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Abstract

In this paper, we generalized E.C. Kim’ s estimates by taking in to account the
trace of the divergencefree symmetric tensor non—zero. We have also shown
that E.C. Kim’s estimates still valid in case of the trace of the divergencefree
symmetric tensor vanished identically. In the equality case, we characterized
eta—Killing spinor with Killing pair over the Sasakian spin manifolds.
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1. Introduction

The Dirac operator is one of the fundemantal tool of the geometry and
topology for mathematicians [T, 19, [7]. The Dirac operator owes its fame to the
fact that Witten made basic proof of the positive mass theorem on the basis of
this operator [I9]. The self—adjoining of the Dirac operator makes it possible
to study its eigenvalues [, [5l [7, @ 10, IT]. One of these studies is the estimating
lower bound for the eigenvalues of the Dirac operator [2] [3| 13| 14, [15] [18]. The
lower bound estimates corresponding to the square of the first eigenvalue of
the Dirac operator defined on the closed Riemannian spin manifolds have been
studied intensively in terms of the scalar curvature, Energy-Momentum tensor
and divergencefree tensor [5], 8, 12, [I7]. In this direction, the first estimates
is given in 1963 by A. Lichnerowicz [I7]. The author is used an integration of
the Schrodinger—Lichnerowicz formula defined on the closed Riemannian spin
manifold to get the following lower bound:

> @, (1.1)
where Scal is the scalar curvature of the manifold. Of course, this result is
interesting when the scalar curvature is positive, but the estimate can be im-
proved. Accordingly, the first sharp estimate is obtained in 1980 by T. Friedrich
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as follows [6]:

m

N> ———Scal. 1.2

“4(m-—1) (12)

This proof is based on a modification of the spinorial Levi—Civita connection.

The equality case is characterized by a non—trivial real—Killing spinor with
positive scalar curvature.

In 1986, O. Hijazi obtained the following optimal estimates for m > 3—dimensional

in terms of the Yamabe operator [10]

m

N>, 1.3

= A(m - 1)M1 (1.3)

where pi1 is the eigenvalue of the Yamabe operator. Later on, C. Bar obtained

an estimates in term of the Euler characteristic of M denoted by x (M) [4] as
follows:

12 2()

= Area(M)’ (14)

After this point, mathematicians choose to use different geometric invari-
ants such as Energy-momentum tensor and divergencefree symmetric tensor to
bring an optimal lower bound for the eigenvalues of the Dirac operator. In this
paper we optimized E.C.Kim estimates in terms of the trace of divergencefree
symmetric tensor.

Before giving an optimal lower bound, let’s give some basic information
about the S—twist Dirac operator defined as follows:

Consider an m—dimensional closed Riemannian spin manifold with a spinor
bundle S over (M, g) and a spinorial Levi—Civita connection denoted V lifted
to the spinor bundle by using the Levi—Civita connection given on M. Also,
the Levi—Civita connection given on M is denoted by V. With respect to the
spinorial Levi—Civita conndection V, Dirac operator is locally expressed as:

m

DP=> ¢;-V,,®, (1.5)
i=1
where {ej,...,e,} orthonormal frame field on M, ” -7 denotes the Clifford

multiplication and ® € I'(S). On the spinor bundle S Hermitian inner product
is defined by [16]:

(V-2,V-0) =[v]*(2,70), (1.6)

where v € T'(T'M) and ®,¥ € I'(S). The Spinorial Levi—Civita connection is
satisfied the following properties for all vector fields V,W € I'(T'M) and spinor
fields @, ¥ € T'(S),
V(®,¥) = (Vy@,V)+ (0, VyU)
Vy(W-®) = VyW-®+ W Vyo.
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In 2009, E.C. Kim is obtained two estimates on an m—dimensional closed
Riemannian spin manifold for the eigenvalues of the Dirac operator in terms of
the eigenvalue of the B—twist Dirac operator define as [5]:

Dp®=> B7'(e;)) Ve, &= e;i-Vp-i(,)®, (1.7)
i=1 i=1

where B is a nondegenerate symmetric (0,2) tensor field on (M, g) identified

with the induced (1,1)—tensor field B via B(V,W) = g(V, B(W)). E.C Kim’s
estimate depends on the divergencefree symmetric tensors defined by:

m

div(B™") = (Ve,B)(ei) = 0.

