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Abstract: This paper is devoted to dealing with the following nonlinear Kirchhoff type

problem with general convolution nonlinearity and variable potential:

—(a+0b oo |VulPde)Au+ V(z)u = (In * F(u) f(u), in R3
u € HY(R?),

where a > 0, b > 0 are constants, V € C1(R3,[0,+00)), f € C(R,R), F(t) = fg f(s)ds,
I, : R® — R is the Riesz potential, « € (0,3). By applying some new analytical tricks
introduced by [X.H. Tang, S.T. Chen, Adv. Nonlinear Anal. 9 (2020) 413-437], the existence
results of ground state solutions of Pohozaev type for the above Kirchhoff type problem are
obtained under some mild assumptions on V' and the general ” Berestycki-Lions assumptions”
on the nonlinearity f. Our results generalize and improve the ones in [P. Chen, X.C. Liu,
J. Math. Anal. Appl. 473 (2019) 587-608.] and other related results in the literature.
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1. Introduction

In this paper, the following nonlinear Kirchhoff type problem with general convolution nonlinearity and
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variable potential is considered:

—(a+0b oo |VulPde)Au+ V(z)u = (Io * F(u)) f(u), in R
u € HY(R3),

where a > 0, b > 0 are constants, « € (0, 3), the Riesz potential I, : R> — R is defined by

r(%%)

I, (z) = ,
MO

z € R°\{0},

F(t) = fg f(s)ds, f : R — R and V : R® — R. We assume that the nonlinearity f, F' and the potential V'

satisfy the following basic conditions:

(V1) V e C(R3,[0,400)) and Vi := lim, 00 V() > (#)V (), V 2 € R?;
(S1) f e C(R,R) and there is a constant cg > 0 such that

|F ()] < co(tF3 + [t2F), VieR;

(S2) limypyo mf%)/g =0 and lim;|_, o0 Itﬁ% =0;

(S3) there exists tp > 0 such that F(ty) # 0.

When b =0 and a = 1, then problem (1.1) becomes to the following form with variable potential:

(1.2)

~Au+V(z)u= (I * F(u))f(u), in R3,
u € HY(R?),

which is called generalized Choquard equation. In [1], Moroz and Van Schaftingen introduced (S1)-(S3)
to investigate ground state solutions for problem (1.2). It is known that (S1)-(S3) were regarded as the
Berestycki-Lions type conditions and were almost necessary and sufficient conditions for studying Choquard
equations.

When the potential V(z) is always equal to 1, f(u) = v and a = 2, problem (1.2) reduces to the well
known Choquard-Pekar equation, which was introduced by Pekar [2] in 1954 for describing the quantum
mechanics of a polaron at rest. It is also known as the Schrodinger-Newton equation or the stationary
Hartree equation. Now, let’s recall some works on Choquard equations. In [3], Lieb obtained some existence
and uniqueness results for a nonlinear Choquard equation; Clapp and Salazar [4] studied positive and sign
changing solutions for a kind of nonlinear Choquard equation in an exterior domain of RY and obtained some
existence results under some symmetry assumptions on the exterior domain and the potential, Chen, Tang
and Wei [5] investigated Nehari-type ground state solutions for a kind of Choquard equation with doubly
critical exponents; Tang, Wei and Chen [6] obtained existence results of Nehari-type ground state solutions
for a kind of Choquard equation with local nonlinear perturbation and lower critical exponent; In [7], Chen
and Tang established existence results of ground state solutions for a general Choquard equation; Li, Li
and Tang [8] considered ground state solutions for a class of Choquard equations with potential vanishing

at infinity which is Hardy-Littlewood-Sobolev upper critical growth; In [9], Deng, Jin and Shuai considered



positive ground state solutions for Choquard equations; There are also semiclassical state solutions [10],
bound state solutions [11], nontrivial solutions [12] for other kinds of Choquard equations. However, there
is few literature which only uses (S1)-(S3) to deal with Choquard equations. As far as we known, only
Tang and Chen [13] used (S1)-(S3) to investigate a kind of singularly perturbed Choquard equations by
introducing some new techniques and obtained some nice results, which generalize and improve many works
in the literature.

When b # 0, problem (1.1) is Kirchhoff type problem with variable potential and general convolution
nonlinearity. Now, let us review some results about (1.1). The Kirchhoff type problems appear in real world
with an interesting physical background. Indeed, if we let & — 0 in (1.1), then problem (1.1) reduces to the
following Kirchhoff type problem

{ —(a+Db [z [VuPPdz)Au+ V(2)u = g(u), x€R?, (1.3)

u € HY(R3),

where a,b > 0 are constants, g = F'f is local nonlinearity, V € C(R*,R). Such a problem is seen as being
nonlocal since problem (1.3) is no longer a pointwise identity due to the presence of fR3 |Vu|?dz. Problem

(1.3) is related to the stationary analogue of the following Kirchhoff equation:

0%u oo E [F 2 0%u
_ dr | =— = 1.4
P o (h HETA 7)o =0 (14)

@
ox

where p is the mass density, h is the area of cross-section, pg is the initial tension, L is the length of the
string and E is the Young modulus of the material. When Kirchhoff [14] investigated the free vibrations of
elastic strings, he extend the classical D’Alembert’s wave equation to this situation, and then put forward
problem (1.4), which considers the changes in length of the string caused by transverse vibrations. Please
see [15, 16] and reference therein for more details of mathematical and physical background.

Kirchhoff equation (1.3) has received more and more attention from mathematical community after Lions
[17] brought forward an abstract functional analysis framework for studying it. Via the variational method,
there have been many important results on the existence and multiplicity of solutions for problem (1.3),
when the nonlinearity g is autonomous or nonautonomous and satisfies different kinds of conditions, see for
example [18] -[36] and the references therein. A classical way to deal with (1.3) is to use the mountain-pass
theorem. To this end, one usually assumes that the potential V' (z) is periodic or is radial or V(z) = 1, while

the nonlinearity g(t) is subcritical and satisfies the following condition:

(G1) g(t)/|t|]? is increasing for t € R\{0};

or satisfies the following classical Ambrosetti-Rabinowitz type condition

(AR) there exists p > 4 such that 0 < uG(t) < g(t)t, V t € R, where G(t) = fotg(s)ds.

Under (G1) or (AR), one can easily verify the Mountain Pass geometry and the boundedness of Palais-Smale

sequences (PS-sequences for short) for the energy functional. The existence result of ground state solutions



for problem (1.3) was first proved by He and Zou [37]. When the nonlinearity in problem (1.3) is a special

form with respect to u, for example, problem (1.3) reduces to the following form

{ ~(a+b fou [Vu?de) Au+ V(z)u = [u 2u, = € RE, (15)

u € H(R?),

Li and Ye [30] first established the existence of positive ground state solutions when 2 < p <4 and V(z) =1

by applying a minimizing argument on a new manifold
M = {u € H(R®) : (®)(u),u) + Po(u) = 0},

where ®¢(u) and Py(u) are the energy functional and the Pohozaev equality for problem (1.5), respective-
ly. The idea used in [30] comes from [38], in which a kind of nonlinear Schrédinger-Poisson system was
investigated. Subsequently, Guo [39] generalized the results of [30] to problem (1.3). Later, Chen and Tang
[19], Tang and Chen [35] improved the above results to problem (1.3) under (V1), some standard growth

assumptions on g, and the following additional conditions:

(V2) V € CY(R3,R) and there is 6 € (0,1) such that

/

VV(z) a.e. x € R3\{0};

< a
.T -
>~ 2‘x|27

(G2) g€ C(R,R) and % is nondecreasing on (—o0,0) U (0, +00);

(G3) g€ CHR™,R) and @ is increasing on (0, +00).

