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Abstract: This paper aims to give a mathematically rigorous description of the
corner singularities of the weak solutions for the plane linearized elasticity system in a
bounded planar domain with angular corner points on the boundary. The qualitative
properties of the solution including its regularity depend crucially on these corner points
or such types of boundary conditions. In particular, the resulting expansion of the so-
lutions of the underlying problem involves singular vector functions, inlines, depending
on a certain parameter §,. We derive the transcendental equations for all ten possible
cases of combinations of the boundary conditions generated by the basic four ones in
classical elasticity proposing in the two natural directions of the boundary, i.e., tangen-
tial and normal direction, respectively, which depends on ¢,,. So, a MATLAB program
is developed whereby &, can be computed, and figures showing their distributions are
presented. The leading singular exponents are computed for these combinations of the
boundary conditions, wherein critical angles wepitica; are listed such that for interior
angles w < wepiticas the H2-regularity of solution can be guaranteed. Moreover, the
characterization of stress singularities in terms of the inner angle of a corner point is
studied, and the regularity results are given.
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1 Introduction

In the theory of elasticity, it is important to know the stress behavior in the neighbor-
hood of reentrant corners and cracks for physical, theoretical, and numerical reasons.
In fact, the solution can be supposed to be singular and this influences the structural
strength of elastic materials. Also, the type of singularity has an impact on the qualita-
tive behavior of failure of linear elasticity theory in such neighborhoods. Mathematical
considerations, moreover, reveal that the usual boundary conditions have to be supple-
mented at corners to have well-formulated boundary value problems. The problems of
the plane theory of linearized elasticity are stated that near the angular corner points
or points where the types of boundary conditions change may cause stress singularities
[16]. It means that the stresses can be unbounded on these points. The Lamé equa-
tions are generally used for two cases of equilibrium for elastic bodies. These cases are
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explicitly called the case of plane stress and the case of plane strain, which describes
the deformation of the thin elastic plate under named the membrane loading |1, |4} 24,
30].

The eigenfunction expansion method has been used to analyze the two-dimensional
(in-plane and out-of-plane) singular stress field at a thin plate with angular corners
or finite opening cracks [33]. Dempsey and Sinclair [10] have introduced a new form
of Airy stress function to investigate the stress singularities of isotropic elastic plates
in extension. The mathematical derivation for the static bending problem of isotropic
sectorial plates that contain stress singularities at the vertex of the plates owing to
geometry and boundary conditions is described in [5]. In |15], the Mellin transform has
been used to examine the stress singularities in a two-material wedge. [11] has employed
a complex potential approach to analyze the form of eigenvector solutions for a general
corner or an opening crack problem. Sinclair |28 has studied the Logarithmic stress
singularities in a problem of plates in extension with various boundary conditions.

Generally, the questions of corner singularities are examined for three types of bound-
ary conditions, such as Dirichlet, Neumann, or the mixed (Dirichlet-Neumann and vice
versa) boundary conditions for bounded plane domains with corners [12, 31} [34]. [29]
has used the Airy stress function to analyze the stress singularities with the combina-
tions of the three of the four boundary conditions (Dirichlet, Neumann, Soft clamped),
but no singular expansion or the regularity of the solutions was considered. Seweryn
and Molski [27] have studied the elastic stress singularities and the generalized formu-
lations of the stress intensity factors near the angular corners with different boundary
conditions but again the regularity of solutions is not studied. The qualitative proper-
ties of solution of the elasticity system including its regularity in non-smooth domains
with corner points and cracks with the applications of classical and weighted Sobolev
spaces were thoroughly studied in [21} 26]. Rdssle and Sandig [25] have used these re-
sults to investigate the geometric singularities and regularity of the Reissner Mindlin
plate model. Brown and Mitrea [6] have considered the mixed problem for the Lamé
system in a class of Lipschitz domains. Ott and Brown [23] have considered the Lamé
system in a bounded Lipschitz domain to determine the existence of a unique solu-
tion when the data is taken from Hardy spaces and Hardy-Sobolev spaces. Recently,
the two-dimensional elasticity problem is considered to investigate the existence and
uniqueness analysis through the single-layer potential approach [20].

The rest of this paper is as follows. In Section [2] the classical formulation of the e-
lasticity system and as a weak problem is presented. The corresponding theorem which
expresses the singular expansion of the solution of the elasticity problem near the an-
gular corner point is stated. In Section |3 after localizing the problem at each angular
corner point of the domain, applying the method of ansatzs leads to a boundary eigen-
value problem with the parameter. The transcendental equations illustrating the corner
singularity exponents for various possible cases of the combinations of the boundary
conditions are derived, and their distributions are shown graphically in Section [3.2] In
Table [1] critical angles weriticar are listed such that for interior angles w < wWeriticar the
H?-regularity of solution can be guaranteed. The concluding remarks on the regularity
of solutions to the considered problem are given in Section [4



2 The Elasticity System

2.1 Classical Formulation

Let Q C R? be a two-dimensional bounded and connected domain, whose boundary
0 = T" comprises the angular corner points, the points at which the types of boundary
conditions change. Let M denote the set of these boundary points which consists of
M= {Pl, . PN} C 0. Let w;,i=1,2,..., N denote the corresponding interior angle
made by the open edges I';_; and TI';.

