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ABSTRACT 

Multifluid model (MFM) simulations have been carried out on liquid-solid fluidized beds 

(LSFB) consisting of binary and higher-order polydisperse particle mixtures. The role of 

particle-particle interactions was found to be as crucial as the drag force under laminar and 

homogenous LSFB flow regimes. The commonly used particle-particle closure models are 

designed for turbulent and heterogeneous gas-solid flow regimes and thus exhibit limited to no 

success when implemented for LSFB operating under laminar and homogenous conditions. A 

need is perceived to carry out Direct Numerical Simulations of liquid-solid flows and extract 

data from them to develop rational closure terms to account for the physics of LSFB. Finally, 

a recommendation flow regime map signifying the performance of the MFM has been 

proposed. This map will act as a potential guideline to identify whether or not the bed expansion 

characteristics of a given polydisperse LSFB can be correctly simulated using MFM closures 

tested. 

Keywords: Polydisperse liquid-solid flow; fluidized bed, segregation and intermixing; Euler-

Euler simulations; Computational Fluid Dynamics 

1 INTRODUCTION 

Liquid-solid fluidized beds (LSFB) are widely used in the chemical and petrochemical 

industries. LSFB finds its application in several unit processes: roasting of ores, effluent 

treatment, chromatographic separations, and crystallization. For most of these processes, the 

LSFB operates with a mixture of different particles with wide size, shape, density distribution, 

and phase volume fractions. A wide range of settling velocities characterizes these particles. 

While designing LSFB, it is essential to understand the bed expansion, particle segregation, 

and intermixing of various solid phases. One of the critical parameters affecting the 

performance of LSFB is the operating conditions such as particle size distribution and solid 

loading. These characteristics govern the equipment volume depending upon the phase in 
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which the various sub-processes take place. Further, the spatial distribution of solid phase 

volume fraction governs the flow pattern of solid and liquid phases. It thus indirectly affects 

the extent of liquid and solid phase mixing, axial dispersion in both the phases, mass, heat, 

momentum transfer and chemical reaction rates. 

The modeling of such systems offers challenges because of the complexity of flow and 

interfacial forces involved. Computational fluid dynamics (CFD) is a powerful tool to predict 

the flow and bed expansion characteristics accurately. Various researchers successfully 

employed the Eulerian-Eulerian (E-E) framework-based multifluid model (MFM) to predict 

expansion characteristics in mono-component LSFB 1–4 and segregation and intermixing 

behavior in binary LSFB 5–8. The MFM approach considers interpenetrating continua of phases 

and involves the kinetic theory of granular flow (KTGF) as closure. Due to the assumption of 

interpenetrating continua, the MFM approach possesses an inherent limitation of modeling the 

interfacial interaction terms. Most of the commonly used interfacial interaction models used to 

provide closures are based on empirical or semi-empirical models, which makes their use 

restricted under specific flow conditions.  The limitations posed by the MFM can be overcome 

by using a more rational approach such as (i) the Computational Fluid Dynamics-Discrete 

Element Method (CFD-DEM) approach, which solves the equation of motion tracking the 

trajectory of each particle, thereby considering them as discrete entities9,10. (ii) Direct 

Numerical Simulations (DNS) – solving the fundamental governing equations for the 

continuous and the dispersed phases without averaging or filtering approaches. Although both 

CFD-DEM and DNS provide a much rational solution, they are computationally intensive and 

expensive for simulating polydisperse LSFB. The application of such high fidelity approaches 

(CFD-DEM and DNS) is limited to a few particles for a reduced order geometry or under 

simplified assumptions11,12. On the other hand, the relatively simple physics of the 

interpenetrating continuum provided by the MFM approach makes it convenient and 
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economically feasible to investigate the overall performance of industrial-scale LSFB. Thus, 

although the predictions from the Eulerian-Eulerian approach are not as informative and 

accurate as DNS or the CFD-DEM, the possibility of getting quick estimates for design 

parameters of industrial-scale equipment makes them essential. The present work uses the 

MFM approach to study the bed expansion, segregation, and intermixing in LSFB involving 

different particle phases (2 to 6 species). The current information from the literature on 

segregation and intermixing in LSFB have been first systematically reviewed and discussed in 

the following sub-section. The lacune identified from this literature review has been then 

presented at the end of this section.  

1.1 Literature review 

The parameters affecting the segregation and intermixing behavior in LSFB include particle 

size, particle shape, phase densities, volume fraction, and liquid-phase velocity (the present 

study only focuses on polydispersity due to particle size and density). Researchers have 

proposed correlations for segregation based on these parameters. Fluidization of particles leads 

to bed expansion, whose height changes with the fluid flow rate. The expansion characteristics 

of mono-disperse LSFB have been well represented empirically by the Richardson and Zaki13 

equation (1):  

 
nL
L

S

V

V 

=   (1) 

Here n is an empirical parameter and can be estimated using Richardson and Zaki13, LV is the 

superficial liquid velocity, and SV  is the terminal settling velocity for a single particle. When 

a second solid component that differs either in size or density or in both is introduced, the bed 

expansion characteristics get more complicated. The two species of solid particles have 

different settling velocities, the difference in which causes the particles to either segregate or 

intermix. The height of the intermixing zone depends upon the ratio of terminal settling 
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velocities (VS1/VS2) and the Reynolds number. In extreme cases, the binary particles 

segregate with a clear interface or intermix entirely so that both the particles are found 

everywhere in the expanded bed. The prediction of segregation and intermixing effects 

becomes more complex as the number of particle phases increases.  

1.1.1 Experimental studies 

Hoffman et al.14 experimentally observed that such behavior depends on the size ratio in binary 

and ternary particle systems having the same density. They observed complete segregation 

when the size ratio of the larger particle to the smaller particle ( )
1 2R S Sd d d=  was greater than 

1.58 and partial segregation when the size ratio was 1.24. Pruden and Epstein15 proposed that 

the degree of segregation depends on the difference between the bulk densities of two solid 

species when each species is fluidized individually. It was found that the higher the value of 

bulk density difference, the greater is the tendency towards segregation. The value of bulk 

density difference increases with an increase in the size ratio ( )Rd  and liquid voidage ( )L .  