Compared with problem (1.2) and problem (1.3), it feels more difficult to study problem (1.1) since it

contains two nonlocal terms. Chen and Liu [40] studied the following Kirchhoff type equation

{ —(a+b oo |VulPde)Au+ V(z)u = (I * |ul?)|[ulP~2u, xcR3, (16)

u € HY(R3),

they obtained a ground state solution for all p € (1 4+ /3,3 4+ «) under some assumptions on the potential
V(z). In [41], L investigated (1.6) with p € (2,3 4+ «) and V(z) = 1 + pho(z), where ho(z) > 0 is a steep
potential well function and g > 0 is a parameter. By applying the concentration compactness principle
and the Nehari manifold, some existence results of ground state solutions for problem (1.6) were obtained
by Lii when p is sufficiently large. We must point out that the results obtained in [40] fulfill the gap of
p € (14 «/3,2] and improve the result obtained in [41]. Very recently, by applying variational methods and
some new analytical skills, Chen, Zhang and Tang [42] obtained some results for problem (1.1) under (V1),
(V2), (S2) and the following conditions:

(S2)" limyg o0 % = 00;

(S3)’ the function W is nondecreasing on (—o0,0) U (0, +00).



(V3)" V € CY(R3,R) and there is 6 € [0, 1) such that for every x € R3\{0}, t = 4V (tx)+VV (tz) -tm—!—ztfﬁ

is nonincreasing on (0, +00).

We must point out that when f(u) = |u[P~2u, the results obtained in [42] also fill the gap with p €
(1+ «/3,2] and cover many results in the literature, such as the results in [30, 35, 39] when o — 0. Besides,
the results obtained in [42] are more general than those in [40] since the nonlinearity F' is more general than
that of [40]. However, there seems to be no results for (1.1) when the nonlinearity F' is more general which
only satisfies (S1)-(S3). Our main purpose is to deal with this case. For some s € (2,2*) and any € > 0, by
Hardy-Littlewood-Sobolev inequality, (S1) and (S2), one has

. _ ) Flu(@)F (uly))
/]Rs(la F(u))F(u)de = T(2)2em /]R3 /]R3 PR dxdy

Coll F ()13 340
2(34+«a)/3 2(3+« s o
e(ull3®F2 4 33 ) CfulSCHO3, v uwe HYR®),  (L7)
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where Cj ia a positive constant and C. is a positive constant which depends on . Under (V1), (S1), (S2)
and using (1.7), it is standard to check that the energy functional for problem (1.1) defined by

O (u) = %/R [a|Vul? + V(z)u?|dz — %/R (I * F(u))F(u)dz + Z < g |Vu|2da?> , Yue H' (R (1.8)

is of C'! and the critical points of (1.8) correspond to the weak solutions of problem (1.1).
When the potential V(z) is a constant V.., problem (1.1) becomes to the following so called ”limiting

problem” which is autonomous:

{ —(a+0 [ps [VulPde)Au + Vieu = (Io * F(u)) f(u), in R (1.9)

u € HY(R3),

whose energy functional is defined as follows:

B (u) = %/R [alVal? + Viou?)de — %/RS(JQ « F(w)F(u)dz + g (/R |Vu|2dx) . Yue HY(RY). (1.10)

The Pohozaev type identity corresponds to problem (1.9) is defined as follows:

. a 3V 3+a b ,
P(u) = 51Vl + 2=l = 25 [ (o F)Plda + 5IVulli =0, Vue H'E). (111)

The following set is related to P°°(u) which is defined as
M = {u € H (R*)\{0} : P*°(u) = 0}.

In view of [39], if u is a solution of problem (1.9), then it must satisfy (1.11). Hence, M is a natural
constraint for ®>°. In most of the previous literature, the obtained least energy solution ug of problem (1.9)
satisfies ®°(ug) > inf pr0 . There is a natural question: can one find a solution @ € M such that

(@) = inf . (1.12)



Motivated mainly by [13, 19, 40, 42], we will use a more direct method to prove some existence results on
ground state solutions for problem (1.1). A weak solution of problem (1.1) is called a ground state solution if
it has minimal ”energy” ® among all nontrivial weak solutions. Moreover, the ground state solution obtained
in this paper also minimizes the functional ® on Pohozaev manifold associated with problem (1.1), under
(V1), (S1)-(S3) and the following growth condition on V:

(V2) V € C(R3 R) and there exists 6 € [0,1) such that ¢ — 3V<”>+YX(“”)'<“) + 4t2f3|x|2 is nonincreasing
on (0, +00) for every z € R*\{0}.

To state our results, similar to (1.11), we define the Pohozaev functional on H'(R?) as follows:

1 3
P(u) = gHV’uH% + 3 /RJ[SV(.%) + VV(x) -x]u2dx _ + «

/ (I * F(uw))F(u)dz + guwug =0. (1.13)
]RS

Similarly, we set
M = {u € H' (R*\{0} : P(u) = 0}.

Then one knows that every nontrivial solution of problem (1.1) is contained in M. Now, we can state our

first main result.

Theorem 1.1. Suppose that (V1)-(V2) and (S1)-(S3) hold. Then problem (1.1) admits a solution @ € H*(R3)

such that ®(@) = infy; ® = inf,ecy maxeso P(uy) > 0, where

=u HR3) : * F'(u w)dr p and up ;= u(T) = u 1),
T._{ € H'(R?) O</Rs(1a F())F()d} d (z) = u(t 'z)

Since problem (1.9) is autonomous form of problem (1.1), the following corollary follows from Theorem

1.1 obviously.

Corollary 1.2. Suppose that (S1)-(S3) hold. Then problem (1.9) admits a solution i € H'(R®) such that

O (1) = infpree > = inf, ey maxeso P (uz) > 0.

For the autonomous problem (1.9), we can easily show that its least energy solution corresponds to
the obtained solution @ in the above Corollary 1.2 under the Pohozaev type identity (1.11). Specially, we
estabilsh the following result.

Theorem 1.3. Suppose that (S1)-(S3) hold. Then problem (1.9) admits a solution @ € H'(R?) such that
O (@) = infpyee @ = inf{®*(u) : u € H*(R?)\{0} is a soltuion of problem (1.9)}.

Remark 1.4. As pointed out in [13], from Theorem 1.1, we know that the least energy value m := infy; ®
possesses a minimazx characterization m = inf,cy maxyso ®(u;), which seems much simpler than the usual

characterization related to the Mountain Pass level.

In order to obtain the existence of the least energy solutions for problem (1.1), besides the conditions
(V1) and (S1)-(S3), we also need the following decay assumption on VV which is weaker than (V2):



(V3) V e CY(R3 R) and there is #’ € [0,1) and R > 0 such that

Now, we can state the following theorem.

