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Edmonton, AB T6G 2V4, Canada

Abstract

The state estimation and sensor placement for a continuous pulp digester with delayed mea-
surements are investigated. The underlying model of interest is heat transfer in a pulp digester
modeled by two coupled hyperbolic partial differential equations and an ordinary differential
equation. Output measurements are considered with delay due to the possible low sampling
rate. The Cayley-Tustin transformation is utilized to realize model time discretization in a
late lumping manner which does not account for any type of spatial approximation or model
reduction. The discrete Kalman filter is applied to estimate the system states using the de-
layed measurements. The selection of sensor location is addressed along with estimator design
accounting for the delayed measurements and investigated by minimizing the variance of esti-
mation error. The performance of the state estimator is evaluated, and the sensor placement
is analyzed through simulation studies, which provide guidance for sensor location selection in

industrial applications.

1 INTRODUCTION

The continuous pulp digester has been predominantly utilized to convert the wood chips into pulp
in industrial applications when it comes to the pulping process operation'. The typical continuous
pulp digester is a complex heterogeneous reactor, consisting of several zones in which the white
liquor reacts with wood chips to remove lignin and subsequently free wood fibers®. As illustrated
in Figure 1, the wood chips and white liquor are added to the impregnation zone where wood
chips are soaked by the cooking liquor via penetration and diffusion mechanism. After that, the

temperature of the chip mixture is rapidly increased through the external heat exchangers, and the

*Corresponding author: S. Dubljevic. Tel: +1 780 248-1596. Fax: +1 780 492-2881. Email: Ste-
van.DubljevicQualberta.ca.
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mixture then enters the cooking zone where the most delignification reactions occur at an elevated
temperature. The spent liquor is withdrawn from the digester at extraction screens. At the same
time, the cooked pulp moves downwards to the wash zone where the chips are washed and cooled
down by the counter-current flow of wash liquor. Finally, the delignification reaction is stopped
and the cooked pulp is removed from the bottom of the digester.

Due to the industrial importance the considerable effort has been made in the past few decades
to model the delignification process of continuous pulp digesters based on the reaction and diffusion
dynamics, and chip-bed compaction. Three widely used dynamic models are known as the Purdue
model®, Gustafson model?, and Andersson model®, which have been the bases for the further devel-
opment of digester models® ™ ® . When it comes to the controller design for the continuous pulp
digester, one of the main objectives is to produce pulps that achieve specific quality according to
different wood species while respecting distinctive operating conditions. To this end, great efforts
have been made to meet various objectives based on the various control methods, such as model
predictive control (MPC), adaptive control, dynamic matrix control (DMC), reduced dimension
control (RDC), and genetic algorithms (GA) et.al'® ' 12 1314,

The state information or the process knowledge is essential for such controllers and/or regulators
design. However, the full state information is not often available due to the special features of
the continuous digester, physical constraints of sensor installation, and/or the prohibitive expense
of implementing spatially-distributed sensors. In addition, some important process variables are
sampled infrequently and there are long time delays associated with their measurement. Due to
this, the state estimation for the pulp digester attracts a lot of attention in both academia and
industry. Along this line, the extended Kalman filter was proposed to construct the true states of
a batch pulp digester using online measurements of various liquor characteristics, which shows a
good convergence property, even when the state errors and disturbances are undermodeled*!. The
optimal state estimation was realized utilizing the subspace identification techniques and Kalman
filter for a continuous digester'®>. The partial least squares methodology was utilized to generate
the dynamic model based on input-output data collected from an industrial continuous digester'®.
A multi-rate extended Kalman filter was applied to obtain state estimates that converge to the true
plant states in presence of parametric mismatches, unmeasured disturbances and large errors in
the initial state estimates'”. However, even though the aforementioned works have made valuable
contributions toward the estimator design for the pulp digester, there are still some aspects which

did not receive much attention and consideration. On the one hand, the spatial discretization
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of PDE in the estimator design stage dramatically increases the complexity of the calculations
in estimator design and might induce numerical instability and/or alter the fundamental control
theoretical properties (controllability, observability, stability). On the other hand, the delayed
measurement need to be considered because of the possible low sampling rate of the continuous
pulp digester.

The accuracy of the estimation depends not only on the type of estimator but also on the
location of the sensors, especially for distributed parameter systems. The sensor placement problem
has been considered by many researchers in the area of chemical process control, and a number of
different performance criteria for sensor placement have been taken into account. One of the earliest
approaches is to maximize the observability through a choice of the sensor locations to improve
the degree of complete observability for the deterministic state reconstruction problem'® '°. For
the system with stochastic disturbances, unmeasured states can be estimated with the Kalman
filter, and the optimal selection of measurements can be determined by minimizing the average
variance of the state estimates® or the steady-state error variance®'. There are also some other
criteria to evaluate the performance of sensor locations including detection of load disturbances
and location for optimal control®. These approaches have mature applications on the lumped
parameter systems which are described by ordinary differential equations (ODEs), and have been
gradually extended and applied to the DPS in recent years. For example, the modal observability
and controllability measures was utilized to determine optimal sensor and actuator locations of

