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1 | INTRODUCTION

The tropical climate models can be used to predict the weather in hydrodynamics and also have a wide range of applications
in many fields such as molecular biology, agricultural production, and so on"2, By performing a Galerkin truncation up to the
hydrostatic Boussinesq equations, the system without any dissipation terms was first derived by Frierson-Majda-Pauluis for
large-scale dynamics of precipitation fronts in the tropical atmosphere”. For abbreviation, a general tropical climate model with
both dissipation and damping terms is given as follows,

r0,14+u‘Vu—yAu+0:u+diV(U®v)+VP=O,
ov+u-Vo—vAv+pv+v-Vu+ Ve =0,

10,0 +u-V0—nAf+divo =0,

divu =0,

(u, v,0)(1, X)| ;=0 = (g, Ly, p)(x),

where u = (u;,u,) and v = (v, v,) denote the barotropic mode and the first baroclinic mode of velocity field, P denotes the
pressure, and 0 represents the temperature. Here u, v, 7, « and f§ are non-negative parameters.

There are considerable mathematical studies on the tropical climate model recently from various authors. In the 2D case, Li-
Titi* had proved the global well-posedness of strong solutions for the tropical climate model with y = v =1landa = f = = 0.
They obtained the higher regularity of u and the gradient estimate of (1, v, 8) by constructing a new unknown @ = v—V(-A)~'6
to bypass the obstacle caused by the absence of thermal diffusion. In this article some background on tropical models was
introduced and more relevant background can be found in>®%8, Wan® studied a tropical climate model with y = = 0 and
v,a, § > 0. The author obtained the global regularity of classical solutions with small initial data in H*(R?), s > 2. And Ma
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and Wan'' proved the global well-posedness of global strong solutions for the system withv =y =a =0and u > 0, § > 0,
under the hypotheses of small initial data in H*(R?), s > 3. Ye and Zhu' studied the existence of global strong solutions
for the tropical climate model with temperature-dependent diffusion on the barotropic mode (v = # = 0 and a, f > 0) under
small initial data (uy, vy, 6,) € H*(R?), s > 1. Zhou''? established the global regularity for the 2D tropical climate model with
generalized nonlocal dissipation of the barotropic mode (v = 1 and a« = § = 0). We also mention the 3D case. Wang-Zhang-
Pan' considered the global existence of unique strong solutions for the system with 4 = v = 4 = 1 and « = f = 0 under
the assumption of small initial data. Zhu'# obtained the global well-posedness of strong solutions for the system with fractional
diffusion on barotropic mode (v = = & = f = 0) under initial data in H*(R?). The issue of global regularity of the generalized
tropical climate system has been also investigated in a number of articles!>"1!17,
In this paper, we consider the cauchy problem of a two-dimensional tropical climate model with a damping term and zero

thermal diffusion, namely

du+u-Vu—Au+VP=—-divio®uv), (x,1)€R*xR",

Jv+u-Vo+v-Vu+v=-V0,

0,0 +u -V = —divo,

divu =0,

6]

with the initial data
(W, 0, 0)(t, )|, = (g, Vg, Bp)(x), x € R 2)

We emphasize that in this paper the equation for 6 contains no dissipation or any damping term and then powerful classical
tools such as the Fourier splitting methods designed for the systems with full dissipation no longer apply here. Without the
dissipation term —Av and add a damping term v, it is well known that the local and global well-posedness of solutions to
system (1)) under the hypotheses of small initial data studied by Ma and Wan''?, They used the spectral analysis technique and
constructed a new energy estimate of u in Besov space to achieve the goal. To our knowledge, many models with damping
terms such as damped Navier-Stokes equations’®, compressible Euler equations’®,?? and MHD equations?! have been studied.
Wang2¥ studied the large-time behavior of the smooth solutions of three-dimensional compressible Euler equations of isentropic
gases with damping. Wu et al.2!' proved the global well-posedness of the incompressible MHD system with a velocity damping
term when the initial data is close to an equilibrium state (0, y). They also obtained the explicit large-time decay rates of the
solutions and their approach exploits the time decay properties of the kernel functions to a linear differential equation. Lai and
Wau et al.?? had investigated the large-time behavior of solutions to a special Boussinesq system with partial dissipation d,,u and
a damping term @ under small initial data in H*(R?). The tool commonly used in dealing with such problems is the bootstrapping
argument. We also refer to related works 2324223120,

Our effort here is mainly related to the global well-posedness and large-time behaviors of the solutions of system (I)). The
main methods to establish the global existence and uniqueness of smooth solutions and obtain the explicit large-time decay
rates for various sobolev norms, i.e. || Vi(u, v, 0)|| 1=»1 =0, 1, of the solutions are by the high and low frequency decomposition
method to overcome the difficulties caused by nonlinear terms F; and F, (definition in Section 2). And we exploit the structure
of system (I)) coming from the coupled terms and damping term to overcome this difficulty caused by the absence of thermal
dissipation. We utilize the time decay properties of the kernel functions to a linear differential equation to obtain the decay rates
of solutions of the low frequency part and the decay property of exponential operator to get the decay rates of solutions of the
high frequency part. More details can be found in Section 3.

Before precisely stating the main result, we introduce the functional settings. In this paper, a generic constant C means a
positive constant independent of time. The operator (V) is defined by (V) := (I — A)%. The operator (¢) denotes (t) :=1+1.
For any constant N > 3, we define working space X with its norm given by

1
1w, 0,0y =1V @, 0,011 2 + (DIl + I 48) TV ll o+
j=0
(12 11 0l 12 + (1) Z IVAG O) ]2 + (£)2 | Av|] 2+ 3
2

[ES N 3
DO TNV @, 0|2 + (12 lidivo Il 2,

i=0
and space X,
[[(ug, vy, 6p) |x0 = ”<V>N(uos Vo> Ol 12 + |[(ug, uy, 09, )l 11, 4
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where [/, = [1/1l2, for 1 < p < .

