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1 | INTRODUCTION

In practical engineering fields, like networking, robotics, chemical, and mechanic, time-delays are unavoidable phenomena
which occur in various systems.!”? Sometimes these delays lead to the system instability, poor performances, and aging.**
Time-delays can be found in system states or inputs. The former one is found in dynamic operation systems and chemical
mechanic chamber due to external disturbances like friction and temperature. And the latter is found in network communication
systems, heavy equipment, and sensing feedback environments due to internal causes by hardware limitation and synchroniza-
tion problem.”>% Therefore, stability analysis for dynamic systems with time-delays has been one of the hot issues in a control
engineering field. Furthermore, unlike systems without time-delays, a controller design for systems with time-delays has an
important meaning, 78910

Time-delays have infinite dimensional states. So, the analytic methods can’t be found in frequency domains. Also, charac-
teristic function of time-delay systems, which has infinite poles, has difficulty in finding poles by analytic methods."' Unlike
limitation in frequency analysis, Lyapunov-Krasovskii functionals (LKFs) based stability analysis has the advantages of that can
analyze the stability of time-delay systems.1? Therefore, selecting appropriate LKFs is an important work for getting improved
results. After integral terms are introduced for expressing LKFs, deriving the Linear Matrix inequalities (LMIs) condition for
asymptotical stability of systems becomes complicated. By that reasons, some mathematical techniques are developed for reliev-
ing conservative conditions of stability.l3 Jensen’s inequality¥, Wirtinger-based integral inequality (WBII)'2 techniques are
used for handling integral terms in LKFs with less conservatism. And some other techniques like free-weighting matrix meth-
ods'®, delay-partitioning approach''’, and convex combination approach’” helped to find tight upper bound for time-derivative
of LKFs.
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The above mentioned techniques proved its effectiveness not only in time-delay linear systems, but also in uncertain systems
and nonlinear systems.!81220 ¢ should be noted that disturbance or parameter uncertainties are essential elements in many
systems.!' So, finding advanced stability and stabilization criteria of the linear system with time-varying delays and parameter
uncertainties are worthy of investigation by many researchers for a long time. In this paper, to get superior results comparing
with the previous ones, the following three techniques are utilized.

e Auxiliary function-based integral inequalities
e Extended Reciprocally convex approach
o Augmented zero equality approach

First one is the Auxiliary function-based integral inequalities (AFII)?%, which is developed from the Jensen’s inequality and
Wirtinger-based integral inequality 41>, This method is utilized for getting more tight lower bounds and handling single inte-
gral terms from time-derivative of LKFs. And then, the extended reciprocally convex inequality approach?! (ERCA) is used
for treating inverses convex parameters, and getting less conservatism. ERCA was developed from the reciprocally convex
approach® by calculating more decision variables. The last one is the Augmented zero equality approach® (AZEA). AZEA,
the applicated form of zero equality® and finsler’s lemma'*Z, gives effective calculating costs by removing decision variables.
It is confirmed that AZEA is a notable tool to get a high guaranteed delay bound in the systems with time-varying delays. So, it
becomes an inevitable choice to use above whole three techniques to get the better results.

By combining above three main techniques, in this paper, the problems of stability criteria and designing controller for
uncertain systems with time-varying delays are investigated. Theorem 1 is introduced for getting advanced feasible region of
stability by using some Lemmas and constructing an appropriate LKFs. As results of solving the stability problem, improved
maximum delay bounds A which guarantee the asymptotic stability of concerned systems are obtained. Corollary 1 focuses
on controller design with constructing the same LKFs in Theorem 1. Based on Theorem 1, the AZEA method for reducing
computational burden and getting more improved maximum delay bounds is utilized in Theorem 2. In Corollary 2, utilizing
AZEA method for stabilization problem of uncertain systems is introduced. By applying AZEA for controller design of uncertain
linear systems, which have not been discussed in any other literatures, Finsler’s lemma for deriving enhanced stabilization
conditions can be applied. As a result, an advanced asymptotic stabilization region and controller gain matrices can be obtained.
Through two numerical examples, the superiority and effectiveness of above idea will be shown. Notation : R" and R™" are
the n-dimensional Euclidean space and the set of all m X n real matrix, respectively. 8" and S} denote the sets of symmetric and
positive definite n X n matrices. X > 0 means that X is the positive definite matrix. diag{---} is the block diagonal matrix. I,
and 0, are n X n sizes identity and zero matrices, respectively. 0,,,,, 1S m X n zeros matrices. col{--} is the column matrices.
Sym{X} denotes X + XT . M+ € R is the null matrix of the M € R™" with rank r; e.g., M M* = 0. X|,,, means the
value of function X is dependent on the scalar function a(¢). The symmetric terms will be denoted by * when necessary.