22

parabolic partial differential equations (PDEs) The optimal area for sensing or actuation in
advective PDEs was determined by maximizing the support of the observability or controllability
Gramian, respectively®®. It was demonstrated that the nuclear norm of the solution to the operator
Riccati equation is the steady-state minimum error variance of an estimate for distributed parameter
systems®*. The placement of a single sensor and/or a single actuator in advection-diffusion equations
with proportional feedback control was addressed®®. Most of the previous contributions of the
sensor selection for distributed parameter systems mainly consider the spectral systems described
by parabolic PDEs, which can be addressed by means of model reduction techniques also known in
estimation and control theory as the early lumping approach. However, for non-spectral systems
(e.g., first order hyperbolic PDEs), where the slow-fast dynamic separation does not hold there
are less contributions in the literature. Hence, in this work, the sensor placement for the typical

transport-reaction system described by the hyperbolic PDE systems are investigated to motivate

and emphasize the issues associated with transport-reaction system setting. First, we consider
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the system without state and measurement disturbances, and the observability Gramian can be
evaluated in sensor’s potential position by solving the Lyapunov equation.

For example, let us consider a simple model of the plug flow reactor with constant transport
velocity v and spatial function v associated with linearized kinetics of the chemical reaction along

the reactor.

we(z,t) = —vaxéi’ 2 b(2)z(2,t) + b(2)u(t) (1a)
y(t) = Cx(z,t) (1b)
z(0,t) = 0,2(2,0) = z9 (1c)

where z(-,t) € La((0,1),R) is the system state. The actuation distribution function b(z) is assumed
spatially uniform, which accounts for the uniform cooling with the jacket fluid flow. The point
measurement is specified with the operator C, which depends on the sensor location [,,, and it can be
denoted as C(f fo f(2)dn. One can further define the spatlal linear operator A(-) =
—v% +¢(z)(-) with a domain D( ) = {¢(z) € L2(0,1)|p(2) is abs. cont. ’dz € L2(0,1),¢(0) =0},
where abs.cont. denotes that ¢ is absolutely continuous.

The observability gramian is well-defined as L. = Tli_}nolo OT T()*C*CT (t)dt, where A gen-
erates a Cp semigroup 7T (t). Then, if T (¢) is strongly stable, L. is the unique solution of the
continuous-time observation Lyapunov equation A*L.p + L. Ap = —C*Cyp, o € D(A), where ¢
is a spatial function®. In order to obtain L., the adjoint operator A* needs to be found using
the inner product formula, (Ap, @) = <g0,.A*¢)> and is A*(-) = —v% + ¢*(2)(-) with a domain
D(A*) = {¢(z) € L2(0,1)|¢(2) is abs. cont. ,dz € L2(0,1),4(1) = 0}. The observability gramian
can be obtained further by substituting operators A and A* into the above Lyapunov equation and

rearrange as:

OL. 2 1 .
e Love, L. e D(AY) (2)

Then, the trace norm (nuclear norm) of the observability is utilized to quantify observability
for different sensor location, which has been found to be one of the most meaningful measures of
observability because it takes the observability of entire system into account®”. Figure 2 illustrates
the relationship between the trace norm of the observability and the single sensor’s location along

the spatial position. As it is expected, the trace norm of observability gramian increases as the
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sensor moves towards the end of the reactor and reaches a maximum at the last point in space. This
confirms the application based and practical reasoning that sensor placement at the end of tubular
reactor is the best choice. However, when the system is corrupted by disturbances, whether this
conclusion still holds, or not, and how the relationship between sensor placement and maximum
observability changes are of importance to address especially for hyperbolic PDE systems.
Motivated by the aforementioned issues, this work considers the discrete-time state estimation
and sensor placement for stochastic model of continuous pulp digester with delayed boundary /point-
wise measurements. The temperature dynamics of a continuous pulp digester is studied, and it is
described by coupled PDE-ODE with measurement delay. The Cayley-Tustin time discretization
approach is utilized to obtain the discrete-time model with analytical expression that is easier to
implement in practical applications. The delayed measurements are expressed by an additional
hyperbolic PDE, and treated as the new states of the extended model. The unbounded boundary/
point-wise measurement is considered and can be transformed to a bounded one using Cayley-
Tustin approach. The discrete-time Kalman filter is designed with the stochastic discrete-time
digester system to realize the state estimation, and the sensor location selection for the temperature
measurements is investigated by minimizing the steady-state error variance of the estimated states.
This paper is organized as follows: In Section 2, a dynamic model that describes the temperature
system of the cook zone of continuous digester is introduced. The model is discretized in time by
utilizing Cayley-Tustin approach. Based on the discrete-time model, the discrete Kalman Filter
is designed and the optimal location for the temperature sensors is investigated in Section 3. In
Section 4, the performance of the estimator is examined on a number of examples. In Section 5,

concluding remarks are made.