Let u = (u1,u2)” be the displacement vector field with the cartesian components
u1,u2, where the linearized strain tensor e(u) is defined by
1 (‘9u2 8Uj
€i(u) = = +
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), for i, j = 1,2. (2.1)
The corresponding linearized stress tensor o(u) is given according to Hooke’s law by
using the Lamé coefficients p and A (p and A are always assumed to be positive):

. 8UZ 8Uj
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) + A(div (w))di, ford, j=1,2, (2.2)
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where §;; is the Kronecker symbol, divu = 0ju; + doug, and 0;, i = 1,2 means dif-
ferentiation with respect to x;. To consider the possible boundary conditions on the
boundary I', we assume in the consequence the four canonical choices which describe
basic ones in classical elasticity proposing in the two natural directions of the boundary,
i.e., tangential and normal direction, respectively, and are asserted in [19} [25]. These
are such type of conditions that can be imposed in the variational formulation of the
underlying problem. In the plane stress case, when the thickness of the plate tend-
s to zero then these conditions can be considered as two-dimensional limit boundary
conditions [9]. For the formulation, we suppose that the boundary I' is composed as
r=r,uly,ul’',ul'y, where Iy, I', I'c, and I'; are the disjoint parts of the boundary
I', and maybe each of them is empty.

Let us consider the linear plane strain elasticity problem on a domain :
pAu+ (u+ A)grad (diva) = —f in Q, (2.3)

with boundary conditions

u=0, on I, (2.4)

U, =0, opr=0, on I}, (2.5)
Onn=0, ur=0, on I (2.6)
oc(uyn=0, on Ty, (2.7)

where f = (f1, fo) is the force density applied on the body €, grad = (91,0:)7, A
is the Laplacian, and n is the exterior normal to I'. Let u,, = u - n is the normal
components of the vector field u on the boundary, i.e., u, = uini + uons, while u, is
the tangential components of the vector u, i.e., u; = ujng —ugn;. Let o(u) n describes
the outward traction field at a point on I'. The similar notations as above can be
applied to describe its normal and tangential components. For more information about
the boundary conditions, we refer to [Chapter 4, 18] and [25].



Moreover, the boundary conditions — represents the hard clamped (HC),
soft clamped (SC), simply supported (SS), and stress-free (SF) boundary conditions.
The formulation is used for the case of plane strain, whereas the Lamé operator
for the case of plane stress state can simply be obtained to replace the Lamé coefficients

AbyK:

uA
f 2].
A2 rom [2]

Now, using the differential operator L and the boundary operator B, one can write

shortly — as

Lu= —f in Q
(2.8)
Bu=0 on TI.

2.2 Weak Formulation

In this subsection, the weak formulation of the problem ([2.8]) is given. Let
w(Q) = {u € Hl(Q)2‘ u satisfies the essential boundary conditions on F}, (2.9)

be the set of admissible displacement fields, containing fields with finite energy sustain-
ing the geometrical constraints on the boundary I'. These assumptions are satisfied if
the measT', > 0. Let A/ denote the set of the rigid movements in W(Q), i.e.,

Co + cxy

N = {V(X) = (Cl N CwQ) ‘v(x) eW(Q),c, c1,c0 € R}. (2.10)

If for example, the boundary piece where the hard clamped boundary conditions are
levied has a positive measure, then N' = (). Instead, if the stress-free boundary con-
ditions are levied on the whole I', which means that I'; = I', then the set N is three
-dimensional and contains all rigid motions.

Seek u € W(£2), such that
a(u,v) =f(v), for every ve W(1Q), (2.11)

where
a(u,v) :/ Z oij(u)€;(v)dx and f(v)= / f.vdx.
Q=12 Q

Employing a form of the Korn inequality with the considered boundary conditions gives
the coercivity of the bilinear form a(., ) in 1) on the space

UQ) = {u(x) e W(Q)) : /Qu.vdx —0, Ve N}. (2.12)

Due to this Korn inequality with boundary conditions, the Lax-Milgram lemma is
relevant and consequently, a unique weak solution u € U(2) of the variational problem
(2.11)) exists if the right-hand side fulfills the following compatibility condition

/ f.vdx =0, for every v e N. (2.13)
Q

The understanding of the eigenvalues and corresponding eigenfunctions are crucial to
describe the behavior of solution u € U(Q2) of the problem ([2.11]) in the neighborhood
of the angular corner points. The following theorem states this fact which is a classical
result.



Theorem 2.1. /8, 17] (Expansion theorem): Given f € LP(Q)2, 1 < p < oo, let
u € U(Q) be the unique weak solution of the problem and P is an isolated
angular corner point of I'. If &1, &, ..., &n are the eigenvalues of the operator f)(ﬁ), then
the solution u admits the following expansion in a neighborhood n(P) of P, i.e.,

N Iy kup—1

u=x(r) | YY" D" cupnSupn(r, 0)| + wieg(r, 0), (2.14)

pn=1p=1 k=0

with Wyeg(r, ) € WP (n(P)) and x is the cut-off function (3.1). Here, N be the
number of all eigenvalues of the operator pencil V(¢ ) in the strip Re(&,) € (0,2 — %),

the constants ¢, , » depend on the data and the singular functions, I, = dim Ker 1>(§ )
Kup is the length of the Jordan chains of V() and the corresponding singular functions
are given by
~ (logr) o) nej
Sy pyr(r, 0) = 1 Yy~ S @ (9), (2.15)

=

where ®f rJ (#) is a canonical system of Jordan chains of f/(f) respecting &,.

It is noted from ([2.14)) and ([2.15)) that the eigenvalues &, = 0 do not yield singularities
in the development of the solution in the neighborhood n(P).

Remarks 2.1. It is observed that the knowledge of the singular exponents £, in
which is known as eigenvalues leads to determine the qualitative properties of the so-
lution including regularity of the underlying problem. Since they generate the singular
functions as a power of r. It is observed that if Re (§,) > 1, then the general solution
defined in is regular and belongs to W*2(Q2)2. The case Re (§,) = 0 represents
the translation which is regular. Normally, the terms with Re (§,) < 1 are called the
singular terms since they produce the unbounded stresses. The logarithmic terms occur
only if , has the algebraic multiplicity greater than one. Furthermore, the generalized
eigenvalues are dependent on the values of the apex angle wy.