Wen and Yu16 carried out experiments for bidisperse size for particles having the same density. 

They found that for 1.3Rd  , the particles intermix while for 1.3Rd  , they segregate. Al-

Dibouni and Garside17 investigated bidisperse LSFB in the range of size ratios 2 6.7Rd  . 

They found that particle combinations having 2.1Rd  , exhibit complete segregation. Galvin 

et al.18 carried out experiments for LSFB with a binary particle system where the two-particle 

species varied mainly in density ( )
1 2

1.06 1.18S S   . The particle sizes of each of the 

selected solid species ranged from 1 1.18
iSmm d mm  . Their experiments showed that the 

closer the terminal settling velocity of the particle species in a given binary LSFB, the greater 

will be the intermixing between them. Galvin et al.18 also developed a one-dimensional 

algebraic model to predict the axial varying solid hold-up and the dispersion coefficient for 
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binary LSFB. It is worth noting that all of the previously existing models (before Galvin et 

al.18) assumed that the solid dispersion coefficient remains uniform throughout the bed. The 

model proposed by Galvin et al.18 showed that the solid dispersion coefficient depends upon 

the local condition and thereby varies along with the axial distance of the LSFB.  

Murli et al.19 carried out experiments for six different sizes of particles (constant particle 

density for all size sizes). They used the experimental data to propose a simplified correlation 

for estimating the overall solid dispersion coefficient using the equivalent diameter and 

minimum fluidization velocity for the system under study. They found that the solid dispersion 

coefficient increases with an increase in particle diameter and superficial liquid velocity. The 

work of Murli et al.19 was taken forward by Chavan and Joshi20, who experimentally 

investigated binary and higher polydispersity LSFB (3 to 5 sizes of particles having the same 

particle density). Their experiments led to the finding that the segregation of a given particle 

species in a polydisperse LSFB is a strong function of the size ratio of that particle species to 

the other particle species present in the bed. They used the correlation for reduced bulk density 

(β) proposed by Epstein and Pruden15 in combination with their experimental results to show 

that for a binary LSFB, complete segregation takes place for 1.55Rd  , partial segregation 

occurs for 1.4 1.55Rd  , and complete intermixing happens for 1.4Rd  .  

In higher polydispersity LSFB, with each new particle-phase added, it was observed that the 

intermixing effects become more dominant, and complete segregation was no longer observed 

up to a particle size ratio equal to 2. In LSFB with the ternary mixture, partial intermixing was 

observed for a size ratio of 1.4, whereas relatively less intermixing was seen for a size ratio of 

1.7. For a ternary particle mixture of an equal diameter ratio of 1.41, equal distribution of mid-

sized particles was observed between the large and small particle sizes. The ternary mixture 

experiments were found to attain a steady-state condition after 2hrs. After the steady-state was 

reached, the largest size particles (out of the three particle sizes that were fluidized) settled 
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down at the bottom of the bed. The mid-sized particles settled above the large ones while the 

smallest ones were amassed at the top. 

Chavan and Joshi20 showed that intermixing effects were predominant over segregation effects 

and particles in the mixed zones in the bed in fluidized bed systems involving four different 

particle sizes. The maximum extent of intermixing impact was seen for particles of the smallest 

size ratios. In five particle systems, an increased extent of intermixing was observed compared 

to that in the quaternary system. However, the layers of the smallest and largest particles sizes 

still existed at the top and the bottom regions of the bed. A small intermixed zone was present 

in between where particles of all the five different sizes were present.  

Khan et al.7 showed that the bed expansion heights of each solid phase of a completely 

segregated binary LSFB deviate by around 23-25% than the corresponding bed expansion 

heights exhibited by monosized LSFB. Binary LSFB with high particle density ratios, even 

when showing dominant segregation, were found to have a small mixing zone which decreased 

as the superficial liquid velocity increased. In contrast, small diameter ratio cases illustrated a 

comparatively larger mixing zone, which increased with superficial fluid velocity. 

1.1.2 Computational Studies 

In addition to the theoretical models and experimental studies, the last two decades have seen 

a tremendous increase in computational studies of segregation and intermixing characteristics 

in binary LSFB. Chen et al.21 developed a simplified one-dimensional hydrodynamic model 

for predicting the solid hold-up in the LSFB. They used the drag correlation of Clift et al.22 in 

their hydrodynamic model. They found that the solid phase axial hold-up predicted by their 

model agreed well with experimental data for mono, binary and multi-size particle systems for 

high fluidization velocities. However, their model did predict segregation for low fluidization 

velocities where segregation is not observed in experiments. They also showed that a binary 

mixture (with both particles having the same particle density) would segregate itself into two 
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separate layers if the superficial liquid velocity of the LSFB lies between the individual 

minimum fluidization velocity of each of the particle phases. Gera et al.23 studied particle 

segregation in a binary gas-solid fluidized bed using the Eulerian-Eulerian model. They used 

the Gidaspow24 model to account for the fluid-solid interaction. In addition to the fluid-solid 

drag, they proposed a new term to account for interactions between solids that they call particle-

to-particle drag. They found that the inclusion of the particle-particle drag accurately models 

the hindrance effect, which correctly predicts the segregation at intermixing behavior. Reddy 

and Joshi6 performed E-E framework-based MFM simulations for mono and binary particle 

mixture LSFB covering a wide range of particle size ratios. Their simulations were found to be 

in good agreement with the experimentally predicted solid hold-ups, provided the Pandit and 

Joshi25 fluid-particle drag model was used.  