=1

E.C. Kim estimate obtained in [[5], Theorem 2.1] is describing with tr(B~1) =
0 and div(B~') = 0. Accordingly, it is impossible to comment on the geom-
etry of the manifold in case tr(B~!) is non—zero. In this case by expanding
E.C.Kim’ s twistor—like operator

Tx(®) =VxV +pX -V +¢B (X) Dpd

(1.8)
to
Tx(®) =Vx¥ +pX -V +¢B (X)-Dp® +rtr(B~HX - Dp®
(1.9)
we generalized E.C. Kim’ s estimates as follows:
2
A2 sz;p Z.TJ\Zf((mp? —12p—|— 1) (Szal + % + ?o?))’
(1.10)

where A\; € R is the smallest nonzero eigenvalue of the Dp, p < % and

2
a: M — R is a positive real—valued function defined as

(1= pm)| B2 4 pler(B-)2)

T IBPA - pm)? — mpPtr (B

(1.11)

Recall that, if ¢tr(B~!) = 0, twistor—like operator given in induces to
which is given by E.C. Kim in [5]. estimates still valid. Finally, in case
tr(B~1) # 0, we apply our estimates to the Sasakian spin manifolds which lead
us to describe eta—Killing spinor.

Theorem 1.1. On an m—dimensional closed Riemannian manifold (M,g), as-
sume that 3 is a nondegenerate symmetric tensor on M such that div(B~') = 0.



Then, the first nonzero eigenvalue \y € R of D associated with the eigenspinor
D1, satisfied

1 Scal X2 Aa
w e
b= st;p Zg\l/jf<(mp2—2p+ )\ 4 * e * 2/ )’

(1.12)

where Xl € R is the smallest nonzero eigenvalue of the Dg, p < ﬁ and « :
s M — R is a positive real—valued function defined as

(1= pm) B2 4 pler(B-)2)’

. 1.1
B = pm)? —mper (B )P (1.13)

o =

The equality case of (|1.12) is satisfied if and only if Aa = 0 vanishes identi-
cally and if the spinorial Levi—Civita connection satisfies

Viy® = —pAV - &1 — gAB (V) - &y — rtr(B~ 1)V - &, (1.14)

for some constants A, X € R and for all vector fields V. Here p, q,r are real—valued
functions and ®; is the first eigenspinor field of both D and Dp.

Proof. For any real—valued functions p, q,r and spinor field ® € I'(S), define
the following modified spinorial Levi—Civita connection V on I'(S) by

7,9 = V;®+pe;- DO+ qB_1(€i> -Dp® + TtT(B_l)ei -Dp®.

7 One can easily compute,

Y (1@, T;0) = div]» (®ei- D+ V., D)e;] + (mp® — 2p+1)[DD?
i=1 i=1
H(?BTH = 2q + (2qr + mr?)|tr(B~Y)?) [ Dp®f?
Scal

@ + (2pq — 2r + 2prm)tr(B~")(D®, Dp®).
(1.15)

Remember that, the real—valued function a with the eigenspinor ®; correspond-
ing to the eigenvalue A\ of D satisfies the following equation [5]:

/ adiv] (P16 - DBy + Ve, Br)ei]p = _7/ A(a)|®q .
i=1
(1.16)

To vanishing the last term of equation (|1.15)), we set r as

g
- _ 1.17
L p— (1.17)

4



We still use the parameter r for ease of the calculation obtained below. Then,
75 taking integral of (1.15)) over M by considering equation (1.16)), we get

1
/oz|T<I)1\2,u = —7/ (A(a)|<b1|2—|—(mp2—2p+1)a)\f\<l>1|2
M 2 S

—|—(q2|B_1|2 —2q+ (2qr + mr2)|tr(B_1)\2)a|DB(I)1\2

Scal 9
—a= (0| )u.

(1.18)

Let’s define the P; positive function as below to get an optimal result:

P o= /M (D@1, D) —X%(@l,@l)}H/M [ai(n—@l,n@)}p

1 ~
= [ (o~ 2o x5 [ @ [ X
M M M

+/ (@B = 2+ (2qr + mr?)|tr(B)2)ar + 1) | Dy [
M

Scal
—a ‘f \@ﬂu > 0.
(1.19)
Set the free parameters ¢ and « as:
2
L—r|tr(B~ )2 and o — ((1—107”)‘371\2+P|t7‘(371)|2>
q [B-T]? = [BTIPA—pm)2—mp?[tr(B=1)[Z"
Taking into acoount ([1.17) one can obtained the following equality:
1 ritr(B~1)|? B r(1 —pm) (1.20)

ER

Solving 1) we get r = (1_pm)|B,1’|’2+p‘trB,l‘2. Then, in terms of the param-
eter p, P; can be rewritten as

1 ~
Po= [ (=2 et )5 [ s@iefa- [ e
M M M

N mp?|tr(BY)[* — (1 —pm)?| B~
/M K<|B—1|2(|B—1|2(1 — pm)? + pltr(B-1)[?)

