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1 | INTRODUCTION

Summary

In this paper, we address the global asymptotic synchronization (GAS) problem
of the Master-Slave fractional order multi-linked memristive neural networks
(FOMMNN ). Firstly, we propose the FOMMNNSs which incorporate the fractional
calculus into multi-linked memristive neural networks (MMNNS) for the rst time.
Then, by utilizing the fractional dierential inclusions and set-valued mapping theo-
ries, the addressed FOMMNN s with discontinuous state switching at the right-hand
side and time-varying delays are converted into the continuous FOMMNNSs. Under
the frameworks of fractional Caputo derivative and fractional Fillipov solution, by
the way of building up appropriate Lyapunov functionals and utilizing some syn-
chronous analysis technology, several sucient criteria ensuring that the Master-Slave
FOMMNN s can realize global asymptotic synchronization (GAS) under two dierent
state-feedback controllers are obtained.

KEYWORDS:
Asymptotic synchronization, fractional order, multi-linked memristive neural networks (MMNNs), adap-

tive controller, time-varying delays, state-feedback

Memristor, which was put forward theoretically by Chua in 1971", is considered to be one of the four basic elements along
with resistors, capacitors and inductors. Its resistance relies on the amount of electricity passed through. If the power is cut off,

the resistance will remain unchanged until it receives the reverse current, thus it could act as a memory element. And in 2008,
Strukov et al. fabricated the first memristor based on TiO2 model”. Since then, many kinds of memristor models are proposed
by the scholars. Compared with the resistors, the memristors exibit many advantageous characteristics, such as extremely low
energy consumption, excellent scalabilities, fast-speed operation, etc. Particularly, the memristor exhibits excellent memory
and pinched hysteresis characteristics and has variable resistance, which bears striking resemblance to biological synapses®.
Thus, the memristor is one of the most promising condidates for artificial synapses emulating memory and brain functions. The
researchers proposed the memristive neural networks (MNNs) by rebuilding the traditional artificial NNs by utilizing the mem-
ristors rather than the common resistors. Besides, since the conductance of memristor will change owning to the change of the

This is an example for title footnote.
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voltage pulse parameter value of the high-speed voltage flow. Therefore, the connection weights of the MNNs are discontinuous,
and the MNNSs system is a discontinuous system.

MNN s have attracted increasing attention from researchers in various fields because of their excellent application prospects,
their dynamical behaviors, such as synchronization and stabilization, can be applied in pattern recognition®, image process-
ing®57 optimization®®, and so forth. Therefore, more and more scholars focus on investigating the synchronization and
stabilization of MNNs. Many excellent results have been reported, please refer to the works ™™™ and references
therein.

Fractional calculus™ studies the integration and differentiation of arbitrary real order or even complex order, is a mathemati-
cal tool extended from ordinary calculus. Fractional differential systems can be applied widely in both science and engineering
applications due to its excellent memory and hereditary characteristics. Compared with ordinary differential system, FDEs rep-
resent a more reasonable mathematical modeling framework, which can more effectively and accurately describe the memory
and genetic characteristics of processes and materials, and etc. By introducing fractional order calculus into MNNs™?2%  the
scholars constructed the fractional order memristive neural networks (FOMNNSs), which not only contain the characteristics of
the fractional differentital systems (FDEs), but also the characteristics of the MNN:S. It is an evolutionary version of fractional
order neural networks (FONNs). FOMNNSs can provide an effective instrument to model some irregular dynamics simply and
accurately by adopting fractional derivatives and the characteristics of the memristor. Therefore, using fractional order memris-
tive neural networks (FOMNNS5) can solve more complex problems that fractional order neural networks (FONNs) and MNNs
cannot solve.

The application of various FOMNNSs are mainly based on their dynamical behaviors, such as stabilization and synchro-
nization, which have been extensively studied by the scholars recently, please refer to and references therein. The
researchers have proposed many kinds of control strategies = *# 55512 and various FOMNNS models. For example, complex-
valued FOMNNSs were studied in 55555 EOMNNs with reaction-diffusion terms were studied in ™%, Quaternion-valued
FOMNNS were investigated in %8980,

As we know, one neuron can transmit information with the next one through multiple synapses. In other words, there are
many connections between two neurons in the real biological neural network s. Here, we regard one connection between two