Jain et al.26 investigated the flow behavior in a binary LSFB using Radioactive Particle 

Tracking (RPT) and Dense Discrete Particle Method (DDPM). The mean velocity predictions 

of DDPM were found to be in good agreement with the experimental measurements. However, 

the axial root mean square (RMS) velocity predictions were reasonably predicted by DDPM 

only for bigger (1mm) particles. The deviation in RMS velocity predictions from DDPM 

occurred due to the limitations in quantifying the particle-particle interactions.  

Khan et al.8 carried out two-dimensional MFM simulations for binary LSFB using the kinetic 

theory of granular flow (KTGF). The predicted axial profiles from the simulation were found 

to be in good agreement with the experimental data from published literature. It was found that 

binary mixtures exhibit complete/partial intermixing. The energy dissipation rate significantly 

increased with the superficial liquid velocity indicating the presence of strong phase 

interactions.  

Peng et al.27 carried out computational fluid dynamics-discrete element model (CFD-DEM) 

simulations of binary particle mixture in LSFB to evaluate the interfacial forces acting under 
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various flow regimes. It was found that under heterogeneous flow conditions (Rep>40, 

εL,avg>0.74), the local fluid-phase turbulence governs the axial and radial dispersion of particle 

phases. In contrast, for the homogenous flow regime (Rep≤40, εL,avg≤0.74), the binary LSFB 

hydrodynamics strongly depends on the particle-particle collisions. 

Rahaman et al.28 carried out MFM simulations in six-size polydisperse LSFB to investigate the 

flow patterns. Their simulations were limited to particle systems which show dominant 

segregation of particles. They evaluated three empirical fluid-solid drag laws to understand the 

rate of fluid-solid momentum transfer. Wen and Yu16 and Gidaspow24 drag law models showed 

better hydrodynamics predictions as compared to the Syamlal29 model.  

Molaei et al.30 used the CFD-DEM to investigate the segregation in binary particle mixture 

LSFB. They found that the fluid-particle drag plays an essential role in imparting segregation 

to a given particle mixture. They found that the conventional drag laws based on monosized 

particle mixtures may not accurately predict the accurate flow patterns of particle mixtures 

consisting of different sizes and densities, as was earlier argued by Di-Renzo et al.31. Molaei et 

al.30 used drag models designed specifically for polydisperse particle mixtures to provide 

closure for the fluid-particle momentum transfer. They found that the segregation behavior is 

best predicted when the drag model of Rong et al.32 is used. 

Previously reported segregation and intermixing studies have been carried out over a wide 

range of flow conditions. Besides, several different combinations of closure models (i.e., 

closure models of fluid-particle drag, particle-particle interaction term, granular temperature, 

radial distribution function, etc.) have been used for carrying out the simulations. Many 

different combinations of MFM closure models (fluid-particle drag, radial distribution, 

frictional viscosity, etc.) have been verified and validated under varied conditions6,8,33, as 

shown in Table 1. However, there is no specific recommendation for using a particular closure 

model for a given flow regime to accurately predict the segregation and intermixing effects. 



10 

This study analyzes different closure model combinations recommended in the literature for 

simulating LSFB to quantify and understand their role in segregation and intermixing. 

Table 1. Evaluation of different simulations methodologies and closures used by researchers 

for investigating hydrodynamics polydisperse mixtures in LSFB 

Reference Cornelissen et 

al.3 

Reddy et al.6 Khan et al.8 Rahaman et al. 
28 

Granular 

viscosity 

Syamlal et al.34 Gidaspow et 

al.35 

Gidaspow et 

al.35 

Gidaspow et 

al.35 

Granular bulk 

viscosity 

Lun et al.36 Lun et al.36 Lun et al.36 Lun et al.36 

Frictional 

viscosity 

Schaffer37 None None Schaffer37 

Radial 

distribution 

Ding and 

Gidaspow38 

Ding and 

Gidaspow38 

Lun et al.36 Ding and 

Gidaspow38 

Granular 

temperature 

Syamlal et al.34 Algebraic Algebraic Ding and 

Gidaspow38 

Fluid-particle 

drag  

Gidaspow24 Pandit and 

Joshi25 

Gidaspow24 Syamlal 

O’Brien29, 

Gidaspow24 and 

Wen and Yu16 

Particle-particle 

interactions 

None None Syamlal 39 Syamlal 39 

1.2 Objectives of the present study 

As discussed in the previous sub-section, several computational studies in the published 

literature on intermixing and segregation characteristics of polydisperse LSFB. Most of the 

computational studies in the literature have been strictly restricted to binary LSFB. Very few 

studies in the published literature consider hydrodynamic simulations of LSFB systems 

consisting of more than two solid components28. The objective of the present study is to 

evaluate the capabilities and limitations of the MFM to predict the segregation and intermixing 

behavior of polydisperse LSFB consisting of 2-6 sizes and densities of particle mixtures. Issues 

concerning the closure terms (frictional viscosity, fluid-solid drag, and particle-particle 

interaction) in the MFM simulations of LSFB have been critically analyzed. Extensive 

sensitivity analyses have been carried out to evaluate the advantages and disadvantages of 

performing MFM simulations for polydisperse LSFB. Under homogenous and heterogenous 

conditions, simulations have been carried out under laminar, transition, and turbulent flow 
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regimes. Conclusive guidelines have been provided based on the sensitivity analyses, which 

will help practicing engineers and technologists to carry out MFM simulations of polydisperse 

LSFB more rationally with caution. 

2 CFD MODELING 

2.1 Geometry and meshing 

MFM simulations are favorably used in industries to study bed hydrodynamics for large-scale 

LSFB owing to the computational and economic feasibility that they offer. The MFM model 

has certain limitations. It treats the continuous and dispersed phases in an interpenetrating 

continuum, accounting for particle-particle and particle-fluid interactions in an ad-hoc manner. 

The high-precision computational approaches which treat the dispersed phases as discrete 

entities (such as CFD-DEM and Particle Resolved-Direct Numerical Simulations (PR-DNS)) 

are too expensive and time-consuming. Hence, their applications are limited to small and 

moderate-scale LSFB consisting of a few thousand particles only11.  