Theorem 1. Let N > 3 be a constant. Assume the initial data (uy, vy, 8,) € X, with V - u, = 0. Then, there exists a small
constant § > 0 such that if (u, vy, 6,) satisfies

(g, 0o, Ol x, <6, &)
then the cauchy problem (1)) admits a unique global solution (u, v, ) satisfying
(w,0,0) € X. (6)

Moreover, the following time decay estimates hold
@, Ol < CO)7',
I(Vu, VO) 1 < C()7F,
loll - < CO)7F,
IVoll,e < C)ys

@)

Remark 1. The proof of Theorem 1.1 relies on the bootstrapping argument (see, e.g.2%). More precisely, we verify that
U <CUO®+0oWU®m), t>0. (3)

where Q(m) = m” form < 1 and f > 1, we denote U(¢) := ||(u, v, 0)||y and accordingly U(0) as ||(u, v, )| |X0. Once is
confirmed, a bootstrapping argument applied to (8)) would lead to the desired global existence and stability of Theorem 1.1. Our
main goals are to check (8).

The rest of the paper mainly includes the expressions and estimates of solutions of the linearized system in Section 2 and
several estimates for the proof of Theorem 1.1 in Section 3.

2 | PRELIMINARY

This section is divided into three parts. First, we derive the linearized equation and then obtain integral formulation (I9) with
explicit representation and the time decay estimates of the kernels of the linear equation. In addition, several technical lemmas
are given here.

2.1 | Reformulation of system

Firstly, (I)) can be rewritten as the following equivalent system

-

O u+ 0u— Au= 0,7 + m + J,Au,
0,V + 0,0 — Vdivv = —0,(u - Vv) — 0,(v- Vu) = V(u - V),

0,0 +0,0 — A0 =div(u- Vo) +div(v- Vu) —0,(u - VO) —u - V0,
<

divu =0, ©)
W, v, 0)|,=¢ = (g, Uy, 6y),
Wy, v, 0)|,=0 = (uy, 0y, 6)),
where 7, is expressed by
m i=—u-Vu—-divo®v)— VP
=— VATV @-Vu)+ V- (V- (0®0)) (10)

—u-Vu—diviv ® v).
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From (9, we obtain
O u+ou—Au=F,,
0,0+0,0—A0=F,,
23 t 2 (11)
(u’ 0)'1‘:() = (u()7 9())7
(llt, 9;)'[:0 = (ul’ 91)’
with
F, := o,z + 7 + 0,Au, a2
F, :=div(u- Vv) +div(v - Vu) — 0,(u - VO) —u - V6.

It can be easily found that u and 6 have the same structure of the linear part in (TT)), which plays a crucial role in ensuring the
global existence of small solutions.

2.2 | Representation of solution of linearization problem

For simplicity, we consider the linear system as follows,

where F is given by (TT)-(T2).
Taking the Fourier transform of above formula yields

where the Fourier transform ¢ is defined as

att¢+at¢_A¢= F, (13)
$0,x) = ¢y, ¢,0,x) =,

. . sroa
ajz¢+0,¢A+Ich ?—F, A "
$0,x) = ¢y,  ¢,0,x) =,
d(t,&) 1= / e EP(t, x)d x. (15)

R2

Then we solve (I4) by a simple ODE theory to obtain

S S Sy L1 e (16)
j'1 - 2 + 4 |§| s /12_ 2 4 |§| s

And by Duhamel’s principle, it follows

with

Thus, we can get the integral representation of solution of (13):

b1, &) = dy(E)Py(&) + é)l(é)(%ﬁo(é) + 1)) + / @\t = 5,&)F(s,&)ds, (17
0
o1, ) = %(e*l’ 1 ek,
R | ohl gt (18)
@(1,8) 1= W
@, x) = w(x)Py(x) + w](x)(%d)o(x) + ¢, (x) + / o, —s,x)F(s,x)ds. (19)
0

In the following, we present the decay estimate on @;(t, &).

Lemma 1. Let @,(t,&), i = 0, 1, be defined in and (I8). Then for I < p < 400 and & > 0, it holds

_l_«a
el @l < Cr) r 2. (20)
¢l

<3)

Proof. According to the expressions of @, and w;, we have for |£| < % that

o1, &) = %(e<—§+ P 1Vl Q1)
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and
0,1, 8) = ——— (e F VTR _ amVamley, 22)
24/5 — 1€P
Since it holds
—1—/1—4|¢)2 < =1+ 1482 —2&2 < 23)
2 B 2 +V1—4Ep -~
we obtain
0 < d,(1,&) < Ce ™, (24)
For 1 < p < 400 and a > 0, multiplying the above equation by |£|* and integrating over {£ € R | [£] < %}, we deduce
ags P < pa p=pléft
v, <c [ tetrereriag o3)
HES
Sety;, = éit%, ie. t'%dyi = d¢; so that the right hand of changes into
| ye Py < oy
[ rew y <) o6
i<tz
And for p = +00, we have
llg1°@y < Jg1%e ¥ = ez e < o), 27)
where (t) = Ct for ¢ > 0. The proof of Lemmal[I]is completed. O

Lemma 2. Let &(t, &) denote a Fourier multiplier operator with ||@(z, &)| L, < 00, i = 1,2. Then for any Schwartz function
f, there holds "
ot 0.0,/ 112 < Cllédllzz If 1 (28)

l0(t.0,.0,)f 2 < Clldllys £ 1= 29)

Proof. The above two inequalities can be derived by || || ;« < C||f]l;: and Plancherel formula. Indeed, we obtain
lo(t, 0. 0,)f 11,2 = llot. &1, &) 2
<Clolg, I1Fls,
<Clollez NN
162

and

lox(@, 0y, 0,) f 1l 12 = |2, fl’éz)f“L?]:z

< Cllolie 171

2.3 | Auxiliary lemmas

Lemma 3. Forany a,f >0, a + g > 1, it holds

t O asl if p<1, a<l,
— Y%\ F
O/(t )y ) Pdr < C {(t)_a + ()77, if p>1 or a>l. 0

The proof is shown in Appendix A.1. And a similar result can be found in®.

