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Abstract: In this paper, we are concerned with the positive continuous entire solu-
tions of the Wolff-type integral system

{ u(z) = Cr(x)Wa(v™9) (),

v(z) = Co(x)Wg 4 (u™P)(x),
where n > 1, min{p,q} > 0, v > 1, f > 0 and By # n. In addition, C;(x) (i = 1,2)
are some double bounded functions. If Sy € (0,n), the Serrin-type condition is critical
for existence of the positive solutions for some double bounded functions C;(z) (i = 1,2).
Such an integral equation system is related to the study of the y-Laplace system and
k-Hessian system with negative exponents. Estimated by the integral of the Wolff type
potential, we obtain the asymptotic rates and the integrability of positive solutions, and
studied whether the radial solutions exist.

Key words: Wolff type potential; Serrin-type condition; ~-Laplace system; k-Hessian
system; Asymptotic limit.

1 Introduction

In this paper, we are concerned with the Wolff-type integral system
{ u(z) = Ci(x)Wp,(079)(2),
v(x) = Co(x)Wp, (uP)(z),

where n > 1, min{p,q} > 0, v > 1, § > 0 and vy # n. In addition, C;(z) and
C5(x) are double bounded functions, namely, there exist C' > ¢ > 0 such that

c<Ci(z) <C (i=1,2).
If n < B,

_ 0o, Jpe@ v i Wdy 1
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where By(z) is a ball of radius ¢ centered at x, and Bf(x) be the complement of
By(z).

The Wolff potential W, (f) of a positive function f € L}, (R") was introduced
in [7]. According to the different forms of Wolff potentials, we respectively discuss
the properties of the positive continuous entire solutions in two cases: n < v and

n > f3v.
First we consider the case n < [§~.
If y=2and 8 = ¢, (1.1) is reduced to

u(x) = Ol(x) fRn |;:;‘(ny—)adya

o 7) Jon G

(1.2)

If ¢(x) =1, (1.1) becomes

{ u(z) = Wy (v7)(), 13)
v(x) = Weq(u™)(z),
and (1.2) is reduced to
v
fRn ‘:E y‘ny)ady7
) (1.4)
fRn |:17 y|n a
An analogous integral system is the one with positive exponent
2) = [ ‘wﬁ‘;(‘ﬁ),ady,
(1.5)

f uP (y)
Rn |z y|n a

It is the Euler-Lagrange equation satisfied by the extremal functions of the Hardy-
Littlewood-Sobolev inequality. Lieb proved in [20] that (1 5) has a pair of positive
solutions in LP*H(R") x L7(R") if and only if 2 + -1y = ", Many qualitative
properties (including the radial symmetry, the integrability, and the estimates of
decay rates) can be found in [2], [3], [8], [18] and the references therein. Those

corresponding properties of the Wolff-type integral system with positive exponent

{ u(x) = Wy (09)(2),

(@) = W, (u)(@),
can be seen in [1], [21] and [11] respectively. In 2016, Lei and Li proved in [17] that
{ u(z) = Ci(2)Wpq(v?)(2),

(1.6)
v(x) = Co(x)Wp, (uP)(2),



has positive solutions for some double bounded functions C(x) and Cy(z), if and
only if the following Serrin-type condition holds: pq > (v — 1)? and

Prlp+v—1) Bylg+v-1), n—pBy
max{ ) } :
pg—(y—1)* pg—(y—1)? v7-1
These finding provide a theoretical basis for our study of the integrability and asymp-
totic behavior of positive solutions.

For the system with negative exponents, (1.4) is the Euler-Lagrange equation
satisfied by the extremal functions of the Hardy-Littlewood-Sobolev inequality (cf.
[6] and [22]). The existence, the integrability, and the estimates of decay rates of
positive solutions can be found in [12]. The single equation with the negative expo-
nent is associated with the higher-order equation with lower-dimension appearing
in the conformal geometry (cf. [19, 27, 28]).

For system (1.1) with Gy > n, the following
p(By—n) q(By—

o) Ry g, (1.7

max{

is called the Serrin-type condition.