Even though the advancement of high-performance computation has enabled us to carry out 

complete three-dimensional CFD simulations of fluidization systems, these have been limited 

to small Reynolds numbers for a limited number of particles for dilute particle systems. When 

the purpose of CFD simulations is to design, scale-up, or optimize industrial-scale fluidized 

beds, two-dimensional simulations remain the preferred choice. 2D simulations provide 

satisfactory predictions of axial velocity profiles and void fractions. Thus, although fairly 

detailed three-dimensional CFD approaches exist for simulating fluidized beds, 2D simulations 

continue to be the most feasible option for quick estimates of large-scale LSFB hydrodynamics 

for industrial applications.  

The section describing the geometry, mesh details, and boundary conditions used to define 

polydisperse LSFB is explained in detail in the supplementary material file. The details of the 

dimensions used for these three cases have been specified in Table 2. Three methodologies 
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were evaluated to identify their advantages and limitations reported in section 5 of the 

supporting information file. The results reported in this manuscript (other than those explicitly 

specified in section 2 of the supporting information file), have been carried out using the 3D 

cylindrical model, i.e., Geometry-3 shown in Table 2. 

For all the geometries specified in Table 2, the inlet was prescribed as a uniform liquid 

superficial velocity, while the outlet was set to have a constant pressure (101,325Pa). The side-

wall boundary conditions varied for the different cases, which have been shown in Table 2. As 

the MFM is being used, all the particle and fluid phases are in an interpenetrating continuum. 

Separate governing equations for the continuity and momentum were solved for each particle 

phase having different sizes/densities (details of these equations and the closure terms have 

been given the section 3 of the supporting information file). For example, four sets of governing 

equations were solved in any given ternary mixture case, three sets of equations for each of the 

three-particle phases, while one set for the liquid phase. The solid phases were patched with 

the overall solid volume fraction of 0.6 (i.e., for any given case, the sum of the initial packing 

fraction of all the solid species involved was equal to 0.6). All the simulations have been carried 

out with equally distributed volume fractions, i.e., for a ternary particle mixture, the volume 

fraction for each of the three solid species was 0.2. The initial packing height varied for each 

case and was determined from the corresponding literature data. The details of the governing 

equations and the closure models have been specified in the supplementary material file.  

Table 2. Sensitivity analysis for bed description of polydisperse LSFB 

Parameters Geometry-1 Geometry -2 Geometry -3 Geometry -4 

3D/2D 2D 2D 3D 2D 

Diameter of the 

column 

25mm 50mm 50mm 100mm 

Column Height 1200 mm 1200 mm 1200 mm 800 mm 

Side-wall 

boundary 

condition 

Axisymmetric No-slip No-slip No-slip 
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In all the simulated cases, the column to particle diameter ratio was greater than ~12 to 

eliminate the wall effects12,40. A thorough grid independence test was done which showed that 

a 3D cylindiracal model with uniform grids of 1mm size were suitable for the simulations. Grid 

independence study has been described in detail in section 1 of the supplementary material file.  

2.2 Model specifications 

The constitutive equations for frictional viscosity, fluid-particle drag, particle-particle 

interactions were used to model the interfacial interactions. Previous studies have indicated 

that the role of non-drag forces such as lift, added mass is negligible compared to the fluid-

particle drag force (Cheng and Zhu1 ; Cornelissen et al.3). Thus, in the present study, only fluid-

particle drag force closure has been considered. The effect of other interfacial forces (i.e., non-

drag interfacial forces) has been ignored. Four different drag fluid-solid models have been 

evaluated in the present study. However, unless until explicitly specified, all the simulation 

results reported in the present study have been carried out using the Gidaspow24 drag model as 

per the suggestion of Khan et al.8. All the other closure terms have been chosen as per the 

recommendations of Khan et al.8 (as listed out previously in Table 1) unless specified. 

For the turbulent regime, the k-ε model along with granular kinetic theory has been used. The 

standard k-ε model for single-phase flows has been extended for the multi-component systems 

with additional terms that include interphase turbulent momentum transfer to consider the 

effects of turbulence. The standard k-ε model has five empirical constants Cµ, Cε1, Cε2, k and 

ε in its formulation and their values are 0.09, 1.44, 1.92, 1.0 and 1.3, respectively. These 

standard values resolve the flow field in fluidized beds6,41,42 and have been used in the present 

work.  

All terms of the governing equations for the unsteady state were discretized using the second-

order upwind differencing scheme. The Courant number defines the step size in unsteady 

simulations. The step size is chosen to keep the Courant number always less than 0.006. The 
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SIMPLE algorithm was employed for the pressure-velocity coupling. The convergence 

criterion (sum of normalized residuals) is set at 1×10−4 for all the equations. The CFD 

simulations predict the local values of phase hold-ups and their distributions in the bed, liquid 

phase flow patterns, intermixing levels of the individual phases, and turbulence characteristics. 

The reported volume fraction data in each simulation is time-averaged volume fraction 

obtained after the simulation reaches a steady state. The steady-state is defined as the stage 

after which the change in volume fraction profile is less than 2 percent if the simulation is 

continued. The time required for a simulation to reach a steady-state varies from system to 

system (some systems were found to exhibit steady-state at as low as ~100s while others reach 

steady-state at ~200s). The simulations were continued for 50 s to time-average the data once 

the steady-state was reached. The exported volume fraction data for particular species at each 

node is then space averaged over the axial location to obtain a single value of volume fraction 

of the species at given axial locations. 

3 RESULTS AND DISCUSSION 

The segregation and intermixing in LSFB have been studied extensively for binary particle 

mixtures. Some investigations in the published literature also focus on higher polydispersity 

particle mixtures along with binary particle mixtures. Section 4 in the supplementary material 

file lists out various binary and higher polydispersity LSFB systems, respectively. For rigorous 

and robust testing of the various MFM closure models. Simulations have been carried out with 

practically all the binary and higher polydispersity LSFB segregation and intermixing studies 

reported in the published literature.  

