q\ﬁ [ps3( +y) + @a(z —y) + p3(—z +y) — pa(—z —y)].
Applying the formulas and ([2.4] , then the equation ([5.1)) can be rewritten as follows
(5.7) (T f)(@) + (f 5 ¢3) (@) = @ (@),

2 .
where (T, f)(z) = <1 - dx?) ( fx h) () is defined by formula (377) and h, @3, @2 are the

given functions, f is an unknown function.
Theorem 5.2. Suppose that h,ps, Py belong to La(R) space and satisfy the following

condition
(H1%2)(y)

A5 .
) TR ) + (Hiee) )
Then the equation (5.7)) has a unique solution in Lo(R) which is of the form

S LQ(R)

/ (H1%2)(y)

Ver ) (L+y?)(Fh)(y) + (Hips)(y)
where Hy, F' are respectively defined by the formulas (2.5 . and .

Proof. Applying the H; transformation on both sides of the equation (5.7)) and using the

formulas , , we obtain
Hi(Tuf)(y) + Hy (f 5 03) (v) = (H1@2)(0).

f(z) =

cas(zy) dy, = € R,

or equivalently

(L+ ) (H f)(y)(FR)(y) + (Hi f)(y) (Hips) (y) = (H1®2) ().
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" (H192)(y)
Under the condition (As), we have (Hi f € Ls(R) and
(e), wehave 1)) = 8 mEmy ) + (Henw) © 2
(H1P2)(y)
f(z) = / cas(zy)dy, x € R,
7 | T + i e
and f(x) belongs to La(R) space. The proof of theorem is completed. O

The following example is an illustration of the above result.

Example 5.2. Now, choose h(x) = ¢3(x) = ®Po(x) = \/Ze_””| € Ly(R). Then

™ 0 1
Fl ./ Zel2l) = g Zelel) = j ition (A
<\/;e ) 1 <\/ge 155 satisfies the condition (As) and

(H192)(y) _ 1
(1+y2)(Fh)(y) + (Hips)(y) 2+
Following the formula (21, p.616, [1]), we have the solution for this case as follows

+oo +o00
1 1 2 1
flx) = Nor: / Wcas(fﬂy)dy = \/; / 712 cos(zy)dy
—o0 0

__%fe“@xeLﬂR+)cLﬂR)

5.2. Solving the differential equations. According to Theorem 4.1 in (Chapter 4, p.
224, see [12]) gives a closed-form solution of the Cauchy-type problem.

( ( AM(z) =®(x), (a<zxzZba>0;\eR)
@Wk H=bp, (breRk=1,--,n=—-][-q]),

S L2<R)

(5.8)

\_/

where ®(z) € C,[a,b](0 = v < 1) with the Riemann-Liouville fractional derivative
(D2, f) (z) of order a > 0 given by

(02.0) @) = =y (o) {/ Nt} (= lal + 1> a)

In this part of the paper, we study closed-form solutions of a narrow class of differential
equations than equation in the problem ([5.8) by choosing A = —1 and substituting the

d2
operator (D, f) by operator D(f * g) where D = <I—

d2> Then the equation in
x

Cauchy-type problem (5.8) can be rewritten as follow

2

(5.9) fo) + (1 - d) (f *9)(@) = B;(x), z € R

where ®;, j = 3,4 and g are given function, f is an unknown function. The idea to
solve the equation (5.9) is that, we use the operators (T},) or (7)) studied in section 3 and
choose (f * g) as one of the two convolutions studied in results (see [24] or [9]).
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e In this case if we choose (f * g)(z) = (f H h) (), which is defined by the formula (2.2)),
then the equation (5.9)) can be rewritten in the form

(5.10) f(@) + (Thf)(x) = ®3(),
2

where ®3,h are given functions and (T}, f) = (1 — j2> ( f * h) () is determined by
x

B2

Theorem 5.3. Suppose that h, ®3 are given functions in La(R) satisfying the following

(1 @3) (1) | |
€ Lo(R). Then th t 5.10) A
[T+ 2R © 2B Then the cquation as a unique

solution in Lo(R) which can be presented in the form

condition (Ag) :

f(z) / (H193)(y)
T Var ) T (L ?)(Fh) ()
where Hy, F the respectively defined by the formulas (2.5)),(2.7)).

Proof. Applying the H; transform on both sides of equation (5.10)) and using the formula
(3.11]), we obtain

cas(zy)dr € La2(R), = € R,

(Hif)(y) + Hi(Thf)(y) = (H1®3)(y),
or equivalently
(Hif)(y) + (1L +y*) (H L) (y) (Fh)(y) = (H1®3)(y),

(H1®3)(y)
L+ (14 y2)(Fh)(y)

under the condition (Ag) then (Hif)(y) = € Ly(R). And we have a

solution in La(R) as follows

(H1P3)(y)
(x) cas(zy)dy, = € R.
o) = / T (L ) (ER Y
The proof of theorem is completed. O

An example is given below to illustrate the above result.

Example 5.3. We choose &3 = \/Zex| and h = \/?]:r\ew as functions belonging to
the Lo(R). Following the formula (5, p611, [7]), we have

<\f|m|e $|> 1+y
& (\/§Bx|> B 1+y2'

H,® 1
Then T (<1 —l—lyg))((?h)(y) = 201 ) € Ly(R). And we have the solution for this case

as follows

+oo
0 5 cas(ay)dy = \/12? / o cos(ay)dy = ;\/Ze—w € Ly(Ry) C Ly(R).
0

1
_\/27T/21+
—00
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e On the other hand, if we choose the convolutions (f * g)(z) = (f x k) (z), it means

2
73 (f *g)(z) = (Tx.f)(x), which is determined by the formula (3.13]). Then the

equation (5.9)) is rewritten as

(5.11) f(@) + (T f)(x) = Pa(z),

Applying the Hartley H ! transformation on both sides of the equation (5.11)) and using

2

the formulas (3.16)), we get the following corollary.

