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Abstract: In this work, we investigated the invariance analysis of fractional-order Hirota-Satsoma coupled Korteveg-
de-Vries (HSC-KdV) system of equations based on Riemann-Liouville (RL) derivatives. The Lie Symmetry analysis
is considered to obtain infinitesimal generators; we reduced the system of coupled equations into nonlinear fractional
ordinary differential equations (FODES) with the help of Erdelyi’s-Kober (EK) fractional differential and integral
operators. The reduced system of FODEs solved by means of power series technique with its convergence. The
conservation laws of the system constructed by the Noether’s theorem.
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1. Introduction

In this pandemic decade, the need for fractional modeling as the generalization of the classical differential
equation of integer order has achieved great attention in the research field, which is feasible with the help of fractional
calculus. The fractional derivatives play a vital role in the historic study of differential modeling. It is well known that
fractional differential equations (FDES) have applied to describe a large number of physical nonlinear phenomena in
diffusion, solid mechanics, wave propagation, signal processing, optics, statistics, neural network, bioengineering,
polymer science and other scientific research areas [1, 3, 4, 10, 18, 19, 39]. The main framework of evaluating FPDEs
is to search for exact and approximate solutions of problem, which has been a great task for mathematicians. In order
to find exact and approximate solutions of PDEs, researchers projected distinct methods such as the sine-cosine
method, tanh method [6], reduced differential transform method [7, 8], homotopy analysis [18, 40], Lie symmetry
analysis [9, 31,32, 33, 47] and variation Iteration method [20] etc.

Lie Symmetry Analysis [2] is powerful tool to generate explicit solution by reducing the given system of FPDEs
into a nonlinear system of FODEs with EK fractional differential and integral operators. The Lie symmetry analysis
method is to find continuous transformations of one or more parameters leaving the differential equation invariant in
the new coordinate system wherein the resulting differential equation is easier to solve. Authors [5, 11-17, 21-26]
explained the applications of Lie symmetries to the time fractional KdV equation and concluded that the fractional
order differential equations can be transformed into FODES by introducing new independent variable. Sneddon [27]
introduced the applicability of EK fractional order operators which helps us to reduce the considered system into
fractional ODEs and Huang et. al [28] emphasized the efficiency of Lie symmetry approach analysis of Harry-dym
equation with Riemann Liouville derivatives. Authors [29, 45] also made a complete group classification of fourth
and the fifth order KdV equations. Chauhan el al. [34] presented the Lie symmetry analysis and explicit series solution
to the Date—Jimbo—Kashiwara—Miwa equation. Singla and Gupta [35] extended the symmetry approach from single
time FPDEs to nonlinear system of time FODEs. Noether’s theorem [30, 36, 37, 38] established a relation between
conservation laws and symmetry of differential equations and applied on FPDEs without Lagrangian operators.

The coupled Hirota-Satsoma fractional order system is explained to study the flow of fluids in power system and
extended the study of the propagation of shallow water waves. The Lie symmetry invariant analysis and conservation
laws have made progress in FPDEs still the research field for coupled KdV fractional order system is not well exposed.
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This system was proposed by Hirota and Satsoma to describe the relation between long waves with distinct dispersion
interactions and its generalized behavior has led to relevance in various branches of applied mathematics and time
fractional HSC-KdV system has been studied by using various methods [41-44]. The focus of this article is to
investigate fractional order Lie symmetry analysis and new conservation laws via Noether’s theorem for coupled time

fractional HSC-KdV system [24] of fractional parameter '6".
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The article is summarised as follows: in section 2, we recall some concepts and fractional order derivatives and
integral operators. In section 3, we discussed the Lie symmetry scheme and obtained infinitesimals and infinitesimal
generators of set of equations (1). By the application of EK fractional operators, conversion of FPDEs into FODEs
have been suggested in section 4 and in section 5, the power series expansion method is used to find the explicit
solution of system (1). Section 6 and 7, dealt with convergence analysis of the solution and conservation laws of the
system; respectively. Finally, section 8 concludes the article.

2. Preliminaries:
In this part, we would like to explain certain needful definitions for the sake of understanding the methodologies
and concepts, concerned with fractional order derivatives and integrals and their applications in fractional calculus.