2 MODEL FORMULATION FOR PULP DIGESTER

In this section, we introduce the simplified temperature model formulation of a continuous pulp
digester. In order to formulate the state-space model, the original model with measurement delay is
equivalently transformed to a standard state-space model by introducing the transport PDE. Based
on this model, the discrete-time infinite-dimensional model is obtained utilizing the Cayley-Tustin

transform framework.
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2.1 Model Formulation

Considering that the most of delignification reaction occurs in the cooking zone of a digester®®, we
focus on analysis of this zone which can be seen as a vertical tubular reactor of co-current flow in
two phases. In addition, the existence of delay in the measurements or sensors is considered, which
may be due to slow sampling rate, missing measurement issues, the indirect laboratory analytical
test of these measurements, etc. A specified process schematic is shown in Figure 3. The top
position of this process is denoted as z = 0, and the liquor extraction at the bottom position is
denoted as z = L. The pre-prenetrated wood chips and free liquor are introduced at the top of the
cook zone and the liquor is heated to reaction temperatures achieved by liquor circulation through
the cook heater. Therefore, the temperature of heated liquor at the top of the cook zone is selected
as the manipulated variable which can be adjusted using the external heater.

The following assumptions are considered. The dynamic variations of chip porosity, the mass
variations of solid and liquor, and the variation in external volume flow rate are neglected. The heat
released by the exothermic reactions and energy transfer due to diffusion of components between
the entrapped liquor phase and free liquor phase can be ignored. Considering the most important
components in the chemical reactions taken place in the digester, only lignin in solid phase and
effective alkali in liquor phase are taken into account in the reaction rate equations. A further
simplification is made by considering only temperature behaviour as neglecting the heat due the
reaction makes the temperature variables independent of the concentration variables. For more
detail of the model assumptions please refer to the reference®.

In the ensuing model, the temperature variables are functions of both vertical position z and time
t. T¢(z,t) denotes the temperature of free liquor phase, and T,(z,t) denotes the temperature of chip
phase. Ts(t) denotes the free liquor temperature in the steam zone. Based on the aforementioned
description, the mathematical model of the temperature behaviour in the cook zone of digester can

be modelled by the following set of equations:

T, Ve OT.(2,1)

o = Ao, 0n U T G (32)
ory  Vy OT}
=— -U(Ty—1.)/C. 3b
ot Aey 0z (Ty = Te)/Co (3b)
de Vf s klz - klw Vf s klz klea
== - Ts + = + u+ 3c
&~ Th-h Cprpg A Cpfpf] Corpy (3)
6
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1
2
" To(lp1st — 71)

c\lm1,t — T1
; () = | (34)
. Tf(lmg,t—Tg)
7
8 The boundary conditions are given by:
9
10
11 Te(0,t) = Too; Tp(0,t) = Ts(t). (4)
12
13
14 where V. and V; denote the volume of chip and free liquor respectively, and A is the digester cross
15
16 sectional area. e. is the chip compaction, which increases from the entry through the cook zone,
1; reaching a maximum at the main extraction, e.(z) = €19 + €112, and €¢(2) =1 — e.(z). U denotes
19 the heat-transfer coefficient and relates the rate of energy transfer due to conduction between the
20
21 wood chips and the free liquor per degree temperature difference per volume of chip”. The mixing
;g rules based on weighted averages are utilized to determine heat capacities of the entrapped and
24 free liquor phases, namely, C). and C) ¢, which can be further obtained from the heat capacities of
25
26 the wood Cps and the liquor C},;*°. vy, denotes the steam velocity, and h, and h; are the height
27
28 of steam and liquor level, respectively The sensible heat transfer can be written equivalently as
gg ki, (Ts — u), and the heat transfer through the digester shell is k;,,(Ts — T,,) where T, is the ambient
31 temperature. The system input u(¢) denotes the steam temperature or the inlet temperature of free
32
33 liquor at the top of cook zone. The measured output y,,(t) contains the temperature measurement
gg of wood chip and free liquor. Particularly, the time delays (71, 72) denote the measurement delays
36 or sensor delays at the bottom of the cook zone. The parameters l,,,; and l,,,2 represent the sensor
37
38 locations to measure the temperature of wood chip and free liquor, respectively.
39
40 .
41 2.2 State-Space Model Formulation
42
43 In order to formulate the state-space model, the time delay can be firstly removed at a cost of
44
45 adding a transport PDE into the plant. Replacing the terms Tc(ljmi,t — 71) and T¢(lm2,t — T2)
j? by two transport equations with velocity pp := ZT—ll and pg = ZT—; (e.g.*" %), the original system
48 (Equation (3)) is equivalently expressed as:
49
2 oT. V. OTu(=1)
51 C= LT L U(Ty - T,)/C 52
52 ot Ae. 0z (Ty = Te)/ Cpe (5a)
53 0Ty Vi 0Ty

=— -U(Ty-1.)/C 5b
55
0T, 0Ty,

56 Mo _ e (5¢)
57 ot 0z
58
59 7
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oT, oT,

- _ 5d
ot K275, (5d)
dTS S k z kj w S k; z k ’UJT(I
Sl Y N S AR O T O YL (5e)
dt hs — hy Cpfpf hs — h; Cpfpf Cpfpf