2 | PROBLEM STATEMENT AND PRELIMINARIES

Consider the following linear system with parameter uncertainties and time-varying delays:
x(1) (A+AAM)x() + (Ay + AA,(1)x(t — h(1)) + (B + AB®)u(?),
x(s) = ¢(s), s € [-h, 0], (1)

where ¢(?) is an initial function, x(f) € R" is the state vector, A € R™", A, € R™", B € R™" are known system matrices,
and u(t) € R™ is control input. Uncertainties AA(t), AA,(t) and AB(t) are of the form

[AA(1) AA,(t) AB(t)| = DF() |E, E,; E,|.

where D € R™, E,, E;, € R™", E, € R™" are known constant matrices and F(t) € R™*, which satisfies FT (1)F(t) < I,
is nonlinear time-varying function. The delay A(¢) is a time-varying continuous function satisfying 0 < h(t) < h and h(t) < u,
where A and y are known constant values.

The purpose of this paper is to find delay-dependent criteria which guarantee the asymptotic stability of system (I)) under
u(t) =0, and stabilization criteria of system (1)) under u(t) = Kx(#). The controller gain K will be obtained and system under
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u(t) = Kx(t) can be described as
x(1) (A+ AA()+ BK + AB(t)K) x(t) + (A, + AA (1)x(t — h(1)),
x(s) @(s), s € [—h, 0]. 2)

The following lemmas are introduced for deriving our main results.
Lemma 1: For a given positive-definite matrix R > 0 and an integral function w(u) € [a, b], the following inequality holds:2
b b T b

/ w’ (s)Rw(s)ds > ﬁ / w(s)ds| R / w(s)ds |+ b3 v Ry, +

—a b—a

J/ZRYZ,

a a a

where 7, = [ w(s)ds — = [ [ w(duds, and y, = [ w(s)ds — == [ [* w(u)duds + (biza)z L2 I [P wydvduds.

Lemma 2: For a scalar (0 < a < 1), symmetric matrices M, M, € S, if there exists symmetric matrices .S}, S, € S" and
M, —-aS, —aF, —(1-a)F,
*

any matrices F;, F, € R™" such that [ M, —(1 - a)S,

> 0 for @ = 0, 1, then for all « € (0, 1) the following

inequality holds:%

M, o
a , >
0 LM,

l-a

M, +(1-)S, aF, +(1 - a)F,
k M2 + aSZ '

Lemma 3: Let D € R™, E € R®" and F(r) € R be real matrices, and assume that F(7) satisfies F(r)T F(t) < I,. Then,
for any diagonal matrix ® € R** > 0, the following matrix inequality holds:28

DF(E + ETFT(1)D” < ETOE + DO ' D',

Lemma 4: Let { € R", ® = ®T € R, and B € R™" such that rank(B) < n. The following statements are equivalent:/

(i) ¢T®¢ <0, VBE=0, { #0,
(i) 3L € R™ : ® + LB + BTLT < 0,
Gii) B @ B <o0.

3 | MAIN RESULTS

In this section, improved stability and stabilization criteria for the system (I) are derived based on the Lyapunov-Krasovskii
method. The following Lyapunov-Krasovskii functional is used in Theorems 1, 2, and Corollaries 1, 2:

4
V=V (3)

i=1
where
x0T x(1)
Vi = |xt—-h)| R|x@—-h)|,
n () m (@)
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1 x(s) x(s)
V, = x(s) N | x(s) |ds,
t—h ’72(1’ S) ’12(t’ S)

! T
x(s) x(s)
Vv, = G ds,
3 / [ﬂz(t,s)] [’72(1,5)] s
t—h(t)
x(u)
h/ / [x(u)]

t—h s

v,

[x(u)

where R, N, G, and Q are positive definite matrices, #,(t), #,(¢, s) are defined as

¢ =

Qaugl

n () = col</x(s)ds //x(u)duds //x(u)duds >,
t=h s t=hit-h
t t N N \
ny(t,s) = col /X(u)du, /x(u)du, /X(u)du, /x(u)du >
s s t—h t—h
For simplicity of expression, the following notations of several matrices are defined as:
_ h(t) / h;:(;) / Jhc((sl)duds
1—h(t t 3
x(1) - h(t) f s x(w)duds
x(t — h(1)) h(z)2 / h(t)f f x(v)dvduds
t—nh
x(. ) — h, i /t h(t) xt h(t)/z h() x(v)dvduds [ /th, /vt x(wdudss ‘|
col 4 x(1) L TR (>
X — h) w5 on X(9)ds L [T xwyduds |
i 1 1=h(1) d
S h(t)x(s)ds h—h(t) J1=h X(s)ds
h T [t 7
RO (s | W/ h(t)/ x(u)duds
=h() 1—h(D)
i (h— h(z))z / s x(u)duds J
[0, P 0, P _
=0+ *n 01]’ Q2 = Q+[ 02], P =diag{P,, P,- P, —P,},

Q

Qi

Hl 1[A(1)]
HIZ

H21
LR SET7A0)
I,
H3 1

diag {QaugI’ 3Qaugl’ SQaugl} > QZ = diag {Qaug27 3Qaug2’ SQaugZ} ’
e +a-ts MF 40 -2,
* Q, + 415, ’

= [O(i—l)an’ 1, 0(17—i)n><n] (=12,...,17), eg =017, E=1ley, €, ..., €7l
= [el —e,, e, —€; — ey +2e,, eg — 2eg, e; —e, + be, — 12e,, e — beg + 12e10] ,
= [e2 —e3, €7, —e, —e3 + 2e3, e; — 2ey, e, — ez + 6e3 — 12e5, e; — bey + 12e“] ,