Definition 1 The Caputo explained the fractional order derivative of function F(t)as

t
D/ (F(t)) = j(t—p)ﬂ*”*lF‘(p)dp for A—l<u<A; AeN;t>0 2

_ 1
INCEY)] 0

Definition 2 The RL derived the definition of fractional order derivative of F(t) as

D¢ (F (1)) = ﬁw

t

[t=p)“*F(p)dp for A-1<u<i; AeN;t>0 3)

0

Definition 3 Let the function u(x,t) with variables ‘X’ andt> Othen RL fractional partial order derivative is proposed
as

;ﬁja— Y Lu(p, x)dp for A—1< u<i, AeN

ra-maty ” i e 4)

o*u
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or (u(x1) =

foru=21

Definition 4 The Leibnitz described the product rule under application of RL fractional order derivatives in the form

u | M\ pea 2 ) | M _(—l)’l,ulﬂ(n—,u)
D/ (u.v)_;o[/JDt (U).D/ (V) ;x>0 with [/J_—r(l—ﬂ)r(ml) 5)

Definition 5 The E-Kober generalized fractional differential operator(Ea”‘ng“) is given by
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Definition 6 The E-Kober generalized fractional order integral operator (K, “®)(¢) is
1 I -1, —(r+ /0
o —— [ -D* o "M w(cv")do, u>0
(K w)(&) = F(ﬂ)! : 7

o($), u=0

3. Methodology:

In this section, we would like to pursue the steps and process of fractional Lie symmetry reduction to coupled
time fractional system of FPDEs. Initially, Sophus Lie established the applications of Lie groups and symmetries in
solution of ODEs. He remarked that Lie transformation maps every solution of system to other solution of same system

and nowadays mathematicians worked on application of methodology on PDEs, FPDEs and system of linear and
nonlinear FPDEs.

Let us assume the system of FPDEs with fractional order '

4

atu = F]_(t’X!u!V!W1uX1VX1vauxxlvxxﬂwxx"')7
4

olv=F,(t,X,U,V,W,u,V,,W,U_,V_,W,..), )
4

o,w=F,(t,x,u,v,wu,v, ,w,u.,v. ,w..)0<f<1

The infinitesimal transformations with single parametric notation in fractional Lie symmetry analysis is expressed as

t=t(xtu,Vv,We)=t+er(Xtuv,w)+o(c?),

X =X(X,t,U,V, W, &) = X+ ££(X, t,u,V, W) + 0(e?),
u=u(xtu,v,we)=u-+en(xtuv,w)+o(e?), (10)
V=V(X,t,U,V, W) =V+ep(Xt,u,v, W) +0(s?),

W=W(X,t,U,V, W, &) =W+ gu(X,t,u,V, W) + 0(2).

The vector field generated by infinitesimals is taken as

X=710,+60,+n0,+¢90,+ud,, (11)
_ dx du dv dw
witht=—| ,&=—| ,n=—| ,p=—| ,u=—/ .
de o de o de o de o del,_,

Here & 1, 7, ¢ and u are obtained infinitesimals operators from (11), #°%, ¢*' and p®t are the fractional extended
infinitesimals of order ‘o’ and 7%, 7, 5™, @*, @™, @, 1%, K, W** are extended infinitesimals of integer-order described



n* =D, (n)-u,D, (&) -uD,(7),
n* =D, (n")—u,D, (&) —u,D,(7),
77" =D, (™) = U Dy (&) — Uy Dy (7),
¢" =D,(p)-v,D, (&) -Vv,D,(7),
@™ =D, (¢") —V Dy (&) — Vv, D, (7), (12)
@™ =D, (™) =V, D, (£) =V, D, (7),
#* =D, (1) -w,D,(£) —w,D,(7),
,U D(ﬂ) «Dx (&) =W, D, (7),
=D, (™) =W, D, (&) — W, D, (7),

where ‘Dy’is total derivative operator defined as

0 0 0 0 0 0
D,=—+U, —+U, —+..+V,—+V, —+ ..+ W, —+W,, —+.... (13)
OX ou ou ov oV oW, oW

XX X XK X XK
The extended infinitesimal function of g-th order (ne‘t) concerned to RL fractional derivative is describedby