Tow(lma,t)
Yym(t) = " (51)
Tv(lm27 t)

The corresponding boundary conditions for this configuration are:

Tc<0,t) = Teo; Tf(O,t) = Ts(t). ( )
6

Tw(0,t) = Te(lm1,1); Ty(0,t) = Ty (lm2, t)

Then, the extended state z(z,t) = [Tu(2,t), Tf(2,t), Tw(z, 1), Tp(2, 1), Ts(t)]T = [21(2, 1), 22(2, 1),
23(2,t), 24(2, 1), 25(1)]T € X @R is considered, where X is a real Hilbert spaces Lo(0,1)* with the
inner product (-,-), and R denotes a real space. The input u(t) € L? (]0,00),U) and output

loc

y(t) € L2 ([0,00),)), where U and ) are real separable Hilbert spaces. The standard infinite-

loc

dimensional continuous-time state-space model can be further formulated as:

#(z,t) = Az(z,t) + Bu(t) (7a)
y(t) = Cx(z,t) (7b)

In this form, one can define the system operator A(-) V% + 1(2)(+) on its domain

—UC% + Ju () Ji2(") 0 0 0
Jo1 () ;%) L J() 0 0 0
A() = 0 0 —mid 0 0 (8)
0 0 0 - 0
I 0 0 0 0 m]

(,ZSZ(Z) S LQ(O,Z)4,1'5 eER:
D(A) = ¢i(2) is abs. cont.7% € Ly(0,1), with i =1,2,3,4, 9)

$1(0) = 0,¢2(0) = x5, $3(0) = ¢1(lm1), $4(0) = P2(lm2)

where Ve = ALECC’Uf = ALaff’ J11 == *U/Cpe, J12 = U/Cpe, J21 = U/Cpf, J22 = *U/Cpf,

— [ Vf,s _ klz_k'lw J— Vf,s klz J— klea 3 3
my = | i~ Corpl |, mg = [hs_hl Cpfpf], 3= Copre The input operator B is defined as a
8
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bounded operator B =[0; 0; 0; 0; mz]. The operator C is determined as C(-) = diag|0, 0, fé d(z —
!
Im1)(-)dn, Jo 0(2 — lm2)(-)dn, 0].
In this infinite-dimensional state-space model, there is the uncertainty of operator C because
the sensor locations [,,1 and [,,5 need to be determined. Likewise, this also leads to the unknowns

of u1 and peo, which in turn leads to the uncertainty of operator A.

2.3 Model Time-Discretization

Based on the continuous-time infinite-dimensional system, we introduce the Cayley-Tustin dis-
cretization framework to transform the continuous system to the discrete-time one. Let us consider
the above linear system in Equation (7) and a given a time discretization h > 0, and for j > 1 the

Cayley-Tustin discretization is given by

z(jh) —2((G=Dh)  42(h) +2((G = 1h)

. ~ > + Bu(jh) (10a)

(h)

with x(0) = xo, where we omit the spatial dependence of = for brevity. Then let Qi]/ﬁ be an
() .
approximation of u(jh) by the mean value within a given sampling time, % = % f(jjh_l)h u(t)dt.
()
It has been shown in** that u]ﬁ converges to u(jh) as h — 0 in several different ways, similar

for Y (jh). Further, rewriting Equation (10) gives the discrete time dynamics Equation (11). It is
frequently called Tustin discretization in the engineering literature, which is discovered in 1940s by

Tustin and referred as Tustin transform in digital and sample-data control literature®®.

(h) (h) (h)

- r:' +x Uy

— Lo A™d 5 1+B\}E,xgh):xo (11a)
(h) (h) (h)

ys %C{L‘j +z;0 (11b)
Vh 2

Through some basic computations, the following infinite-dimensional discrete-time state space

model is obtained:

xgh) = Adxyi)l + Bdugh) (12a)
" =cpall + Dgull” (12b)
9
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where Ay, By, Cq, Dy are the discrete-time spatial operators and we denote:

Ag By 0 —A'0—A V255 -A'B
- (13)
Cq Dy V25Clh — A Clo—-AT'B
where § = 2/h and the resolvent is R(5,.A) = (61 — A)~!. Clearly, one must satisfy § € p(A)
so that the resolvent operator is well-defined. In particular, C(§ — A)~!B denotes the transfer
function of the continuous model (7). The unbounded operators A of the continuous-time system
are mapped into bounded operators A, in the discrete-time counterpart through Cayley transform.
In addition, it has been demonstrated that the controllability and stability are invariant under this
transformation. The continuous state evolutional operator A is discretized in time and Ay can be

described by the resolvent operator as follows:

Ag(-) = [61 = A7H[OI + A()
= —I(-)+26[01 — A71(")
= —I(-)+20R (8, A)(-) (14)

where [ is an identity operator.