Theorem 1.1. Let (u,v) be a pair of positive continuous entire solution of (1.1).
If Serrin-type condition (1.7) does hold, then

p(By—mn) q(By—n)
y—1 " -1

+> By (1.8)

min{

In addition, there exist positive constants ¢ and C' > 0 such that for large |x|,

clz| 7 < u(z) < C)z| 5T, (1.9)
oz 5T < w(z) < Clz| 5, (1.10)

and .
(w7l e L5(R") x L*(R"), Vs> %. (1.11)

Theorem 1.2. Let (u,v) be a pair of positive continuous entire solution of (1.3)
and (1.7) does hold, then

. n—pBy ’y—l / _ 1
lim u(z)|x| >t = v (y)dy| T,
dm ()] ﬁv—n[ - (y)dy]
n—pBy ")/—1 / _ 1
lim v(x)|z| T = u P(y)dy|>1.
Jim (2)]z] 6v—n[ . (y)dy]

Theorem 1.3. If Serrin-type condition (1.7) does hold, then the radial functions
u(z) = 1+ [z, v(x) = 1+ [z*)%,

solve (1.1) for some double bounded functions Cy(x),Co(z), where 20, = 205 =
By=n
y=1°

Next, we consider the case n > [5+.



We know that the Wolff potential is helpful to well understand the nonlinear
PDEs and other nonlinear problems (cf. [9, 10, 14, 16, 23]). For example, W ,(f)
and W 2k +1(f) can be used to estimate involving positive solution of the y-Laplace

+ b

system

—div(|Vu["™?Vu) = v,
(1.12)

—div(|Vu[2Vv) = u P,

and the k-Hessian system

{ Fiu =, (1.13)
Filv] = u™?, '

where Fi.[u] = Sp(A(D?u)), A\(D*u) = (A1, Mg, -+, A\n), with \; being eigenvalues of

the Hessian matrix(D?u), and Si(-) is the k — th symmetric function

SN = D A A

1<i1 <<, <n

Special cases of (1.13) are F[u] = Au and F),[u] = det(D?u).
Consider the positive solution of integral equation with negative exponents

t

u(r) = C() / fo”tn O (1.14)

In 2015, Lei obtained the nonexistence of the radial solution for (1.14) and showed
that the positive solutions of (1.14) neither decay nor increase uniformly with power
functions (cf. [13]). Those results are different from the properties of the Wolff-type
equations with positive exponents in [4], [5], [15], [24], [25] and [26]. For system
(1.1), we have the same conclusion.

Theorem 1.4. For any double bounded function Cy(z),Cy(x), (1.1) has no radial
solution as the form u(z) = (1 + |x|? ) 2 and v(zx) = (1 + |:E|2)974, where O3 and 6,
are any real numbers.

Theorem 1.5. Assume that (1.1) has a pair of positive solutions (u,v). Then there
do not exist C1,Cy > 0 such that u(z) < Cy(1+ |:1:|2)’975 and v(z) < Cy(1+ |x]2)’97,
where 05 > 0 and 0 > 0.

Theorem 1.6. Assume that (1.1) has a pair ofposz'twe solutions (u,v). Then there

do not exist Cy,Cy > 0 such that u(z) > Cy(1 + |z|? ) 2 and v(x) > Cy(1 + ]:c|2)978,
where 07 > 0 and 03 > p~y/q, or 6; > pvy/p and O3 > 0.
We have the following corollary naturally.

Corollary 1.1. The conclusions in Theorems 1.1-1.6 are still true for (1.2).

Corollary 1.2. For (1.12) and (1.13), the conclusions in Theorems 1.4-1.6 are
still true.

2 Case of n < By

In this section, we prove of Theorems 1.1-1.3.



Proof of Theorem 1.1. Without loss of generality, we assume that 0 < p < gq.