= [el, es, eg+ e, eg+ e+ (h—h(t)eg, h(t)eg + he; — e — e17] ,

= [64, 65, el - e3, hel - (86 + 67), (86 + 67) - h€3] N

= [64, e, €y, €y, €] —e3, € +e7] , Iy, = [e5, e, e —e3, egt+ ey, €, eo] 5

= [el
= [eo, ey, ey, €, —es, _63] ’

= [eh €p> €p> €1 — €3, es+e7]’ I, = [ez’ €1 — €y, € €y — €3, 97]’

—e3, eg+e;, hey—(eg+eq), ejg+e7+(h—h(t)es, (e + e;) — hes, h(t)eg+ he; — e — 617] ,
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Haspp0y = [e6, h(t)e, —eq, e, eg — h(t)es, —e g + h(t)(eg + e7)] iy = [eo, ey, e, —es, —e3] ,
I, = [e4, e1] , Iy, = [el’ €, e3] , gy = [Ap Az]’
oy = Sym {T RITG }
Epiny = Ty NI, — Tl NI, + Sym {Thyg NI, }
sin = a1 GTL; = (1 = TG, + Sym {0 GILG, }
By = hllyP sz’ 542[/1(:)] = _H439[h(t)]H4Tgv

[1]

[1]

Edhay = h2H41QH4Tl + E41 + Eaopaeys
Espney = Sym{[h(D)ey; — eg]¥ ET + [(h — h(1)e 3 — e;]¥, ET
+ [h(t)ey, — eg]P5ET + [(h — h(1))e s — eg P, ET
+ [h(t)eg — €16 ]¥sET + [(h — h(1)eg — e17]¥.ET },
He = Sym { [elX] +e, X, + e4X3] [—ez + AelT + Adeg] } ,

[1]

[el, e,, 64] [ES, E,, (),,]T@ [ES, E,, On] [el, e,, e4]T,
5

thor = D Sinon + B + S,
i=1

[1]

X,D x, 0] i
e = [el, e,, e4] X,D e X,D [el, e,, 64]
XD XD

“

Then, the following theorem for finding asymptotically stable region when the system (1)) under u(t) = 0,,,; is given as a main

result.

Theorem 1. For given positive scalars 4 and u, system under u(¢) = 0

h(t) < u, if there exist positive-definite matrices R € Si”

mx1

is asymptotically stable for 0 < h(t) < h and
,N € Si", G € Si”, 0 € Si", positive-definite diagonal matrix

0 € §', symmetric matrices P, € S"(i = 1, 2), S, € $%(i=1, 2), any matrices X; e R™(i=1,2,3),¥, e R" x1ni=1,2, 3, 4,

5,6), F, € R *61(j=1, 2) satisfying the following LMIs:

X,D
Elna=o1 le), ey, ey]| X, D
XD
<0,
e
[DTXlT, DTXZT, DTX3T] eg -0
ol
| 4 i
- XD Z
E‘[h(r):h] ler, ey, eg]| X, D
X;D
<0,
e
[DTXT, DTXzT, DTX3T] e; -0
ol
| 4 |
& -k >0
ES Qz - Sz -
[ Q=5 _Fl] >0
* Q,

®

(6)

@)

®)



6 | LEE ET AL
Proof. Let us consider Lyapunov-Krasovskii functional . The V; (i=1,2,3,4) can be expressed as
x(1)
x0T Xt — h)
vV, = 2|xtt-h| R x(t) — x(t — h) = T (O E O, )
(1) hx(t) — [, x(s)ds
| [, x(s)ds — hx(t — h) |
AEEC "7 i)
v, = 7 / x(s) | N | x(s) |ds
i=n | (. 8) (2, s)
0 T 0 xt—n T (1 — h) [ e ’ (s)
= | x(@® N | x(t) |-| x@¢t—h) N | x(t=h) +/E x(s) N | x(s) ||ds
’72(t7 t)_ ’72(7’ t) ;72(t7 r— h') ’72(t’ 1= h) t—h ’72(tv S) ’12(15 S)
o | ] x0 1 [se=m] [sc-n] [ xo-xt-n
x(1) x(1) x(t—h) x(t—h) ft’_h x(s)ds
N Ot ||/l x(s)ds [h, x(s)ds hx(t) — [, x(s)ds
I U™ N o [h, x(s)ds N [L, x(s)ds 2 L5 [ xuydudss
JL, x(s)ds JL, x(s)ds Ot 0,1 [, x(s)ds — hx(t — h)
JLax@ds| | L, x(s)ds 0,1 Ot Jin 2y x@duds
[ On><1 ]
Onxl
X(t) -
| o | OB o, (10)
—x(t — h)
| —x(r — h) ]
. x(s) x(s)
= G
Vs [ . [nz(t S)] [nz(t S)] ]
x(0) x(0) [ xt-h) | [ xt-hey ]
0,1 0,1 /tt—h(t) x(s)ds /tt—h(t) x(s)ds
= 0,1 G| On |-(1-hw)| /[ wo X)s | G| [, x(s)ds
[laxsds| | [, x(s)ds M0 (s)ds M0 (s)ds
/tt—h x(s)ds /tt—h x(s)ds i h(t) x(s)ds - h(t) x(s)ds
On><1
! X(s) T x(t)
+2 / [n M S)] G| x( |ds <& (OB, ), (11)
=h(t) e —x(t—h)
—x(t — h)
d x(u) T xw
- dt h x(u) 0 [x(u)] duds
x(1) x(1) x(s) x(s) X(u) x(u)
-/ [x(t)] o) o h/ [x(s)] o) # ”’/ / d ([x(u)] [x(u)])"”ds