3 )a+1)|Dpd?

Scal
4

—a |<1>1|2}M > 0.

(1.21)

—1y(2
o Finally, if |[B71? > W and 7 > p are choosen to make a positive, then
one can get the desired inequality given in (1.12)). O
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Note that, if tr(B~!) vanishes identically, the spinorial Levi—Civita con-
nection reduces to . In this case all results are same with Kim’ s
estimations. N

Consider the ratio of Ay # 0 and A; which are first eigenvalues of D and

Dp, respectively and denote this ration by ky := i‘\—i Then under the same
contitions as in Theorem the equation ([1.21) can be rewritten as follows:

2 1 Scal
Py = / (aX2(mp? = 2p + 1= ") |02 = ZA(0)|@1 [ — a5 @1 [2) > 0,
(1.22)
This give us the following corollary:
Corollary 1.2. Under the same contitions as in Theorem (1.1}, one has
Scal A«
A > supin ( + —)
b= gp M*f 4¢  2aC
(1.23)
where { = mp2—2p+1—'§ and M C M is given by M := {zx e M :{(z) > 0}.
Corollary 1.3. Under the same conditions as in Theorem [1.1], if real—valued
Sfunctions p = % and r = ffn—q are taken in the equation 1) one gets
Scal A2 Aa
A2 > (7 _M 7) 1.24
vz T Tt (124)

where a : M — R is a real—valued function defined by a = |[B~1|?.

Proof. Inserting p = % into the equation lj one gets r = —2—773. This means
that the term (2¢r +mr?)[tr(B~1)|? given in equation (1.19) is vanished. Then
P; induces to:

1 ~
Prio= [ (aNIBi - AW - X P
M
2 p—1)2 2 Scal 2
+((@*1B7* = 2g)a + 1) | Dpi[? = aZ 5|01 > 0.

(1.25)

If the free parameters ¢ and « is taken as follows
S da=|B'? 1.26
q= W ana a = | ‘ . ( . )
one gets the desired result given in (1.24). O
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As in Corollary consider the ratio of A; # 0 and A; which are the first

eigenvalues of D and Dpg, respectively and denotes this ration by ki := )‘1

Then under the same contitions as in Corollary the equation (|1.25)) can be
rewritten as follows:

K2 1 Scal
[ (ax- Zom)ienf - a@le? - a5 @) o
M B~
(1.27)
This proves:
Corollary 1.4. In the notations of Corallary[I.3] we have
Scal A«
A2 > supmf( +—).
1 ¢ 4¢ ' 2aC
(1.28)

2 — —~
where(:lf‘B'iill‘2 and M C M is given by M :={x € M : {(z) > 0}.

In the next theorem, we construct a spinorial Levi—Civita connection with
respect to the nondegenerate symmetric tensor and its trace to give a lower
bound esimate.

Theorem 1.5. Assume that (8 is a nondegenerate symmetric tensor defined on
an m—dimensional closed Riemannian manifold (M, g), such that div(B~') = 0.
Let k1 be the ratio of A € R, A1 # 0 € R which are the first eigenvalues of
D and Dp, respectively. Then, for any real—valued functions q,r : M — R
satisfying both

1
SBIF >q >0 and (1 +q|B7'?) > (2qr + mr?)|tr(B~1)|? (1.29)

we have

(1.30)

A2 > '
b= o an (4’%((17 T, K/l) 2”’((]7 T, ‘%1)

w(aq,rm1) N

Scal n Ala) )

where k(q,r, K1) and o are real—valued functions defined on M by



(m —1)(q|B~2(2m + mq|B~|? + 2q|tr(B~1)[?))

(Q7r H/l) = 9 _1\(2)2

(¢ —2¢|B=12) (m + mq|B~| +QIt7‘ )%)
(m —1)(g|tr(B=1)|?(1 — m|tr(B ) m
(¢ —2¢|B=1[2) (m + mq| B2 + g[tr(B~1)[?
+(mr2 +2¢3)[tr(B7YH|* + (¢* — m?qr? — 2mg®r) |[tr(B1)[*|B71|?

(¢ — 2| B=12) (m + mg| B-1[2 + gltr(B-1)|?)”