Thus by the Serrin-Type condition (1.7), there holds

LA -1
By —n
For |z| > R with some large R > 0, we have
\ac
y —n
wwyze [ (2 );@ > cla|
; t" Bv ¢

fBl %dt H’Y:n
U(J;)Zc/o e /37 ) 172c|x|71

Similarly, for large |z|,

2! Jpetw)n o WY s dt
wla) = Cifa) [ (PO S < Ol

By (2.1) and (2.3), we deduce

us(z) =Ci (x) / e IO ot

tn—>py ¢

2la| [0, n—qZ )
g(]/ f )ﬁ@
0

=587 t

<Cla| 5=

ug(z) :=C1(x) / | ch — y)ﬁ@

and

t” B t
ft o) T E %>11 dt
~y—1
2‘x| =5y t
By qBJ:ln
<Clz|”
<Clz| 5

Therefore, we get

u(z) == uy () + ug(x) + us(x) < C|x|ﬂ351"
This result, together with (2.2), implies (1.9).
Now, (1.9) leads to

ch dy L dt

oo >v(x) > ¢ t” 5 )1 "

Iw\

ft Jijo " Pat dt
= / BTy
||

© By —pP gt
>c t——
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This implies Gy — p <0, ie p> 5(7— Therefore, (1.8) does hold. By the
same way of derlvatlon of (1.9), using (1.8) we also get (1.10).
Finally, we prove (1.11). By (1.9), there exists R > 0 such that

u(@) > elz| 5, |z| > R.

n(y=1)
By—mn’

/ u”*(x)dx S/ u_s(x)dx—i—/ u ¥ (z)dx
" Br(0) 7(0)

SC’—I—C’/ re ﬁvllnﬁ

R r

Therefore, for each s >

<0

Similarly, v=! € L¥(R"). O

Proof of Theorem 1.2. According to Theorem 1.1, we know that (1.8) holds.
Therefore, by (1.11), we see

/ uP(z)dr < oo, v (x)dr < oo.
n Rn

Step 1. We claim that

fy—l/ _ 1
hmlnfxvlux> v 4 x)dx)7 1
minf o] 7 (@) > ([ w7t (@)dn)

In fact, for any given R > 0 and ¢ € (0,1), when ¢ € (0,|z|), we have Br(0) C
Bg(x) for large |z|. Therefore,

elx| fBC dy L dt
u(z) > / =
0 tn ﬁ'y

t

flzl g dt 1
Z/ £ v (y)dy)
0

Br(0)
Y — 1 By—n _ 1
I (vt
By —n BR(0)
Therefore,
Y — 1 By _ 1
lim inf |z 51 T Cu(z) > g1 (/ v (y)dy) "1
|z|—o00 py—n Br(0)

Letting ¢ — 1 and R — oo in the inequality above yields our claim.
Step 2. We claim that

. n—pBy ’y—l _ 1
limsup || 7T u(x) < / v 4 (x)dx)7T
meup o) < T [ v-r(@yan)

For any given ¢ > 1, we have

elz| ch y)dy dt fBC() y)dy 1 dt
u(z) = i t" R )71

J— y—1 —

t tn=hv t

Ix\

=uy () + ug(z).



Clearly,

¢zl ch )y ., at
uy(z) = / t" R )71 —

0 t

R I

Letting |x| — oo and then letting ¢ — 1, we get

. n—p8y Y — 1 _ 1
limsup || 7T uq(x) < / v 4 x)dx)7 1.
|%HOOI | () ﬁv—n( ()dz)
Next, we claim that

. n—pfy
lim sup |z| 7=T uy(x) = 0.
|z|—o0

In fact, by Theorem 1.1 we get

— By ch y)dy L 1dt

o] 7wy () =] T ) Y

Irl

Bw/ ft 2" o dt
—1 )’yfl_
2] tn—">8 t
<Clz| 7

By /OO Ar— q,? dt
t —1
elz| t

By —1n

—q

<Cle|" =1

Letting |z| — oo and using (1.8), we obtain (2.4), and hence the claim is proved.

(2.4)

Combining Step 1 and Step 2, we obtained the asymptotic estimation of positive

solution u(z). Similarly, the asymptotic estimation of v(z) is also obtained.