It is observed from and that the resulting expansion contains singular
vector functions, which in turn relies on the values of parameter §,. Furthermore,
the knowledge of the values of parameter §, leads to determine the regularity and
singularity properties of the solution of the given problem. So to obtain the results,
the following steps are followed.

1. Localize the elasticity problem in the neighborhood of an angular corner
point and then consider the problem in an infinite wedge. The problem
is written in local polar coordinates (r, #), and applying the method of
ansatzs leads to a boundary eigenvalue problem with the parameter.

2. We derive the transcendental equations for this parametric boundary eigenvalue
problem for various possible combinations of the boundary conditions with the
aid of the determinant method. Analytically, it is much difficult to compute the
values of £, which are explicitly called the generalized eigenvalues of the given
problem.

3. So with the aid of the Newton method from computation, a MATLAB program
is developed to compute the eigenvalues Re (§,), and the figures showing their
distributions are given.



4. Finally, we determine the leading singular exponents for all the possible combina-
tions of the boundary conditions, and the critical angles weyiticar are listed which
helps to determine the regularity results.

3 The Elasticity System in an Infinite Wedge

3.1 Localization

We consider a weak solution u € U(Q) C H*(Q)? to , assuming that f €
LZ(Q)Q. Generally, it is recognized that the solution u does not belongs to H?(2)?
owing to the geometrical singularities of the boundary, for instance, the angular corner
points or points upon which the types of boundary conditions change. Consider the
point Py € { R} as origin with the interior angle wy = wp € (0, 27), and an appropriate
infinite differentiable cut-off function x(|x|) = x(r) depending on the distance r from
the point Py is defined as

) 1 for O<7"<g, (3.1)
x(r) = .
0 for r>0.

We multiply on the both-sides of (2.8]) by the smooth cut-off function y, then substitute
v = xu in (2.8). The derivatives are considered in the distribution sense. Thus, the
boundary value problem ([2.8)) is set on the infinite wedge

9 wo wo
4% {X (z1,22) € R*| (1, 0) : 0 < 7 < o0, 2<9<2},

and coincides with the original problem near the point Py. Therefore, the problem

(2.8) becomes

(3.2)

Lv= —-F(x) in W,
Btv=0 on I%

where F = (Fy, F3) and the function F} is as follows

O o 2 2
p(xAun + Ay + 245 G 200 ) () (524 + 2%,

9%y Aui Ox 9%y Hua OX Ox Oua
Yz + 25 gor T V20000 T G o1 T s 01 )

._
|

F5 has the similar form. The behavior of v near the point Py illustrates the regularity
of the solution u in the neighborhood of the point Py. It is stated that just only one
condition is prescribed on the whole I'™ and possibly another condition is prescribed
on the whole I'".

For the regularity analysis of the boundary value problem (3.2)), we rewrite the
operators in polar coordinates as follows:

v,  10v, 10%, v 2 Juy 9 /ov. 1 1 Ovg
(G v Traam o aan) T AW (Gt e g) = P
vy 10w 1 0% wvg 2 0vu, 10 /0v, 1 1 vy
(5 +rar T — 2t rrar) T (G e+ L g) =



where (v,,vg), (Fy, Fp) are the polar components of the displacement vector field v,

and F, respectively. Hence
= (B Fi [ cosf sinf
o <F9> =4 <F2> , A= (—sinﬁ cos&) ’

()1

The components of the stress tensor in polar coordinates are described as

<

ov, ov, vr 1 Ovg
Trr =20 or +A( or 7—'—7” 80) (34)
B 181}9 ov, Ur 181}9
0 = 211( 89+ )+A(8r+r+r09)’ (3:5)
10v, 0Ov V)
0-7'920-97‘:“(; a0 +87f—70)- (3.6)

We seek the solutions to the considered problem under the form
v (1, 0) = 150,(0), ve(r, B) = r509(0), (3.7)

where ¢ € C is a complex number.
Using (3.7)), the problem (3.3 emerges an ordinary differential system which depends

analytically on the complex parameter £ and holds on the interval I =6 € ( -, %)
Thus the transformed form of the problem ({3.3)) is given by
d*o, dvg .
P @+ A)E = )5+ | = (A+3) + (u+ A)¢| 2 = — B,
Piy divy ) A '
20+ )+ | (A +3u) + (n+ A)E| T+ (€ = D)oo = —F,
whereas the transformed form of the Neumann boundary conditions emerges as
. dv, . . dv, .
60 = u( 5 + (6= 1)%p) and o9 = (2 + A)d—; +2u+(E+DA) D (3.9)

Let ﬁ(f ) denote the matrix differential operator analogous to the system 1) Anal-
ogously, the operator B[, ] (€) is used to characterize the general transformed form of
the matrix boundary operators for various combinations of the boundary conditions
—. Accordingly, the operator pencil 1>(§) for a generalized eigenvalue problem
can be written as

V(e) = [L(©), {B,(&)}]. (3.10)

Thus, the operator V(&) maps W22(I)? into L2(I)? x C? x C2. Let V(€)(6, &) = 0 is
used to describe a generalized eigenvalue problem and the solvability of such type of
problems is discussed in [17, 32]. The operator f)(é) is an isomorphism for all £ € C
apart from some isolated points (known as the eigenvalues of V(€)). So, the resolvent
R(¢) = [1}(5)]_1 is an operator-valued, meromorphic function of ¢ has poles of finite
multiplicity. The eigenvalues of the operator f/(f) are obtained with the determinant
method, this means that the nontrivial solution of the generalized eigenvalue problem
leads to a transcendental equation whose zeros are the eigenvalues of 1}(5)

The definition of the eigenvalues £, (whereas the subscript p is generally used to

refer to the multiple eigenvalues) and the corresponding eigenfunctions are described
in the following definition.