2.4 Resolvent operator

From the previous section, one can find the resolvent operator R(d, A) = (61 — A)~! of the system
operator A, and then the discrete operators (A4, By, Cq, Dg) can be easily realized. Recalling
the continuous-time system model (7), the resolvent operator can be obtained by taking Laplace

transform. Under the zero input condition, we can have the following expression:

3:616(;, ) _ 8 j;;]11931(2, s) + {f T2(z2,8) + Ulcm(z, 0) (15a)

8:1:2;?3) _ s _:};]22-%2(373) n 17)2;961@78) + vlf@(z’o) (15b)

&rga(j,s) = —%mg(z, s) + :lxg(z, 0) (15¢)

Oriles) _ (s, + -aa(2,0) (154)
1

7ls) = ——a(0) (15¢)

10
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By solving the above ODE, a frequency-domain solution of the distributed digester system is finally

obtained as follows:

r1(z,s z1(0, s z z1(n,0
1( ) :eMz 1( ) _/ eM(Z—U)‘/Ofl 1(77 ) d77 (16&)
1'2(2’,8) 1’2(0,8) 0 Q?Q(’I’], 0)
pa(zs) = ¢ A my(0,8) + [ Iy, 00y (16b)
0
x4(z,8) = e_%zm((),s) —I—/ e_%(z_n)m(n,())dn (16¢)
0
where
—v. 0 s—J —J
Vo = By = YT M=V By (17)
0 —’Uf —J21 S — J22

For simplicity, one can introduce the following notations in order to determine the resolvent oper-

ator:

eMZ: M11(Z,S) M12(Z,S) (18)
Mgl(z,s) MQQ(Z,S)

After further manipulations, the closed-form analytical solutions of the state evolution matrix can

be arranged as follows:

Mii(z,8) = 62”37?’1‘ [% sinh(Qiif) + Cosh(ﬁifjf)}

Mia(z,5) = 2Jlwae?”Cziif sinh(Qiif) (19)
My (z,s) = 2JZ'T“’CeQ”Ciizf sinh(ziif)

Moo (z,8) = e?vevs { £ blnh(mii )+ Cosh(zif}f)}

where F, G, K are denoted as:

F = \/(JH — S)QUJZC + 2?)c’l)f(2J12J21 + (JH — S)(S — JQQ)) + (JQQ — 8)21)3
G = J11’Uf + Jogv. — S(UC + Uf)
K= Jnvf — Joov. + S(Uf — UC)

Therefore, with the boundary conditions given by z3(0, s) = 1 (Im1, s) and z4(0, s) = x4(lm2, ),

x3(z, s) and z4(z, s) can be obtained. The resolvent operator can be expressed as follows:

z(z,s) = R(s, A)z(n,0) (20)
11
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where
(R Rz 0 0 Rus)
Ro1 Re2 0O 0 Ros
R(s,A)=|Rs1 Rs2 Rss 0 Rss (21)
Ry Raz 0 Ras Rus
| 0 0 0 0 R55_
where
Ri() = [y woMa(z —n,8)()dn,i = 1,2
Rio() = [ o Mia(z =, 5)(-)dn,i = 1,2
Ris(-) = 5222 () i = 1,2
Rar()=e m7 f3™ G- Mu(lm = 1,5)()dn
Ras(+) = e 71 fo’ml iMn(zml —n,5)(-)dn
R33():fze wr (* ()d77 (22)
Ras() = e Z*Mf(;g;@()
Ru(-)=e 72 : Ly o M1 (I — 1, 5)(-)dn
Ria() =€ 7" [ - Maa(lz — . ) ()
R44()=f026 g (= 77) ()dn
Rus(-) = ¢ 7 2%;:;38)()
Res(-) = 5= ()

Now, the discrete-time operators in Equation (13) can be solved by straightforwardly substi-

tuting the above resolvent operators. Afterwards, the discrete-time linear model is obtained:

x(z, k) = Agz(z, k — 1) + Bau(k) (23a)

y(k) = Cax(z,k — 1) + Dgu(k) (23b)

with the boundary conditions Equation (6). It is worth noting that the uncertainty of the sensor
location I,,1 and [,5 will lead to the uncertainty of the resolvent operator and then further effects

on the operators Ay, By, Cq and Dy.
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3 State Estimation and Sensor Placement for the Stochastic sys-

tem

3.1 Discrete Stochastic Model Formulation

In order to account for the process and measurement noise of the digester, the Kalman filter is
developed as an one-step ahead predictor. In this case, one can introduce the bounded operators
G accounting for spatial influence of state noise wy at each time instance. By assuming that
there is no prior knowledge of the noise source, the discrete-time digester system with addictive

disturbances/noises is considered in the following form:

2 = Agrp_1 + Baur + Guwy (24a)

Yk = Cazi—1 + Dyuy + vy (24b)

where wy denotes process noise, which is the zero mean multivariate normal distribution with
covariance Q) given as wi ~ N(0,Qg), E[wkij] = Qi0k,j, and 0y ; is the Dirac delta function,
ie., 0p; = 1if K = j and 0, ; = 0 otherwise, while v represents measurement noise at time
step k of having zero mean Gaussian white noise with covariance R} denoted as vy ~ N (0, Rg),
E[vkv]T] = Ry j, and E[vkw;fp] = 0. Furthermore, we consider independent process noise and
measurement noise. In order to guarantee the consistency in the time instants of the discrete
digester system and the standard discrete Kalman filter structure in finite-dimensional setting, one
can express Yy, by the state xj instead of xp_; in Equation (23) and Equation (24), which yields

the following:

xr = Agxp—1 + Baup + Gywy (25a)