Proof of Theorem 1.3. Set
u(z) = 1+ [z[)", v(z) =1+ [z[})*

where 20, = 20, = Bjjln.

O

Clearly, for |z| < R with some R > 0, Wg,(v™9) and Wjs,(u™?) are bounded,

and hence they are proportional to u(x) and v(x), respectively.

For |z| > R, similar to the proof of Theorem 1.1, there exist positive constants

c1, ¢, Cp, Cy such that

qm%%swmwﬂscmﬁﬁ,

Au?) <0y

Col| T

Thus, for large |x|, there holds
aWsy(07%) <ufz) < CiWg,(v™1),



for all x € R™. Write
Cy(x) = u(z)[Wp (0™,

Co(r) = v(@) W, (u™)] .

Then C4(x) and Cy(x) are double bounded, and system (1.1) has a pair of radial
solutions (u,v). O

3 Caseof n > vy

In this section, we prove of Theorems 1.4-1.6.
Proof of Theorem 1.4. Without loss of generality, if (u,v) solves (1.1) with

o\ 03 o 04
u(@) = (L+ 272, v(z) = (1+]z[*)=, (3.1)
for some double bounded C(z) and Cy(x). There holds

)7494

* Joonmo W2 dy
() 26/ (th( )\B1(0) et
2

tn—>58v

||

o oo( 1t7|m| Tni(]gll%)ﬁﬂ
B tn=>Bv t

||

(3.2)

If 6, < %, by (3.2),
© By—aty dt
u(m)Zc/ t T — =o0.
) t

It is impossible. Thus 64 > %’7.
Suppose for large R > 0, there exists C' > 0 such that

v(x) > Clx|™, (3.3)

with 6, > %7 as |z| > R.

If t € (0, %‘) and y € By(x), it follows that % < ly| < %xl Therefore, by (3.3),

we have " f W
7 Jp@V ' Wdy . at
uy () :201(:6)/ (22 =48

0 =5 t
lz|
<Cla| 2 [T
0 t
By—qf4
gc‘x’ R

> thw Br v y)dy L at
wa) i=Cy(a) [ (P20 )L

SC/ tﬁw—f%
|

2



and

[e’e) U—q d )
U3($)Z:=CH(1ﬂl/;l(JENIABRU» (v) y);jigf

=By t
00 ||+t ,rn—q04 dr L dt

<c JR 00 ry =2
<o [

In view of 64 > %7, there holds

> B dt 8
()<C’/ tl,“t C’|x|7wq1, n > qby,
|27\
> Int L dt By=—n+
< S8 ol = g0
us() /;%n—w T <Ol = g,
n dt
ug(r) < C 75“7<C|l‘|“, n < qfs,

lal
2
where ¢ > 0 is sufficiently small. Clearly,
w(z) == uy () + ue(z) + us(z) < C’|x|%, (3.4)

where p; := max{5y — ¢y, By —n+3d}. We can see that uy < 0. It contradicts with
0, > 2 > 0. O

Lemma 3.1. Let (1.1) has a pair of positive continuous entire solutions (u,v).
Then there ezists C' > 0 such that for all x € Br(0) with any R > 0,
if 1 <y <2,

S
8
~—
V
Q
=
2
~

S

=)

C)
—
=
=

if v > 2,

Proof of Lemma 3.1. Step 1. If 1 < v < 2, by the Holder inequality, for any
R > 0, there holds

(@ )dy L dt R dt
[ i [P O / p e
Bi(z) 0 ey l 0 t

L dt
SCRn—ﬁ’H-l/ th tn ﬁ’y ) 71?]7—1‘
0




Therefore, for all z € Bg(0), by exchanging the integral variants, we have

2R vI(y)dy
U(x)ZC/ Jow ()y> o

n—>5v

_n— B'Y+ 2R
>cR / / dydt]
Bt(ﬂi)
2R
>cR™ | / “(y) / dtdy)7
BQR(O) |z—y|

_n=py _ _1
e (/ v (y)dy) T
Br(0)