04,78, 76, 13,07

neurons as an edge and there exist mutiple edges between two neruons of biological neural networks of the brain. Multi-linked
memristive neural network (MMNNSs) mentioned in®' are comprised of several single-linked MNNS, each edge indicating a kind
of transmission delay. We can naturally introduce fractional derivatives into multi-linked memristive neural networks to form
fractional order multi-linked memristive neural networks (FOMMNNS5). Although there are many significant results concern-
ing about the synchronization and stabilization for memristive neural network (MNNs), there are few researches concerning on
FOMMNN:S. For example, in“*, the synchronization of the delayed fractional order memristive BAM neural networks involving
switching jumps mismatch were obtained in a finite time by adopting impulsive controller and utilizaing comparison principle.
What’s more, the delayed complex-valued FOMBAMNNSs were investigated in“"*. To our best knowledge, there exist no lit-
erature concerning about the synchronization and stabilization of the FOMMNNS. Few results about the synchronization and
stabilization issue of FOMNNSs involving time-varying delays are obtained, most of the published reports are discussing con-
stant delay(s) or without delay terms. For example, FOMNNs with constant delay(s) were investigated in*****% FOMNNs
with time-varying delay was studied in*"*'*** The global synchronization of the delayed FOMNNSs involving constant delay
were studied in®. In"~, Pratap et al. addressed the finite time stability of the impulsive quaternion-valued FOMNNSs in the
Mittag-Leffler sense by employing Mittage-Leffler function and Laplace transform.

Sparked by the discussions mentioned above, this article firstly incoporates fractional calculus into MMNNs and obtain the
FOMMNNES, then addresses the asymptotic synchronization and stabilization of the FOMMNNS involving time-varying delays
by designing state-feedback controllers under the frameworks of Caputo fractional derivative and fractional Fillipov solution.

Contributions are stated as follows

(1) We propose fractional order multi-linked memristive neural networks (FOMMNNSs) with time varying delays for the first
time.

(2) Two different control strategies are adopted. One is the linear control strategy, the other is the adaptive control strategy.
Our proof procedure is simple to be implemented in the real applications.

(3) We design two different Lyapunov-Krasovskii functionals. Sufficient criteria guaranteeing the GAS of the Master-Slave
FOMMNNS are obtained under the Filippov-framework by utilizing the theory of set-valued mapping.

The remaining of this paper is given as follows. Section 2 gives the description of the mathematical model of the Master-Slave
FOMMNNs, including some necessary preliminaries, relative tools and notations. Section 3 analyzes the sufficient criteria of
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GAS the Master-Slave FOMMNNSs with time-varying delays, and two corollaries are obtained for the FOMMNNSs involving
constant delays and no-delayed terms, respectively. Section 4 gives the conclusions.

Notation. R, R¥% and R¥ represent the space of real numbers, the set of matrices with dimensions 3, X 9, and N-
dimensional vector, respectively. QT denotes the transpose of matrix Q. C([—¢,,,0], R") indicates the functions set ¥ :
[—Cpr, 0] = R™ and ¥ is bounded and differential. %[Q, Q] indicates the closure of convex hull generated by the real numbers
set or real matrices set including O and Q

2 | NETWORK MODEL AND PRELIMINARIES

Throuhout the paper, we consider the GAS between the Master-Slave FOMMNNSs with time-varying delays in Caputo sense
with fractional order ﬁ € (0, 1), denoted as thﬂ , where 1, is the initial time. For convinience in this paper, we denote ng as

N Ty
Dtﬂ for short.

Definition 1. (Podlubny“") For a continuous function 9(¢), its Caputo derivative with fractional order f € (p—1, p) is defined as

t

Dlo) = L / (t = APP19™(Ad A, 12 1,

' Lp-p).
0

where p € R* and p € (B, f + 1).

Definition 2. (Podlubny”™) For a differential and continuous function 9(7"), its Caputo fractional integral of order fis given as
T

! /(T NN, T > T,
7

r'(p)

c b _
Do) =
where ['(§) = ]0+°° MP-le=2d .

2.1 | Description of the Master-Slave FOMMNNSs

2.1.1 | The Master FOMMNNSs
Consider the master FOMMNNSs with time-varying delays

II
DIX,,(1) = £, (X ()E, () + Y, 0,,(E, (DA, (E, (1)
n=1
(1)

K
D 0m(En()8, (Xt = (1) + L, (1), t >0,
1 =1

M=

+

n

where m =1,2,...,I1,0 < ﬁ < 1, D represents Caputo fractional operator, Df denotes Caputo fractional derivative with order
ﬁ 0 < /? < 1) between time (t,, ), X,,(?) stands for the state of the m-th neuron. £,,(-) indicates the neuron self-inhibition
satisfying Z,,(-) > 0. K denotes the number of edges (links) between any two neurons of the FOMMNNS. 7,,(-) and g,,(-) represent
the activation functions without and with time delays, ¢, () denotes the delay of the :-th edge which is bounded and satisfies
0 < ¢,(t) < ¢, The initial value of FOMMNNS () is 7(s) = (,(s), 75(5), ... , 7,(s))T € C([—¢py, 0], R™). I, (¢) represents the
external input. v,,,(¥,,(1)) and ¢),,,(¥X,,(1)) are memristive connection weights, given by