Yk = Caxi, + Daug, + v (25b)

where the associated discrete-time spatial operators are denoted as follows®:

Ai By Gu\ [ —I+25R(2,6) V26R(z,0)B V25R(z,0)G (26)
Ci Dg ~— —V20CR (2, —0) G(—9) —
13
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3.2 Discrete Kalman Filter Design

In this section, a classical discrete-time Kalman filter is designed for the well-defined stochastic
discrete-time digester system (24). Kalman filter is often realized in two steps, including a prediction
step and an updating step, also referred as a priori estimation step and a posteriori estimation step*®.

Firstly, the following notations are introduced.

&, = Elxy | y1,Y2, ..., Yk—1) = a priori estimate
(27)
& = Elzk | y1,y2, ..., Y] = a posteriori estimate

In addition, we use the term P, to denote the covariance of the estimation error. P, denotes

the covariance of the estimation error of &, , P, = E[(z), — 2 )(zy — £ )*], and P;' denotes the
. . . A -+ _ A ~+

covariance of the estimation error of &}, P;" = E[(xy, — &) (z — ;)]

We begin the estimation process with the guess of initial conditions which are described as

below:
&y = E(xo) = &0
(28)
Py = E[(xo — g) (20 — 23 )*] = Qo
Then, one has the following prior estimation or prediction step, with measurement up to time k— 1:

Py = AgP A+ GuQi 1 Gy, = Aa(AaP )" + GuQr G,

(29)
i‘]; = .Adﬁ?,j_l + Bauy

The posterior estimation or update step is given as follows, by using additional output measurement

yr at time instance k:

Ky = P_C;(CaP, Ch+ Ry)~t = (CaPy )*[Ca(CaPy )* + Ry ?

Pf = (I —-KCq)P; (I — KiCa)* + KRy K}
=IP I* — KjCyP, I* — IP_ C5K} + KiCaPy CiK} + K Ri K} (30)
= [P, I* — KiCqP, I* — I(CyPy )* K} + KiCa(CaPy, ) K} + Ky R K}

i;: = .CE]; + Kk(yk - C_d:@]; — @duk)

The basic configuration extends a standard discrete-time finite-dimensional Kalman filter de-
sign algorithm?®®. Compared to the general matrix forms of state space representation in finite-
dimensional systems, the discrete spatial operators (Aqg, By, Cq, Dy, Gw) need to be treated carefully

as they are induced by Cayley-Tustin time discretization. In addition, the covariances P, and PkJr

14
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are two-dimensional and self-adjoint with spatial characteristics.

3.3 Optimal Sensor Location

The basic idea of optimal sensor selection is to select the locations of sensor among a given finite
location set, which provides as much information of the dynamic system as possible. To realize
this goal, the optimal sensor selection can be formulated as an optimization problem, aiming to
minimize a given objective function related to the dynamic characteristics of the system. In this
paper, the objective is to minimize the steady-state error variance of the estimated states, which is
in the nuclear norm?*. The value of steady-state error variance is dependent on the measurement
operator C, and hence on the number of sensors, as well as on the sensor noise covariance Rj. Thus,
minimizing the steady-state error variance is a reasonable design goal when it comes to the sensor
location selection. The sensor locations are defined as the discrete optimization variables and the

constraints are typically the given sensor number.

Join ([ Pss (9) Iy (31a)
s.t. g(¥) =n, (31b)
I <9 <9, (31c)
VEVAR (31d)

where ) = {01, 6,, ...,0,} represents the sensor locations defined by a set of integers, || Pss()]|; is
the nuclear norm of steady-state error variance, g(1#) denotes the total number of sensor locations,
n is the given sensor number, ¥ and ¥“* are the lower and upper bounds of ¥, respectively, and
Z* denotes the set of positive integers. The minimum solution of Equation (31) is then the optimal

sensor configuration as follows:

9" = arg min | Pes(9)ll; (32a)
s.t. g(¥) =n, (32b)
9 < 9 < 9ub. (32¢)
VAR (32d)
15
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Problem (32) can be solved by the following procedure.
1) determine the feasible sensor location set Q"
2) For every sensor configuration ¢ € Q" solve the problem (32).

3) The optimal sensor location of the considered system is obtained as 9*.

4 SIMULATION RESULTS

In this section, we provide numerical examples associated with the discrete-time Kalman filter
design and sensor selection. First, we revisit the motivation example discussed in Section 1 to
demonstrate the performance of the proposed filter and compare the results of sensor location by
using different criteria, including maximum observability and minimum variance estimation. Then,
the developed infinite-dimensional discrete-time Kalman filter for the digester system is simulated
and the corresponding results are discussed in detail. Two cases are further considered, including
the spatially distributed process noise and the spatially centered process noise. The numerical
simulation is further investigated to determine the optimal sensor placement, which might provide

a guidance for sensor location selection and efficient monitoring of digester systems in practice.