Theorem 1.5. Suppose that (V1), (V3) and (S1)-(S3) hold. Then problem (1.1) admits a solution 4 €
H'(R3) such that ®(@) = infs ®, where

A= {u € H'(R*)\{0} : ®'(u) = 0}.

Remark 1.6. In fact, there are many functions which satisfy (V1)-(V3). For example, V(z) = A1 — N;L‘|7:2r|3
satisfies (V1) and (V3) for 0 < (3 + a)Ay < Ay and V(z) = As — Age™1*I" for A3 > Ay > 0 satisfies
(V1) and (V2). The results obtained in this paper generalize and improve some previous results on problem
(1.1) in the literature, which seem also new for the ”limiting problem” of problem (1.1), that is V(z) = V.
Specially speaking, Theorem 1.1 and Theorem 1.3 complete the gap of p € (1 + «/3,2] when f(u) = |u|P~>u.

Remark 1.7. Let o — 0, the results obtained in this paper also cover many results in the literature, for
example, the ones in [19, 21, 22, 30, 35, 39, 40], in which the nonlinearity is a special form of (In*F(u))f(u).
Besides, the nonlinearity F in this paper only need to satisfy the Berestycki-Lion type conditions (S1)-(S3),

which seem more simpler.

To prove Theorem 1.1, motivated by [13], firstly, choosing a sequence {u,} of ® on M such that
P(up) =0, ®(uy) — m:= i]\n}(I). (1.14)

Secondly, proving that u,, — @ € H'(R3)\{0} by "the least energy squeeze approach” and the concentration-
compactness argument, and then checking that & € M and ®(@) = infy; ®. Finally, checking that @ is a
critical point of ®. We would like to point out that it is very difficult to prove the solution @ € M and
®(a) = infp; @ because of lack of adequate information on ®'(u,) and global compactness. To deal with
this difficulty, we construct an important inequality which is related to ®(u), ®(u;) and P(u). We point out
that this inequality is very important in the sequent arguments. Compared with most of the existence of
results obtained in the existing literature, we do not need to compare the critical level of problem (1.1) with
the one of the "limiting problem” (1.9). Besides, we do not need to construct the following strict inequality:

m[[;mi] ®(20(t)) < inf{®>®(u) : u € H'(R®)\{0} is a solution of problem (1.9)} (1.15)
te(o,

for some path xo € C([0,1], H*(R?)). It is easy to see that x¢(t) > 0 under (V1). It is also known that
(1.15) is often proved under (V1), (S1)-(S3) and other additional assumptions on f, such as ¢f(t) > 0 and

f is odd. However, we do not need the strict inequality (1.15) in our proofs in this paper. Our approach



could be used for studying problems where the ground state solutions or paths of the problems at infinity
are indefinite.

To prove Theorem 1.5, we borrow the idea from Jeanjean-Tanaka [43], that is, a bounded (PS)-sequence
for @ is obtained by using an approximation procedure, but not starting directly from an arbitrary (PS)-

sequence. Specially speaking, for A € [1/2,1], a family of functionals ®y : H*(R?) — R defined by

Dy (u) = %/RS [a|Vul* + V ()u?]dx — %/

R3

(I * F(u))F (u)dz + Z (/R |Vu|2dx)2 (1.16)

are considered. These functionals have a Mountain Pass geometry, whose corresponding Mountain Pass

levels are denoted by ¢y. Corresponding to (1.16), we also define

2
B (1) = %/Rs [a|Vul? 4+ Vaou?|da — %/RS(IQ * F(u))F(u)dz + Z ( g Vu|2d;v> , Yue HY(R?). (1.17)

From Corollary 1.2, there exists a minimizer u$° of ®3° on My® for every A € [1/2,1], where the set M° is

defined as follows

M = {u € H'(R*\{0} : P°(u) = 0} (1.18)

and
Po(w) = S| Vull} + 3Z°° fuf3 - & *20‘” /RS(IQ ¥ F(u))F(u)dz + gnvuug, Vue H'(RY).  (1.19)

Let
A(u) = %/R (a|Vul2 + V(2)u2)dz + g (/R |Vu2d:z:> . Blu) = %/RB(IO, « Fu)F(u)dz, ¥ ue H'(R?).

Then ®)(u) = A(u) — AB(u). Because B(u) is indefinite, we can’t use the classical monotonicity trick.
Moreover, since the minimizer u$° is not positive definite, it is also more difficult to prove the following key
inequality

ey <ms = érgw D (u) (= P (u3?)), Ae€[1/2,1]. (1.20)
we My

By the excellent work of Jeanjean-Tolan [44], for a.e. A € [1/2,1], the functional @, still possesses a bounded
(PS)-sequence {u,(\)} C HY(R?) at level cy. Different from the classical way to obtain (1.20) in the existing

literature, following the strategy in [13], by means of u$® and the following key inequality established in

Lemma 2.2
13+ a(l—0)g(t) 2 bi(t) 4 113
S(u) > ——P _ —_— v H (R?), t 1.21
(1) > D) + P + SISl Ve IR, e> 0. (21
we can find A € [1/2, 1] such that
e <my, Ae (1] (1.22)

In our arguments, we do not need any information on sign of u$°. By the idea of a precise decomposition of

bounded (PS)-sequence in [43] and (1.22), one can obtain a nontrivial critical point uy of ® with ¢y = ®(uy)



for almost every A € (A, 1]. Finally, we prove that problem (1.1) has a least energy solution under (V1),
(V3) and (S1)-(S3) with the help of Pohozaev identity.
Now, we give out the following notations which are used in the whole paper:
& L*(R3)(1 < s < +00) denotes the Lebesgue space with the norm ||ul|s = ( [gs [u|*dz) 1/5;
& Forany x € R3 and r > 0, B,(z) :={y e R3: |y — x| < r};

& H'(R3) denotes the usual Sobolev space equipped with the inner product and norm
(u,v) = / (Vu - Vo +uv)de, |ul| = (u,v)/2, ¥ u,v € H'(R?);
RB

& For any u € HY(R?)\{0} and ¢t > 0, uy := uy(x) = u(z/t);
& C1,C5,C5,--- are positive constants possibly different in different space.

The rest of the paper is organized as follows. In Section 2, some preliminaries are given and the proofs of
Theorem 1.1 and Theorem 1.3 are given too. In Section 3, we study the existence of a least energy solution

for problem (1.1) and Theorem 1.5 will be proved.

2. Ground state solutions

In this section, we give the proofs of Theorem 1.1 and Theorem 1.3. In order to do this, some useful
lemmas are given. When the potential V' (z) is a constant, for example V(z) = Vi, since it satisfies (V1)
and (V2) too, all conclusions on ® also hold true for ®>°. When studying problem (1.9), for convenience,

we always assume that Vo > 0. First, in view of [13], we can verify Lemma 2.1 by a simple calculation.