=D’(n7)+&DC(u)—-DY (£u,)+ DY (D, (z)u) =D (zu) + D (u).  (14)
Also D" (f (t)) = D (D, (f (t)), then above expression simplified to

=D’(n7)+&DC(u)-DY (Eu,)+7 D (u)-D/(zu,). (15)

Applying the generalized Liebnitz rule on (15), we obtain

A=1

o’u . _
n”' =D (n)-6 Df(f)ﬁ Z( jD (€)D" (u,) - Z( ]Df "(1)D M (u). (16
Using the generalized Liebnitz rule and chain rule (5) the term Df' (77) in (16) can be defined as

Df(’]):aa_n*(’?ui—uag(n“)}{n ﬂ_va (’7")]4_(77\” a%w B 6 (ﬂw)J

a’  at’ at’ at’
17)

+i(jjana(tZU)Dtg_l(u)_k;(ﬂjaaizv D W)+ /121( Ja s D/ (W) +0, +0, + 0y
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Finally, the expression for o-th order extended infinitesimal 779" of the form

o°n o’u 0°(n,) v d°(n,) o'w 0" (1)
ot ==L 4 (n,-6D, ——u Lot g, ——V 2+ - =
n 8t ( ( )) atﬂ 77V atH 8t9 77W atg atg

= 0 6” 0 ,1+1 0-1 6 v 01 6 w 6’/1
[l Lo o SR o S e

_i(iJD:l(g)Dtgl (U)+oy,+0,+0;

Similarly, expressions for(pg’t and ,ug’t also obtained.

5 =2 QD())a_ L@ (%a . 6(@)) (%a ) a<¢W)J

o’ at? at? at?
> | (0)o 0 D o by o b o

UZM atf [mJ QlOR ZU Lo+ ZU Dupriw) (o)

+ —Z@D (D! (v,) 40, +04 + 0,

ot _ag,u _ 65_W_ aH(ﬂW) 69 00(/uu) 6 V a (/uv)
u ==+ - 0D @) o7 w2 [¢u 7 J (qﬁv 7 J

3 H ja “‘W)-(f’ jo?”( )]D“(w)+2[ jaa(t““)D“() Z[ j 7D @

+ _i[}JDf (&)D{ (W,) + 0, + 05 + 0

A=1

where
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Whenever 5, ¢ and p are the linear functions of u, v and w respectively expressions o, ; i=1, 2, 3...9 given by (18)
and (22) vanishes.

4. Invariance Analysis of Time Fractional generalized Hirota-Satsuma coupled KdVsystem:

Applying prolongation on system of equations (1) the invariance criterion obtained

14

n’ —%nm —3un* —3nu, —3u" +6¢v, +6vp* =0,
0t 1 XXX X _
@ +§¢) +3up”™ +3nv, =0, (23)
1
1o+ E,uxxx +3up” +3pw, =0.

Using (16-22) in (23) and takingall the coefficients of ‘u’ and its derivatives to zero, the set of determining equations
for 0 <@ <1can be obtained. On solving PDEs and FDEs, the infinitesimal symmetry generators [24] are given
below.

§=px+q;r:%;n:—2pu;(p=—2pv;y=—4pw+rt9‘l, (24)

where p, g and r are arbitrary constants.

The symmetry generators to form a lie algebra of Eq. (24) are found as:

X, = X0, +§at —2uo, —2vo, —4wo,,,
0 (25)

X,=0,; X;=t""9,,.

X !

Now characteristic equations formed with respect to the vector field X; are as follows:



dx @dt du dv dw

— = = . (26)
3t -2u -2v 4w
The similarity transformations with similarity variable ¢ £ > formed from (26) is
_20 _20 _40 _0
u=t 3F();v=t 3G(g); w=t *H(J); {=xt 2. (27)

In this part, we carried (27) along with HSc-KdV system (1) and EK differ-integral operators (6-7) with formal
calculations to convert the system (1) into FODEs.