Definition 3.1. A complex number £ = & is known as eigenvalue of f)(ﬁ) if there
exists a nontrivial solution i.e., u(.,&) # 0, which is holomorphic at &y, such that
9(50)@(0,50) = 0. a(0,&) is called an eigenfunction of f)(&)) corresponding to the
eigenvalue &. The set of fields {ﬁo(G,fo), 10,1(6,%0), ---, a075(9,§0)} with G = U 1S
said to be a Jordan chain corresponding to the eigenvalue &y, if the equation

> 2 () V€ oy (0.)

q=0

=0 for m=1,2,...;s,
’5150 4

is satisfied. The number s + 1 is called the length of the Jordan chain.

3.2 Distributions of the Eigenvalues

In this section, the general solutions of the homogenous system are given. The
transcendental functions whose roots are the eigenvalues of the operator ]A/(ﬁ ) for all the
possible cases of the combinations of the boundary conditions — are derived.
Moreover, the distributions of the generalized eigenvalues are computed numerically.

The fundamental solution of the homogenous parametric dependent system for
the case of £ # 0 is given by

(5, <sin[(€+1)e]> +BQ< cos{(€ + 1)0] )

cos([(f + 39] i A) [( L8
Ur\ _ 3u+A—E&(p+ cos[(1 —
( > R I <—(3u+A+£(u+A)) sin[(1 ) (3.11)

+ B, < (3M+A —§(N+A)) sin[[(

where B; € R, i = 1,2,3,4. For the case of £ = 0, the general solution of the homoge-
nous system (3.8]) has the following form

sin 0 cos @
B ((3089) + By (—sinH)
Op\ —(3u+A)Hcos0+usin0
<A ) =4 B <(3,u,+A)9 sinf + (2 + A) cosf (3.12)

4B (3,u+A)GSin«9+,uCOSG
4 (3,u—|—A)«9 cosf — (2,u—|—A) sinf )

The coefficients B = (By, By, B3, B4)" are determined according to the types of bound-
ary conditions. Analogously, the tractions (6,,9, 699) in for the cases of £ # 0 and
& = 0 can be obtained by using and .

To evaluate the eigenvalues and corresponding eigenfunctions of the elasticity system,
the solution with various possible combinations of the boundary conditions is
considered to obtain a system of four linear homogeneous equations with our unknowns
B1, Bo, Bs, and By. The resulting matrix of coefficients of these equations depends
on the complex parameter £, and a nontrivial solution exists if and only if the deter-
minant of the resulting matrix of coefficients vanishes. Furthermore, it produces the
transcendental equations whose roots are the eigenvalues, namely, £, for p =1,...N.

Moreover, for the case of plane strain, we consider the following relations between
the Lamé coefficients x, A and the Poisson’s ratio v = =&, i.e.,

2(A+p)°
(A+3u):3_4% (A+2u):2(1—y) and (A+3p)  3—4v

A+ p i 1-2v U C1-2v




On the other hand, for the case of plane stress, the Poisson’s ration v has to be replaced
by vV = ﬁ

To compute the transcendental equations for different possible cases of the combina-
tions of the boundary conditions, we proceed as follows.

Case 1: Hard clamped- Hard clamped boundary conditions (HC-HC)

It means that the hard clamped boundary conditions are given on both sides of the
angular corner point. The determinant method is used to obtain a system of linear
homogeneous equations. A non-trivial solution exists if the determinant Dgc—pe(§)
of the corresponding system of the matrix of coefficients vanishes. So, the obtained
characteristic equation from and for the plane strain condition is given by

1
3—4v

Dire—ne(€) = sin®(€wo) — € (5—5) sin(wo). (3.13)
The roots of the equation are the eigenvalues of the operator Viyo_ no(§) =
[L(€), {Birc—nc)(©)}]-

The dispersal of zeros of equation with Re(§) € [0,4] and wy € (0,27) is
shown in Figures for Poisson’s ratios v = 0.0,0.29,0.33,0.41, and 0.5. It ought to
be observed that the singularity of the stress field arises only for the real value of the
exponent & (Re (§) € (0,1) andIm (§) = 0), which corresponds to wy > 7. In all the
subsequent graphs, the black lines reveal the real eigenvalues, while the red lines reveal
the real parts of the conjugate pair of complex eigenvalues.

Real part of exponent - Re £
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a) Eigenvalues for HC-HC conditions for v = (b) Eigenvalues for HC-HC conditions for v =
0.0. 0.29 (plane stress).

Figure 1: Distribution of the eigenvalues for HC-HC conditions for v = 0.0 and v = 0.29
(plane stress).
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a) Eigenvalues for HC-HC conditions for v = (b) Eigenvalues for HC-HC conditions for v =
0.33. 0.41.

Figure 2: Distribution of the eigenvalues for HC-HC conditions for » = 0.33 and
v =0.41.

Real part of exponent - Re £
(=1

Figure 3: Distribution of the eigenvalues for HC-HC conditions for v = 0.5.