Lemma 2.1. For allt € [0,1) U (1,4+00), the following inequalities hold:

g(t) :=2+a— B+ a)t+t37 > g(1) =0, (2.1)
h(t) == a — (34 a)t® + 337> > h(1) = 0, (2.2)
i(t):=1+a—(3+a)t?+2t37 > (1) = 0. (2.3)

Moreover, under (V2), for all t > 0 and x € R3\{0}, the following inequality is true:

012+ o — (3+ a)t + 3]
4z|? '

(a+ 33TV (z) + (3T = D)VV(z) -z — (3 + a)t3V (tz) > g (2.4)

Lemma 2.2. Suppose that (V1), (V2) and (S2) hold. Then for all t > 0 and u € H'(R?), the following
inequality holds:

1 —t3te a(l—0)g(t) bi(t)

D(u) > ® P 2t 3 2.5
Proof. From Hardy inequality, one has
[Vull2 > 1/ Y e, Vue HY(RY) (2.6)
274 Jps e ' '



From the definition of u; and (1.8), we have

at #3 t3+a bt2 2
D(uy) = —/ |Vu|2das + — V(tx)quz - / (Io x F(u)F(u)de + — / |Vu|2dx . (27
2 ]RS 2 ]RB 2 RS 4 RS

Hence, from (1.8), (1.13), (2.1), (2.3), (2.4), (2.6) and (2.7), we have

(1-1%)a
2

_1—;‘34”’/11@3(111 « F(u))F(u)dz + G_Tﬁ)b </R3 |VU|2dx>2

_ Lo 9||Vu||2+1/ 3V () + VV(2) - a]ude
 34+a |2 272 Jes

73—1—04

D(u) = (ur)

IVul2 + % /]R V() — PV (t2)uda

[ 1o FlapF e + 519l

RJ

a2+ a— 3+ a)t + 319 l+a—(3+a)t? +2t379]
23+ a) 43 +a)

1 o+ 3t3+a 3 1 — 3ta )
Z =T —t T VV(z)-
+2/RS{{ 5t a V(zx) V(tx)} 5t a (x) z}u dx

1—¢3te a(l—0)g(t) bi(t)
Z Sya TW Tty Ivull3 + 13+ a)

It follows from (2.8) that (2.5) holds. O

b
19z + IVl

V73 (2.8)

The following two corollaries are obtained by Lemma 2.2.

Corollary 2.3. Suppose that (S1) and (S2) hold. Then

ag(t)[[Vul]3 + Veoh(t)||ull3
23+ «)

1 —¢3+e bi(t)

0% (u) = % (u) + Va3 +

Corollary 2.4. Suppose that (V1), (V2), (S1) and (S2) hold. Then

O(u) = Igig{@(ut), Vue M. (2.10)

Lemma 2.5. Suppose that (V1) and (V2) hold. Then there exist two positive constants z1 and zy such that
z1||lu||? < a||Vul3 +/ [BV(x) + VV(2) - 2Judr < zo|jul|?, ¥V uec H'Y(R?). (2.11)
R3

Proof. The proof of Lemma 2.5 is similar to that of [13], for the readers’ convenience, we give the details
here. Letting ¢ = 0 in (2.4), we have

a2+ a)f

aV(z) =VV(z) z>— PIE

, YV eR3\{0}. (2.12)
By (V1) and (2.12), we have

VV(z) z < a2+ a)f

S TFIE +aVy, YV eR3\{0}. (2.13)

10



Similarly, letting ¢ — oo in (2.4), then, by (V1), we obtain

-3V

ad ad
_ < _ _ < . 3 . .
e V(x) T VV(x) -z, ¥VazeR\{0} (2.14)

From (V1), (2.13) and (2.14), there is a positive constant C; such that
|VV(z) 2| <Cy, VxeR> (2.15)

By (2.4), for any ¢ > 0 and = € R?, we have

3V(z)+VV(z) x>

> g (34 )t~V (tx) — {aV(x) —VV(z) -z + a2+ )b —ara) (2.16)

Af]?

From (V1), there exists a positive constant R such that

Voo
- <V(x) forall |z|>R (2.17)
and 2 6 3 Voo R?
Cy + aVy + W] B Ve B (2.18)
4 4
From (V1), (2.15), (2.16) and (2.18), one has
0 2 0
V() +VV(z) -z > -y (3+a)R™*V(Rz) — R™*>“ |aV(x) = VV(x) -z + a2+ a)f
4)z|? Afz[?
af B3+ a)R*V
— v > 1. 2.19
By Sobolev inequality and Holder inequality, we have
2/2"
/ udr < w§2*_2)/2 / u? dx < Sflwg/?’HVuH%, (2.20)
|z]<1 |z|<1

where w3 denotes the volume of the unit ball of R?. Hence, from (2.6), (2.13), (2.14), (2.19) and (2.20), one

obtains

/ 3V (z) + VV(2) - zlu’de +a [ |Vul*dz
RS RS

IA

(3 + @) Vao|[ullz + a[l + (2 + @)8]||Vul3
(34 @)Vao +a+ ab(2 + )] ||Ju||? := zo||jul?, for all u e H*(R?) (2.21)

IN
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and

Vv

Y

v

v

3V (z) + VV(x) - x]u’dx + a/ \Vu|?dx
R3 R3

/ 3V (z) + VV(x) - z]u’de + / [3V(z) + VV(x) - x]u’dx + a/ |Vul|*dx
=<1 |z[>1 RS
_ab [ o BH)RV
4 R3 |fL'|2 4
W/ uzdx+a(1—9)\|Vu||§
4 2 >1
B34+ a)R™ Vs / 2dr + a(l —2/93)5 w2d 4+ a(l—0) Va2
4 ||>1 2wz |z|<1 2

/ udr + a||Vul|3
|z|>1

. Ja(1—0)S 3+ a)R*V a(l—146
mm{( )5 (3+0) }||u||§+( ) a2

20.)?2)/3 ’ 4 2

2w§/3 ’ 4 7

rnin{a(1 —9)5 Bt a)R Ve a(l; ) } [ul|® := z1||ul|?, for all u € H'(R?).

It follows from (2.21) and (2.22) that (2.11) holds.

Lemma 2.6. Suppose that (V1), (V2) and (S1)-(S3) hold. Then T # @ and

{u e H'(R*\{0}: P>(u) <0or P(u) <0} C Y.

(2.22)

(2.23)

Proof. From the proof of Claim 1 in Proposition 2.1 of [1], (S3) implies that Y # (. In the following, we

have two cases to consider:
1). ue€ HY(R?)\{0} with P*°(u) <0, then (1.11) implies that u € Y.
0,

9). ue H'(R*)\{0} with P(u) <

>

>

then from (1.13), (2.6) and (2.14), we have

3+a
3 /R3 (Io * F(u))F(u)dzx

1 b ?
—P(u) + 4 |Vu|*dx + 7/ [3V(z) + VV(x) - x)u’dx + = |Vul|*dx
2 R3 2 R3 2 R3

a 5 af u? b 4
z i e it
SIvul = [ e+ 51Vl

a(l—0)
2

b
IVull3 + 5[1Vullz > 0.

(2.24) implies that u € Y.

(2.24)

O

Lemma 2.7. Suppose that (V1), (V2) and (S1)-(S3) hold. Then for any u € T, there is a unique t,, > 0
such that u., € M.

12



Proof. Let u € T be fixed and define a function £(t) := ®(u) on (0,00). From (1.13) and (2.7), we have

¢ bt? 3 t3te
0 =0 & TIvulg+ 5 1vuls - EEVE [ s ) s
R3

3

+2 [ V() + YV (t) - (t)]utda = 0
2 Jps

& P(u) =0< u € M. (2.25)

From the definition of T and using (S1), (V1) and (2.7), we have lim;_,o () = 0, £(¢) < O for ¢ large enough
and £(t) > 0 for ¢ > 0 small enough. Hence, max;e(o,00)§(t) can be attained at some t, > 0 such that
ug, € M and £'(t,) = 0.