Lemma 4. For any s > 0, % = pi + pi = qi + ql with p;, py, 4, ¢, € (1, 0], r € (1, ), the commutator estimate holds:
1 2 1 2

(VY u- Viol, < CACVYull, I1V0ll,, + 1 Vall, 1(V) oll,,), (31)

which can be seen in%.
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Lemma 5. For a constant C > 0, it holds
1 1 1
1f s < CIFIE IV AU IALI, -
Proof. By
1 1
1f1le < CILIL IO,

we infer 1 1
I/l < Cllsup f1I7, I sup ocf1I7,
Yy x y x

1 1 1 1
< CIFIE, 10,712, N0 £ 12, N0, f1I%,
Xy Xy Xy xy

1 1 1
<CIFIL VA AL, -
xy xy xy

3 | PROOF OF THE MAIN THEOREM

(32)

In this section, we establish the global existence and uniqueness of smooth solutions and obtain the explicit large-time decay rates
for various sobolev norms of the solutions, i.e. || Vi(u, v, 0| ;«,i = 0,1, and IV (u, v, 0| ;2,j = 0,1,2. The main techniques
include the high and low frequency decomposition method and exploiting the structure of system (I)) to overcome this difficulty
caused by the absence of thermal dissipation. Here we utilize the estimates of @, (¢, §) to obtain the decay rates of solutions of the
low frequency part and the decay property of exponential operator to get the decay rates of solutions of the high frequency part.

For the sake of clarity, we divide this section into several parts to obtain the relevant estimates of (u, v, 8). Recall the definition

of (3)), the derivation of the estimate of ||(V)™ (u, v, 0)|| 1 is given first.

3.1 | Estimates of u
Lemma 6. For any ¢ > 0, there holds
V)N (. 0,0)]| 2 < CU@) + QU ®))).
Proof. Firstly, applying (V) to (1)), we obtain
O, VYNu+ (VYN w-Vu) — (VINAu+(V)NVP = —«(V)"V - (v @ v),
oAV o+ (V)N - Vo) + (V)N o+ (V)N (v - Vu) = (V) Ve,
(VYN + (V)N (- Vo) = —(V)Ndivo,
(VYNdivu = 0,

then taking the inner product with (V)Nu, (V)N v, (V)N 0, respectively, yields
%%”(V)NMHZLZ + (V) Vull}, = —/(V>N(V W) - (V)Nudx
—/(V)N(u - Vu) - (V)Nudx—/(V)NVP-(V)Nudx,
1d
LR + D)Vl = =[OV (9) vax
- /(V)N(u-Vv) . (V)Nvdx—/(V)N(v-Vu) A(VYWudx,

%%”(v)NauZLz = —/(V)N(u - VOXV)NO0dx — /(V)Ndivv(V)Nde.

Applying the standard commutator notation

(VWN@w-Vo)y=[V)N,u-Viv+u-V(V)No,

(33)

(34)

(35)

(36)

(37

(38)



D.Niu and H.Wu

after integrating by parts and invoking V - u = 0, we infer
1d
2 dt

=—/(V)NV-(U®U)-(V)Nudx—/[(V)N,u-V]u-(V)Nudx

KN @0, 0113, + IV Vull2, + IV oll?,

—/[(V)N,u-V]U-(V)Nudx—/[(V)N,v- Viu - (VYN vdx

—/u-V(V)Nu-(V)Nudx—/[w)N,u-V]@(V)Nedx
=D+ @2)+ @)+ @ +(5) +(6),

where one has used the fact
/<V>Nve AVYWodx = - /(V)Ndivv(V)Nde.
Then by Hélder inequality, Young inequality, and Lemmafd] we deduce
(D) + ) Clwll = IKV)Y Vall 2 IV 0l 2

1
<ClOlL (V)N ollZ: + S IV Vaull L,
and

@) < KN u- Vil V) Vull 2 < ClIVull 1 IV Vall 7.,

similarly, there holds
3) < IKVYY,u - VIoll 2 IKV) N ol 2

< ClIVOll s IV NV all IV 0l 2 + ClIVall s IKV) N 0l
< CUIVull o + NIVOll DAV ull7, + IV 212,

we also get
@) <IN, 0= Viull IV oll 1
< CUIVOll = I N ull 2 IV N 0ll 2 + ClIVull = IV N 0l
< C(IVull o + IVOll LAYV ull, + V)N 07 12),
and

©) < IKVYN,u- VIOl 2 IKV) VOl .-
< C(IVull g + VO LAYV ull?, + IKVIVOII).
Substituting the above estimates of (1)-(6) into (39), we have

d
E(H(V)N(u, v, )7, + IKVYN Vullg, + IKVYN ol

<CIVYN @, 0, )3, (I Vull o + IVl o + VO] 1o + Nl0110).
It follows from (@T)) that

V)N @, 0,0)]1 12 <ICVYN (g, 09, O 12 + C/(||Vu||m IVl e + IVOl
+ 1ol (@, 0, emlds
<ICVYN (g, vg, Op)ll 12 + C / (s) FdsUP + U ™)
<U©O)+CU@* +U®), 0

Therefore, we obtain
(VYN (u, 0, 0)]] 12 < CUO) + QU (1))

Lemma 7. For any ¢ > 0, there holds
3
VI @ + 2l < C(H)2U @)

(39)

(40)

(41)

(42)

(43)