I K
1 = = 1
EnEn(0) = & L;(an + ; M) X e+ - | -
_ an _ ()mn
Umn(xm(t)) - C X 6mn? O(I)mn(xm(t)) - X Emn»

3

m
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where A7mn, M, indicate the memductances associated with memristors R,,,, R ;). respectively. Besides, R, indicate the

memristor between X,,(f) and #,(X,()), and Eﬁ(,)mn denotes the memristor between X,,(¢) and g,(¥,(t — ¢,(1))). R, indicates
the parallel-resistor related to C,,. According to the properties of the memristors, we set

3%, (0] <,
O, ) =4 "
£ X, (0] > O,

ot 1%, (0] <0,
V(X (D) = 1.
v | X, >0,

mn’

and

0y X ST,
O En) =4
e {o(,),,m,wem(m >0,

for m,n = 1,2,..., 11,1 = 1,..., K, and z,”;‘q, z,”;;*, vfnn, vj‘n’;, o, o are the known parameters which are related to the
] ; 1 " (ymn (ymn
memristors. O,, represents the thresholds of the switching jumps.
For convenience, let _ . )
v =max{|£> |, ||}, £, =min{Z £}, £, =max{¢), £},

D,,, = max{v*

T ~ — . * k%
- 2 U }s Oy = min{or v

1 mn®> “mn’’ )
vfnn = max{ |U;;m|’ |U::;,| }5 o(t)mn = max{@?,)mnv O?Smn}’
o . * ok ~u _ * ok
0(’)'”” - mln{p(t)mn’ o(t)mn}’ o(l)mn - max{ |0(1)mn|’ |Q(1)mn| }
formn=1,2,...,I1,1=1,2,...,K.

Utilizing the theories of set-valued mapping and fractional Fillipov inclusions™, it arrives that

D%, (1) € —Tol£,(Z, ()))(E (1)
I

+ ) T0[,,, (X, ()], (X, (1)
= @)

11
+ DD C0L0ymn (X, ()18, (R, (t — () + L, (1),

n=1 1=1
fort >0, m=1,2,...,1II, where .
e, 1X,,(0] <O,
col?, (X, )] =117,.2,]. 1%,0O|=0,,
f;,* | %X, (0] >0,,
Dfnn’ Ixm(t)l < Gm,
colv,,,(X,()] = [0, 0], 1%, =0,
o 1%, ()] > 0,,
and
[ |X, )] <O,
E[O(,)mn(xm(t))] = [5(1)mnvé(1)mn]7 |X, ()] =0,
05 %, > T,

where m,n = 1,2, ..., I1. Based on the measurable selection theorem™®, there exist appropriate measurable functions ¢ () E
col?,,(X,,()], D,,,(t) € colv,,,(X,,(1))] and Oumn(D) € E[o(l)mn(xm(t))] such that
X Il
Dfxm(t) = —f;m(t)xm(t) + Z OpnA,(X,(1))

n=1

3)
n K
+ 20D bom 8, (E (1 = (1)) + L, (1),

s=1 1=1

forae.t >0, m=1,2,...,IL

Remark 1. When § = 1, the FOMMNNSs (1) degenerates into common MMNNs, which had be discussed in®®#_ In other
words, the FOMMNNSs generalizes the usual MMNNs. The FOMMNNSs () is different from the switched systems investigated
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in Refs.™™™ The switching systems usually switches between two different states. However, the switching of memristor-based
nerual network model changes with the change of variable states, and this switching is more complicated. Besides, we consider
time-varying delays while Ref.™>" considered constant delay, therefore, our model is more general.

2.1.2 | The Slave FOMMNNSs

To study the synchronization, the slave delayed FOMMNN:S is given by

i
D/9,,(1) = =, (D)D) + Y, 0,,(D, ()7, (D, (1)

i )
n K

+ D0 0 D)2, D, = 6O + L, (1) + p, (1), 120,

s=1 1=1

form =1,2,...,1I1 Here, 9),,(¢) represents the state of the m-th neuron of the FOMMNN:S (B), 4,,(¢) is an appropriately-designed
controller to be determined. The initial value of FOMMNNSs @) is , v,,,,(2),,(t)) and g(,)m,,(g)m(t)) memristive connection weights,

which are expressed by
£l9,0O1 < Q,,
Cu@D®) =19 ..
20190 > Q,,

V| D (D] £ L,

Umn(@m(t)) = {l);:;,lwm(l)l S Qm,

and .
O DD £,

(D, (1)) =
Com (D {o;‘,jm,,,|wm<t>|>9m,

where m,n = 1,2,...,I1,1 = 1,2,...,K, Q,, indicates the threshold of the switching jumps of the memristors. The other
parameters have the same meaning as those defined in FOMMNNSs ().