+mg®ltr(B~Y)2BH* = (mgr® +2¢%r)[tr(B~1)[° 2

(¢ — 2| B=12) (m + mq| B-1|2 + q[tr(B-1)|2)” '
1

)
)2

respectively, and M = {x € M|r(q,r,r1)(z) > 0}.
Eguality case of (1.30) is satisfied if and only if the spinorial Levi— Civita
connection satisfies

Vy® = —pAV - & — gAB~H(V) - &y — rtr(B~H)V - & (1.32)

0 for some constant )\,X e R, A % 0 and for all vector fields V. Here p,q,r are

real—valued functions given in (1.45)), (1.47) and ®; is the first eigenspinor of
both D and Dp.

Proof. Considering the following modified spinorial Levi—Civita connection T'
defined on I'(S) by

Ty® = Vy®+pV-DO+¢B (V) -Dp® +rtr(B )V - Dpd,
(1.33)
s where p, g, are real—valued functions defined on M. Assume that A is the first
eigenvalue of D asssociated with the eigenspinor ®; and A, is the first eigenvalue
of Dp such that A\ = k1 A;. Using (|1.15]) — d1.16|) with positive real—valued

function «a and free functions v,n7 : M — R to define the following posive
real—valued function Ps as follows:

P = /M[(DB<I>1,DB<I>1) K22 (B, By ] / Z|Tq>1|2

*(Dp®1 — nD®y,Dp®y — UD‘I)l)}
Scal

A«
/ [(mp? — 20+ 1) 727 — )N~ 25 a2 S0
M
+2 ((pq —-r +prn)tr(B Da—~ n) A1 (DB<I>1, <I>1)

+< q |B —2q+ (2qr + mr2)\tr(B_1)|2)a +9%+ 1) |DB<I>1|2 > 0.
(1.34)
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Using the relation Dg®; = kD®1, then multiplying modified spinorial Levi—Civita
connection defined in with e; and B71(e;) and then summing over i =
1,...,m gives equations and respectively. To vanish the last two lines
of the real—valued functions p, q, r, a, 7, k have to satify the following four

equations:
(1—mp) = (q+mr)tr(B~ ) =
(1+¢B7'* - T(tr(Bfl))Q)n —ptr(B™Y) =
(pq —7r +prm)tr(Bil)a — 7211 =
(®1B7'f? = 2¢ + (2qr + mr?)[tr(B7H)|))a++2+1 =
Solving equation , one has
(1 +q|B7Y? — T‘tT(B71)|2)I{
tr(B~1) '
Inserting into equation (L.37), we have:

o O O O

(1.39)

(pq —r(l— pm))tr(B_l)a — 2k = (pq —re(qg + mr)tr(B_l))tr(B_l)a — ~v%£1.40)

Inserting p into equation ([1.40)), we get

v o= a(q(l +q|B7Y?) — (2qr + mr2)|tr(B_1)\2). (1.41)
Putting v? into equation (1.38), we obtain
1
a = —. 1.42
(1= 25 P) 142
Note that equation ([1.35) and (1.36]) together give
1—mp B ptr(B~1) (1.43)
(q+mr)tr(B=Y) (14 q|B=1]2 — r|tr(B—1)[2)’ '
Also solving equations (1.35) and (|1.36) we have,
tr(B~1)
= . 1.44
© Tt mdBP g (B P) ()
This means
1+ ¢|B'[2 — r|tr(B~)P2
p = OEdBTE R )
(m +mq|B~1* + q|tr(B~1)[?)
So the relations
1 14 ¢|B7Y?) — (2¢r + mr2)|tr(B~1)|?
o g 0BT e )
q(1 —2q|B~1]?) q(1 —2q|B~1?)
2 p(1 —mp)
(q+mr)(1+q|B~1* —rltr(B=1)[?)
_ (1 —mp) =0
(g +mr)(m+mq|B~1*> + g|tr(B~1)[?)
(1.46)
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imply the restriction

1
————— >¢>0and q(1+q|B7*) > (2¢r + mr?)|tr(B~H)% (1.47)

2(B~12
Inserting (|1.45)) and (1.46)) into (1.34)) gives the desired estimates given in (|1.30)).
The limiting case of ((1.30)) are easy to check. O

2. Estimating over Sasakian Spin Manifolds

In this section, we get an eigenvalue estimate with the aid of the divergence-
I

free symmetric nondegenerate tensor B! = o= %{ ® Kk by applying Theorem
and Theorem to the Sasakian spin manifolds. Then, by using the re-
lations between the eta—Killing pair (u,v) corresponding to the eta—Killing
spinor and the decomposition property of the spinor bundle built over Sasakian
spin manifold we investigate the geometric properties of the equality case.