(44)
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Proof. The expression of z; directly gives
VI~ 2l <NVITVEDTY - @ Vil + 1YY - @ @ o)l
+ VIV (V@ o)l + VI @ - Vil
<CUIVIT'V - @@ wll + V7'V - (0 @ vl 12)
SC(lluujll > + Mool 12) (45)
<C(llul’2, + ll0l12)
SC(llull 211 Vull 2 + N0l 21 VOl £2)
<C() U0
Similarly, one has
V1T oIl 2 <HVIT'O VATV - @ Vll + VT,V - (0 @ o)l 12
VT V)TV (V- @ o)l + IVIT'0,u - Vil
<C(IVIT'V - 0@ w2 + IIVIT'V - 0,0 @ V)l 12) 6
<Cl0,uupli > + o, (w;vpll =)
<C(llull g 10,ull 2 + Nloll = 19,011 £2)
<C(1y SUQ@Y.
Thus, it holds
VL @,z + 2Dl < CE U 7
O
Lemma 8. For any ¢ > 0, there holds
lull» < C(1) (U + U@P). (48)
Proof. Firstly, we will split ||u|| ;. into the following two parts
lall . = ”ﬁ“L:as%> + ”LA‘”LZ:‘%> (49)
For case |£] < %, by integral representation of solutions , there holds
t
llell 2 < Nlewgugll > + ||601(%”0 +upll +/ llw,(t — ) F || 2d7, (50)
0
then it follows by Lemma [T]{2] that
ool 2 < lléoll2llugll o < CC)2UO), (51)
and
||d)1(%ﬁo +apll e <yl ||(%u0 +u)llp < C<t>_%U(O)- (52)
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Moreover, we obtain
1
[ oa =08 1,.a0
0
t t
S/ [, (t = T)(F} — 0,Au)||;2dT +/ llw,(t — 7)0,Aul| ;2dT
0 0
t
<C [ Weldy = Dl NIVI(F, = 0,800
0
. (53)
+ C/ Ao, (t — 7)|| 1 |l O,ull 2d T
0
t
<C /(r — )3 ()T deU ()}
0
t
+C / (t— 1) (D)3 de(U©0) + UDP)
0
<CUO +UDP),
where by (54) derived from the expression of F; and Lemma([7] one has used
3
IVIT'F, = 0,80l 2 = V7' Oy + 7l 2 < C)TTU Q@) 4
Hence, we have 1
lull: < COH2UO) + U@?). (55)
ash
For case |£| > %, taking the Fourier transform of the 1 yields
O, + |€1% = —u- Vu — div(o ® v) — VP = G(&, 1), (56)
multiplying by the integrating factor el Pt and integrating in time gives
t
a1 =e g, + / e EHDG(E, T)d . (57)

0



10| D .Niu and H.Wu
By Plancherel theorem and Holder inequality and space X, we get
t
lall 2 <lle™ gl . + / le” 0G| d e
0
t
—LiA ~Li-1)
<e7i ||u0||Lz+/e STONG 2dr
0
t
<e™lugl 2 +/e—i<’—f>(||u Vull + IV - (0 @ V)| 2)d T
0
t
1 1
<e™ ' lug 2 + / e lull o 1Vall 2 + Il I VOl 2)d 7 (>8)
0
t
<e™¥lugll 2 +C / e () ()
0
11 3
+()7% () 2)dzU @)
t
<e ¥ flugll 2 + € / ¢TI (1) 2d U (1)
0
LCHUO) +UD?),
which gives rise to
lall: < COHUO+UWD?. (59)
¢1>3)
The combination of (33)) and (59) yields
1
(02 lull 2 < CUO0) + U®). (60)
O
Lemma 9. For any ¢ > 0, there holds
IVull 2 < COTHUO) +U®?). (61)
Proof. Similarly, we split || Vu]| ;. into the following two parts:
IVall2 = IVull2 + 1 Vull2 (62)
g1<3) €1>5)
For case |£] < %, by integral representation of solutions , there holds
t
1
[[Vull 2 < [IVogugll 12 + ||le(§u0 +upll ;2 +/ IVo,(t — 7)F,|| ;2d7, (63)
0
the right-hand side of (63) can be controlled as follows. We deduce by Lemma|[T]-{2] that
Voo ll > < NEl@oll 2 lloll . < C40)™'UO), (64)
and | 1
Vo,(zi, + i < 0 —uy +
| w1(2”0 a2 < ¢l ||L2||(2”0 up)llp (65)

<c) v o).
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Moreover, one has

t
/llVa)l(t—T)Fllled‘r
0
t t
$/||Va)1(t—r)(Fl—0,Au)||der+/||Va)1(t—r)0,Au||deT
0

0
t
<c / HEPB (= Dl VI (F, - 3,8l 2d
0
t

(66)
e / NEP oyt = ol 1l d e
0

sCi/kt—TYI‘hygdrUUf
0

e / (t—7)73 - (1) 3de(U0) + U(1)?)
0

<C(H~'UO) +U®?).
Combining the above estimates together, we obtain

IVull 2 <COTUO+UD. 67)

(R

For case |&] > %, similar to ||@]| ;., we derive from , , Plancherel theorem, Holder inequality, and space X that

t
~ —1&12 ~ _1EI12(f—
lglall > < lle gl - +/ e 181Gl 27
0

t
~iem 31 1 —§=0) |~ 5P =)
<esle 2= gl + [ e s le? 161Gl 2d

0
t

1 1
< Ce_§t||uo”L2 + C/e_g(t_r)(“u . Vulle + ||V (v ® U)”Lz)d’l'

0
t

_1 L
< Ce s’||uo||Lz+C/e SOl o IVl 2 + 0ll o VOl 2)d T

0
t

< Ce ¥ flugll 2 + C / T () 24U (1)
0
< CHHUO) + U0,

(68)

hence e
IVull,: | < CHZUO+U. (69)

>3

The combination of (67) and (69) yields
ONIVull > < CUO) + U@). (70)

Lemma 10. For any ¢ > 0, there holds
lAull > < C{@)2(U0) + U®@)%). (71)
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Proof. Similarly, we split ||Aul| ;. into the following two parts:

~ —~ —~
lAullpz = [[Aullz  + [ Aullp

((SE3 ) >4

For case |£] < % we obtain the estimate of ||Aul|,» as

t
1
lAull2 < lAau 2 + llAw, Gy + )l 2 + / 18w, (1 = 2)F, || 2d,
0

then it follows by Lemma [T]{2] that
o =3
[ Aaytigll 2 < HE1Pd I 2 gl o < C(1)"2U(0),

and 1 1
IIAwl(Eﬁo + D2 < NEPa 2 |I(§uo +up)ll L

< C()3U(0).
Moreover, one has

t
/ Aw,(t = D) F || j2d
0
t t
§/||Aa)1(t—r)(Fl—6,Au)||deT+/||Aa)1(t—r)6,Au|Ider
0 0
t
<c / 1EPa, = Dl e NIV (F, - 0,Au)] d
0
t
e / 11EFd, (= Dl o 19yl e
0
t
sc/(t—rr% A2) T dU (1)
0

+C / (t—7)2 (D) 3de(U(0) + UM
0

<C{)HUO) + UG,
Hence, we have N ,
lAull2 < C(H™2UO) + U@)).

1<5)

(72)

(73)

(74)

(75)

(76)

(77)
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For case |£] > %, similar to ||Vul| ., we derive from , , Plancherel theorem, Holder inequality, and space X that

t
2 — &2 2 A _1E12 (1= 2
NERale < e 1Pl +/ e P16 ad
0

t
Ly _Lig2 n Lo —Lie2o—
<e7s ||€ 2|-f| t|§|2u0”L2+/e 8(t T)”e 2|§| (t T)|§|2G||de‘r

0
t

1 1
< Ce# lugll 2 + C / e F (- Vull 2 + IV - (0 @ v)|l 2)d7

0
t

< Ce flugll 2 + C / e 3D (02U (1)
0
< C(H2U0) + U@,

from the above inequality, we deduce .
1Aull: < COH2UO) +UWD.

(EE )

The combination of (77) and (79) gives
3
()2 [|Aull 2 < CUO) + U®),

Lemma 11. For any ¢ > 0, there holds
3
IVAul| > < C{t)"2U0) + U@)).
Proof. Firstly, we split || VAul|;. into the following two parts:

IVAul| ;2 = ||[VAu|| ;2 ot [IVAul| -
)

<1 >4

For case |£]| < %, we obtain the estimate of ||VAu|| ;. as

1

1
“VAM”LZ S ”VAC()(]H()”LZ + ”VACOI(—MO + ul)”LZ + ”VAC()l(t - T)Fl ”LZdT,
2
0

then we derive by Lemma|[T]{2]that
IV Awyiiyll 12 < NEFP @l 2 llugll 1 < C()>U(0),

and
=—— 1. A N 1
IIVAwl(Euo +a)ll e < NEPd, IILzII(zuo +u)llp

< C()72U(0).

(78)

(79)

(80)

8D

(82)

(83)

(84)

(85)
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Moreover, there holds

t
/llVAa)l(t—T)Fllled‘r
0
t t
S/HVAa)l(t—T)(F1 —0,Au)||der+/||VAa)1(t—r)0,Au||deT
0

0
t
<c / HIEF, ¢ = Dl NIV (F, = 38wl 2d 7
0

; (86)
e / 112138, = o)l e oyl o
0
t
3
gc/@—r)—z A1) 2d7U(1)?
0
t
+C / (t—7)73 ()3 de(U0) + UM
0
<C()y 3 U©0) + U@D?).
Combining the above estimates together, we have
— 3
IVAull: < COHT2UO) +UD. 87)
(lel<3)
For case > l, similar to ||Vu||;., we derive from (56), (57), Plancherel theorem, Holder inequality, and space X that
&l > 5 L quality. p
t
IEFalle < 1ol + [l i Gl
0
t
< e ¥ [le Pyl + [ e e IO 1P G de
Il 1S agll I IEI°Gll L
0
1 : 1 (88)
< Ce ¥ ugll 2 + c/e—§<’—f>(||u Vull g + IV - (0 @ )|l 2)dT
0
t
< Ce lugll 2 + C / e 3D () 2deU (1)
0
<COTUO) + UMD,
which gives rise to -
IVAull,: < COUO +UD. (89)
a¢1>3)
Combining (87) and (89), we obtain
3
()2 ||VAu|| ;- < CUO) + U@)). (90)
O

Lemma 12. For any ¢ > 0, there holds
3
l0ull 2 < C(t)2(U©0) + U@)?). o1
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Proof. We deduce from (1)), that
Noull > < llu- Vull 2 + |Aull 2 + IV - (0 @ )l 2 + VPl 2
S C(llull g lVull 2 + lAull 2 + o]l = IVOll £2)

3 11 3 92
<y (O + (U@ ©2)
<O HUO) + UDP).

O
Lemma 13. For any ¢ > 0, there holds
lull .« < CEH'U®), ©3)

11
IVull e < C(B)"5 U D).

Proof. By lemma5|and interpolation inequality, we infer

lull o < Cllall Al
< C{)F - ()T 04)
<cty U,
and l ] ]
IVall = < CUIVall?, I AullZ, IV Aull?,
<COTE T (U (95)
<CU)y S U®.

3.2 | Estimates of v

In this part, we establish some estimates on v. Importantly, we take advantage of the damping term of (T)),. It provides the decay
property of exponential operator to get the decay rates for various sobolev norms of solutions.

Lemma 14. For any ¢ > 0, it holds
vl < C{Y" (U ) + U®). (96)

Proof. By (1),
ov+u-Vo+v-Vu+v=-V0, o7

multiplying by v and integrating over R? yields

1d
5 2ol + 1ol

=—/V0-vdx—/v-Vu-vdx
(98)

SCIIVOll Mol 2 + Clivll o I Vull 2101l 12

1
<CUIVOII, + ol NI Vull) + Ellvlliz,

then we derive from multiplying by the integrating factor ¢’ and integrating in time that
t
loll3, < e llvgll3, +C / e OIVOI, + ol IVull3,)dT
0
7 99)
<e gl +C / (D) 4 (2)F (1) U0 + U))
0
S CHTHUOF +UmY.
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Therefore, it follows by that
Olvll: < CUO) +UD?).