Case 2: Stress free- Stress free boundary conditions (SF-SF)

It means that the stress free boundary conditions are given on both sides of the
angular corner point. So, the obtained characteristic equation for this case is

Dsp_gr(a) = sin®(Ewp) — €2 sin’(wp). (3.14)

The numerical solutions to equation are shown in Figure {4 with Re(§) € [0, 4]
and wg € (0,27). Now, we give the results for the eigenvalues of the algebraic equation
, and the others will be treated analogously. The singular exponents are attained
by finding the roots of . Ordering these solutions with the non-decreasing real
part, a non-decreasing sequence of numbers &, 4 = 1,2, ...N is obtained. The number
s, is defined by

su=Re () +1,



11

which is known as the order of the regularity of the solution space and depends on
the corner singularity. More information about the numbers &, can be found in [1§].
Furthermore, the non-convex and convex cases are discussed separately regarding the
values of apex angle wy.

Case I. For the non-convex case, that is wg € (7, 27), the first 3 leading eigenvalues
&u, b =1,2,3 are real and the properties

1 2

f<§1<1<§2:1<§3<—7r, wp € (m,w*], (3.15)
2 wo wo

1 m 27 .

— << —<&H<GE=1<—, wE (W 2m), (3.16)
2 wo wo

hold. In particular, w* ~ 1.43037 is the unique solution of the equation tanw — w =0
in the interval w € [0, 27). It can be seen that for an angle wy € (w*, 27), there are two
eigenvalues &1, &2 less than 1.

Case II. For the convex case, that is wy € (0, 7), & is a simple and unique eigenvalue
that lie in the strip 0 < Re(&1) < -

351
2571

1571

| &
051

Real part of exponent - Re £
ma

Figure 4: Distribution of the eigenvalues for SF-SF conditions.

Remarks 3.1. In consideration of Theorem if someone wants to get a maximum
regularity for the solution u of the problem (2.11)), it is essential to reveal that the
2

strip Re(&u) € (0,2 — 2) is free of the root of the derived transcendental equations for

various combinations of the boundary conditions.

So, for a closer look at the structure of distribution of the zeros of the equation (3.14))
in a strip, the following proposition is described as follows.

Proposition 3.1. If wy € (0,7), then the equation has no root in the strip
Re(€) € (0, 1] and Ifwy € (0,27), then this equation has no root in the strip Re(€) € (0, 1

Proof. The proposition is inspired by [7] and ([3], Remark A.7). We study the equation

sin?(Ewp) = m2€? sin®(wy), (3.17)
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with m € (0,1]. It covers equation (3.14])) by taking m = 1. It is noticeable that & is
a solution of the equation (3.17)) if and only if £ satisfies the equations (3.18)-(3.19)

below:

sin(wp) = mé& sin(wyp), (3.18)
sin(éwp) = —mé sin(wp). (3.19)

We have to show that if wy € (0,7), then (3.18) has no root in the strip Re(&) € (0, 3.
Similar argument displays the result of (3.19)). Letting £ = a+ib with a,b € R in
and separating the real and imaginary parts. Then the equation is splits into
two equations

sin(awg) cosh(bwy) = masin(wy), (3.20)
cos(awy) sinh(bwy) = mbsin(wp). (3.21)
Let us consider the two functions f1, fo for a fixed b € R, such as

fi:R—=R:a — sin(awg) cosh(bwy),
(awo) cosh(bwo) (3.22)
fo:R—=R:a— masin(wp).

It is easily checked that

fi0) = £20)=0 and 1(5) > (),

for wo € (0, 7). Since, fi is concave in the interval [0, 37-], we get for all a € (0, 1

o) 2 2afi(5) > 2afa(5) = fale).

Therefore, for wy € (0, ), 1) does not coincide with |i in the interval (0, %} So

does (3.18]). Analogously, for wy € (0, 27) holds. O
The equation 1' recover the equation l) since m = ﬁ € (0,1].
Case 3: Hard clamped- Stress free boundary conditions (HC-SF)
1 _ 4(1—-v)? |
_¢2 2 _ 2
Dio—sr(€) = ¢ (3_4y>sm (w0) = —5— + sin®(§wo). (3.23)

The numerical solutions to equation are shown in Figures[5alf7] with Re (&) € [0, 4]
and wy € (0,27) with the same Poisson’s ratios as given in Figures respectively.
It is noticing that lower values of the Poisson’s ratios implicate higher values of the
threshold angle wy with the singular terms. For instance, when v = 0.5 in plane strain
conditions, the singular terms already arises for wg > Z. Furthermore, for a certain

1
angle wg there may seem many singular terms of £ real or complex contingent on
Poisson’s ratios. Such as, when wy = 37“, and v = 0.5 (in plane strain), we have three

real singular terms equivalent to three different values of £ € (0, 1), but if v = 0.33, two
values of &, a real and complex one are found.

Proposition 3.2. Ifwy € (0,7), then has no root in the strip Re(€) € (0, %]. If

2
wo € (0,2m), then this equation has no root in the strip Re(&) € (0, 7).



13

Proof. Firstly, we have to show that the equation (3.23) has no root in the strip
1 4(1 —v)?

Re(€) € (0,1] when wy € (0,7). Let we set mq = 34 and mg = (3:) in
— 4u — 4u

the equation (3.23). We let £ = a + ib with a,b € R in (3.23)) and separating the

real and imaginary parts. Then the equation (3.23) can be split into the following two

equations

sin(awp) cosh? (bwp) — cos? (awp) sinh? (bwg) = ma — m1(a® — b%) sin®(wp), (3.24)
sin(2aw)sinh(2bwy) = —4myabsin®(wg). (3.25)

Now, we consider the two cases of the values of b.
Case I. If b = 0, then the equation (3.24) becomes

sin®(awg) = ma — m1(a?) sin®(wo), (3.26)

and has no solution a € [0, %] The direct computation gives us that the right hand-
side is strictly greater than the left hand-side at a = % Since, we get the result in the
interval [0, ﬁ] Furthermore, the right hand-side of j3.26) is decreasing, while its left
hand-side is increasing.