Similarly, it follows from (B) that

ng)m(t) € —colZ,,(D,INI(D (1) + €0[,,,(D(N]A,(D,,(1))

S ®
+ Z 0l0mnDm (N1, (1 = 6, (D)) + L,,(1) + p, (D),

n=1

fort >0, m=1,2,...,II, where

Z, 19),,®)] <,

o, D =312, Cl. 19,0 = Q.

2, 12),,®O] > Q,,

O 19),,®] <L,

€00, (D (D] = 3 Dy Opin]s 1D (D] = Q5

o 12),,®O] > Q,,

and

Oy 19,0l <L,
€0[0(ymn (X, ()] = [0ymn> Omn)s DD = L,
[ 9,®] > Q,,

wheren=1,2,...,I1,1=1,2,..., K.
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Hence, we choose the measurable functions as fm(t) € col?,(®,M)], v,,6) € colv,,(D,®)] and g, () €
€0[03mn(Y ()] such that

R R II I K
n=1 1=1

n=1 (6)
+ 1,(1) + p,, (1), t>0,
The synchronization error €, (1) =9),,) — X,,(t), (m = 1,2, ..., II). Subtracting (B) from (B), we obtain
i}
DIG, (1) = —£,,(0D,(1) + £, (DX, (1) + D D,,, (D7, (D, (1)
- e n=1
- 2 l/)mn(t)hn(xn(t)) + Z Z é(t)mn(t)gn(g)n(t - gl(t)))
n=1 s=1 1=1
n K
= D G D, E, (= GO + (1)
s—l/ =1 , \ ,
=—,0€, 1) + (1) - 2,1))9,1) + Z Opn(D, (€, (1)) (7
n=1

I

+ D On®) = D (DN, (D,, 1))
n=1

I K
+ 20D Comn(®) = 61D, (D, = c(1)))

n=1 1=1

n K
+ 20D 80m G, (C,(t = ¢, (0)) + p, (0),

n=1 1=1

forae.r >0, m=1,2,...,IL where (G, (1)) = ,(9,(1))~h,(X,(1) and G, (€, (1—6,(1))) = £,(D,,(1—6,(1) =g, (X, (t=5,().
The initial condition of the error FOMMNNSs system (1) is ¢(s) = w(s) — w(s) € C([—¢y, 0], R").

Some useful definitions, lemmas and assumptions are given as follows to derive the main theoretical criteria.

Assumption H1. The functions #,(-), g,(-) (n = 1,2,...,II) are assumed to be Lipschitz-continuous. Hence, their exist the

known constants L" > 0, Ly > 0 which satisfy |7,(z,) — #,(z)| < L"|z, — z, [g,(z)) — g,(z)| < LElg,(20) — 8,(2))l,

(n=1,2,....11),Vz,,z) e R". Let L" = max {LM}, L = max {L3}.

Assumption H2. 7,(-), g,(-)(n = 1,2, ... ,II) are assumed to be bounded. Then, there exist known constants 55’ >0and & >0
|7, <& g, () <&, m=12,..IL

Let & = max {en}, g8 = max {&5} for convenience.
Assumption 3. ¢,() ¢ = 1,2, ..., K) are bounded differential functions. Let, 0 < ¢,(t) < ¢ and 0 < ¢,(?) < ¢, hold.
Lemma 1. (Lietal™).If0 < f < 1 and Q(r) € C! [tg, o), then

D) 10| < sign@)D] 0. 1 > 1,,

Lemma 2. Let O,, = —sign(€,,())(Z,,(D,,())D,, () — £ ,,(X,,() X, (1), then we can conclude that O,, < —fml(fm(t)l +17 —
£*|M,(m=1,2,...,I1), where M,, = max {Q,.0,,}.

Proof. According to the characteristics of the memristor, we obtain that
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(1) When %,,(t) > O,, and 9),,(t) > Q,,, we conclude that
0,, = —sign(€,, (D)€ ,,(D,,(1)Y,, (1) — £,,(X,,()) X, (1)
= sign(€,, (), )(D,,(1) — X,,(1)
=-¢,"1€, )|
< —-2,16,0] < =216, 0| + £ =1 |M,,.