The similarity transformations are

¢ =xt"?and u=t?"*F(¢).
(28)

RL definition of time fractional order treatment for similarity transformation is
1 t
D’u=D} —I(t—5)1‘9‘13‘2‘9’3F(xs“9’3)ds : (29)
t "\T(A-0)

Substituting s =ty in (29), we get

—2013
1 N t t t
D’u =D/ (t ——)“1(—] F(x(t/y) %) —dy (30)
o [F(E—H)! vy y?
250
t 8 7 01 —(A+1-
— Dtl F(l_e) J'(_l)i - 1}/ (A+1: 56/3)F(§}/6/3)d}/ (31)
1

The definition of EK integral operator reduced (31) into

Du =D/ {t‘SHK;;”FJ(g)D (32)

as ¢ =xt?? F eC'(0,00) thent D,F(¢) = tx(— th_leg F()= _?eg“Dg F($) (33)
Now D/ (tﬂss [Kif” FH - Df‘l{ D, [t 3 [ K, "’ Fj; D (34)
R RN

Repeating above arguments (A-1) times, to generate
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Similarly, proceeding above steps (29-37) on distinct transformations.

From similarity transformations ¢ = xt™”*and u=t?"*G(¢) , we obtain

D/v =t ® ( ;/e J(g)

From similarity transformations ¢ = xt "3 and u=t™"*H(¢), we obtain

70 76
0. T3 1—0
Diw=t ( 310 J(é)

[;,,, ]@) (36)

(37)

(38)

(39)

Using above obtained similarity transformations and (37-39), we formed a set of nonlinear system of HSc-

KdVFODEs.

£, 6 ©)=-36"(0)-3F(O)6'©)

£, 6 |(©)=-2H"(O)-3FOH')

5. Construction of explicit solution

Ey.’ F (C)=%F"'(§)+3F(§)-F'(4)—6G(§)G'(§)+3H '(©)

(40)

Now, we shall obtain explicit solutions for coupled time fractional HSC-KdV system (1), by applying the power

series expansion technique on set of equations (40), we set

F(O)=a,¢":6(0) = 30,6 and H(&) = Yc,¢”

(41)

where a_,b, and c, are constants to be find later after necessary calculations. Now substitute (41) in the set of

equations (40), we get
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53;, né, a,¢" —%(Z(n+3)(n+2)(n+1)an+3¢"j+3(2an:"][2(n+1)an+1:“]
n=0 F(Z n=0 n=0 n=0
[i j[i (n +l)bn+1§n j + 3[i (n +1)Cn+1§n]
R T S @2)
Z%b ¢ =_E(Z‘ n+3)(n+2)(n +1)bn+sg“j—3(2an§”][2(n +1)bn+1g“”j
F@-"5+73)
re-*. rﬁ)
Zﬁb =—g(z(ms)(n+2)(n+1)cn+34"j—3[zan§"j[z(n+1)cn+1§”]
1"(2—? —)
Putting n=0 in (42), we obtain
1“(2—&)
a;=— —2"?’9 —2aya, +4byb, —2c,
F(Z—f)
F(Z—Z—e)
b3=———23’0b —agh, (43)
1“(2——)
F(Z——)
03:———73:9b —a,C;
1"(2——)
And comparing the coefficients of £"in (42), to get
re-2."
a .= 4 z 3 3 a, —S(i(nﬂ—k)aa j
" (n+1)(n+2)(n+3) n:or(2_59 na) k=0 Kk
3

=0

>

+6[§;(n 1o k)bkbmlkj—s[i(n +l)cn+1ﬂ

e 20 né (44)
- -2 R ?)b 33 (n+1-K)a,b
bn+3_(n+l)(n+2)(n+3) ; _% L& + [é(n+ - )a‘k n+lkj
re 3 )
[ 46 no
Coug = 2 F(Z_? 7) (Z(n+1 k)a,c ]
e (n+l)(n+2)(n+3) n=| 01—*(2 79 ne) k=0 Kok
L 3

The exact explicit solution by using above set of equations (59-62) simultaneously



F(Z—ﬁ)

F(g) =a,+ ai(xt*€/3) +a, (Xt*9/3)2 + 3—33_0 _ 2a0a1 + 4b0b1 —2c (Xt76/3)3 n
Sre-2)
3

20 nv
» 4 ’700 F(2—?+?) w
+n§ D20 3)%0 oo 50 ”ﬁ) a, - 3(;(; (n+1-K)a,a,,, ] + (45)
3 3