Case II. If b # 0, then a solution a > 0 of equation (3.25|) satisfies

T 1
— > —. 2
a > o > 5 (3.27)
From ({3.25)), we find that
sin(2awp)  —4bmy sin®(wp) (3.28)
a ~ sinh(2bw) '

We get 1) since in the interval a € [0, ﬁ] The right hand-side of l) is always
negative, while its left hand-side is positive.

By joining together the two cases, we get that (3.23) having no root in the strip
Re(€) € (0, %] Analogously, the case for wy € (0,27) can be proved. O

The similar propositions for the other cases of boundary conditions can be proved
analogously to Propositions and

Real part of exponent - Re £
ha

Real part of exponent - Re £
[

o w2 . 3x/2

[
=]
[}
Bl

2]
L&)
~N

wy g
a) Eigenvalues for HC-SF conditions for v = (b) Eigenvalues for HC-SF conditions for v =
0.0. 0.29 (plane stress).

Figure 5: Distribution of the eigenvalues for HC-SF conditions for ¥ = 0.0 and v = 0.29
(plane stress).
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0.33. 0.41.
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Figure 7: Distribution of the eigenvalues for HC-SF conditions for v = 0.5.

Case 4: Soft clamped- Soft clamped boundary conditions (SC-SC)
It means that the Soft clamped boundary conditions ([2.5)) are given on both sides of the
angular corner point. Therefore, the computation leads to the transcendental equation

Dsc—sc(§) = cos(28wo) — cos(2wo). (3.29)

The roots of 1D are the eigenvalues of the operator f/gc_sc(f) = [ﬁ(ﬁ), {B[SC_SC] ({)}] .

The distribution of zeros of equation (3.29) with Re(§) € [0,4] and wy € (0,27) is
shown in Figure |8l We obtain the real eigenvalues £ of (3.29)) and can be given explicitly
by

™
=+(n— -1 3.30
én (nWO )7 ( )

where n is an integer.
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Figure 8: Distribution of the eigenvalues for SC-SC conditions.

Next, we only describe the characteristics equations of all the other possible combi-
nations of the boundary conditions, whereas we give up the explicit specifications of
the subsequent determinants.

Case 5: Hard clamped- Soft clamped boundary conditions (HC-SC)

Drc-sc(§) = sin(28wo) — §<3 Y

The numerical solutions to equation for Poisson’s ratios v = 0.0,0.29,0.33,0.41,
and 0.5 are shown in Figures with Re(&) € [0,4] and wp € (0,27). It is noted
that the singularity of the stress field arises for wy > 7, for any value of the Poisson’s
ratios excepting v = 0.5 in Plane strain conditions, where the transient angle wg jumps
from 5 to 0.71517. Moreover, it is noted that for v = 0.5 in plane strain condition,

equation (3.31)) is the same as equation (3.36)).

) sin(2wo). (3.31)

7
A

w

25

R
w
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a) Eigenvalues for HC-SC conditions for v = (b) Eigenvalues for HC-SC conditions for v =
0.0. 0.29.

Figure 9: Distribution of the eigenvalues for HC-SC conditions for v = 0.0 and v = 0.29
(plane stress).
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Figure 10: Distribution of the eigenvalues for HC-SC conditions for v = 0.33 and
v =0.41.

w

n
wn

Real part of exponent - Re £
hoe

-

=
on
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Case 6: Simply supported- Simply supported boundary conditions (SS-SS)
Dgs_ss(a) = cos?(€wp) — cos?(wp). (3.32)

The dispersal of zeros of equation (3.32) with Re(§) € [0,4] and wg € (0, 27) is shown
in Figure It has the same eigenvalues corresponding to equation ({3.30)).

Case 7: Soft clamped- Simply supported boundary conditions (SC-SS)
Dsc—s55(§) = cos(2&wyg) + cos(2wy). (3.33)

The distribution of zeros of equation (3.33]) with Re(€) € [0,4] and wy € (0, 27) is shown
in Figure We obtain the real eigenvalues ¢ of (3.33)) and can be given explicitly by

n = i[(% + n)wi0 - 1}, (3.34)
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Figure 12: Distribution of the eigenvalues for SS-SS conditions.

where n is an integer.

1571
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Figure 13: Distribution of the eigenvalues for SC-SS conditions.

Case 8: Hard clamped- Simply supported boundary conditions (HC-SS)

1
m) sin(2wo) + sin(2€wp). (3.35)
The numerical solutions to equation (3.35)) are shown in Figures with Re(§) € [0, 4]
and wy € (0,27) with the same Poisson’s ratios as given in Figures respectively.
The singular terms appear for wg > 7.

It is noted that for » = 0.5 in plane strain condition, equation (3.35)) is the same as

the equation (3.37)).

Dpc-s5(§) = f(
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Figure 14: Distribution of the eigenvalues for HC-SS conditions for » = 0.0 and v = 0.29
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Figure 15: Distribution of the eigenvalues for HC-SS conditions for v = 0.33 and
v =0.41.
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Figure 16: Distribution of the eigenvalues for HC-SS conditions for v = 0.5.

Case 9: Simply supported- Stress free boundary conditions (SS-SF)
Dgs—_sr(&) = sin(28wp) — £ sin(2wp). (3.36)

The numerical solutions to equation are shown in Figure |17 with Re(&) € [0, 4]
and wo € (0,2m). It is observed that the singularity of the stress field appears for
wp > 0.71517 and is defined by the real values of £. In the equations (3.14) and (3.36),
& = 1 is always a zero of them. But this zero corresponds to a regular part of the
solution, that is a rotation. So, we neglect £ = 1 in the equivalent figures 4 and

Real part of exponent - Re £
[~]

Figure 17: Distribution of the eigenvalues for SS-SF conditions.