(2) When %X,,(t) £ O,, and 9),,(t) < Q,,, we conclude that
0,, = —sign(€,, (D) ,(D,,(1)D,, (1) — £,,(X,,()) X, (1))
= sign(C,,(1))¢, (2,,(t) — X,,(1))
=-7, 1€, )|
< =0al6, (0] < =£,|C, 0| + £ = £11M,,

(3) When X,,(t) > O, and 9),,(t) < Q,,, we conclude that
0,, = —sign(€, )€ ,,(9,,(1)D,, () = €, (X, (1)) X, (1))
= —sign(€,, )& ,,(X,, (D)), (1) — X,,(1))
+ (€099, (1) = £,,(X,,(1))D),,(1))
= —sign(C, )N C, 1) + (£ = £)D,1)
<=2, 1C, O+ £ = £51Q, < =£,|C,, (1)
< =2,|C, O+ |6 = ¢ M,,.

(4) When X,,(t) < O, and 9),,(t) > Q,,, we conclude that
O,, — sign(€,())?,(D,,))Y,, @) — £, (X, ()X, (1))
= s5ign(€,, ()& (D (XD, (1) — E,,(1))
+ (€D (X, (1) — £, (X, (1))X,,(1))
= —sign(€,, (G, (1) + (£ = €)%, (1))
< —ClC, O+ £ =20,
<=2,|€, 0 + £ — %M,

Hence, we can easily conclude that ©,, < 7, |G, ()| + |£ — z,”;’;llﬁm. This complete the proof. O

Definition 3. The FOMMNN:S () and (#) are deemed to realize the GAS, if under a suitable designed controller, for any initial
value ¢(s) of €(¢), one always has tlim IE®)|l, = 0, where G(r) = (G, (1), C,(1), ..., (). Let ||p(s)||, = SUP_.<p<o W (s) —
z(s)l-

Lemma 3. (Wang and Yang®™) Fractional Barbalat’s lemma under the framework of Caputo derivative. If flé B(s)ds =A< +0

when 1 = +00. Besides, if it holds true that gD?%(r) is bounded, where w : [0, +00) — R, then B(t) — 0 ast — +oo, where
fe©,1).

3 | MAIN RESULTS

In this section, the GAS of the master-slave FOMMNNS are investigated by Adoption two control strategies.
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3.1 | Linear discontinuous state-feedback controller

Theorem 1. In this section, we adopt the following linear discontinuous state-feedback controller

Hw (@) = =C, €, () — n,,sign(€,, (1)), m = 1,2, ..., 11,
where ¢, n,,(m = 1,2, ... 1) are appropriately chosen constants. If C and 7, satisfy

II
2 h
G > L+ & Zuzm
n=1

D p=1 =1

I
My > 1655 = £2IM,, +§hZIvmn—v**|+5822|<’<omn ol

n=1 n=1 1=1

®)

®)

where m = 1,2, ...,IL. Then under Assumptions HI-H3, the error FOMMNNS ([) can realize the GAS from Definition 3. Or

in other words, the FOMMNNSs (&) and (@) can obtain the GAS.

Proof of Theorem [ll. Build the Lyapunov functional as follows
V@, C(1) = V,(t, €0) + W, (1, €(1)),
where V, (1, G(1)) = 2 D" M@, (1)), and

oI n m

(EACOEDIIDY 1(”’”" / |€.(s)ds.

=1 I=1 j=1
" J (30

Doing the derivative of V(¢, €(¢)) along the trajectory of FOMMNNS (1) yields

I
. . . d i .
V =V, (t, G(1)) + Vy(t) = ED? ! [; |@m(t)|] + V1, G(1)).
Under Lemma 1, we conclude that
11 11
V(1,60 < D, 5ign(C, (DG, (1) = D, 5ign(C,(0)(=£,(0D,,()
m=1 m=1

I

II
+ (DX, () + Y DD, = Y D, (DB, (,(1)
n=1

n=1

M=

+

3
I

1]
M =

sign(C,, (=2, (NG, (1) + (£,,(1) = £,,1)D,,®)

1

3
Il

I

11
+ D DO, (C (1) + D D) = B0, ()7, (D, (1))
n=1

n K
+ 20 D @m® = 82D, = 6,(1)

n=1 1=1

n K
+ DD G D@ (Dt = (1)) — 8, (X, (t = ()

n=1 =1

+ pu, (2)).