0

6(i (n + 1 - k)bkbn+lkj - S[Z (n + 1)Cn+1]:|(xt9/3)n+3

k=0 n=0

20
, T@-5)
G(¢) =h, +b1(Xt73/3)+b2(xt’9’3)2 +| -2 ——2 b, —ab (xt’9’3)3+
3 20
F(Z—?)
: (46)
© _9 " F(2—2—5+L3:9) .
+ b, +3 > (n+1-k)ab,., , | |[(xt?*)"?
nZ:;(n+1)(n+2)(n+3) ;F(2_50+m9) [g( )ay 1kJ( )
L 3 3
. r(z_%)
H(&) =Cy +C (Xt7%) + ¢, (xtP)? +| - = ——=—c, —a,c, |(xt7?)% +
3 760
re--2)
i (47)
< -2 [* re-*4+") .
33 cn+3(2(n+1—k)akcn+lkJ (xt03)m3

k=0

+§ (n+D(n+2)(n+ 3)[n—0 re- % + g)

6. Convergence Analysis

In this part, we will discuss the convergence of obtained power series solution. Consider equations (44-47)

[ 20 no
re- Y + ?) " " .
2 W|an|+s[z|ak||am_k|j+6[z|bk||bn+1_k|j+s(z|cm|ﬂ
F(Z———i—n—) k=0 k=0 n=0
L 3 3
re- 26 + n—9) "
Bl 5| |5+ e 49)
re-—+-—,) k=0
3 3
re- % + ?) "
s <] |2 e+ o Sl
re- % + ?) k=0 1
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I'(n)

It is well known that expressions like T
m

| a'n+3 |S M 1|:|an| + (k2|ak ||an+1—k |j + (g |bk ||bn+1—k |J + (Z{)|Cn+l|j:|
=0 = n—
b5 <M z{lbnl + (glak [ IH

00
st e+ Sl

where M1,M, and M3 are maximums of the arbitrary coefficients involved in set of equations (49). Now we introduce

< 1for arbitrary real values of m and n. Thus (48) becomes

(49)

some another power series

P = 300" Q) = 207" and R(7) = 3, (50)
where pi=[ail, gi =|bi|, ri=[ci|, i = 1, 2, 3, ...then we can have
Prs Ml[pn +kz:; PPk +§ P lns +ni_0rm}
s S {qn +Z Polos k} (51)
s < [ +Z Pala }
It is easily seen that |ai| <p, |bi| <q, |Ci| <r,i=123...then
P(X)=p,+ Px+P,2" + P 0"+ Z Ml[ P, + Z Do Poak +Z Pl + Z r}x
Qx) =0, +Ux +0 7" +0.1° +2M{qn +Z pq}z (52)
R(y)=r,+rxy+nx’+ry° +iM3[rn +kzn: pnrm_k};( :
= =
Assuming the implicit function system with independent variable
P(x.P)=P() =Py = P =P’ = P2’ ZM {pn +Z PoPras +Z Polyss + r}z
Q2= -0 0 07" -7 ~3 M, {qn DX } . (53)
R.(1:R) =R(1) T, ~ Ly -1, Z [ DNX }

11



Here P14, Q1 and R; are analytic in a neighborhood of (0, po), (0, o) and (0 ro) respectively, where P1(0, po) = 0;
Q1(0,90)=0and R1(0, ro) = Oand (P(O Po)) ¢0 (Ql(O Qo)) =0 and (R (0,r,)) =0 then by Implicit function

theorem[40], we reached at convergence of power series solution.
7. Conservation laws

In mathematical and physical point of view, conservation laws play most important role in analysis of existence,
stability and uniqueness of solutions of fractional and classical PDEs. To obtain the conservation laws of system of
FPDEs, generalization of Noether’s theorem suggested by Ibragimov [38]. The conservation laws in fractional system
is almost similar to classical order system. These conservation laws can extend to fractional system as explained in
[35-37] for convenience of readers.

Let us define the conserved vector for coupled HSC-KdV system of fractional PDEs
= (4, 2%), (54)

with 2*and A' are components of vector, known as conserved flux and density functions of variables x, t, u, v, w
and partial derivatives of u, v, w, which satisfy continuity equation

D, (1) +D,(4*) =0, (55)
where Diand Dy are total derivatives with variablest and x.