This is the estimation of w(z). Similarly, v(z) also has the corresponding result.
Step 2. If v > 2, for any R > 0, there holds

__aq 1 n(y—2)
[ oty (| o
Bi(z) Bt(x)

Thus for all z € Bg(0), we get by exchanging the integral variants that

2R dy
u(x)>/ (thx) ()y) dt

tn—>8v

2R
_pdt
/ / v 1 dytv —
Bi(x)

dt
>c/ v 1(y)/ tﬁ%fn—d
Ba(0) o] t

q

Zchﬁwl_"/ v 1 (y)dy.
Br(0)

This is the estimation of w. Similarly, v also has the corresponding result. 0

Proof of Theorem 1.5. We prove Theorem 1.5 by contradiction. Without loss of
generality, if there exists Cy > 0 such that for |z| > R with large R > 0, there holds

v(z) < Colz|%. (3.5)
Step 1. When 65 = 0, (3.5) means
v(z) < Ch.
Therefore

It is impossible.
Step 2. When s > 0, (3.5) shows that for all s > 2,

/vs<y>dys / o (y)dy + / v*(y)dy
n Br(0) %(0)

<C+ (J/ r”—sf’ﬁﬁ (3.6)

R r
<0o0.
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Step 2.1. If 1 < v < 2, by Lemma 3.1, for any R > 0, and some large s > %, we
have

CR" = / o' (y)v ' (y)dy
Br(0)

<C( / v (y)dy)""*( / v y)dy) IRt (3.7)
Br(0) Br(0)
t(n— ﬁ‘/)Jrn( L) t(y—=1) t
<CR su(0)( v (y)dy),
Br(0)
where ¢ € (0, min{s, ¢}). Clearly, {2=2) 57) +n(l—=*— 5) —n < 0. Letting R — oo in

(3.7) and using (3.6), we can get a contradlctlon
Step 2.2. If v > 2, by Lemma 3.1, for any R > 0 some large s > - by Holder
inequality, we have

CR" = / o' (y)v ™" (y)dy
Br(0)

(=1t

SC(/ v (y)dy) (/ v*(y)dy) s R (3.8)
Bgr(0) Br(0)

)t(w 1)+n(1 t_y— 1t) t(y—1)

<OR"—45 20457 0) / o (y)dy)*,
Br(0)

where ¢ € (0, min{s, = ~4-}). Similarly, (n — f”’l) 1) 4 op(1 - £ %lt) —n < 0.

Thus, letting R — oo in (3.8), we can get a contradlctlon O

Proof of Theorem 1.6. Without loss of generality, we suppose that there exist
C4,Cy > 0, there holds

u(z) > Cylz|’ v(x) > Cylz|™, (3.9)

for [z| > R with large R > 0, where 67 > 0 and 65 > $v/q. Then, for all k; > 7,

/v-h(y)dy < / oM (y)dy + / o™ (y)dy
n Br(0) B%(0)

<C+C / grotion & (310
R r
<0oQ.
Similarly, for all k3 > g,
/ W (y)dy < oo, (3.11)

By the Wolff-type inequality (cf. Corollary 2.1 in [21]), we have

lulliy < CIWa () i, < Cllo™ 157 (3.12)

where ko, s > 1 satisfy
y—-1_1 py

ko s n

11



In view of 0 > [37/q, we can choose sky suitably large such that sq > n/6s.
Therefore, by (3.10), from (3.12) it follows that

u € LF2(R"). (3.13)

By (3.11) and (3.13), for any R > 0 and some small L > 0, we get

r-c | )y < O / )

Letting R — oo in the result above, we get a contradiction. 0

4 Proof of Corollaries

In this section, we prove Corollaries 1.1 and 1.2.