K I K
Z @(l)mn(t)gn(g)n(t - gt(t))) - Z Z é(t)mn(t)gn(xn(t - gt(t))) + Mm(t))
n=1 1=1

(10)

an
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We can conclude that

11 II
D sign(C,,(0)p, () = = Y. sign(C,, ()&, E,, (1) + n,,sign(C,, (1))
m=1 ; o m=1 (12)
==Y L€, O = Dty
m=1 m=1
where y,, = |G,,(1)| = |C,,()|*.
From Lemma 2, we can conclude that
I
Y 5ign(C, (=4, (1)9,,(t) + £, (DE,, (1))
" B (13)
<Y 2,6, 0 +1£5 — 4 M, 1,
m=1
Similarly, we conclude that
JIEN
D sign(C,,(10)0,,,(D(1,(D, (1) = h, (X, (1))
m=1 Ir;_l .
< Y)Y Isign(@, )0k, ENE, 0] (14)
m;l n;l 0o
<Y ENE,O =" Y v 16, 0.
m=1 n=1 m=1 n=1
Similarly, we get
nm n x
DD sign(C (16 m (&, (Dt — (1) = 8,(X, (1 = ¢, (1))
m=1 lr_z[_l ll-[_l .
<Y Isign(C, )6, LEIG, (t — c.(t))] (15)
m=1 r;l ;1 .
<LEY YN 0llG = g0,
m=1 n=1 =1
And
n mn kK
DY sign(C, () @mn() = 6ma()ELD,(t = 6,(1))
m=1 :I—l Il-[_l .
<D Isign(C, (0110}, = OfinlE (16)
m=1 n=1 1=1
nm mn x
S gg Z Z Z |Oz<l)mn - OZ?mnl){m’
m=1 n=1 1=1
Similarly, we get
JI
D, D 5ign(C, ()@, (1) = 8, (N, (D,, (1)
m=1 n=1 (17)

Im 1 m 1
<D0 Isign(G, D[V, — vl |Eh <&M TN v = v | 2

m=1 n=1 m=1 n=1
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And similarly,
nmn mn kK
DY 5ign(C (D@m= 6ma()EL(D,(t = 6,())

K
D 15ign(C (D10}, = OFnn &5 (18)

Reckoning the derivatives of V,(t, €(r)) yields

on mn K ,u 4
(1)mn

Vy(1, €(1)) (1€, @1 =€, = ¢, =)

n=1 1=1

oI L8 nnc
<Y XX le0l- Z22022>mn5gl@n(r—g,(r)>|,

m=1 n=1 1=1 D m=1 n=1 1=

19)

From (I2) -(9), we obtain that
v, @(r» =V, (1, 6() + Vit @(r))

<Z( b= +5”2 ,,,,,+ZZ i >|cs 0]

n=1 1=1
sk * h ok s * sk (20)
+2( N+ |5 = C21]0,, + Zwmﬂ—v L EE DD 108 = O 2o

m=1 n=1 1=1

h,,,|csm<r>| - Z ©, X

|
M =

nlcué

where ,, =, + £, — & Zvnm— 22 OTAM ,and ©, =1, — |3 - f*lM +&h Z lof — k]| — &8 z Zlo(l)mn—oz‘;mnl
n=11=1 n=11=1
forallm=1,2,...,IL From (E) and (1), we can conclude that 72,, > 0, O, > 0. Hence we can easily get that

V(t, (1) < —h Z |6,,(0)] = —ha(), @n
m=1

I
where 7 = 1211? {hm}, () = Y |€,,(1)|. Then we can conclude that V(¢) < —h ft: w(s)ds + V(t,). From (I), we can easily
sisn m=1

conclude that w(f) is non-negatively bounded and ftt w(s)ds has a finite limit. Therefore, there exists a positive constant N
R 0
which satisfies |Df ()| < N whent > t,, According to Lemma 3, we will further prove that w(?) is uniformly continuous.
N
Forty <t; <t,,when |t, — 1| = 0(¢) < (%jjﬁ))ﬁ”, we can get

() — @,(0)] = DP[DPw,(t) — DPw, (1)]

1
bw(s)lds — / t, — )" P DPw(s)lds|

- ré J

= o(s)1ds| — )" MDD w(s)1ds|
F(ﬁ)

< ZN —t )ﬂ <e.
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n
From Lemma 3, we conclude that () is uniformly continuous, and 11m w(t) = 0. Since w(t) = Z |€,,(#)], it means that

}1m €, ] =0(m=1,2, - ,II). Therefore, The FOMMNN:S (B) and () can reahze the GAS under Deﬁmtlon 3. This completes
the proof. [