4.1 Motivation Example Revisited

In this section, the proposed Kalman filter design and sensor selection are applied to the scalar
hyperbolic system presented in Section 1. The discrete-time linear hyperbolic PDE system corre-
sponding to Equation (1) is obtained by applying Cayley-Tustin transformation and is given in the

following form:

x(z, k) = Agz(z,k — 1) + Bau(k) + w(k), 2(2,0) = zq (33a)
y(k) = Cqz(2, k) + Dgu(k) + v(k) (33b)
16
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1

2

2 where

: Aa) = 6T = AT (6T + A]()

? - I()+20 |:f0z %(-)e*%(¢*5)"dn} oL(—0)2

8 By = V2661 — A|"1B(2)

T — VB [f; 1Bn)e O Omay] o0

1 ~ (34)
By Cal) = —V/23C[ 61 — A]71(:)

: 431 — /28 [ e %(.)ef%wmndn] L +0)m

15 Dy=C[-6I - A"'B+D

o g [ fin 1 B(n)e—%<¢+5>’7dn} L W8l

12 The simulation result of the Kalman filter design given Equations (28)-(30) for the discrete scalar
;? hyperbolic PDE system is shown in Figure 4. In this case, the spatial parameter in the operator A is
;g chosen to be ¥ = 0.5, while the input operator B(0 < z < 1) = 1 represents spatially uniform real-
24 ized heat transfer across the reactor shell. The time varying input is considered as u(k) = 3sin(27k),
;2 the potential position of the sensor location is considered as [0.05,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1].
;; The initial conditions are taken as zgp = bsin(2nz) and &g = 3sin(4rz). The process noise and
29 measurement noise are considered as wy ~ N(0,Qx) with Qr = 0.05, and vy ~ N (0, Ry) with
- Ry =0.1.

gg The evolution profiles of the trace of two-dimensional estimate covariance along the time in-
34 stance at each potential position of the sensor are shown in Figure 5. The trace norm profiles are
22 able to converge to the steady state after 1 second. The steady state of the trace norm of estimation
2373 error covariance subject to the location of the sensor is shown in Figure 6, which also shows the
39 profile of the trace of observability. It is clear that the trace norm of observability increases roughly
2(1) linearly with the movement of the sensor position, and reaches the maximum at the end. However,
jé the trace norm of estimation covariance shows roughly a quadratic relationship with the sensor
j‘; location and reaches the minimum point at 0.7. The results indicate that for the scalar hyperbolic
46 PDE, maximizing observability does not generally guarantee the minimum variance estimation. In
j; the other words, it also implies that the maximum observability is not the best criteria for the
:g sensor location from minimizing estimation error view point.

51

gg 4.2 Performance of State Estimation and Sensor Selection for Pulp Digester
54

55 The values of all system parameters and for simulations are listed in Table 1. For the initial
g? conditions of the dynamic system, we consider z1(z,0) = 0.18sin(0.472), z2(z,0) = 0.87sin(0.47z).
58
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As for the Cayley-Tustin time discretization, we choose h = 2s at the time discretization interval.
The spatial discretization interval is taken as Az = 0.05. The time delays (71, 72) are considered
as (0.05,0.05). Firstly, the open-loop temperature model of cook zone is simulated in Figure 7
with the activated control action u(t) = 4sin(0.05¢). It is apparent that the state evolution profile

behaves follow the periodic wave trend induced by the given input.

4.2.1 Performance of Discrete Kalman Filter

In this case, the developed discrete-time Kalman filter configuration is applied to the stochastic
linear infinite-dimensional discrete-time digester system (25), and the performance is analyzed. In
addition, the sensor location is first considered at the bottom of cook zone, that means l,,,1 = l;,2 =
[. Based on that, two different disturbances are considered: spatially distributed and centered
disturbance. In both cases, the plant and measurement noises, we take wy ~ N(0,Qy), E [wkw]T] =
QrOkj, vk ~ N(0,Ry), Elvpv]] = Ridyj, Elupw]] = 0 with Q = 0.005 and Ry, = diag(1,2).
The initial conditions are taken as z1(z,0) = 0.18sin(0.472) and x2(z,0) = 0.9sin(0.47z), and the
control action are given as u(t) = 4sin(0.05¢), and the estimated initial conditions are #;(z,0) =
0.16sin(0.47z) and &2(z,0) = 0.8sin(0.472).

Case 1: Spatially distributed process noise

In this case, the spatially distributed noise is considered first for the description of the noise on
the state distribution in the spatial domain, which is defined as g(z) = 1 + 30sech(100(z — 0.2)),
and the operator is defined as G(z) = [1,1,1,1,1]7.