3.1 Validation studies 

The continuous phase axial volume fraction was evaluated for different binary and higher 

polydispersity cases under consideration. Figure 1 shows the axial variation of solid volume 

fraction for a binary particle mixture at four different superficial liquid velocities. The binary 
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particle mixture has the same particle size distribution (dmean = 1.09 mm), while the particle 

densities of the two solid species are 1900 and 1600kg/m3, respectively. The predicted axial 

variation of solid volume fractions for 1900 and 1600kg/m3 solids is in reasonable agreement 

with the experimental data. From Figure 1 (A), it can be observed that the experimental data 

does show a small intermixing zone between the two-particle phases. In contrast, the CFD 

predicted solid fractions show a sharp interface between the light and heavy particle phases, 

indicating no intermixing. The distance along which the mixing zone is present in LSFB 

increases with an increase in the superficial liquid velocity (see experimental data of Figure 1 

(b), (c), and (d)). However, the CFD predictions still show a clear interface between the particle 

phases and do not predict the mixing zone.  

 

Figure 1. Comparison of the axial solid hold-up profiles predicted from CFD against 

experimental results of Galvin et al.18 for a binary particle mixture. 

Besides the above studies, validations were also done for other parameters in polydisperse 

LSFB which have been described in secton 5 of the supplementary material. From the above-

conducted validation studies, it is clear that the MFM can predict the hydrodynamics of a 

polydisperse LSFB to a great extent. The extensive simulations carried out in the present study 
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over a wide range of flow regimes helped to acknowledge the limitations of the MFM for 

simulating the polydisperse, which have been pointed out and quantified in the later sections. 

3.2 Bed expansion characteristics 

The experimental study of Juma and Richardson43 carried out for a binary particle mixture 

LSFB has been chosen to evaluate the bed expansion characteristics. The simulations were 

carried out over four superficial liquid velocities to cover all the segregation and intermixing 

stages. Figure 2 represents the case for binary particle mixture. Both the particle species have 

the same particle density (2960 kg/m3), while the sizes of the bigger and smaller particle species 

are 4mm and 3mm, respectively, i.e., a size ratio of 1.333. As evident from Figure 2 (A), the 

smaller-sized particles segregate and settle on top of the layer of larger size particles for the 

superficial liquid velocity of 73mm/s. As the superficial liquid velocity is increased to 109mm/s 

(Figure 2 (B)), partial intermixing occurs between the two-particle species. 

Further increase of superficial liquid velocity leads to increased intermixing zone (Figure 2 (C) 

and (D)). Figure 6 (A) –(B) also has embedded contour plots along the YZ plane of the mean 

volume fraction for the four superficial liquid velocities to better visualize the segregation and 

intermixing. The results presented in Figure 2 show that the superficial liquid velocity at which 

the LSFB is operated, i.e., the operating flow regime, plays a vital role in imparting segregation 

and intermixing behavior to the particle phases under consideration. 

Figure 3 and Figure 4 show the axial variation of mean volume fraction for LSFB consisting 

of 3mm - 2mm (i.e., size ratio = 1.5) and 4mm - 2mm (i.e., size ratio = 2) solid particle species. 

The simulations were carried out for the same four superficial liquid velocities as the 4mm and 

3mm binary LSFB. A comparison of Figure 3 and Figure 4 with Figure 2 reveals that 

intermixing occurs at a comparatively lower superficial liquid velocity for the low particle size 

ratios (i.e., the size ratio of 1.333 in the present case). Besides, the intermixing zone for the low 

particle size ratios is significantly larger than that exhibited by the high particle size ratios. The 
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experimental results of Chavan and Joshi20 state that for constant density binary particle 

mixtures (i) if the size ratios are less than 1.4, complete intermixing takes place, (ii) if the size 

ratios are in between 1.4 and 1.55, partial intermixing takes place and (iii) if the size ratios are 

greater than 1.55, complete segregation would occur. While the results obtained from the 

present MFM simulations corroborate the size ratio ranges put forward by Chavan and Joshi20, 

they further signify that, along with the size ratios, the segregation and intermixing phenomena 

also depend on the superficial liquid velocity at which the LSFB is operated. Thus, polydisperse 

LSFB with size ratios greater than 1.55 can also show intermixing behavior when operated at 

higher superficial liquid velocities, as shown in Figure 4(C) and (D). 

Since the binary particle mixture LSFB simulations were reported for the combinations of 

4mm-3mm, 3mm-2mm, and 4mm-2mm, it was thought desirable to combine these three 

particle sizes and investigate the bed expansion characteristics. The axial variation of solid 

volume fraction for the ternary mixture of 4mm-3mm-2mm has been reported in Figure 5.  

 

Figure 2. Solid volume fraction predicted from MFM for binary particle mixture of sizes 4mm 

and 3mm (A) VL = 73 mm/s (B) VL = 109 mm/s (C) VL = 125 mm/s (D) VL = 243mm/s 
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For the low superficial liquid velocity (VL = 73mm/s), the three particle mixtures arrange 

themselves as three distinct layers (with little to no intermixing) at the top of each other, starting 

from the largest size (4mm) at the bottom-most layer followed by the mid-size particles (3mm). 

The smallest size particles (2mm) settled at the topmost layer, as observed from Figure 5(A). 

Thus, the mean solid volume fractions at 73mm/s for the ternary mixture showed the 

segregation phenomena with the overall bed expansion height similar to that of binary particle 

mixtures (4mm-3mm, 3mm-2mm, and 4mm-2mm) as illustrated previously in Figure 2(A), 

Figure 3(A) and Figure 4(A). 