Now, we prove that ¢, is unique for any v € Y. In fact, for any given uw € T, let ¢1,¢t2 > 0 be such that
Uty , U, € M. Then P(uy, ) = P(us,) = 0. Together with (2.5), one has

e — gt bi(ta/t1) a(l—0)g(ta/t1)
(0] > ¢ 4 2 p ——||V R R ASC AL VA v/ 2
(utl) el (th) + (3+a)tiﬂ+a (utl) + 4(3—|—O¢) ” ut1||2 + 2(3—|—O¢) ” ut1||2
bt2i(ty/ty1) a(l —0)t1g(ta/t1)
- P 1 4 2 2.2
() + 505 1oy IVl g ay IVl (2.26)
and
ot _ g3ta bi(ty/to) a(l —0)g(t1/t2)
d > 2 1 p A (N7 ot Sl ASE Y A | vy | 4
(utz) = (U’tl) + (3 + Oé)t§+a (ut’.’) + 4(3 ¥ Oé) || ut2||2 + 2(3 + a) || ut2||2
bt3i(t1/t2) a(l — 0)tag(ts/t2)
= 2 |4 Vul?. 2.27
It follows from (2.1), (2.3), (2.26) and (2.27) that ¢; = t2. Hence, for any u € T, t,, > 0 is unique. O

Corollary 2.8. Suppose that (S1)-(S3) hold. Then, there is a unique t, > 0 for any u € Y, such that
Ut,, € M.

It follows from Corollary 2.4, Lemma 2.6, Lemma 2.7 and Corollary 2.8 that M # 0, M # (). Besides, we

have the following lemma.

Lemma 2.9. Suppose that (V1), (V2) and (S1)-(S3) hold. Then

inf ®(u):=m = inf D (uy).
Sl B == g )

By a standard argument as that in [45], the following Brezis-Lieb type lemma is easy to be obtained.

Lemma 2.10. Suppose that (V1) and (S2) hold. If u, — @ in H*(R®), then
_ b o _
®(un) = ®(@) + @(up — @) + 5 Va3V (un = D)II3 + o(1)

and
P(uy) = P(@) + P(up — @) + b[|Va|3]|V (un — @)||5 + o(1).

13



Lemma 2.11. Suppose that (V1), (V2) and (S1)-(S3) hold. Then
(1) there is a positive constant p such that ||u| > p, ¥V u e M;
(ii) m = inf,enr O(u) > 0.

Proof. (i). From (1.7), (1.13), (2.11), Sobolev embedding theorem and P(u) = 0 for any u € M, we have

IN

z a b 1
Dl < GIVal + IVall+ 5 [ [3Vie) + VV(z) -alulde
]R3

3+ a

= 5 /R3 (Io x F(u))F(u)dx

ul23+/3 + G20+,

IN

It follows from (2.28) that

3/2c
. 21
>pi= _ .
lu|l > p mm{l, [2(1 02)} }, YueM

(ii). Letting {u,} C M with ®(u,) — m. Now, we consider two possible cases.
Case 1). infen ||Vun|l2 := 0p > 0. From (2.1), (2.3) and (2.5) with ¢ — 0, one has

B a(l—0)(2+ ) 5 b(1l+a)
o(1) +m = ®(u,) > WHV%HQ + m”vuﬂé
a(l —0)(2+a)02 b(1+ «) "
= 2B34+a) % 4B+a)”

Case 2). infpen |[Vug|l2 = 0. After passing to a subsequence and using (2.29), we have
1
[unllz = 5, [ Vtnllz = 0.

From Sobolev inequality and (1.7), it yields that

[ FapFds < (ul3® 7 + ul)
< G (I3 + 5@ T 3H) v ue HYR?).
From (2.17), we get
/ V(tz)ude > Voo uwlde, ¥ ue HY(R?), t>0.
[tz|>R [tz|>R

It follows from Holder inequality and Sobolev inequality that

3y (2°—2)/2" 2/2"
/ wdr < (W33R > / u? dx
|tz|<R t |tz| <R

wiPR25 12| V|2, YV ue H(R?), t > 0.

IN
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Set
do = min{V, aws J°R R™2S} (2.35)

o \ 2/3
= (55) luls (2.36)

From (2.31), one has that {t,} is bounded. Hence, from (2.7), (2.10), (2.31), (2.32), (2.33), (2.34), (2.35)
and (2.36), it yields that

and

ol)+m = @(up) > ®((un)s,)
t3+o¢

atr, 2 ti 2 bt% 4 n
= 2 V3 + 9 V(tnz)u;dz + 4 Vs — (Lo * F(un))F(un)dz
R3 R3
aSt3

bt2
> 72/3/ ulde + =21 / uid:v—k—4"||Vun||‘21
2R2w [tnz|<R [tnz|>R

2(3 3 COztite 2(3
t3+a\| S N VAV 4 S

Voot

SB—i—a
1) C o 2(3+a)/3
> jt?’n wn3 = S fun 1577 4 0(1)
1 a
= Jtluall3 (0 — 2Cstlunl3**) +0(1)
5o 50 3/
= — | = 1). 2.37
12 <303> +oll) (2:37)
It follows from Case 1) and Case 2) that m = inf,cpr P(u) > 0. O

Lemma 2.12. Suppose that (V1), (V2) and (S1)-(S3) hold. Then m < m®>
Proof. Arguing indirectly, assume that m > m®. Let € := m — m®. Then there exists u2® such that

u® € M> and m™ + g > O (ul). (2.38)

According to Lemma 2.6 and Lemma 2.7, there exists t. > 0 such that (u2®);, € M. Hence, from (V1), (V2),
(1.8), (1.10), (2.9) and (2.38), we have

M 4 2> () 2 O (X)) > B(uF) 2 m.

This is a contradiction, which shows that the conclusion of Lemma 2.12 is true. O

Lemma 2.13. Suppose that (V1), (V2) and (S1)-(S3) hold. Then m is achieved.