Profiles of the state with noise and the estimated state are presented in Figure 8 and Figure 9.
Compared with Figure 7 , it can be seen that there are some noisy oscillations in the two states
induced by the process noise and measurement noise, and the developed Kalman filter is capable
of reconstructing the entire spatiotemporal state profile and reducing noises present in the process
and measurement simultaneously. Moreover, in Figure 10 the profiles of the noisy outputs, the
estimated outputs, and the real outputs are presented. The filtered output of interest matches
perfectly with the one in the noise-free system, with largely eliminating the noises involved in the
stochastic digester system. The measurement error and the estimation error are utilized to evaluate
the estimation accuracy of the designed Kalman filter, as shown in Figure 11.

Case 2: Spatially centered process noise

In this case, the spatially centered process noise is considered and we assume the noise only

appears in the temperature of wood chips. The centered disturbance illustrated as function g(z) =

18
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20sech(100(z — 0.2)), and the operator is defined as G(z) = [¢(z),0, g(2), 0,0]7.

Figure 12 shows the state profiles with noise and the estimated state using Kalman filter. It is
apparent that the temperature profile of wood chips are quite noisy in Figure 12 (a), while after
applying the developed discrete-time Kalman filter, one can directly see that the noise has been
filtered out, and the original state evolution is revealed as shown in Figure 12 (b). Although the
temperature of wood chips and free liquor is coupled, in this case, the temperature of free liquor is
relatively less affected by noise, therefore the profile of the estimated state for xo is not provided.
By comparing the filtered state evolution with the original one (Figure 7), the effectiveness of the
proposed discrete Kalman filter can be verified. From the comparison of outputs in Figure 13, one
can noticed that the measured output profiles in the two figures are quite noisy, as shown in the
black dashed lines, and the proposed Kalman filter can smooth out the noises in outputs and make
the filtered output converge to real output profiles, as shown in green dashed lines and red solid
lines, respectively.

To quantity the estimation performance of the proposed Kalman filter, the measurement error
and the estimation error are calculated based on the actual outputs, as shown in Figure 14. The
measurement error is defined as the difference between the measurement and the actual output,
and the estimation error denotes the difference between the filtered output using Kalman filter and
the actual output. The measurement error of both output are relatively random and large. After
applying the Kalman filter, the estimated output 1 is close to the real output 1 as the estimation
error is smooth and relatively small. Although the measurement error is largest when the time
lag is around 100s, the Kalman filter can also achieve relatively better estimation. As for output
2, the estimation performance is much better since the estimation error is converge to zero within
35s that might be caused by the spatially localized noise only appears in the temperature of wood

chips or 7.

4.2.2 Determination of Optimal sensor placement

We performed several simulation runs to evaluate the performance if the proposed method for com-
puting optimal locations of measurement sensors. Each sensor have 6 possible locations distributed
in the range [0, 5] as shown in Table 2.

Based on the algorithm shown in Section 3, we compute the optimal sensor locations by mini-
mizing the proposed cost function. By solving Equation (32), the optimal sensor locations can be

determined. In this case, the optimal sensor locations were found at 9* = [1, 3], where the minimum

19
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cost was 181.5839. Figure 15 shows the distribution of the || Py||;, and it can be seen that || Pyl|; is
relatively large when the temperature sensor of free liquor is located close to the upper boundary
(i.e., L2 is small and close to 0). When the sensor is located far from the upper boundary, the
value of trace becomes smaller and not much different from each other. The minimum value appears
when the temperature sensor of free liquor is located at 3m. The meaning behind this investigation
is that it provides an efficient way and insightful guidance for practitioners when performing sensor
location selection. However, when the feasible sensor location set has relatively large candidates,
the computational cost will also increase by using the proposed method. The computation issue

will be addressed in a future work.

5 CONCLUSION

In summary, the state estimation and sensor placement for the stochastic continuous pulp digester
with measurement delay are investigated in this work from the monitoring point of view. The
temperature system of a continuous pulp digester is modeled by two coupled hyperbolic partial dif-
ferential equations and an ordinary differential equation, and there exists the measurement delay at
the considered outputs. In order to realize discrete implementation, the Cayley-Tustin transform
is utilized to map the continuous-time system to the discrete-time model representation without
spatial discretization and model reduction which preserves the input-output stability of the plant.
The discrete-time infinite-dimensional Kalman filter is applied to estimate the system states using
the process measurements. The selection of sensor location is then addressed based on the esti-
mator design and investigated by minimizing the variance of estimate error. The effectiveness and
feasibility of the proposed Kalman filter are verified by a set of simulations, and the results of the
determination of optimal sensor placement provided an efficient way and insightful guidance for

practitioners when performing sensor location selection.
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Table 1: Notation and Values of Parameters®”

Process parameters Notations Numerical Values
Volumetric flow rate of chip V. 0.0267 m? /min
Volumetric flow rate of
free liquor Vy 0.09 m?/min
Digester cross sectional area A 21 m?
Interphase heat-transfer coefficient U 827 kJ/min - K - m3

Heat capacities of the wood Chps 1.47 kJ/kg - K
Heat capacities of the liquor Chi 419 kJ/kg - K

Table 2: Locations considered for each sensor

Temperature locations of wood chips/l,;,; Temperature locations of free liquor/l,,2

0.2,1,2,3,4,5 0.2,1,2,3,4,5
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