On a 2n + 1 dimensional manifold M, Sasakian structure is defined by an
almost contact metric structure of M. An almost contact metric structure is
expressed by (¢,£,7,g). Here ¢ is a (1,1)— tensor field, £ is a vector field , n
is a 1—form and g is denoted the metric. An almost contact metric structure

satisfies
n(€) =1, 02 ==V +n(V)E, g(¢V,6W) = g(V.W) = n(V)n(W).  (2.1)
On an almost contact metric manifold a fundamental 2—form © is defined as
OV, W) = g(V.6(W)),
where V, W is a vector fields. In addition, if the following condition is satisfied
(Vvo)W = g(V.W) —n(W)V (2.2)

for all vector fields V, W, then an almost contact metric structure is called
Sasakian structure and with this structure manifold is called Sasakian. More-
over, if the Ricci curvature tensor Ric defined on the Sasakian manifold (M, ¢, &, k, g)
satisfies

Ric=ug+vn®mn (2.3)

for some constants u, v € R with u+v = 2n, then Sasakian manifold (M, ¢, £, n, g)is
called eta—Einstein. T.Friedrich and E.C.Kim showed that any Spinor bundle
connsructed on an almost contact metric manifold is splits under the action of
the fundemantal 2—form. For more information see © [§].

Definition. On a Sasakian manifold (M, $,&,n,g) endowed with spin structure,
eta— Killing spinor with Killing pair (u,v) is characterized by a nontrivial spinor
field ® which is satisfied

Vy®=aV &+ Br(V)E- @ (2.4)

for some real numbers u,v € R,u # 0 and for all vector fields V.

10



Since eta—Killing spinor with Killing pair («, B) is an eigenspinor of the
Dirac operator with eigenvalue A = —(2m + 1)a — B, Killing pair («, B) can be
expressed in terms of the scalar curvature by considering some special decom-
position of the spinor bundle [8].

ws Theorem 2.1. Let (M,¢,&, k) be a 2m + 1(m > 1)—dimensional a closed
Sasakian spin manifold. Let B~! be a nondegenerate symmetric tensor field
on M defined by B! =1 — L@, div(B™1) =0. Let \y € R and A1 € R be
the first eigenvalue of D and Dpg, respectively. Then we have

1 Scal — n%(np? — 2pn + 1)A2
)\2 > . 1
1oz supinf ( 4 (n—1)(p—1)2 )

p,r(p) M (np* —2p+1)

(2.5)
where p < % In case that A\ # 0, inequality 1) can be rewritten as
1 Scal 1
A2 > supin ( ), < —,
= pp Mf(np2 —2p+ 1) \4k(p) P=5,
(2.6)
o where k(p) and py are real—valued functions on M defined by
) = e D?(np® —2p+1) — n?(np* — 2pn + 1)3
g (0= 1)~ (2 —2p+ 1) ’
X
= —. 2.7
11 N (2.7)

The limiting case of (2.5) occurs, in case
1. n > 5, if and only if there exist an eta— Killing spinor ®1 with Killing pair

G-ty (Cri-mey) 23

such that ®1 is a first eigenspinor of Dp.
2. n = 3 if if and only if there exist an eta—Killing spinor ®1 with killing

185 pair

(2.9)

(—2+\/4+2,S’cal 4—\/4+2Scal)
4 ’ 4 ’
such that ®1 is a first eigenspinor of Dg.

Proof. Let’s define the nondegenerate symmetric tensor field B~ on M by
B! = % — %f ® k. So, the positive function given in {j can be rewritten
as follows:

(n—1)(p—1)
n2(np? —2pn + 1)’

(2.10)

11
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Inserting the function « into (1.12]), one gets ineguality (2.5)) and (2.6)), respec-
tively. Considering B! = % — £ Q K, we get

—1 —1
tr(B™) ==, |B7f =

(2.11)

In limiting case, by taking into account ([1.14)), one can rewrite spinorial Levi—Civita
connection as follows:

np ~ —pn)n?® ~
Ve, 1 = —<P)\1 +1 _pp)\1>ei - Py — (n(l_l)p(l)_p)/\lB_l(@i) - Py
np ~ (1—pn)n? ~ jei  r(e)é
- 7(p)\1+1— Al)ei.éli(n—l)(l—p) 1(E7 n ) &
= —<P)\1 + - ﬁ 1X1>6i - Py — mxdei)g Py (2.12)