t—h

-
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-l efil-n [T o]
By the way, the integral term which is composed in can be divided into integral interval from ¢ to ¢t — h(¢) and from ¢t — h(¢)
tot—h as t | ] | t | ] | . | ]
o[ L) eliole=n [ [0) eli]e-n [ ) elio)«
t—h t—h(t) t—h

In this progress, zero equations are introduced with symmetric matrices P;, P, as

0 = h|x" ()P, x(t) — x" (t — h()) P, x(t — h(t)) — 2 / XT(S)Plx(s)ds}, (14)
B 1—h(r)
B t—h(t)

0 = h|xT(t — h(t))Pyx(t — h(t)) — x" (t — h)Pyx(t — h) — 2 / XT(S)sz(s)ds]. (15)
B t—h

By adding zero equations (I4)) and (I3)) into the integral terms (T3)), respectively, the following equations can be obtained as

t t

T T T
x(s) x(s) _ x(s) 0, P, x(s) x(1) P 0, x(1)
o [ L) el = [ L) (e o) B e Lol 17 28] Lol

1—h(o) —ho
Ouugi
(16)
o) [ T (o P [ (= nen]" [Py 0, ] [xt - h)
x(s x(s _ x(s . P (s (f — h(t , 0, 1 [xt - hee
—h / [X(S)] Q [x(s)] ds =—-h / [X(S)] <Q + N 0n]> [X(S)] ds+h [ X(T— ]’l) ] [* _PZ] [ X(I‘— l’l) ] .
t—h h
Qg2
a7
The integral terms of Equation (T6), (T7) are bounded by Lemma 1 as follow:
; T
x(s) x(s) h .
- / [x(s)] Qg [x(s)] ds < _mAl(t) QA (1), (18)
1=h(o)
Aol (5)
x(s x(s h .
- / [X(S>] Quna2 [x(s)] e s (19)

t—h
where

x(t) — x(t — h(t))
ftt_h(t) x(s)ds
—x(t) — x(t — h(?)) + % Sl X(9)ds
/ At x(s)ds h(t)/ h(t)/tx(u)duds
x(1) — x(t — h(t))+ w5 Sy X(5)ds - (h(mz Sl [ xwdudss
/ _h) x(s)ds + — e / h(t)/ x(u)duds — (h(t))z / h(t) /St /ut x(v)dududs_

A@) =
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[ x(t — h(?)) — x(t — h) i
= h(t) x(s )ds
= h(t)
—x(t — h(t)) — x(t —h)+ = h(t) x(s)ds
A1) = = h(r) x(s)ds _ h(,) /r 126 st h(z) x(@duds
- h(r) t—h(t) rt—h()
= h(r)X(t_h(t)) X _thi?(t-)i- hr_hh((tr)) X = (h h(t)t)z h/(t) = h(f) r—;fz()u)duds

_ft x(s)ds + . h(t) f s x(w)duds — = h(z))2 / s fu x(v)dvduds_

As a result, by Lemma 2 if (7)) and (8) holds, then the following inequality holds:

AT xo 1[p 0, o] x0
_n / [x(s)] 0 [x(s)] ds < |xt=h@)| | =« =P, 0, ||x(t = h()
S X x(s) xt—=h) | |+«  =P|| xt-h)
—_———
P
o) (a1 MR -SR] (A0
As(1) % Q, +41s, As(1)
Q[Zn]
= 1) (Byy + Epppy) €O (20)
Therefore, V, can be bounded as
v, <T@ (h2H41QH41 + B4+ ~42W,)]) C@). 1)
:4‘[:(!)]
By combining the augmented vector and free-weighting matrices ¥;(i = 1, ..., 6), zero equalities can be considered as
0 = ¢T@) (Sym {[h()e), — es1¥ ET }) C(0). (22)
0 = ¢7(@) (Sym {[(h— h()eys — e, ET }) £(1), (23)
0 = ¢"@) (Sym {[h(t)ey — es1VET }) C(0), (24)
0 = ¢ (Sym {[(h = h(t)eys — eg] ¥, ET }) £(1), (25)
0 = ¢7(0) (Sym {[h(D)eg — e1s1¥sE" }) C(0), (26)
0 = &7 @) (Sym {[(h = h(t)eg — e71¥6E" }) ¢ (). 27
Summing the above equalities leads to
0= CT(I)ES[h(,)]Z:(t). (28)