 

Figure 3. Solid volume fraction predicted from MFM for binary particle mixture of sizes 3mm 

and 2mm (A) VL = 73 mm/s (B) VL = 109 mm/s (C) VL = 125 mm/s (D) VL = 243mm/s 
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Figure 4. Solid volume fraction predicted from MFM for binary particle mixture of sizes 4mm 

and 2mm (A) VL = 73 mm/s (B) VL = 109 mm/s (C) VL = 125 mm/s (D) VL = 243mm/s 

The mean solid volume fraction plots for the bed operating at 109mm/s are illustrated in Figure 

5 (B). The axial volume fraction plot in Figure 5 (B) shows that the 4mm and 2mm particles 

completely segregate, whereas the 4mm and 3mm particle sizes intermix to some extent. 

Similar segregation and intermixing characteristics were also exhibited by the 4mm-3mm and 

4mm-2mm binary particle mixtures, as shown in Figure 2(B) and Figure 4(B), respectively. 

The binary particle mixture of 3mm-2mm had shown little to no intermixing at 109 mm/s. 
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3mm-2mm at the same superficial liquid velocity (109mm/s) is seen to increase significantly. 

The difference in the intermixing zone predicted for the binary, and ternary particle mixtures 
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solid volume fractions, thereby leading to substantial changes in the segregation and 

intermixing characteristics.  
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Further, an increase in the superficial liquid velocity to 125mm/s and then to 243mm/s in the 

ternary particle mixture (shown in Figure 5 (C) and (D), respectively) show segregation and 

intermixing behavior similar to that offered by their binary counterparts. 

Simulations were also carried out for a quaternary particle mixture by introducing a new 

particle species of size 2.2mm, i.e., the size ratio of 1.818 with 4mm particles, 1.3636 with 

3mm particles, and 1.1 with 2mm particles. As shown in Figure 6 (A), for 53mm/s, the 4mm-

3mm, 4mm-2mm, and 3mm-2mm particle species combinations continued to show segregation 

as they did for the ternary particle mixture cases. The 2.2mm particle mixture showed complete 

segregation with the 4mm and 3mm particles (i.e., size ratios 1.818 and 1.3636).  

In comparison, they did show a small intermixing zone with the 2mm particles (i.e., size ratio 

1.1). Complete intermixing was observed for the 2.2mm-2mm particles for increased 

superficial liquid velocity, i.e., at 109mm/s, as shown in Figure 6 (B).  

 

Figure 5. Solid volume fraction predicted from MFM for ternary particle mixture of sizes 4mm, 

3mm and 2mm (A) VL = 73 mm/s (B) VL = 109 mm/s (C) VL = 125 mm/s (D) VL = 243mm/s 
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Figure 6. Solid volume fraction predicted from MFM for quaternary particle mixture of sizes 

4mm, 3mm, 2.2mm and 2mm (A) VL = 73 mm/s (B) VL = 109 mm/s (C) VL = 125 mm/s (D) 

VL = 243mm/simitations of the MFM 

Also, for 109mm/s, 3mm particles showed partial intermixing with 2.2mm and 2mm particle 

species. The 4mm particles continued to show partial intermixing with the 3mm particles at 

109mm/s, while they exhibited complete segregation with the 2mm and 2.2mm particle species. 

Increased intermixing zones were observed for all the particle species with a further increase 

in superficial liquid velocities, as shown in Figure 6 (C) and (D). 
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light particle density ratio is 1.1875 and has already been shown in Figure 1 (a) (and shown 

experimentally by Galvin et al.18). The particles completely segregate when the LSFB is 

operated at a superficial liquid velocity of 31mm/s. Figure 7 and Figure 8 all show that the 

MFM simulations can predict the segregation characteristic reasonably accurately. The steady-

state solid hold-ups and the heights of the two-particle phases predicted using the three closure 

model combinations are similar. However, the complete segregation behavior sets in quicker 

(at ~60 secs) for the third combination (i.e., wherein neither the frictional viscosity nor the 

particle-particle interactions were considered) as compared to the other two closure model 

combinations (at ~80 secs).  

Thus, whether or not closure models account for the frictional viscosity and the particle-particle 

interactions, the MFM can predict the segregation of particles for the LSFB. Similarly, 

simulations carried out for cases where intermixing of particles occur also confirm that the 

mean solid volume fractions of the solid and liquid phases are identical, whether or not the 

Schaffer37 frictional viscosity model and the Syamlal39 particle-particle interaction closure 

models are used. The only difference between simulations where particle-particle interaction 

closure models are not considered is that the time required for the LSFB to attain a steady-state 

is comparatively less (as it did even for the LSFB, which showed complete segregation (Figure 

7 and Figure 8)).  

The granular temperature of the solid phases, which is a measure of the kinetic energy due to 

the random oscillations of the solids, is an excellent parameter to evaluate the accurateness of 

particle-particle interactions. The granular temperature values are very low, as evident from 

Figure 9 (A-C) for the experimental data of Galvin et al.18, which exhibited complete 

segregation of the two-particle species. The granular temperatures of 4mm and 3mm binary 

particle mixture, operating at a superficial liquid velocity of 243 mm/s, is plotted in Figure 9.  
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Figure 7. Solid volume fraction contour plots for particles of density 1900kg/m3 in a binary 

LSFB of (Case 1:
1s

 = 1900kg/m3 and 
2s =1600kg/m3, 

1 2s sd d= =1.01mm) at VL = 31mm/s 

using Gidaspow drag model with (A) Syamlal39 particle interaction model but no frictional 

stresses model (B) Syamlal39 particle interaction model and Schaeffer37 frictional viscosity 

model (C) No particle interaction model or frictional stress model. 
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Figure 8. Solid volume fraction contour plots for particles of density 1600kg/m3 in a binary 