Corollary 1. For the Master-Slave FOMMNNSs () and (@), if ¢;(t) = ¢, 6&,(t) = G5,..., g () = G, Where ¢, 1 = 1,2, ..., K)
are chosen canstants which satisfy 0 < ¢, < ¢, and means that the time delays are time-invariant. Under controller (B), if ,, and
n,, satisfy the following requirements

n

o’
h (l)Jl
C>f+§2%+zz
n=1 n=1 1=
> 00 =0, +§"Zlvmn—v**l+§gZZIO(,)mn—oZ‘,’{mnl,
n=1 n=1 1=

form=1,2,...,II, then the FOMMNNSs (@) are asymptotical synchronized with FOMMNNSs (II).
Proof. The proof process is quite similar to the one of the Theorem 3.1. Hence, it is ignored here.

Remark 2. If 1 = 1 and ¢, (¢) = ¢ (positive constant), the FOMMNNSs are reduced to regular FOMNNSs involving constant time
delay, which had been discussed in“**>4,

3.2 | Adaptive discontinuous state-feedback controller

Usually, the theoretical value of synchronization time is much larger than the required actual time. This is because the ampli-
fication technology is used in the theoretical proof process. If we adopt the adaptive strategy, the control strength can adjust
itself accordingly, which greatly reduce the control. Hence, in this section, an adaptive discontinuos state-feedback controller is
adopted.

The controller is expressed by

(1) = = (DE,, (1) = 1, (D)sign(G,, (1), (22)
where m = 1,2, ..., I1. And the adaptive control law given by

LoD =k, |G, (Ol £,(0)=0

where k = (k;, ky, ..., k) and [ = (I1,1,, ..., I}y) are two positive vectors, é:’m and n,, (m = 1,2, ..., 11) are appropriately chosen
control gains.

Theorem 2 (Theorem subhead). Let 0 < f < 1 and Assumptions H1-H2 hold, the FOMMNNSs (@) will be globally
asymptotically synchronized with the FOMMNNS (B) under the adaptive controller (22), if ¢, , n,.(m = 1,2, ... ,TI) satisfy

m> Nm
~U
¢ >-7, +Lhz +ZZ%"

n=1 =1 (23)
M 2 155 = €4 M, + " 2 of = 0% | + &8 2 2 105 = O
n=1 n=1 1=

Proof of Theorem . Bulid up the following Lyapunov functional
V(t, €(1) =V, (1, (1) + V,(1, E() + V51, €(1)), (24)
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where

I
Vi, 60) = Y, D716,

m=1

0 n K 0(“) g b
wesm =Y XX [ s s
meli=1 j=1 = T¢D
1—¢,(1)
[ 1 1
_ 1 e, N2

Under Lemma 1, Finding the derivation of V,(¢) along the trajectory of FOMMNNSs () yields

11 11
Vi) =Y DI, 0] < ) sign(@,,())DIE,, (1)
m=1 m=1

II I1
= " 5ign(G, ()£, (1D, (1) + £, (DX, (1) + D 6, ()1, (D, (1) = 1, (X,(1))))
mH=1 n=1
+ D O(1) = 6,3, (D)7,(D,, (1)

2 25)

n K
+ 2% D O ® = 8mn)E, (Dt = (1)

n=1 1=1

n x
+ 20 D Sm O, (D, = ¢,(10) = (1 = ¢,

n=1 1=1

M) + wy (D).

We conclude that .

D sign(C, (D)D) = = Y 5ign(C,(0)C,(E,,(1) = n,,(1)sign(C,, (1)

m=1 m=1

it I
==Y LOIE,O1 = D 1O 2

m=1 m=1

where we denote that y,, = |€,,(1)|.

(26)

By Lemma 2, it can be derived that
1

D 5ign(G,, (D)2, (09,,(1) + £, (DX, (1))

m=1

I 27
<Y =416, + 165 =4 M,
m=1

Under Assumption H1, we can conclude that

nm I

11
DD 5ign(C,(1)6,, (DR, (G, 1) < Y Y [sign(E,, (0|54, LG, (0)]

mn""n
m=1 n=1 =1 n=1

)