From system (1)) under u(¢) = 0,,,.; for any free-weighting matrices X;(i = 1, 2, 3), the following zero equality holds:
0 =2[x"0X, +x"(t — h)X, + X" (X3 [-X(1) + (A + AA) x(t) + (A, + AAL(1D)) x(1 — h(®))] .
The zero equality with parameter uncertainties AA(?), AA,(¢) is bounded as follows by Lemma 3

0 =2 [x"X, +x"(t — h()X, + X" (D X3] [-X(1) + (A + AA) x(t) + (A + AAL(1)) X(1 — h(1))]
2 [x" ()X, +x"(t = h))X, + 2T () X;] [-x(1) + Ax(t) + Ayx(t — h(D))]

J

V~

THEL )
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xty T [ET] [ETT[ x( x| [x,p] [x,D]] =x0
+ | x(t —h@)| |EV|O|EF| [x(t — h() |+]| x(t = () | [ X,D o' x,D| |x(t - h@)
x(1) 0, 0, x(1) %) X;D X;D x(t)
MBS () 0B ()
=10 (Bg + B, + 55) L. (29)
From @ - , an upper bound of V is obtained as
V < ET(@) (B + Bs) CO). (30)

Therefore, condition for asymptotic stability of system (T is

X,D x,p]"

—_ — T

Einan + [e15 €2 &) [ XoD (07 X,D | ey, e, €] <O. (31
X,D X,D

By Schur’s complement??, inequality is equivalent to

X,D

Elha) ler, e, e4]| X, D

X;D

< 0. (32)
eT
1
[D" X, D" X], D" X]]|e} -0

%

The left side of inequality (32) is affinely dependent on h(r). Therefore, if (3)), (6) are satisfied with (7)), (8), the system (I)) under
u(t) = 0,,,; 1s asymptotically stable for 0 < A(#) < h and h(t) < u. This completes the proof of Theorem 1. O]

1
"_h()
h(t)ﬁ /tt_h(o x(s)ds — ftt_h(t) x(s)ds. Above methods with 1| - (27) can effect in getting more tighter bound by utilizing
free-weighting matrices W,;. Similary processes of 0 = (h(t)e12 7 ){(¢) are used in - . Second, when we applied
AFII%2, non-convex forms of A(t)> and (h — h(?))* are expressed. Constructing augmented vector ¢(¢) which includes vector
like — /tt_ h) L " x(u)duds and considering help to eleminate the non-convex expression. Therefore, by utilizing above

Remark 1: Note that the equations /t’_h(t) x(s)ds = ebTC ® /t’_h(t) x(s)ds = elTZC (#) and these can have equality 0 =

h(r)? . .. .
methods, the stability conditions can be obtained.

Based on the proposed method in Theorem 1, this can be applied in finding advanced stabilization criterion for closed-loop
system (2) under u(r) = Kx(r) . For proving that case, the following notations and Corollary are introduced.

x; = diag{X,...,X},

——

= | elements
R=y{Rys, N=y{Nys, G=y{Gys, P=yi Pys, F, = x{ F.xs,
S, = ZﬁTSi)(@ Q= 1{9,%6» Q[h(t)] = XlTZQ[h(z)])hz’ ¥, = ZlT‘P)h%

— o1l
1hy = Sym Ty RIT] }
_ vyautl vyautl vautl
oty = ot NI = Ty NTID) + Sym { Ty NI, }
sty = N1 GTL, — (1 = Iy GTI, + Sym {0 GTL, }

[k [ [1R
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84 = hIl, P,
St = ~Thasypey s
Egny = h2H41QH4Tl + By + Epops
Esiney = Sym{[h(D)e, — eg]P ET + [(h — h(t))e 3 — e;1¥,ET

+ [h(t)e, — eg]‘i’3ET + [(h = h(®))es — eg]‘i‘4ET

+ [A(t)eg — 161 ¥ ET + [(h — h(1)ey — e, 1P, E™ }
o = Sym{|e, +,e, + 6,¢,] [-Xe] +(AX + BY)e] + A Xel]},
; = [el, e,, e4] [D, o0,D, 52D]T® [D, o,D, 52D] [el, e, e4]T,
5

o) = Z‘{ Einy + B + E. (33)

[1]:

[1]:

[1}

Corollary 1: For given any scalars §,, 6,, positive scalars A and u, system is asymptotically stable for 0 < h(t) < h
and A(t) < u, if there exist positive-definite matrices R € SS+", N e Si”, G e Si”, 0 € Si" and positive-definite diag-
onal matrix ® € S, symmetric matrices P, € S"(i = 1,2), §; € Sfr"(i = 1,2), any matrices X € R"*, Y € R"™,
¥, e R (i = 1,...,6), F, € R™*%(j = 1,2) satisfying the following LMIs:

[ XTET + YTETT]
Elnw=0) [e1, €5, 4] XTET
T o <0, (34)
1
[E,X +EY, E;X, 0,]|el _0
eT
i T |
[ XTET +YTE!|]
Eh(iy=h] e}, e, ey XTET
0
T ! <0, (35)
€
[E,X +EY, E;X, 0,]|e] _®
eT
| T |
Q -F,
6,-5, |2 36
Q-5 —F
[ ! % : Ql > 0. 37)
2

Then, the controller gain K can be obtained as K = Y X!