Proof. From Lemma 2.11, one has m > 0. Let {u,} C M be such that ®(u,) — m. Since P(u,) = 0, from
(2.5) with t — 0, we have

a(l—0)(2+ «)

b(1 + «)
2, AT 4

43+ )

m+o(l) = ®(uy,) >

15



It follows from (2.39) that {||Vuy|l2} is bounded. In the following, we will prove that {|ju,||2} is also
bounded. Arguing indirectly, assume that ||u,|l2 — co. From Sobolev inequality and (1.7) , we have

do

S a/3
/Rs(Ia*F(u))F(u)dx < 4<24‘;n> ln |54 + O

2(3+a)
2*

o [ 60 \** 2(3+a)/3 3 2(3+a) 13
< 2 (o) Inl3 s s ST, e 1 R, (240)

where Jg is given in (2.35). Let
do

Then it is easy to see that £,, — 0 as n — oo. From (2.7), (2.10), (2.33), (2.34), (2.35), (2.40) and (2.41), we
get

) 24m\ /? N
i, = () l[unllz 22 (2.41)

o) +m = Bluy) > B((un)s,)
at, 3 . b2 {3t+o
= gy, 3 / V(Eayudde + 20|t - o / (I * F (1)) F(un)da
2 2 Jos 4 2 Jus
St3 Voo t3 b2
> aig/?)/ uid:c—l—i"/ udz + —"||Vuy,|3
2R%w3"" Jiinai<r 4 Jitz>R 4
do [ do /3 o 2(3+a)s  Calote 2(3+a
(o) Bl S v 3
0o + do ( do /3 2(3+a)/3
> Dl - () Bl o)
0o ~ 1/ éo /3 o 2a/3
= 208 un3 [1—2 (m) i lual273| + o(1)
= 3m+o(1), (2.42)

a contradiction, which implies the boundedness of {|u,||2}. Therefore, {u,} is bounded in H!(R3). Going
to a subsequence, one has u, — @ in H'(R?). Then u,, — @ in L§ .(R3) for s € [2,2*) and u,, — @ a.e. in
R?. We have two possible cases: i) @ = 0 and ii) @ # 0.
Casei). @ =0, i.e. up, — 0 in H*(R?). Then u, — 0 in L _.(R3) for s € [2,2*) and u,, — 0 a.e. in R3.
From (V1) and (V2), we can show that
lim Voo — V(2)Juldz = lim VV(z) - zuide = 0. (2.43)

n—oo R3 n— oo R3

By (1.8), (1.10), (1.11), (1.13) and (2.43), we have

O (u,) = m, P>¥(u,)— 0. (2.44)
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By Lemma 2.11(i), (1.11) and (2.44), we have

min{a,3Vo}p? < min{a,3Vao }H|unl|* + 0| V|3
al| V|5 + bl Vun [[3 + 3Vio [[unlf5

A

= B4« /]RB (Io * F(up))F(up)dx 4+ o(1).

(2.45)

By (1.7), (2.45) and Lion’s concentration compactness principle [46, Lemma 2.1}, one can show that there

are § > 0 and a sequence {y,,} C R3 such that fBl(yn) |un|?dx > 6. Let i, (z) = u,(z + yn). Then one has

[[@n| = [[un|| and

P () = o(1), ®°°(t,) — m, |iLn|2d$ > 0.
B1(0)

Hence, there exists & € H*(R?)\{0} such that, passing to a subsequence,

Up — U, in HY(R3);
Up — U, in L3, (R3), Vse€ll,2%);

Up — U, a.e. on R3.

Let wy, = @y, — @. Then from Lemma 2.10 and (2.47), we have

o0 ([~ o0 [ (e’ b ~
(i) = B (i) + & (wn) + 5 Vil w3 + o(1)

and
P (i) = P* () + P> (wn) + b Vil 3]lwn 3 + o(1).
o 1 Vool[ull3 + a(2 + o) [Vull3 | b(1 + @)||Vull3
IS o I aVellulls + a2+« u||3 + o u||3
\1/ ::q) — P =
() W =g 5w 23+ ) 13+ a)

By (1.10), (1.11), (2.46), (2.48) and (2.49), we have

P> (wy) = =P (1) + o(1), ¥*(w,)=m—V>°(a)+ o(1).

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

If there is a subsequence {wy,,} of {w,} such that w,, = 0, then after passing to this subsequence, one has

P=(a) =0, ®(1)=m.

(2.52)

Next, assume that w,, # 0. Now, we prove that P> () < 0. Else, if P> (a) > 0, then, for large n, it follows
from (2.51) that P>°(w,) < 0. It follows from Lemma 2.6 and Corollary 2.8 that there is ¢, > 0 such that

(wp)i,, € M for large n. Thanks to (1.10), (1.11), (2.9), (2.50) and (2.51), it yields that

o(l)+m—9®(a) =T w,) = I°(w,)— P (wy,)

3+«
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which implies that P>°(@) < 0 due to m < m® and ¥>°(u) > 0. Since @ # 0 and P> (@) < 0, it follows from
Lemma 2.6 and Corollary 2.8 that there exists £ > 0 such that 4; € M. By (1.10), (1.11), (2.9), (2.44),

(2.46), (2.50) and the weak semicontinuity of norm, we obtain

1
= 1l (1) —
- L s

= lim U>(q,) > ()

n—roo

= (i) —

P ()

v
8
E(
|
s
g

%
3
8
[
2

=

> — P>=(a) > m. 2.54
> 51 a (@) >m (2.54)

From (2.54), we know that (2.52) also holds. By Lemma 2.6 and Lemma 2.7, there exists ¢ > 0 such that
2 € M, moreover, from (V1), (V2), (1.8), (1.10), (2.52) and Corollary 2.3, we have

m < ®(iiy) < (i) < (@) = m,

which implies that m is achieved at u; € M.

Case ii). @ # 0. Let v, = u, — @. Then from Lemma 2.10, we have

P (uy) = (1) + P(vn) + gHVﬂH%HVUan +o(1) (2.55)

and
P(uy,) = P(@) + P(vn) + b|| V|3 Vou3 + o(1). (2.56)

Set
W(u) = ;‘gig;nwg 4 m /]R AV () — VV(2) - a]ude + ang. (2.57)

From (2.6) and (2.12), we have

/RS[aV(aﬁ) - VV(z) - zludz + a(2 + a) /RS Vul2dz + b(1 + ) (/RS |V’u|2d1;>2

2
0(2 2 b(1
> P2 [ et a2+ ) Vul + 2
4 R3 ‘x|2 2
b(1 ,
> a(lfﬁ)(2+a)|\VuH§+7( +a)||vu||;*, Y u e HY(R?). (2.58)

2
By (1.8), (1.13), (2.55), (2.56), (2.57), P(u,) =0 and ®(u,) — m, we have

P(v,) = —P(@) + o(1), T(v,)=m—T(a)+ o(1). (2.59)
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If there is a subsequence {v,,} of {v,} such that v,, = 0, then after passing to this subsequence, one obtains
P(a) =0, ®(a)=m, (2.60)

which shows that the conclusion of Lemma 2.13 is true. Next, suppose that v,, # 0. Now, we prove that
P(ua) < 0. Else, if P(@) > 0, then from (2.59), we know that that P(v,) < 0 for large n. From Lemma 2.6
and Lemma 2.7, for large n, there is ¢, > 0 such that (vy,):, € M . By (1.8), (1.13), (2.5), (2.57) and (2.59),

one gets

o) +m—-Ua) =", = Pv,)——

> (I)((Un)tn) -

> m n_P(v,) > m, (2.61)

which implies that P(a) < 0 due to ¥(@) > 0. Since @ # 0 and P(a) < 0, it follows from Lemma 2.6
and Lemma 2.7 that there is £ > 0 such that @; € M. By (1.8), (1.13), (2.5), (2.57), (2.58) and the weak
semicontinuity of norm, we obtain

m = lim [®(u,) — ——P(uy)

n—00 3+«

= lim U(u,) > U(a)

n—oo

V2

&

w@z
\

%
3
\

which implies that (2.60) also holds. O
Lemma 2.14. Suppose that (V1), (V2) and (F1)-(F3) hold. If « € M and ®(@) = m, Then @ is critical
point of .