Lemma 15. For any ¢ > 0, it holds
3
IVoll2 < C(OT2UO) + U@?).

Proof. Similar to the proof of ||v|| 2, there holds

SZIVOI, + Vol

=—/V@-Avdx+/u-Vu-Avdx+/v-Vu-Audx

<C(IA0 = 1IVoll 2 + VOl Lo [IVull 2 IV Oll 2 + 0]l o AU 21V O 2)

1
<SCUIAB3, + VUl IVally, + lloll7. lAull,) + EIIVUIIZLZ,

then applying Gronwall’s inequality gives
t

2 - 2 —(t- 2 2 2
IVoIP, <e™ Vol + € / I A0N2, + IVoll2. 1 Vull,
0

2 2
+ vl < l1Aull;,)dz
t

< IVl + C / Oy 4 (1) (2)
0
+(0)T () DU 0P + U@
<C@HY U0 +UDY.
Hence, we have
(12 IVoll 2 < CUO) + U@?).

Lemma 16. For any ¢ > 0, it holds
3
1Avll 2 < C(H)T2(UO) + U @),

Proof. First, by Holder’s inequality and a standard commutator estimate (see,e.g.,?"), there holds

1d 5 5
5 S IACIE, + Al
:—/[A,u-V]U-Avdx—/[A,v-V]u-Audx

—/U-VAu~Ade—/AV6-Ade

<C(I[A, u- V]vl| 2] Av] 2 + [IA, v - Vul| 2 ||Av]] 2
+llo-Vaull Aol 2 + [[AVO]l | Av] 12
<CUlAullp IVollZ. + IVull} AVl

1
+ VAUl llvll e + IAVOIT) + SIAvI,

(100)
O

(101)

(102)

(103)

(104)

(105)

(106)
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then we deduce from applying the Gronwall’s inequality that
1
nAmﬁzsaﬂAwm2+4{/?*FﬂmAvem;+uvapuAmﬁz
0
+ A0l IVull} o + 1017 IV Aul3)dT
! (107)
<e Al +C [ e ()
0
-3 -4 2 4
+(7)7 ()" HdrU0) +U@®)")
<CHZWO? + UMY,
Hence, we have
3
(t:lAvll 2 < CUO) +U@). (108)
O
Lemma 17. For any ¢ > 0, it holds
19,01l 2 < C(H)™' (U O) + UM?). (109)
Proof. . Using (T),, we have the following estimate:
lo,vll 2 < Mlwll o + Nlu- Vol + o - Vull 2 + IVOIl 2
<ol gz + llull 2[IVOll Lo + N0l 21 Vull Lo + 11VO] 22 (110)
< U™ T+ ()THWUO) + UM?)
<CHUO+UM.
O
Lemma 18. For any ¢ > 0, it holds
3
ldivo,v]| ;2 < C{t) 2(U0) + U(1)?). (111)
Proof. Similarly, by (T),, we obtain
diva,vll 12 <IV - 0ll 2 + 11V - @ Vo)l 2 + IV - @ Vall 2 + (140
<IIVolle + [IVull g VOl 2 + llull o A 2
+ vl lAull 2 + 1| A8]] 12 (112)
SCUNTE+ (7T +(OTHUO) + UM?)
<C()Y I UO) + UDP).
O
Lemma 19. For any ¢ > 0, it holds .
V| SC{) 3U@),
lloll, (0 ! Q) (113)
IVoll e < C()"3U@).
Proof. We derive from Lemma 5] that ] 1 1
0l < Clloll} IVoll 2, Ao,
SO0 TIU (114)

<@ty U,
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and 1 1 1
IVoll e < CIVOIE,IA0]E, VAL,
1 3 1 1
7 17 aN-2) N .|| 4N-2)
SC”VUJIU”AIUHL? [I{V) Ulle (115)
<C( B U@
< C) T U®),
for N > 3. ]

3.3 | Estimates of 0

To overcome the difficulty by the absence of thermal dissipation, we exploit the structure of system (I)) coming from the coupled
terms and damping term. By taking div to the equation of v and then we obtain the thermal dissipation —A#.

Lemma 20. For any ¢ > 0, it holds
IF s < (072U @R (116)
Proof. Owing to the expression of F,, we infer
1 F 1l <lldiv(u - Vo)l o+ [[div(e - Va)ll o + 10, - VO 11 + lu - VO 1
<Null 2 VO L2 + Nl 2 (VO 2+ Null 2 IVO, ] 12
+IVull 21Voll 2 + llull 2 |Avl 2 + (o]l g2 || Aul| 2 117)
SCUN™2 (7 (O (7 0T (7HURP
SC(I)_%U(t)z.

O
Lemma 21. For any ¢ > 0, it holds
1611, < C{t)"2(U©0) + U()%). (118)
Proof. For case || < %, by integral representation of solutions , we get
t
1
101l < ||a)000||L2 + ”wl(z‘go + 02 + / lw(t = T)F, || -d7. (119)
0
then we derive from Lemmal[lland Lemma 2] that
1
lrgOl 12 < Nl 21161l 1 < CC1)"2U(0), (120
and | o 1
Ilwl(zﬂo + 0N SC)2 ||(§90 + 0D < C)2U(0). (121)
Moreover, there holds
t
/Ilwl(t—T)leledT
0
t
< [ o =Dl NFlpde
0/ 1 2l (122)

t

gc/(r — )3 () deU (12
0
sC(t)‘%U(z)z.
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Inserting the above estimstes of (I20)-(122) into (IT9), we obtain
A _1
16ll,2 | < CO72UO)+UD. (123)

(HES)