Proof. From Equation (28) in Theorem 1, the following zero equality can be added to (28)

0 =2[x""X, +x"(t = h() X, + X" () X;] [-%() + (A + AAQ®) + BK + ABOK) x(1) + (A, + AA, (1)) x(t — h(1))]
<2 [xT X, +x"(t = h()X, + X7 () X;5] [x(1) + (A + BK)x(t) + Ayx(t — h(1))

v~

THEE ()

x| [x,p] [x, D] [ x x(y | [ET+KTET ET+KTETT [ x0)
+ | x(t=h®)| | X,D|O| X,D | | x(t — h()) [+]| x(t — h(1)) EY o! EY x(t — h(1))
%(1) X,D| |X,D %() %() 0, 0, x(1)
(OB L) OB @)

) (By + Ejg + Eyy) €O,

(38)
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where
Ey = Sym { [ele +e X, + e4X3] [—e4T + (A + BK)elT + AdezT] } ,
0 = [e1 e ey [D"XT, D"XT, D"XT]" © [D"XT, D"XT, D" XT| [e}, ey, ],
0 = [ens €2 e [E+ EK, Eg, 0,]" O [E, + EK, Eg, 0,] [ey, e, e] (39)

[1]

[1]

Then, an upper bound of V' can be obtained as

—

V < 8T (B = B6 — By + Eo + By + By ) L0 (40)

If the above Equation (#0) is negative definite, the system (2)) is asymptotically stable. Thus the stability condition of system
(2) is summarized as

By — B6 — E7 + Bo + Ejg + B, < 0. A1)

Next, pre- and post- multiplying by )(1T7 and jy,; can be used in both sides of with relations of X = (X[ N X, = 6,X,,
X; = 6,X,. Result of this process is expressed by the following inequality holds

Enon + [e1s € €] [EEX +EY, E,X, 0,] ' [E,X +EY, E;X, 0,] e}, e, ¢)]" <0. 42)

And the conditions and l) can be obtained by pre- and post- multiplying ;(1T2 and )(sz to both sides (7) and , respectively.

By Schur’s complement??, inequality is equivalent to

_ XTET +YTET] ]
Elnay le), 5, €,] XTET
On
< 0. (43)
e
[E,X +E)Y,E;X,0,]|el _0
e

Since the left side of inequality (@3) is affinely dependent on A(?), inequalities (34) and (33) are satisfied. Therefore, if inequal-
ities and are satisfied with , , the system (2)) under u(¢) = Y X! x(¢) is asymptotically stable for 0 < h(f) < h
and A(f) < u. This completes our proof. O

In next theorem an important idea, which is based on Theorem 1 and Lemma 4, is utilized.

Theorem 2. For given positive scalars 4 and y, system (1)) under u(t) = 0,,,, is asymptotically stable for 0 < A(t) < h and
h(t) < u, if there exist positive-definite matrices R € Si", N € Sfr", G € Si", 0 € Si", positive-definite diagonal matrix
© € S}, symmetric matrices P, € 8"(i = 1,2), S, € $%(i = 1,2), any matrices X, € R™"(i = 1,2,3), F, € R *%"(i = 1,2)
satisfying the following LMIs with (7) and (8):
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2
x,p]| |
L T L L T
=0 Pranr=01T (reiy=o; Ch=o) Lers €2 esl| X5 D
X3D
<0, 44)
ey
vl pTyT nTyT1l.7 L
[D )(1 , D Xz, D X3] e, F[h(r):O] -0
e
x,D]| |
1 T 1 1 T
Tz Praw=n thy=n Ch=n)” Le1s €2s el | X, D
XD
<0, (45)
ey
Tyl pryT pryTil. 7L
[D"XT, DTXT, D"XT|T [trh e
oF
4 -
where
Ppy) = Epny — Estns
and
T T
h(t)e,, —Te6 .
(h— h(i)eT, — e
r _ h(t)elr4 - eST
POV (h = h(@))el — el |1
T T
h(t)eg —Te16 .
[ (h— h(D)ey — e, ]

Proof. Let us choose the same LKFs in Theorem 1. By, can be alternated by utilizing '), and V. Then, the inequality @

is equivalent to

T T =
Py + iy ¥ + ¥y + 85 <0, (46)
where
— T @I @l @l @l T
Y=FE[¥, v, vl vl vl yT|
Because the left side of inequality is affinely dependent on A(?), the following inequalities hold
T T =
Piny=01 + Uingy=o) ¥ + FLpna=0) +E5 <0, (47)
T T =
Ciiy=n + Uipnem ¥ + ¥ n=n + Es < 0. (48)

By relations of (ii) and (iii) in Lemma 4 with 0 = I'[,,),{ (), below inequalities can be derived as

X,D x,p|

Cho=o)” | Pray=) + [e1> €25 €] [ X2D |7 [ X, D
X;D X;D

Tl L
[6’17 €2 94] y=op) <0
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X,D x,p]"
L T —1 T L
Crroan)” | Prn=m + [€15 €20 ] [ XoD (@7 XD | ey, e, €] [T 024 <O (49)
X;D X;D

The last, LMI conditons (@4, for system (T under u(t) = 0,,,; can be described by Schur’s complement similar in Theorem
1, so rest proof is omitted. O

Remark 2: The zero equalities 0=¢ T(t)‘I’F[h(,)]é’ (t) can be utilized by expanding the sizes of augmented vectors and free-
weighting matrices. However there exists limitations, which give more burdens in calculating costs. To overcome that
disadvantages, Kwon et al proposed Augmented zero equalities approach.? The AZEA not only reduces mentioned calcu-
lating costs by eliminating decision variables from ¥, but also provides less conservatism in stability criteria with improved
maximum upper bounds of time-delays.