Proof. Following the ideas of [13, Lemma 2.14] and [42, Lemma 2.15], we can use the intermediary theorem
and deformation lemma to show this lemma. Suppose that ®' (@) # 0. Then, there are § > 0 and o > 0 such
that

lu—a| <30 = |2 (u)| >0

It follows from [35, equation (2.47)] that lim;—,q ||a; — @|| = 0. Hence, there is ; > 0 such that
[t — 1| < 61 = ||a, — al| < 0.
From (2.25), there exist 71 € (0,1) and T3 € (1, 00) such that

P(ar,) >0, P(ig,) <O0.
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The rest of the proof is similar to the proofs of [13, Lemma 2.14] and [42, Lemma 2.15]. In fact, the desired

conclusion can be obtained by using

_ oo a1 =0)g9(t) oo b)) oo
< — -7
o) < o) - G0 vl - vy
a(l =0)g(t) | o i) oo
m 23+ a) Va3 1B+ a) Val3, Vt>0 (2.62)
and
o Ja=0)g(Th) oo bi(T) ooy el =0)g(Th) oo bi(Te) oo 06
e i min { LX) vy 4 T vy, OO vapg 4 O va 1,5
instead of [13, (2.56) and &], respectively. O

Proof of Theorem 1.1. According to Lemma 2.9, Lemma 2.13 and Lemma 2.14, there is & € M such that

N fo
@(u)—m—;ggr&ag(q)(ut)>0, o'(a) =0

which implies that @ is a nontrivial solution of problem (1.1). O
Proof of Theorem 1.3. Set m® := inf,cpr= ®°°(u), where A> := {u € H*(R?)\{0} : (®>°)'(u) = 0}. From
Corollary 1.2, we know that there is & € M such that ®>°(@) = m> and (®*°)'(@) = 0, which implies that
m>® < m™> and A® # (). Besides, if v € A, then, by (1.11) (i.e. [1, Theorem 3]), we have v € M*°. Hence,
for all v € A, we have &>°(v) > m®, which implies that M > m>. Hence, m™ = m>. The proof is

completed. O]

3. The least energy solutions

We will use the following proposition to prove Theorem 1.5.

Proposition 3.1. [44] Let X be a Banach space and let J C RT be en interval, and
Iy(u) = A(u) = AB(u), YV A€ J,

be a family of continuously differential functional on X such that
(i) either A(u) — 400 or B(u) — +00, as ||ul| = oo;

(ii) B maps every bounded set of X into a set of R bounded below;
(iii) there are two points v1 and vy in X such that

&y = inf I (z(t I I
Cx = inf max A(@(t)) > max{Ix(v1), Ix(v2)},

where
I'={zeC([0,1], X) : 2(0) = v1,2(1) = va}.
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Then, for almost every X € J, there exists a sequence {u,(\)} such that
(1) {un(N)} is bounded in X;

(2) In(un(A) = éx;

(3) Ii(un(N)) — 0 in X*, where X* is the dual of X.

Moreover, ¢y is nonincreasing and left continuous on A € [1/2,1].
Similar to [1, 39], we have the following lemma.

Lemma 3.2. Suppose that (V1), (S1) and (S2) hold. Let u € H*(R3) be a critical point of ®y, then one has
the following PohoZaev type identity:

B4+ a)A
2

1 b
Py(u) := gHVuH% — / (Io * F(u))F(u)dx + 5 / [BV(z) + VV(z) - 2]udz + §||Vu||§1 =0. (3.1)
R3 R3
The following lemma can be obtained easily from Corollary 2.3.

Lemma 3.3. Suppose that (S1) and (S2) hold. Then for allt > 0, A > 0 and u € HY(R?), the following
equality holds

1 ag(t)||Vull3 + Vaoh(t)||u3 bi(t)
POO
3o lx W+ 2(3+ ) TiB1a

By Corollary 1.2, we know that ®3° = &> has a minimizer u$°® # 0 on M{° = M°, that is

O3 (u) = O (ur) + IVull2. (3.2)

us® € My, mi® = 07°(up®) and (®7°)(uf®) = 0. (3-3)

Since problem (1.9) is autonomous, from (V1), there are # € R* and 7 > 0 such that for almost every
|z — Z| < 7, one has
Voo = V(z) >0, [u®(z)] >0. (3.4)

From (V1), one has Vimax := max,cps V(z) € (0,00). Set

% (u) = %/Rs (a|Vul* + Vinaxu?)dz + g (/Rs |Vu|2dm)2 - %/Rg (I * F(u))F(u)dz. (3.5)

By (2.7) and (3.3), there is T' > 0 such that
12((ui®)e) <0 forallt >T. (3.6)
Lemma 3.4. [13] Suppose that (V1) and (S1)-(S3) hold. Then

(1) DA((u®)r) <0 for all X € [0.5,1];
(ii) there exists a positive constant ko independent of A such that for all X € [0.5,1],

C) ‘= inﬁ max <I>,\(y(t)) > k'O > max{q))\<0),q))\((u<fo)T)}7
yEF te[ovl]

where
T ={yeC([0,1], H'(R*)) : y(0) = 0,y(1) = (uf*)r};
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(iii) ¢y 4s bounded for X € [0.5,1];

(iv) mg°® is non-increasing on X € [0.5,1];

(v) limsupy_,,, cx < ey, for Ao € [0.5,1].

Lemma 3.5. Suppose that (V1) and (S1)-(S3) hold. Then there is X € [0.5,1] such that ¢y < ms° for
Ae (M),

Proof. Tt is easy to see that ®((u$°):) is continuous for t € (0,400). Hence, for any A € [0.5,1], we can
choose t) € (0,T) such that ®x((u$®)s,) = maxseo, ) Pa((ui®)s). Set

(’Ufl)o)(tT), for t > 0,
t) = 3.7
bot) { 0, fort=0. (3.7)

Then yo € I defined by Lemma 3.4(ii). Moreover

PA((ur®)ey) = e P (yo(t)) > cx. (3.8)

It follows from P>°(u$®) = 0 that 0 <[5 (1o * F(u$°))F(uf®)dx. Set

Co := min{1/4, 37/8(1 + |#])}. (3.9)
Hence, by (3.4) and (3.9), one obtains
|x—§:|§g and s € [L — (o, 1+ Co] = |sz — & < 7. (3.10)
Set
Vom0 M s folVe Vol
' 2’ T3+ [ (I * F(ug®))F(uf®)da ’

amin{g(1 — (o), g(1 + ¢o)}|Vui®||3 + Voo min{h(1 — (o), h(1 + o) H|ug® |13
(3 + a) T3+ fRs (Io * F(u$®))F(u$®)dx
bmin{i(1 — ¢o), i(1 + o)} Vus®|l3
" 2(3+ a)T3+e f];(fa * F(Zgo))F(ugo)dx} : (3.11)