m=

—_

IA

11 Im 1 (28)
DLMG, 0] = L Y Y 56, (0)].
=1 =1

n

—_

m=1n
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Similarly, we can conclude that
I 1 kK
DY 5ign(C ()6 m (€Dt — 6,(1) — 8,(X,(t = ¢, (D))
m=1 n=1 1=1
I I kK
<YLY Isign(, ()6, LEIC,(t — (1) (29)
m=1 n=1 1=1
Im 1mI kK
<LEY Y6 IG, = g0
m=1 n=1 1=1
From Assumption H2, we obtain that
I I kK
51gn(E ., (D)0 ymn(®) = Gmn ()€Y, (1 = 6,(1)))
m=1 n=1 1=1
I I kK
<D Y 1sign(C, (01167, = O 5 (30)
m=1 n=1 1=1
IIT 11 kK
<¢* Z 2 Z |02)mn - Q:)anl)( :
m=1 n=1 1=1
And we have
I 1II
DD 5ign(C (1) (Dy(t) = 6, (D)1,(2,(1))
m=1 n=1
I 1II I II (31)
< YLD Isign(S, (lIvy,, —vin 1Eh < T N ok, = 0t |
m=1 n=1 m=1 n=1
Furthermore, we conclude that
Im 11 kK 0?) g
NACOEDIIDY = (6,01 = 16,0 =6l - &®)
m=1 n=1 1=1 D
I8 I 1mnI1 kK Im 11 kK (32)
3 I CACIESEDIDIPILAMCAGEION]
~ 5D m=1 n=1 1=1 m=1 n=1 1=1
Finally, we have
11 . .
: 1 - PR 1 - P
Vi(t, (1)) = —_— t) — t —_— t) — t
L (1, G(1)) Z,l[ 3 ) = E)n(®) 4 Z(Cn0) = E)En () .

II
= DUEn0) = EIC, O + () = 1) 23]
m=1
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From (3) to (B3), we obtain
W@@OD=M@@UD+%U@OD+MO®®)

11 II u
sé(—Em—imuh;ﬁ +ZZ G >|cs 0]

n=1 1=1

11
+ Y (N H | =M, + 2 |07, — oF|
m=1 =

(34)
n x
+&¢ 2 100y mn = €y Xm
n=1 =1
e N CRGIED W
m=1 m=1
S c 5 iy R A = Ly
— _ ~u Q)ji — _ sk Ok ** _ £g T
where h,,=¢,,+¢,,— L ’El o ’;1 277 ,and @, =n,, — | =% M, +§ ,El [of —v]—& nzllz Io(l)mn o(l)mnl,
(m=1,2,...,II), From (2Z3) and (B4), we conclude that I;zm >0, C:)m > 0. Therefore, it holds true that
o
ACOESWICHGIN (35)
m=1

—_ —_ 1_[ —_
where 72 = min {hm } anda(t) = ¥, |, ()] > 0. Then, it can be derived that V(z, (1)) < ~ [} &(s)ds+V(ze) and [ @(s)ds
m=1

1<i<n

has a finite limitation. Hence, w(#) is bounded. Therefore, there exists a given constant N, > 0 satisfying IDtﬂ o(t)| < N} when
t > t,, from Lemma 3, we will further derive that w(¢) is uniformly continuous. For ¢, < #, < t,, and when |t, — f,| = 0(¢) <

A1
(%)ﬁ, one can get

|, (1) — @l(t)l = DD oo, 1) - D%l(r)]

— ) P DPo(x)]dx — / (t, — x)" P [DPo(x)dx|
F(ﬁ
-0 Dla — )" D ax)ldx|
(ﬂ)
- to)ﬁ - (tz - lo)ﬁ + 2(t2 - tl)ﬂ]
—t )ﬂ <e.
F(ﬁ)

Hence, we can obtain that (¢) is uniformly continuous. Under Lemma 3, we have
lim (1) =0
-0

Since w(?) = Z |€,,(®)], it means that hm |C€,,®] =0 (m = 1,2, ,II). Therefore, from Definition 3, we conclude that
FOMMNNS5 systems (@) and () can reahze the GAS. This complestes the proof. O
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4 | CONCLUSIONS

In this paper, we incoporate the fractional calculus into MMNNSs, and propose the FOMMNNS for the first time. Based on
the Master-Slave concept, this paper investigates the GAS of the Master-Slave FOMMNNS involving time-varying delays. By
utilizing the the theories of the set-valued mapping and fractional Filippov inclusions, the discontinuous FOMMNNS are trans-
formed into continuous FOMMNNSs. Then, two different strategies are adopted to design the state-feedback controllers. One is
a linear and the other one is adaptive. Based on Lyapunov direct functional method, fractional Barbalats lemma and some anal-
ysis techniques, several suffient criteria are obtained for ensureing the GAS of delayed FOMMNN:S. In this paper, all the proofs
procedures are illustrated in numerical forms, thus we will investigate the synchronization and stabilization issue for fractional
order memristive BAM neural networks (FOMBAMNNS) by utilizaing the toolbox of LMI later.
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