For case || > %, combining lj with 3, and taking div to the equation of v to obtain the thermal diffusion —A#, and then
adding it to the equation of 6, we deduce the following equation:
0,0-A0=—-u-VO+V-0Qu)+V-(u-Vo)y+V-(v-Vu)=H. (124)
Then taking the Fourier transform to (124) yields
0.0 +|&1%6 = H, (125)
multiplying by the integrating factor elé and integrating in time, we have

t
0 =elMg, + / e P fraz, (126)
0
Next, we deduce from Plancherel theorem and Holder inequality and space X that

t
N C1E2f A 1EI2(f— N
16]l,2 <lle7! ’90||L2+/ e ¥F =D A || .d
0

t
-itp “Le-o 1
<e" i lOllp2 + [ e T H2d7

0
t

<e™ i1yl 2 + / e (u- VOl 2 + IV - dyoll 2
0
IV - - VOl 2 + IV - - Vo)l 2)d7
t
Se-?ueouLz*'/[e_i“‘”(nuanuvean+-MV-(zanz 27
0
+1Vull IV Ol 2 + Nl e AD] 2 + [0l | Aull2)d 7
t
<e™ 5|6l 2 + C / Ty () 4 (r)
0
+ ()% (D)2 + (2) (1) DU ) + U
t

<e ' [16y]l 2 + € / e () B UO) + U )
0
<C(NUO) + U@,

hence, we get

||é||L2| N < C(t)_g(U(O) +U®)?). (128)
>3
The combination of (I23) and (128) gives
(02101l < CU©0) + U@®). (129)
O

Lemma 22. For any ¢ > 0, it holds
(IVOll,- < C{E)"'U©)+U@®)?). (130)
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Proof. For case €| < %, it follows by that

t
1
”VHHLZ S ||Vw000||L2 + ”VCOL(EQO + 01)”L2 + / ||Va)1(t - T)F2”L2dT.
0

Similarly, we get
IV@o0yll 12 < 1El@0ll 2161l 1 < C(r)'U(0),
and
1Yo (300 + 0Dl < o) UO),
Moreover, there holds

t
/ IVo,(t — 7)F, || j2dT
0
t
s/|||:|cb1(r—r>||Lz||F2||ler
0

gc/(r—r)-l () dU (1)
0

<C(n~U@?,
thus combining the above estimates together, we obtain

190l | <€~ WO+ U@,

<D
For case |&| > %, similar to [|6]| 2, one has
t
b= o1, + / 6 gz,
0
By Plancherel theorem and Holder inequality and space X, we infer

t
N 112 A C1E2(r— A
NEBI 2 <lle 57116, +/ e P £ A1) dx
0

t
_1 _Lig2 A _Lg— _ L= ~
<e 81”6 51él t|§|90”L2+/e G ‘r)”e 5115 T)lélH”deT

0
t

<e 510l 2 + / e H I (flu- VOl 2 + 11V - 0,0l 2
0
IV @ Vo)l + IV - (0 Vil 2)de
t
<e 510l 2 + / H I (ull VOl 2 + 11V - 9,0l
0
+ IVull o IVl 2 + el o 1AV 2 + 1101l | Aull 2)d T
t
<V [6yll 2 + C / T (2) T de(U(0) + U
0
<CUO) + U,
which gives rise to . ,
IVOll: | <C@2UO)+ UMD,

>3

(131)

(132)

(133)

(134)

(135)

(136)

137)

(138)
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The combination of (I33) and (I38) yields

(OIVOIl . < CU©O) + U®)?). (139)
O

Lemma 23. For any ¢ > 0, it holds
1A0]| > < C{)"2(U0) + U@)). (140)

Proof. For case €| < %, we derive from 1| that

t
”AHHLZ < ||Aa)090||L2 + ”Awl(%ao + 91)||L2 +/ ||Aa)1(t - T)FZHLZdT’ (141)
0
then there hold
1A@eByll2 < IIEP@II 2161l < CLtY2UO), (142)
and \
180,30, + 0D, <€)U ) (143)

Furthermore, one has

t
/||Aa)1(t—T)F2||L2dT
0

t
< / NEP oyl B 1 d e
/ (144)

gc/(: — )3 () deU ()2
0

<C(y UM
Hence, we have ,
1481l < CNT2UO) +U®). (145)
(e

I<hH

For case |£] > %, similar to ||V@|| -, we derive from lj Plancherel theorem, Holder inequality, and space X that

t
25 —1EP 2125 PG £12
NERBI - <lle P20, 1, + / e P2 AT || ad
0

t
Lo _Ligp2 A Ly _Lie— ~
Se_8’||e 2|‘f| t|§|290”L2+/e 8(t T)”e 2|f| (t T)|f|2H”L2dT

0
t

<Ce 5 0yll 2 + C / ¢H I (flu- VOl 2 4+ 11V - 0,0l 2 (146)

0
IV - @- V)|l + IV - (- V)l 2)dT
t

<Ce 516yl > + C / e 3D (D) de(U0) + U
0

<C 3 UO) + U@,

which gives rise to R \
1A6ll,: < COH2UO+UD. (147)

1g>3)
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Thus, we derive from the combination of (T43)) and (147)
(711401l < CUO) + U@, (148)
O
Lemma 24. For any ¢ > 0, it holds
3
VA2 < C(1)2(UO0) + U®)?). (149)
Proof. For case €| < %, we obtain the estimate of || VAG|| ;. by :
t
1
VAl < IV Awyll 2 + VA, (50 + )l 2 + / IVA®,(t = D) F || 2, (150)
0
the right-hand side of (I50) can be controlled as follows. We deduce by Lemma|[T]{2]that
IVA®6Oll 2 < HEF@ Il 211011 1 < C{1)?U(O), (151)
and |
||VAa)1(§90 + 0,2 <CE)72U(0). (152)
Furthermore, one has
t
/ ||VA(1)1(I— T)FZ”LZdT
0
t
< [ NEPa Bl de
/ 2 0210 (153)
0
t
3
<C /(r — )2 (7Y 2dtU (1)
0
3
<C(n2 U@,
Combining the above estimates together, we have
— 3
IVAGIl: < C(H72UO) +U®?). (154)

(£1<3)

For case |&]| > %, similar to ||V@||;2, we derive from (136), Plancherel theorem, Holder inequality, and space X that

which gives rise to

t
35 — &2 3A _1EB3 (1 34
PN <lle™¢] 9o||Lz+/ e D1 Al ad
0

t
1

_1 _Lg3 PN _ L _Lye2e N
<e st”e 2|§|t|§|200”L2+/e g T)”e s 1€ T)|f|3H||deT

0
t

<Ceyll, + € / I VBl + IV - 0l
0
IV - @ Vo)l + IV - - Vi)l 2)d e
t
<Ce |10l + C / ¢ (2) 3 de(U0) + U )
0
<CHIUO) +UD?),

IVABIl,: < CTUO) +UMP.