Accordingly, in limiting case, eta—Killing spinor with Killing pair is described
as:

— DA +nA n(l—pr)A
o) — (PDAEnR )
n=1  (n—-1)1-p)
In the case m > 2, eta—Killing spinor is characterized with eta—Killing pair
given in (2.8). Let M be a 3—dimensional Sasakian spin manifold. Then, by

using Proposition 3.2 and Proposition 3.3 given in [5], eta—Killing pair can be
rewritten in terms of the scalar curvature of M as follows:

(—2 + 4+ 2Scal 4 — 4+ QScal)
4 ’ 4 ’

(2.13)

(o, B1) =

(2.14)
This means,

(p(n—l))\l +npAr n(l—pn)Xy ) _ (—2—1—\/4—1—250@1 4—\/4—1—250(1[)

n—1 "(n—=1)(1—p) 4 ’ 4
(2.15)
Accordingly, the first eigenvalue of D and Dg can be desribed as follows;
N = (3p—1)(—2+ V4 +2Scal) — p(1 — p)(4 — V4 + 2Scal)
b dp(3p — 1) ’
~ (1—p)(4—+/4+2Scal
o= ( ) , (2.16)
6(3p —1)
where p < % O

In the next theorem to consider application of Theorem to the Sasakian
spin manifolds, we use same divergencefree symmetric tensor given in the proof

ot Theorem [I.1]

12



Theorem 2.2. Let (M,$,¢,k) be a 2m + 1(m > 1)—dimensional a closed
Sasakian spin manifold. Let B~! be a nondegenerate symmetric tensor field
on M defined by B~ = % — %5@/{, div(B=Y) = 0. Let \; €R and \; € R be

the first eigenvalue of D and Dpg, respectively and denote k1 = % Then, for

a0 any real—valued functions q,r : M — R satisfying

n? Q(n2 +Q(n_ 1)) 2
we have
Scal
2> sup inf(—F— 2.18
be (q,rzr)ﬁl) f(4"<‘(Qar Kl)) ( )

where k(q,r, K1) and a are real—valued functions on M defined by

R K = (n_ 1)2(n2q_2q2(n_1)) n— 3 T 3 ’Il3 T
(q7 ) 1) <n4(n3—|—q(n—1)(2n—1))2 (( 1) ( q 2 q

—4n%@®r + n?qr? + 2ng*r — ¢ + 2n%qr + dng®r — ngr?
—2¢°r +n3r? 4+ 2qn® + nq3) + 3n*q — qn® + 3n*¢?

—6n° + 2n2> — ff%) .
(2.19)

The limiting case of (2.18) occurs, in case

1. n > 5, if and only if there exist an eta— Killing spinor ®1 with killing pair

2’ Z+4(n—1) ’

G (-bi-p)  ew

215 such that ®1 is a first eigenspinor of Dp.

2. n =3 if and only if there exist an eta— Killing spinor ®, with killing pair

<72+\/4+2Scal 4 — \/4+2Scal>
4 ’ 4 ’

(2.21)

such that ®1 is a first eigenspinor of Dg.

Proof. Let s define the nondegenerate symmetric tensor field B~ on M by
Bl=1_ 15 ® K. So, the positive functions k(q,r, k1) can be rewritten as in
220 1) These give us desired inegualty (2.18] -
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In limiting case, with respect to real functions p, ¢, r spinorial Levi—Civita
connection can be writtes as:

Ve, ®1 = —phie;- @1 — g B e;) @) — T(n )Xlei - Dy

~ re;  k(e; n—1\~
= —P)\16i"1’1—(1>\1(*— ( )£> '<I>1—7“< ))\161"‘1’1

n n n
1 - -~ 1 ~
—— (np)q + g\ +7(n— 1))\1>ei - Py + —ghik(e;)E - Py,
n n
(2.22)

where real—valued functions p is given by

~n(n— 1)(q —r(n— 1))
P=s (n—1)g(2n—1) " (2.23)

Accordingly, in limiting case eta—Killing spinor with Killing pair, is de-
scribed by:

1 - N1~
(ozl, Bl) = ( - (np)\l + g\ +r(n— 1))\1>, nq)\1> (2.24)

In the case m > 2, eta—Killing spinor is characterized with Killing pair given
in .

Let M be 3—dimensional Sasakian spin manifold. By using Proposition 3.2
and Proposition 3.3 given in [5], (a1, B1) can be characterized with Killing pair

given in (2.21)). O
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