Case 10: Soft clamped- Stress free boundary conditions (SC-SF)

Dgc—sr(§) = sin(2&wp) + & sin(2wy). (3.37)
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The numerical solutions to equation (3.37)) are shown in Figure (18 with Re(£) € [0, 4]
and wy € (0,27). It is observed that the singularity of the stress field arises only for
the real values of the exponents & (Re (&) € (0,1)andIm (§) = 0), which corresponds
to wg > 3.

R

Real part of exponent - Re £
[~]

Figure 18: Distribution of the eigenvalues for SC-SF conditions.

3.2.1 Computation of the Singular Exponents

In section we have completely discussed the distribution of the eigenvalues of the
problem for all the possible combinations of the boundary conditions. Now, we
explain the process of computed these eigenvalues. As an example, we are considering
the eigenvalue condition . The real eigenvalues of the eigenvalue condition
can be simply generated with MATLAB by an implicit plot, but it is much complicated
to compute the complex eigenvalues. Here, we have developed the MATLAB program
for the computation of the complex roots of the eigenvalue condition (see ap-
pendix [Al), and the figure showing the distribution of the eigenvalues are given. We
are interested only in those singularities in which the exponent lies in 0 < Re (§,) < 1.
The equation is providing that an apex angle greater than 7 generates such
exponents. The other eigenvalue conditions can be treated analogously.

Table [I| provides the representation of critical angles for stresses for various possible
combinations of the boundary conditions.

Remarks 3.2. It is noted from the above-mentioned results that the qualitative prop-
erties of the solution including the regularity of the underlying problem depend on the
properties of the singular exponents £, which are explicitly called the eigenvalues. It is
observed that if Re (£,) > 1, then the solution defined in is regular and belongs
to space W22(2)2. The case Re (§,) = 0 represents the translation which is regular.
Hence, we consider only those eigenvalues of the generalized boundary eigenvalue prob-
lem that lies in the strip 0 < Re(§,) < 1. Furthermore, the generalized eigenvalues
depend on the values of the apex angle wy.
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Table 1: Critical angles for the stresses for different boundary conditions

Boundary conditions | Angles

HC-HC T

SF-SF T

SC-SC /2

SS-SS /2

HC-SC /2 For any Poisson ratio’s v =
0.0, 0.29, 0.33, 0.41 except for
v = 0.5 where the transient angle
jumps from 7/2 to 0.7151 7.

SC-SS /4

SS-SF 0.7151

HC-SS /2

HC-SF 0.34227 For v = 0.29 (plain stress) and
for v = 0.5 plain strain condition
when the transient angle is 7/4.

SC-SF /2

4 Regularity Results

Let u € U(R2) be the unique weak solution of the boundary value problem . The
understanding of the singular terms permits us to evaluate the maximal regularity of
the weak solution. Based on Theorem and the observations presented in Section
we describe the subsequent theorem.

Theorem 4.1. Let Q C R? be a 2-dimensional bounded plane and connected domain.
Suppose that the opening angle wy at each of the angular boundary points P; is lesser
than the values given in Table Then for any given data f € L?(2)2, the weak solution
u of the problem has the regularity u € U(2) N H(Q).

The regularity result for the elasticity problem in a polygonal domain for the char-
acteristic equations ([3.13)), and are proved in [13, [22].

The following theorem gives the regularity of the solution of the problem when
all the ten possible combinations of the boundary conditions are applied on a domain
Q) with angular corner points on the boundary.

Theorem 4.2. Let  C R? be a 2-dimensional bounded and connected domain with
the interior angles w; at the angular corner points P; of I'. If Q) satisfies the following
assumption that w; < 27 for all points P; of the equations (3.13]), (3.14)), (3.23), (3.31)),
, , and , for w; < %77 for all P; of the equations @[) and @D, in
addition to for w; < £m for all P; of the equation . Then the solution u of the
problem for given data f € L?(Q)? satisfies

ue H%M(Q)Z, for some ¢ > 0. (4.1)

Proof. For the proof, we proceed as [Section 1.4.5,|14]. By the assumption on the domain
2 and the descriptions regarding the distribution of zeros of the derived transcendental
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equations specified in Section |3} that the strip Re(&) € (0, ﬂ is free of the root for all
possible cases of the combination of the boundary conditions at each point P; of the
boundary I". Additionally, it is recognized that in a fixed strip Re(&) € [m,n] with
m,n € R, the obtained characteristic equations (3.13)), (3.14), (3.23),(3.29), (3.31))-
, and — have only a finite number of isolated roots, therefore there
exists a p € ]%,2[, such that at each point of I the strip Re(§) € (0,2 — %] is free
of the root. In consequence of Theorem we conclude that the solution u of the
considered problem belongs to W2?(Q)? for such a p. Using [Theorem 1.4.4.1, [14], we

get (4.1)), since the domain  has a Lipschitz boundary. O

Remarks 4.1. It is noted that if the domain €2 satisfies the assumptions of Theorem

then for w; < 27 for all points P; of the equations (3.13)and (3.14)), for w; < 7 for
all P; of d3.31D, (]3.35[), (]3.23[), (]3.37[) and 1' for w; < %77 for all P; of 1D and
3.32)), in addition to w; < § for all P; of (3.33), then the solution u of the problem

2.11)) for given data f € L?()? satisfies u € H212(Q)2, for some ¢ > 0.