In Theorem 2, advanced method for finding stability criteria by AZEA was introduced. So, in Corollary 2, method for finding
stabilization criteria of closed-loop system (Z)) with AZEA will be introduced.

Corollary 2: For given any scalars §,, 6,, positive scalars 4 and u, system (2) is asymptotically stable for 0 < A(t) < h and
h(t) < , if there exist positive-definite matrices R € Sfr”, N e Si", G e Si”, 0e Si” and positive-definite diagonal matrix
© € S}, symmetric matrices P eS"i=1,2),8, €S =1,2) any matrices X € R"*", Y € R"*", F, € R" *"(i = 1,2)
satisfying the following LMIs with (36) and (37):

[ XTET +YTET
1 T § 1 1 T T pT
Tia=o) Praw=01T Thiy=o; o) €10 €2s €4l X' E,
On
<0, (50)
s
[EX +EY, E,X,0,[ [tr o)
| % _
[ XTET +YTET
1 TG 1 1 T T pT
Tz Prrwr=nl thy=n) (Chi=n) YLers €2s el X"E,
On
<0, (51)
.
[E,X +EY, E,X. 0|l [tTh -0
oF
L. 4 -
where
Pinay = Egnay — Es-
Proof. Similar with (6) in Theorem 2, inequality (#1)) from Corollary 1 is equivalent to
% T T =
Dy + F[h(t)]‘P + ¥ +E1 <0, 52)

where

— —

Dy = Puny) — Bo — E7 + Eg + By
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Like the processes of (2, and (@8), following inequalities are derived as
By + T BT+ W00+ [er, €0 ef] [EX + EY, E,;X, 0,]" O [E,X + E,Y, E;X, 0,] [}, e, es]' <0,
(53)
BT 4 W 0em + [e1s @0 @] [EX +EY, E,X, 0,]" 07 [E,X +EY, E;X, 0,] [e), e, e)]” <0.
(54)

[h(1)=0]

Din=n) + Loy

And then, by using the Lemma 4 with 0 = I'j,),{(?) following inequalities can be obtained as

o) (oo + [ers e ea] [EX + EY, EX, 0] 07 [EX +EY, E,X, 0] [er e e)) (T

th=o) < 0-

(55
) < 0.
(56)

)" (cb[h(,)zh] +ler e e)] [E,X + E,Y, E,;X, 0,] 07 [E,X + E,Y, E;X, 0,]" [} e, e4]T>( L

The other processes are same to the proof of Corollary 1 and Theorem 2, so it is omitted. O

Remark 3: Different from Theorems 1 and 2, Corollaries 1 and 2 are related to design a controller gain for system (2)). Unlike
the previous results, it is a first trial to design a controller for uncertain linear systems with time-varying delays via augmented
approach introduced in @) and (1’5_217[) where I, contains zero equalities generated from @) and @ By utilizing form like
I“[Lh(t)], this Corollary showed that Finsler’s lemma can be applied in the closed-loop system which has feedback control gain K
and uncertainties. So applying AZEA for system stabilization gives advantages not only reducing calculating costs, also getting
improved stabilization criteria region in controller design.

To confirm the superiority and validity of the proposed methods, maximum delay bounds obtained in other literatures are
compared in next section.

4 | NUMERICAL EXAMPLES

Example 1. Consider the system (1)) under u(¢) = 0 with following information
—-04 0 -09 0
A‘[ 0 —1]’Ad‘[—1 —0.7]’
10 02 0
D‘[o 1]’E3_Ed‘ [0 0.2]'

In Table 1, our results from Theorem 1 and Theorem 2 are compared with other literatures, 3031132333435 Theroem 1, which
utilzed mentioned Lemmas and new zero equlity approaches with expanding augmented vectors, gives advanced results about
system (I). By applying Theorem 2, which is utilized AZEA, notable improvement in maximum delay bounds are given with
lower decision variables.

Example 2. Consider the system (2)) with the following information,

S o R e R

o= 0] = m= ] E= o)
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TABLE 1 Comparison of 4 with the condition about y = unknown(Example 1).

Method h

Jiang=¥ 0.9442
Ramakrishnan®! 1.0571
Ramakrishnan®? (N=2) 1.1030
Zhang®? (N=2) 1.3213
Heb4 1.4127
Kwon"> 1.4209
Theorem1! 1.4270
Theorem 2 1.6720

*IN=Iteration num.

FIGURE 1 Contour figures of Table 1(left), Table 2(right).

TABLE 2 Comparison of 4 with the condition about Corollary 1 (Example 2).