Let us define the formal Lagrangian of system (1) with A, B, C as new dependent variables of x and t.
o, 1 o, , 1 o, L
=A%, u _Zux"x —3uu, +6vv, —3w, )+ B(atv+5vw —3uv, ) +C(0; w+§wXXX +3uw,) (56)

The adjoint system of (1) given as

ﬂ_o ﬂ_o ﬂ:o, (57)
ou oV oW

with Euler-Lagrange operators for u, v, w is given by

i:i‘i‘(Dtg)* ae' _Dx a'+Dxxi_DxxxL" (58)
su'  au' o(bu’)  “ou, Ol Oy

X XX XXX

where (D/”)" represents the adjoint operator to D, which is defined in right-sided Caputotime-fractional derivative of

order '@"as

(B =Dru riﬁl_);)hv—t)“-l-"Dfu(u,x)du: n=[6]+1 (59)

Using equations (54-59), we obtained the adjoint system of equations of system (1)

12



(D7) A+3uA, +3Bv, +3Cw, +%AXX =0,

(Df)"B+6vA, —3uB, —3Bu, —% B, =0, (60)

XXX

(D?)"C—3u,C-3uC, +3A —%cm =0.

Now, the components of conserved vector are given by the following expressions

o o o o
R e Gt e M ot e RS Pl

ol ol
-1
/h:‘[f-i—Dt (VVJ-)W'FI[WJ, Dt—.j,

oD/u’
(61)
here W; =7, —&;u, —z;u,, ¢is defined above in (61) and I is integral defined as
T f(s, X)g(u,X)
I(f, dds 62
(f.0)=ro H)H g7 (62)

For symmetry generator X, we have Wi= -uy, W>=-vx and W3 = -wy and calculated components of the conserved vector
‘A with the help of (61)
u A, u,A v,B v.B w,C w,, C
/IX=A66U+B(36V+C80W+X X X i e S St S S - S - St
(A% ‘ W) 4 4 2 2 2 2 (63)
A = AD{*(=u,) + 1(=U,, A) +BD/ " (=v,) + 1 (v, ,B)) +CD{* (-w,) + I (-w,,C,)

For symmetry generator Xi, we have W, =-2u-xu, —%ut W, =-2v—xv, —%vI W, = —4w—xw, —%Wl as

characteristic functions and components of the conserved vector ‘A’ with the help of (61-62)

uu A 3u, A XUA,

¢ = X(Ad{u + Ba{v+Co;w) +6Au’ +%+ Au,, + XuxAxx N

4 4 4
3tu, A 3tutXXA _12v2A—6uUVB—VB, — XV, By 18tuv A 9tuyB 3tvB, N 3B,v, N
40 40 2 0 0 20 (64)
XV, B, N 3BV, 3Btvy, T 12WA—12uWC — awC, xwC, 9Atw 9Cutw
2 20 20 2 2 4 4
3tw,C,, N 4w, C, . xw,, C, N 3tw, C, Cow.C— 3tw,, C .
20 2 2 20 * 20
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BV, + CV\Z/xxx —3Auu, +6Avv, —3Aw, +3Buv, +3Cuwx}

2 =3 (pa%u+ Bty +Catw) — Al
9 4 2

+AD/*(-2u - xu, —%ut) + I[— 2u — XU, —%ut, j+ BD™(-2v —xv, —%tvt) (65)

+ I[— 2V —XV, —gvt, Btj+CDt‘“(—4w—xwX —§W[)+ |[—4W—XWX —gwt,Ctj
0 0 a

8. Conclusions

In this work, we performed the application of the fractional Lie symmetry reduction analysis to the time fractional
HSC-KdV system. By symmetry, we determined the vector field corresponding to the system of equations and reduced
it into FODEs. Further, we have treated the system of reduced FODEs with EK differential and integral operators and
found the explicit solution by using the power expansion technique. Sequentially, the convergence of the power series
solution is analyzed and concluded that the combination of the two techniques has achieved better results and could
be applied to fractional fluid dynamical problems. Finally, pointed out the importance of conservation laws of time
fractional HSC-KdV system with the use of Noether’s theorem.
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