1-—

By (2.1), (2.2), (2.3), (3.4) and (3.11), we have 1/2 < X < 1. We have the following two cases to distinguish:
Case i): ty € [1—C(p, 14+ (o] By (1.16), (1.17), (3.2)-(3.8), (3.10), (3.11) and Lemma 3.4(iv), one obtains

ms = my =7 (u®) > @ ((ui%)r,)
5
2

o 3+a
= () + 5 [ W= Vo Bae - S0 [ g p ) pas

. 3 _ 3+«
er + L=k [ Ve = Vit e - = [ U PP ) da

> ¢y, YAe (N1 (3.12)
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Case ii): ty € (0,1—C(o)U (14 ¢o,T]. By (1.16), (1.17), (2.1)-(2.3), (3.2), (3.3), (3.8), (3.11) and Lemma
3.4(iv), one has

ag(t)[|Vui|3 + Voo h(t) [us®ll3 | bi(ta)

my = my® =09 (u) = 7 ((ui%)sy) + + IVus®l3

23+ «) 43+ )
[eS) o] ti o (2 (1 B )\)t§\+a oo o]
= OX((ui®)n) + 3 | [Veo —Vba)lfui®lade — ——=— | (Lo F(ui")) F(ui®)de
R3 R3
ag(ta)[[Vus®ll3 + Voo h(ta)l[ug®ll3 | bi(tr) oo 14
* 2(3+ a) TiBray vl
(1 — )‘)T3+a / o %) bmln{z(l — CO)’Z(l + <0)} o |14
> [ S
> o= E [ (o« PO P(u)de + 2t ) L O g
L amin{g(l = o), g(1 + Go)} [ Vui®ll3 + Voo minfh(1 = o), h(1 + Go)}|ui®[13
23+ )
> ey, YAe (N1 (3.13)
From (3.12) and (3.13), we can see that ¢y < m$° for A € (X, 1] in both cases. O

Lemma 3.6.[47] Suppose that (V1) and (S1)-(S3) hold. For A € [1/2,1], let {un} be a bounded (PS)-
sequence for ®5. Then there are a subsequence of {un}, still denoted by {u,}, an integer | € NU {0}, a
sequence {y*} and w* € HY(R3) for 1 <k <1, such that

(1) wp — ug with 4 (up) = 0;

(i) wk #£0 and (P) (w*) =0 for 1 <k <1I;

(i) [un — o = Spey wF (- + yh) | = 0;

(iv) ®x(un) = ®x(uo) + iy O (w).

We agree that the above holds without w”* if I = 0.

Lemma 3.7. Suppose that (V1) and (V3) hold. Then there exists z5 > 0 such that
a(2 4 )| Vull3 —I—/ [V (x) — VV(2) - z]ude > z3||ul|?, ¥V ue HY(R?). (3.14)
R3
Proof. By (V1), (V3) and (2.6), we obtain

a(2 + )| Vull2 + /R AV (z) = VV(2) - a]ude

2
R _ TR
a(2+ a)||Vul3 5 /11&3 |$|2dx—|—/]Rs {aV(m) VV(x)-x+ e u“dx

v

aa||vu||§+a(1—e')/ V(2)uldz
RS

Y

zsl|ull?,

where z3 > 0 is a positive constant. O
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Lemma 3.8. Suppose that (V1), (V3) and (S1)-(S3) hold. Then for almost every A € (X, 1], there is
uy € HY(R3)\{0} such that
@)\(U)\) = C), (I)/A(’LL)\) = 0. (315)

Proof. Let X = H'(R3), J = (X, 1] and ® = I, then it follows from Lemma 3.4, (V1) and (S1)-(S3) that
) (u) satisfies all the assumptions of Proposition 3.1. Hence, for almost every A € (X, 1], there is a bounded
sequence {u,(\)} C H*(R?) denoted by {u,} such that

Dy (up) = cxn, Ph(uy) — 0. (3.16)

From Lemma 3.2 and Lemma 3.6, there exist a subsequence of {u,}, for simplicity, still denoted by {u,},
uy € H'(R?), an integer [ € N\{0}, and w!,...,w' € H'(R?)\{0} such that

U, — uy in HY(R?), ®)(uy)=0. (3.17)
(@) (w*) =0, eF(w*)=my, 1<k<I (3.18)
and l
ex = Oa(un) + Z O (wh). (3.19)
i=1

Since @) (uy) = 0, from Lemma 3.2, we have

1 1
Py(uy) = §HVU,\H§ +3 /]R3 3V (z) + VV(x) - x|uidzr

OO [ (x Fu) Flun)de + 59 = 0. (320)

It follows from (3.18), (3.19) and |lu,| # 0 that if uy =0, then [ > 1 and

l
ox=Ox(un) + Y OX(w') = mY,

i=1
which is a contradiction due to Lemma 3.5. Hence, uy # 0. Thanks to (1.16), (3.14) and (3.20), it yields
that

(13)\(11,)\)

q))\(’U,)\) —
_ a2+a) 2

<3

P)\(U)\)

b(1+ )
43+ )

b(1+ a)
23+ a) 434 )
23

> 2>0. 21

On the one hand, it follows from (3.19) and (3.21) that

3+«

1
[Vuall3 + 2

Gra) /R3 [V (z) = VV(x) - z]usdz

v

luxll® + IVull3

!
ex = Py(uy) + Z B (w') > ImSe. (3.22)
i=1
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On the other hand, it follows from Lemma 3.5 that
ex <m$ for Ae (1] (3.23)

Hence, from (3.22) and (3.23), we can know that [ = 0 and ®,(uy) = c¢x. The proof is completed. O

Lemma 3.9. Suppose that (V1) and (S1)-(S3) hold. Then there is @ € H'(R3)\{0} such that
0<®(@) < e, ®(a)=0. (3.24)

Proof. Tt follows from Lemma 3.4(iii) and Lemma 3.8 that there are two sequences {\,} C (A, 1] and
{uy,} € HY(R?)\{0}, denoted by {u,}, such that

Dy, (un) =cn,, P\ (un) =0, XAy =1, ¢, =" (3.25)

By Lemma 3.2 and (3.25), we have Py, (u,) = 0. By Lemma 3.4(iii), (1.16), (3.14), (3.20) and (3.25), we

obtain

1
Cy > — Py, (uy
4 2 Gy, A (Un) 3+ a A ()
a2 +a) [EL TR )
= Vu ——||V —_— V(z) - VV(z)- d
S 1Vl + GVl + s [ [0V(@) = WV @) sl
23 b(l +a)
> U, 2 \v4 n 4
> e || ¢
u
which implies that {|lu,||} is bounded in H'(R3). From Lemma 3.4(v), we have lim, . cy, = ¢* < ¢1.

Thus, by (1.16) and (3.25), we have
O (uy) = ¢, ' (uy) =0,
which implies that {u,} satisfies (3.16) with ¢y = ¢*. From the proof of Lemma 3.8, one can prove that

@ € HY(R?)\{0} such that (3.24) is true. The proof is completed. O

Proof of Theorem 1.5. Let r := inf,ecn ®(u). Therefore, from Lemma 3.9, we have th < ¢; and A # ). For
any u € A, it follows from Lemma 3.2 that P(u) = P;(u) = 0. Therefore, by (3.21), we have ®(u) = ®1(u) >
0 for all w € A, and so 7o > 0. Let {u,} C A be such that

D (uy) — m, P (u,)=0.

From Lemma 3.5, we have m < ¢; < m3°. By a similar argument as that in Lemma 3.8, one can show that
there is @ € H*(R?)\{0} such that
®(u) =m, ®'(a)=0,

which implies that @ is a least energy solution of (1.1). O
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