51\62 0.1 0.2 04 0.6 . 0.8 1.0 1.2 14 1.6 1.8
0.6 | 0657  L114 14571 13931 1317 1240 L1166 1097 1032 0972
037 1021 0416 1528 1552 1543 1517 1480 1437 1390 1341
0.1 0.621 0.888 1.187 : 1.353 : 1.452 1.509 1.540 1.551 1.549 1.538
0.2 0.490 0.759 1.082 | 1.272 1.392 1.468 1.515 1.541 1.551 1.550

The value of 4 is highest when 6, = —0.3, 6, = 0.6

In the past studies™®>, finding proper & scale was limited in positive region. But we don’t have to be limited positive region by
giving more free-weighting with matrices X, X,, X;. Table 2 and Table 3 show the results of comparing maximum delays
bound & by scaling 6,, 6, with choosing ¢ = 0 in Example 2. And the best result 4 is 1.553 with 6, = —0.3, §, = 0.6 with
choosing u = 0 when utilize Corollary 2 in Example 2. Table 4 shows the comparison of the controller gains K with their
maximum delays bound A by choosing y = 0, 0.5 and unknown. From the results, Corollary 2 which utilized AZEA provides
more improved results than those of the works lists in Table 4. Furthermore, effectiveness of the controller gains by Corollary
2 is proved by simulation result in Figure 2 with the maximum delays bound 4 = 1.552 under y = 0.5 and time-varying delays
are assumed to be A(t) = 0.5cos(t) + h — 0.5 in Figure 2.
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TABLE 3 Comparison of 4 with the condition about Corollary 2(Example 2)

5,\, 0.1 0.2 04 . 06 ., 08 1.0 12 14 1.6 1.8
06 | 0657 LI4 14601 13931 1317 1241 1164 1099 1035 0975
03 | 1021 LAIS 1529 1553, (1541 LS8 1481 1438 1391 1343
0.0 | T0082  LI84 1390 | 1490 ' 1533 1552 1548 1531 1505 1475

0.1 1113 1324 1472, 1533, 1552 1547 1526 1495 1459 1418

The value of & is highest when 6, = —0.3, 6, = 0.6

TABLE 4 Upper bounds of time-varying delays and controller gains
when y =0, 0.5 and unknown (Example 2).

Method(y = 0) h Controller gains
Wul0 0.6548 [-24.5739 -17.6699]
Li®Z 0.84 [-34.72 -18.41]
Dey"8 (IN=150) 0.9 [-27.367 -26.249]
Lee!l8 0.9949 10*x[-2.32 -0.85]
Kwon® (6 = 1.3) 1.5500 10°% [-2.1061 -0.6915]
Corollary 1 (5, = 0.3, 6,=06) 15500 105% [-1.1892 -0.3902]

1.5524 10°% [-4.7968 -1.5730]
Corollary 2 (6, = —0.3, 6, =0.6) 0.9 [-155.1987 -9.0114]

1.5500 10°% [-1.1935 -0.3916]

1.5531 109 [-9.8494 -3.2294]
Method(y = 0.5) h Controller gains
Fridman'Z 0.4960 [-0.34 -5.168]
Alpaslan®? (IN=54) 0.6000 [-9.5735 -2.9742]
Dey"8 (IN=54) 0.7 [-4.8123 -7.2495]
Lee!® 0.9847 10*x[-6.83 -2.48]
Kwon"> 1.5290 10°%[-2.1146 -0.6881]
Corollary 1(5, = -0.3, 6,=06) 15290 10%%[-4.0522 -1.3214]

1.5401 106%[-1.1388 -0.3704]
Corollary 2(6, = —0.3, 6, = 0.6) 1.5290 103X[-4.4800 -1.4774]

1.5524 10°%x[-4.9029 -1.6078]
Method(y = unknown) h Controller gains
Kwon 1.4623 100%[-1.5494 -0.5123]
Corollary 2(6, =0, 6, = 1.2) 1.4623 10*x[-1.7081 -0.5798]

1.5421 10°%[-9.1869 -3.0322]

*IN=Iteration num.
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FIGURE 2 The trajectories under value h, u, h(t), K : h=1.552, 4=0.5, h(t)=0.5cos(t)+h—0.5, Control gain K=10%[-4.9029
-1.6078]. (Example 2, Corollary 2)

S | CONCLUSIONS

In this paper, the LKFs methods and LMI frameworks for stability and stabilization problem about uncertain linear systems with
time-varying delays were proposed. In Theorem 1 and Corollary 1, AFII and ERCA are utilized. And the sufficient stability
and stabilization conditions were derived by applying the proposed methods and constructing the appropriate augmented LKFs.
By AZEA with Lemma 4, Theorem 2 and Corollary 2 derived advanced conditions for guaranteeing the asymptotic stability of
system (T)) under u(f) = 0,,,, and stabilization of system (2). The effectiveness and superiority of proposed results were proved
though numerical examples by comparing with previous works. Based on the proposed methods, expanding and applying the
proposed methods will be focused on other systems like nonlinear4’4! 2 switched system™3, and Neural
network** and so on.

, sampled data systems®
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