LSFB (Case 1:
1s

 = 1900kg/m3 and 
2s =1600kg/m3, 

1 2s sd d= =1.01mm) at VL = 31mm/s using 

Gidaspow drag model with (A) Syamlal39 particle interaction model but no frictional stresses 

model (B) Syamlal39 particle interaction model and Schaffer frictional stresses model (C) No 

particle interaction model or frictional stress model. 
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Figure 9. (A) Contours of instantaneous solids fraction [dimensionless], (B) contours of 

instantaneous liquid fraction [dimensionless], (C) contours of granular temperature [units are 

in m2/s2], and, for a LSFB with 1900kg/m3 and 1600kg/m3 particle density binary mixture 

operating at 31mm/s extracted after 100 seconds of simulation (i.e. after steady state has been 

achieved). (D) Contours of instantaneous solids fraction [dimensionless], (E) contours of an 

instantaneous liquid fraction [dimensionless], (F) contours of granular temperature [units are 

in m2/s2], and, for an LSFB with 4mm and 3mm particle sizes binary mixture operating at 

243mm/s extracted after 100 seconds of simulation (i.e., after steady state has been achieved) 
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Figure 9 (F) shows that granular temperature does not significantly affect whether or not the 

particle-particle interaction closure models are used. For the case illustrated in Figure 9 (D-F), 

the particle Reynolds number based on the terminal settling velocity (ReSi = dSiVSi∞ρL/μL) for 

the larger particle size is ReS1 = 2080 and for the smaller particle size is ReS2 = 1260. This 

means that the LSFB under consideration is under turbulent conditions. Besides, as shown in 

Figure 9 (E), the liquid volume fraction is high enough for the system to be in the heterogeneous 

flow regime. As reported earlier by Peng et al.27, when the flow regime is turbulent and the 

LSFB exhibits a heterogeneous nature, the fluid-particle drag determines the solid dispersion 

while the particle-particle interactions play little to no role. Thus, for this particular case (shown 

in Figure 9(D-F)), the correct prediction of the fluid-particle drag alone confirms the prediction 

accuracy of solid dispersion and thereby the segregation and intermixing.  

The sensitivity of particle-particle closures analyzed from Figure 7, Figure 8, and Figure 9 

infers that the existing particle-particle closure model (i.e., Syamlal39 model) used to account 

for the particle-particle interactions may possess certain physical limitations in accurately 

predicting the solid dispersion.  

An interesting point that needs to be noted here is that the Syamlal39 model is predominantly 

used to model gas-solid granular systems44. The gas-solid systems exhibit a much higher degree 

of heterogeneity due to the aggregating bubbling and slugging phenomena. On the other hand, 

the LSFB does not show such intense bubbling and slugging phenomena. Thus, the 

hydrodynamic behavior of gas-solid systems is quite different from liquid-solid systems. The 

exact differences in the role of particle-particle interactions for gas-solid and liquid-solid flows 

need to be evaluated by investigating these systems using high-fidelity numerical and 

experimental techniques. The closure terms for MFM that would result based on rationally 

quantified particle interactions would help achieve more accurate predictions of the solid hold-

up profiles of polydisperse particle LSFB. 
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3.4 Limitations of the MFM simulations 

The limitations of the particle-particle interaction predictions for LSFB brought forward in this 

study need to be evaluated to identify the limitations of the proposed MFM simulation 

strategies. For this purpose, four specific LSFB systems were chosen from the literature. The 

experiments conducted on these systems have already shown that they exhibit partial or 

complete intermixing characteristics18–20. The results (from the MFM simulations) of axial 

variation of solid fraction for these four LSFB systems have been plotted in Figure 10. The 

comparison of the MFM predicted solid fractions against the experimental data (shown in 

Figure 10) indicates that the MFM simulations could not predict the intermixing zones for all 

four cases. The inability of MFM to accurately predict the intermixing of particles point out 

two possibilities: (i) limitations of the Syamlal O’Brien symmetric model (which has been 

already identified earlier in this study), and (ii) limitations of the fluid-particle drag closures 

leading to inaccurate distribution of solids. To evaluate the role of fluid-particle drag closures, 

simulations for the senary particle mixture LSFB of Murli et al.19 were carried out using three 

different drag models (other than the Gidaspow). These drag models were chosen because they 

have been previously reported to yield accurate segregation and intermixing predictions for 

LSFB consisting of different binary particle mixtures6,28,30. The simulations conducted using 

the Syamlal O’Brien29 model yielded complete segregation behavior exactly similar to that 

shown in Figure 10 (D) using the Gidaspow drag model (and thus have not been reshown). 

Figure 11 (A) and (B) illustrate that even when the Rong et al.32 and the Pandit and Joshi25 drag 

models are used, the predicted axial variation of solid volume fractions still shows complete 

segregation with little to no intermixing behavior. 

The largest particle species settled at the bottom-most bed layer while the subsequent particle 

sizes settled over each other sequentially. Thus, even when physically more accurate drag 

models were used, the six particle phases were segregated as they did in Figure 10 (D) with 
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slight variations in the height of bed expansion of each particle phase. If we look at the 

experimentally reported particle Reynolds number of the six particle species investigated in the 

study of Murli et al.19, they are: (i) ReS1 ≈ 22.85, (ii) ReS2 ≈ 17, (iii) ReS3 ≈ 12, (iv) ReS4 ≈ 8, 

(v) ReS5 ≈ 6, and (vi) ReS6 ≈ 3.5. This means that all selected ReSi lie in the laminar regime 

where particle-particle interaction governs the LSFB hydrodynamics27. Thus, changing the 

fluid-particle drag still does not result in any intermixing, as shown in Figure 11 (A) and (B). 

It has already been shown in the previous section that the Syamlal39 particle interaction model 

does not accurately account for the particle-particle interactions.  

 

Figure 10. Comparison of solid volume fraction predicted from MFM against the experiments. 