5 Conclusion

In this paper, a mathematically rigorous description of the corner singularities of the
weak solutions for the plane linearized elasticity system in a bounded planar domain
with angular corner points on the boundary has been given. To analyze the behavior of
solutions of the considered problem in the vicinity of the singularities, we have extend-
ed our analysis by considering all ten possible cases of combinations of the boundary
conditions generated by the basic four ones in classical elasticity |2} [19] proposing in
the two natural directions of the boundary, i.e., tangential and normal direction, re-
spectively, which have not yet studied. In particular, the resulting expansion involves
singular vector functions, inlines, depending on a certain parameter §,. Since they
generate the singular functions as a power of r. The transcendental equations illustrat-
ing the corner singularity exponents for these combinations of the boundary conditions
have been derived with the aid of the determinant method. Analytically, it was much
difficult to determine the values of a parameter £, from these transcendental equations.
Consequently, a MATLAB program has been developed (see appendix , whereby the
parameter &, has been computed, and figures showing their distributions have been
presented. Moreover, we have computed the leading singular exponents for all these
combinations of the boundary conditions, wherein the critical angles weitica; have been
listed in Table |1 such that for interior angles w < Weriticar the H2-regularity of solution
can be guaranteed.

Additionally, it has been observed that if Re(§,) > 1, then the solution of the
underlying problem is regular and belongs to W22 ()2, The case Re (£,,) = 0 represents
the translation which is regular. The terms with Re (§,) < 1 are called the singular
terms since they yield the unbounded stresses. So, we have considered only those
eigenvalues of the boundary eigenvalue problem that lies in the strip 0 < Re (£,) < 1
which in turn depends on the angles w. The characterization of stress singularities
for these combinations of the boundary conditions in terms of the inner angle of a
corner point has been studied. Finally, it has been proved that the solution u of the
considered problem belongs to W?2P(2)? for all the possible cases of the combinations
of the boundary conditions at each point P; of the I', when the strip Re(§) € (0, 2 — %]

is free of the root for such a p which belongs to ]%, 2[.
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Appendix

MATLAB program for the computation of real eigenvalues of the eigen-
value condition

1 % Program that compute the real roots

2% of the eigenvalue conditions and plot them.

3 function [] = root_ploting(omega_start ,omega_end,q)

4 % Function [] = root_ploting(q)

5

6 % Description

7% The function compute the real root of the complex number
8 % in the given area using angle w0.

9%

10 % Input:

11% q: Eigenvalue conditions as an inline function based on
12 % lambda and w0. Where lambda = a + i%b

13 % Output:

14 % output: output(i)*real

15 iota = sqrt(—1);

16 syms lambda omegaO;

17 %input function q, starting and ending value of omega
18 %output: plotting of real roots of q between omega

19 q

= (lambda)."2.xsin (omega0)."2—sin (lambdaxomega0) ." 2;

20 omega_start = 0;
21 omega_end = 2xpi;

2 %

23 %
24 f

f = matlabFunction(q, " Vars’,[lambda ,omegal]) generates a
MATLAB

anonymous function

= matlabFunction(q, ’Vars’ ,[lambda,omega0]) ;

25 df = matlabFunction (diff(f(lambda,omegal) ,lambda));

26 %
27 %

If maximum 10 points satisfy the accuracy
refine the decimal power

28 omegal_refiner = 100;
29 omegal) = (omega_start:.1/omega0_refiner:omega_end) ’;
30 nomegal = length (omegal) ;
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31 % Change ymazx to adjust the wvertical range of plot

32 ymax = 4;

33 % Change the wvalue of initial guess refiner for finer selction
of initial

34 % guess
35 initial_guess_refiner = 2;
36 r = 0:.01/initial_guess_refiner :ymax;

37 nr = length(r);

38 % iter represent the total number of iterations and tol
represent

39 % tolerance

40 iter = 10;

41 tol = 1.0e—10;

42 figure (1)

43 hold on;

44 % Loop over area of the angle

45 % Program should be able to compute the root as area of angle

top down
46 for j=1l:nr
47 z = 1r(j)+randxiota;
48 for k=1:iter
49 z = z—f(z,omegal)./df(z,omegal) ;
50 norm_f = abs(f(z,omegal));
51 end
52 idata = [];
53 for i=1:nomegal
54 if (norm_f(i)<tol)
55 idata = [idata;i];
56 disp(’success’);
57 end
58 end

59 % Xticks returns a wvector containing the z—axis tick

60 % values for the current azes.

61 xticks ([0 pi/2 pi 3*xpi/2 2xpi ])

62 xticklabels ({’07, "\pi/2’, ’\pi’, ’'3\pi/2’, ’2\pi’})

63 xlabel (’\omega_{0} ")

64 ylabel(’Real \xi’)

65 title (’Graphs of the Real Roots of the Eigenvalue Conditions’)
66 grid

67 % axes specified by ax instead of the current axes.

68 ax = gca,;

69 ax.GridColor = [0 .5 .5];

70 ax.GridLineStyle = '—;

71 ax.GridAlpha = 0.5;

72 ax.Layer = ’top’;

73

74 omegali = omegal(idata);
75 zi = z(idata);

76 condl =abs(imag(zi)) <.0001;
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cond2 =abs(imag(zi))>=.0001;
cond3 =abs(real(zi))>=.01;
indl = find (condl & cond3);
ind2 = find (cond2 & cond3);
% Plot the imaginary and real regions

plot (omega0i(indl) ,real(zi(indl)),’.k’, MarkerSize’ ,6) ;
plot (omega0i(ind2) ,real(zi(ind2)),’.r’, MarkerSize’,2);
axis ([0 2xpi 0 4])
drawnow ;

end

end
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