Corollary 5.1. Let k, &4 € Lo(R) are functions satisfying the following condition (A7) :
Hyp\ @ )
(32) @

1 1 H(H k

+ (14 9?) (Hypyk) )

which can be presented in the form

€ Ly(R). Then the equation (5.11) has a solution in La(R)

7 e
VIR 1 () (Hpyk) W)

()W
- 2
L (Hpyk) ) 2049
and the solution of the equation (5.11|) in this case has the form
_ VT
=37

5.3. Solving the system of differential equations. Consider the following system of
differential equations

flx cas(xzy)dy, = € R.

Note that if we choose ®4 =k = \/Zem|, then € Ly(R),

f(x)

e ’e LQ(R+) C LQ(R)

) + (1 - Ci;) <g : h> (¢) = ®s(x), z €R
(1- jz) (734) @ +ate) = Bula) 2 e

where @5, &g are given functions, f, g are unknown functions. The convolutions (. * D, (. % )
are respectively determined by the formulas (2.2) and (2.4]).

(5.12)

Theorem 5.4. Suppose that h, k, @5, Pg are given functions belonging to the La(R) space
and simultaneously satisfy the following conditions

((As:) 1—(1+y2)2H, (kTh> (y) #0,Vy € R
(H1@5)(y) — (1+ 52 Hy (@6 1) (9)
1= (19228 (ko h) ()
(H1@6)(y) — (1 + 2 Hy (@55 1) (9)

1= (1+y?)H (k x h) (y)

(Ag 1) € Ly(R)

(Ao 1)

S LQ(R)
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Then the problem (5.12)) has solution (f(x),g(z)) € La(R) x La(R) which can be presented
in the form

(H1®5)(y) = (1+ ) Hy (B 5 h) (y>>
1 (122 (kh) ()
(H1®)(y) = (1+y*)H1 (55 h) <y>>

L= (149228 (ks h) (y)

f($)=H1<

[y

[\V]

(y), x € R.

g9(z) =H1<

where the (Hy) transform is defined by (2.5) and (. H D, (- x .) are respectively determined
by the formulas (2.2) and (2.4)) .

Proof. From the formulas (3.7), (3.13]), we rewrite the system of differential equations
(5.12)) as follows

f(@) + (Thg)(z) = P5(2), z € R,
(43) { (T1f) @) + g() = Do), z € R

Applying the H; transformation respectively on both sides of the first and the second in

the system of equations ([5.13)) and using the formulas (3.11)),(3.16)), we obtain

(Hif)(y) + (1 + y*)(Hig)(y)(FR)(y) = (H1®5)(y), y € R,
(L+ ) (HLf)(y) (Hik)(y) + (Hi9)(y) = (H1%6)(y), y € R.

Combining the factorization equalities ([2.1f),(2.3), we have

- 1 (1+)(FR)(y)|
A“(Hy?)(mk)(y) " y‘—1‘<1+y2>2ﬂl (kyh) @)
2
1 B LN s o)
- 1 (Hy®5)(y)|
B2 =10 1 y2) (Hk) (y) <H1¢Z>(‘Z>’ = (1 26)(y) — (1+ ") Hu (5 5k ) ().

Under the conditions(Ag — A1), we get

W) =X = T (

1
kxh)(y)
A, (E®6)(y) = (L+y?)Hy (D5 50) (1)

kxh)(y)

=
S
S~—
&
I
I
/N
m
™~
no
=
ol
<
m
=

A 1— (1+y2)2H,
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Using the inverse transform formula ([2.6)) then this implies that

(H1®5)(y) = (1+y*) Hy (@6 % h) (9)
fx) = H (y), €R
1= (1+y?)H (k * h) (v)
(H1@6)(y) — (1+ 52 Hy (@55 1) (1)
g(x) = Hy (y), z €R,
1—(1+y?)?2H (k * h) ()
and (f,g) € La(R) x La(R). The proof of theorem is completed. O

We will end the article with an example illustrating the above result

Example 5.4. Now, we choose h =k = eIl and &5 = &g = \/je_'”” where h, k, @5, Pg
are given functions belonging to the Lo(R) space.
_ _ 2 1
We have F (e |"’5‘) = H; (e |””‘) = P 7 and H1®5 = H1Pg = Tyg’
the condition (As), which implies that

which satisfy

L41+ffH4ﬁT@@0:1_%¢a

2 1
Furthermore, we obtain H; <<I>6 * h) (y) = Hy <<I>5 % h) (y) = \/;my?)z, which also
are functions satisfying the condition (Ag), which implies that
(Hi®5)(y) — L+ ) Hr (D6 4h) (0) 1
! = € Ly(R)
_ 22 2 1+y? )
1 (1+y)H1(k>1kh)(y) 1+\/;
And under the condition (Ay), we get
(H1®6)(y) — (1+y*) Hy (%;h) () 1 1
= S LQ(R)

2
1*(1+y2)2H1(k>1kh>(y) 1+\f1+y
™

In conclusion, the solution of the system equations (5.12)) in this case has the form

\ﬁ \ﬁ
(f.9) 2_olel V2 bl | ¢ Ly(R) x La(R).
Y S Py

e
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