(A) A binary mixture of Galvin et al.18 (B) Ternary mixture of Chavan and Joshi20 (C) Quinary 

mixture of Chavan and Joshi20 (D) Senary mixture of Murli et al.19 

Thus, from the current study, the used closure models for particle-particle interactions are 

insufficient for accurate quantifications, which causes the particle mixtures to show dominant 

segregation behavior with little to no intermixing. The particle-particle interactions are one of 

the chief reasons for limitations in predicting the accurate axial distribution of polydisperse 
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particles. Evaluation of other closure terms such as pseudo-turbulence, frictional stresses, 

granular energy dissipation is missing in the liquid-solid multiphase flow literature. In 

particular, importance should be given to pseudo turbulence as it plays an important role in 

predicting accurate, granular temperatures otherwise under-predicted by MFM. Our group has 

previously shown that granular energy significantly affects bed hydrodynamics, even under 

laminar and homogenous flow regimes45. The inclusion of an appropriate pseudo-turbulence 

closure term accurately accounts for the granular energy in MFM simulations45. The increased 

computational power has made it possible to perform DNS simulations for obtaining physically 

appropriate closure terms for pseudo-turbulence, frictional stresses, particle-particle 

interactions, and granular energy dissipation. The limitations of the existing MFM in predicting 

intermixing behavior for polydisperse particle mixtures can be overcome by developing precise 

closure terms for various flow regimes from DNS. 

In this direction, we have already started taking the results from the present study ahead and 

combining them with our in-house Immersed Boundary Method (IBM) solver46, CFD-DEM 

solver9, and anisotropic Gaussian E-E solver47. 

 

Figure 11. MFM simulation for the LSFB consisting of senary particle mixture (reported 

experimentally by Murli et al.19) using (A) Rong et al. drag model32 (B) Pandit and Joshi25 drag 

model. 
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3.5 Flow regime mapping using MFM 

As shown in the previous sections, the limitation of the particle-particle interaction closures is 

evident. The flow regime has set a criterion to identify the polydisperse LSFB configurations 

that can and cannot be correctly simulated using the proposed MFM model. The regime map 

illustrated in Figure 12 is generated based on the available experimental data from literature 

combined with the extensive simulations carried out in the present study.  

 

Figure 12. Regime map signifying the success and failure of the segregation and intermixing 

prediction of polydisperse particle mictures using the MFM simulations.  

In Figure 12, the liquid phase volume fractions predicted using the Richardson-Zaki13 equation 

have been plotted against the experimentally reported particle Reynold’s number (ReS) for 

various polydisperse LSFB configurations from published literature. The demarcation lines for 

the laminar-transition regimes (red line), transition-turbulent regimes (green line), and 

homogeneous-heterogeneous flow (blue horizontal line) have been illustrated in Figure 12. The 

red-cross and the green-tick markings shown in Figure 12 demonstrate the success and failure 

of the MFM to quantitatively predict the segregation and intermixing phenomena of LSFB 

operating under that particular regime. The green-hyphen shown in the transition regime for 
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the heterogeneous regime signifies that the bed expansion characteristics can only be 

qualitatively predicted in this regime. Thus, the simulations carried out in the present study 

aided in deciphering the role of particle-particle interactions. The limitations that the existing 

particle-particle closure models possess for accurately predicting segregation and intermixing 

in LSFB consisting of polydisperse particle mixtures have been brought forward. 

4 CONCLUSIONS 

In this paper, the use of the multifluid model (MFM) in predicting the segregation and 

intermixing in LSFB consisting of binary and higher polydispersity particle mixtures varying 

in particle size and density has been demonstrated. A particular focus of this work was to 

decipher the role of the fluid-particle drag, frictional viscosity, and the particle-particle 

interaction closure models. The results from the MFM simulations conducted to evaluate the 

role of various closure models led to the following conclusions 

(I) The frictional viscosity does not play a significant role in imparting bed expansion of LSFB 

and thus can be ignored. 

(II) The particle-particle interactions play a vital role in the dispersion of solid particles for a 

laminar flow regime under homogenous flow conditions. The existing closure models for 

particle-particle interactions cannot accurately predict the segregation and intermixing 

phenomena under laminar and even transition regimes under homogenous flow conditions. The 

main reason for the limitation of the particle-particle interaction model is that they have been 

predominantly designed for dense gas-solid multiphase flows, which generally exhibit a much 

higher degree of heterogeneity. Liquid-solid multiphase flows (particularly in the laminar and 

homogenous regimes) show very different characteristics than the gas-solid systems. The exact 

differences in the role of particle-particle interactions for gas-solid and liquid-solid flows need 

to be evaluated by investigating these systems using high-fidelity numerical and experimental 

techniques. The closure terms for MFM that would result from rationally quantified particle 
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interactions would help achieve more accurate predictions of the solid hold-up profiles of 

polydisperse particle LSFB. 

(III) The dispersion of the solids in the heterogeneous flow conditions under turbulent and 

transition regimes are governed by the fluid-particle drag. The particle-particle interaction 

closures are not that significant under such conditions. The four fluid-particle drag closures 

from the literature, (i) Gidaspow, (ii) Syamlal O’Brien, (iii) Pandit and Joshi25, and (iv) Rong 

et al.32, were able to predict the segregation and intermixing accurately under turbulent and 

heterogenous flow conditions. These models could reasonably predict the overall bed 

expansion heights (especially for binary particle mixtures). The axial dispersion of individual 

species showed overprediction of segregation with little to no intermixing. Thus, a need is 

discerned for obtaining rational closure terms (for particle-particle interactions, pseudo-

turbulence, and frictional stresses) for LSFB extracted from Direct Numerical Simulations 

(DNS) of liquid-solid multiphase flow. Such rationally developed closure models would allow 

better and accurate predictions of axial solid fractions in polydisperse LSFB. 

(IV) A flow regime map signifying the success and failure of the MFM simulations has also 

been proposed in the present study. This flow regime map will help practicing chemical 

engineers and technologists determine whether the proposed MFM methodology will yield 

accurate results for any polydisperse LSFB. 

In addition, the present study also showed that 2D axisymmetric, 2D full bed (with no-slip 

boundary conditions on the walls), and 3D simulations, all three, were able to predict the 

segregation and intermixing studies for the LSFB under consideration. Furthermore, the bed 

expansion studies showed that segregation and intermixing characteristics exhibited by ternary, 

quaternary (and higher polydispersity particle mixtures) at a given superficial liquid might vary 

from that offered by their binary particle mixture combinations.  
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