Proof of Corollary 1.1..
If n > «a, by exchanging the integral variants we get

1 v
/ @,a dy
a—n Jgo |z —yl

Ry /fy' ot

/ th Y)dy dt

T

Similarly, if n < «, we have

1 —q
/ v (y)i dy
a—n Jgo |z — gy

=/ 1y )dy/x_y| to“”%

/ ch y)dy qt

e

Similarly, by the same argument on u(x), we get

1 / /f y)dy dt
a—n Rn]x—y]”a t

1 / u=P(y) / ch Y)dy qt
dy = .
a—n Jgu |z —yl"e 0 t”—a t

This show that (1.1) is equivalent to (1.2) with v = 2 and vy = «a. O

Proof of Corollary 1.2.
According to the results in [9], [10] and [23], if (u,v) is a pair of positive entire
solutions of (1.12) or (1.13) in R™, we can find C;,Cy > 0 such that

Cr'Wa, (v (z) < u(x) < CYWs,(v™9)(2) + C, infu, eR", (4.1)

12



Cy "W, (uP)(x) < v(x) < CoWp,(u™)(z) + Cy iélnfv, xr € R"™ (4.2)

Step 1. We claim that the conclusions of Lemma 3.1 and Theorem 1.5 are true for
(1.12) or (1.13).

Without loss of generality, if there exist C;,Cy > 0 such that u(z) < Cy(1 +
|2]2)7%/2 and v(x) < Cy(1 + |z|?)~%/2 with 65,05 > 0, then

< .
1ﬂgnfv <1, (4.3)
i <
1H£1nfu < 1. (4.4)
Clearly, (4.4) implies
°|B dt
Waal)e) 2 [P > e (4.5

Combining (4.3) with (4.5) yields

infv < CWpg.,(u™P)(z).

R"L
Inserting this into (4.2) leads to
O W (w?)(2) < v(z) < CaWa, (w™)(x), © € R (46)
Set

Co() = (@) (W, (u™)(2)) .
Then Cy(z) are double bounded and

(@) = Co(x) Wy (u?)(@).

By the same proof of Theorem 1.5, we also deduce a contradiction.
Step 2. (i) If 03,604 < 0, we know that the conclusions of Theorem 1.4 are true for
(1.12) or (1.13) by the same argument in Step 1.
(ii) If 65,6, > 0, we deduce a contradiction in two cases.
In the case of 0 < 84 < %, there holds

_ 4%
°°(th<$)\31(0)(1+ )=y e

Was (v )(o) 2 [ - )
2| tn—>B8v t
00 t—|z| n—qby dr

>c / AT
2| tn—>5v t
/Oo By—qb4 dt

>c t 1 —
2Jal t

=00.

Therefore, by (4.1) we see u(x) = oo. It is impossible.
In the case of 6, > %7, similar to the calculation of (3.4), we also have

W (v™)(z) < Cilal®, [z > R,

13



where R is a suitably large positive constant, and

1
o= ﬁmax{ﬂ’Y — qbs, By —n + 6},

with § > 0 is sufficiently small. Thus, ¢ < 0.
In addition,
iﬂgnfu < u(0). (4.7)
Therefore, by (4.1), we get
u(z) < C(|lz]” +u(0)) < C, |z| > R.

This is contradicts u(x) > Oy (1 + |z|?)% with 63 > 0.
(iii) When 60360, < 0, without loss of generality, we assume 63 > 0, 6, < 0.
By (4.1), we have
u(x) < CWa, (v ) (x) + iélnfu,

for z € R™. Thus,
W (v (2) = O (u(z) — u(0)) = e(1 + |2)"/2 > ¢,
as long as |z| > R with some large R > 0. Combining with (4.7), we also get

iﬂglnfu < CWg(v79)(x).

Inserting this into (4.1) yields
CT Wi (v7) () < ufz) < CilWs, (v7)(2),

for |z| > R. Set
Ci(@) = u(z)(Was(v™")(2) "
Then C(z) are double bounded and

u(@) = Cr(x)Ws, (07)(2).

By the same proof of Theorem 1.4, we also deduce a contradiction.
Step 3. The conclusions of Theorem 1.6 are still true for (1.12) or (1.13). The
proof is same of (3) in Step 2. O
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