>3

(155)

(156)
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The combination of (I54) and (I56) yields

(D IVAO 2 < CUO) + UMD, (157
O
Lemma 25. For any ¢ > 0, it holds
3
10,612 < C{&)"2(U0) + U@)>). (158)

Proof. Due to (T));, one has
10,01l 2 < IV -0l 2 + lu- VO ;2

<IVoll gz + llull L= 1VOIl 2

3 . . ) (159)
SCUH) 2+ (1) ()" H)UO) +U®))
< C)TIHUO) + UDP).
]
Lemma 26. For any ¢ > 0, it holds
IVO,Il,> < CYT2UO) + UDP. (160)
Proof. We derive from (T that
VOl SIVV - D)2 + [V - VOl 12
<NAv|l 2 + (IVull g IVOl L2 + Nlull L« |1 AO]| 12 {61
<CUY T+ ()75 - (O + () ()THUO) +UD?)
<C()y 3 UO) + U@,
]
Lemma 27. For any ¢ > 0, it holds
161l . < C(OT'U®), (162)
V6]l 1« < Clt) S U®. (163)

Proof. From Lemmal[5] we deduce ] 1
161l < ClIoIZ, 140112,
<Cyi - ()TiU (164)
<C(n'u®,
and 1 1 1
IV6ll . < CIIVOIIL, 1G], IV AG|
<CUYT - ()T (U@ (165)
<CU)y S U®.

Remark 2. Combining Section 3.1, 3.2, and 3.3, for any ¢ > 0, there holds
U <CUO) +U@*+U@)>%). (166)

An application of the bootstrapping argument would yield the global uniform bound that would guarantee the global existence
and the stability of the solution. One example of this process can be found in23.

To apply a bootstrapping argument, we take U(0) < u, p is a suitable small constant, e.g., u =
with the ansatz that

1
16C2”

The argument starts

1
U <h= gz (167)
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then { ]
< ol -
U <CU0)+ 4U(t) + 6C U@
< CUO +3U0),
and we get

1 1
Ul) <2CU0) L — = =h.
(< O=<z5=3

The bootstrapping argument then concludes that, for all > 0,
U@ <2Cup.

This completes the proof of Theorem 1.1.
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APPENDIX
Al

proof of lemma 2.3. Firstly, for any a, f > 0 and a + f > 1, we deduce

0/ (t — 1)y (r)Pdr = O/ (t =1y (z)Pdr + / (t — 1)y (z)Pdr

=1 + 15,
then for case a, # # 1, there holds

5
I, < /(% + D) (c+ 1) Pdr
0

< (% + 1) /(r + 1) Pdr
0

<@y

2 1-p

<L Ly L L gy

1-52 1-52

ro<c (= if o p<,
T 0, if p>1.

which gives rise to

(AD

(A2)

(A3)
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And we obtain

hence, we have

For @ = 1 and f < 1, there holds

and

1
" s
< [(t—1) (§+l) dt

< (% +1)F /(z 4+ 1) %dr
< (% +1)7 /<y+ D™ dy(y=1-1)
0

t 1 5
<GE+D)P——@+ D2
SGHDT 0+ DT

t 1 ¢t 1
< (L l—ﬂ__ ll_a—_,
<G ]

fye A a<l,
r<c (1) f
(t)7*, if a>1.

;
I, < /(% + 1) o+ 1) Pde
0
3
< (% + 1)~F*e /(% + )/ (e + 1) Pde
0

2
< (% + 1) /(T +1)1"dr
0

< C(ty e,
t
r, < /(r - T>—1(% + 1) Pdr

L
2
'

s<§+ 1>—ﬂ/<y+1)—1dy<y=r—r>
0
L —p+e 1 3 -1
S(2+1) /(2+1) y+1) " dy
0

2
< (% + 1)—ﬂ+f/(y+ s
0

< Oty e,

(A4)

(A5)

(A6)

(AT)
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Fora =1and # > 1, we derive

1

I, < /(% + 1)+ ) Pdr
0

: (A8)
< (% +1)! /(r + 1) Pdr
0
<c{n™,
and
t
r,= /(t - T>_1(§ +1)7Pdr
t _ —
g(§+1)ﬂ/(y+1) 'dy(y=1-1) (A9)
0

5
< (% + 1) P /(% + D)+ 1) dy
0

< C(t) P,
Similarly, we can obtainI'; < C(#)™*** andT", < C(t)"! for f = 1and @ > 1. And one have I'; < C(¢)~**¢ and ", < C(¢)~%*¢
for f=1and a < 1. Also, there holds I'; < C{t)™"*¢ and ", < C(t)""*¢ forf=1land a = 1.
Combining all of the above, we have

1

5 [y, if p<l,
/(r — ) Y)Pdr < C (1), if p>1, (A10)
0 (i p=1

and .
' i a<,
/(r — )Y Pdr < CJ ()7, if a>1, (A11)
' (1)y~F+e, if a=1.
In addition, it holds
t t
/ e 7Ny Pdr < C / (t—1)" ) Pdr, (A12)
0 0
dueto e 7" . (t — 7)* < C fory > 0. O
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