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Abstract

In this paper, the anti-plane shear motion of an asymmetric three-layered inhomogeneous elastic
plate has been examined. An asymptotic approach is employed for the present investigation. Both
the generalized and unified dispersion relations within the long-wave low-frequency range have been
determined. The obtained unified dispersion relation is investigated taking into account the recently
analyzed material contrast for layered plate with mixed stiff-soft layers of different material proper-
ties. Finally, we make comparison with symmetric plate being a special case of the asymmetric plate
under consideration in the end.
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1 Introduction

The mechanics of multilayered structures is gradually gaining ground due to its various applications in
aerospace and automotive industries, glazing processes, electroplating and coating processes industrially,
and metamaterials among others. The dynamics of multilayered elastic structures such as in plates,
rods, beams and plane-wings has to do with vibrations or typical wave propagation in either the body
or on the surface of the body, popularly known as Rayleigh waves, [1]. Many researchers have published
quite a number of articles with regards to multilayered media including the thin walled elastics bodies
[2], analysis of three-layered plate with thin soft core [3], parametric analysis of inhomogeneous periodic
waveguides [4], long-wave asymptotic approximations in waveguides and periodic media [5], laminated
composites and sandwiches [6-8] and the low-frequency approximations in symmetric three-layered plates
[9-11]. Other similar studies include the low-frequency determination in multi-component elastic structure
[12], asymptotic approach to plates with mixed boundary conditions [13], different investigations on five-
layered plates [14-16]; see also [17-20] and the references therewith for related studies on elastic wave
propagation among other.

However, in the present article, we extend the recent work by Prikazchikova et al. [10] on the low-frequency
anti-plane shear dynamics of a three-layered symmetric inhomogeneous plate to the asymmetric three-
layered version using the same asymptotic approach. The material contrast setup considered in [10] for
a three-layered plate with stiff skin layers and soft core layer will be investigated here for the long-wave
low-frequency dispersion. The paper is arranged as follows: section 2 gives the problem formulation, the
determination of the dispersion relation and cut-off frequency is presented in section 3 for the generalized
case and in section 4 for the unified case. We present the shortened dispersion relation for the unified
case in section 5 and approximate equation of motion in section 6, and give the conclusion in section 7.



2 Problem Statement

Consider an anti-plane shear stress of an isotropic asymmetric three-layered strongly inhomogeneous plate
with the the lower skin layer of thickness hi, the core layer of thickness ho and the upper skin layer of
thickness h3 as shown in Fig. 1 below.
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Fig. 1: Asymmetric three-layered plate.

We consider the anti-plane equation of motion in (z1,x2,t) given by
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where z,(n = 1,2) are the spatial variables, t is the temporal variable, U; the out of plane displacements
for i = sl , i = c and ¢ = su corresponding to the lower skin, core and the upper skin layers, respectively.
The prescribed shear stresses 073, (j = 1,2,) are defined by

C’j3:#i%a J=12, (2)
J

where p; are the Lame’s elastic constants of motion. More importantly, we remark here that both the
lower and upper skin layers are considered to be of the same materials; thus, ps = ps,. We also consider
the following interfacial continuity conditions of displacements and stresses:

(a) Ue (x1,2,t) = Ugl (21, T2,t) , at 22 = ha,

(b) O'§3("E1,$2,t) = O—Sé(zlvm%t)v at g = hla

(€) Ue (w1, x2,t) = Usy (21, 22,t) ,at 29 = hy + ho,

(d) 0(2:3($1,.’E2,t) = O—Sg(‘rhx%t)a at xo = hy + h27



and the traction-free conditions on the skin faces as follows

(a) J;é($1>$2,t) =0, at x2 =0,

(e) 055 (x1,22,t) =0, at xo = hy + ha + hs.

However in the present paper, we examine the anti-plane dynamic problem of an asymmetric three-layered
inhomogeneous elastic composite plate that is made perfectly in contact between the layers coupled to
the prescribed traction-free boundary conditions on the outer surfaces. The exact dispersion relation is to
be investigated asymptotically within the zero cut-off frequency estimates in connection to the one of the
material contrasting setups recently examined by Prikazchikova et al. [10] for a symmetric three-layered
plate given by the following asymptotic relation [9]:

p<l, h~1l, p~up, (5)

corresponding to a plate with a soft core layer and stiff skin layers.

3 Generalized dispersion relation and cut-off frequency

In this section, we determine the generalized dispersion relation and cut-off frequency of the asymmetric
problem under consideration given in Eqgs. (1)-(4).

From Egs. (1)-(2), we obtain the following classical wave equation

o*U;  9*U; 1 9%*U; .
97 o2 =Sz ! =sl, ¢, su, (6)

where ¢; = | /% are the shear transverse speeds in the respective layers of the plate. Further, with the

harmonic solution assumption of the form

U’i (1.17 o, t) = U; (xz)ei(kwl—wt)’

we get the solutions of Eq. (6) in the the respective layers as follows:

w? w?
u;(x2) = Ay, cosh k2 — ore + B,,, sinh k2 — 2oz, 1=sl, ¢, su, (7)

where m = 1,2, 3 are arbitrary constants in each layer to be determined from the prescribed conditions.
Again w and k in the above equation are the dimensional frequency and wave number, respectively. More,
we obtain from Eq. (7) and the conditions given in Egs. (3)-(4) the following generalized dispersion
relation (see Appendix A for the dispersion matrix):

o3 p® tanh (o) + agay p (tanh (agh) + tanh (agl)) + o3 tanh (o) tanh (agh) tanh (agl) = 0, (8)



where,

(9)
Qg = K2 — HQQ,
o
with the following dimensionless relations
h
0="2 K = kh,,
Ce
h h
h=, 1=, (10)
ha hao
_pC = &
ps’ i

The cut-off frequency is obtained from the generalized dispersion relation given in Eq. (8) at K =0 as

follows
(m — tan(Q) tan (h\/gQ)) tan (z\/gg) + \/jip tan (h\/gQ) +uptan(Q) =0. (11

The predicted single cut-off frequency from Eq. (11) is

h+1
O~ m < 1, (12)
hl
with the low-frequency estimate provided
l
Psh < —, (13)
l ur
where
r=h+1+p.

3.1 Generalized polynomial dispersion relation

The generalized polynomial dispersion relation is obtained from the exact generalized dispersion relation
given in Eq. (8) via the Taylor’s series expansion as follows:

YE? + 7 Kt 4+ 3 K207 + 7402 + 508 + 46 K2Q + 7 K4Q? + ... =0, (14)



where

v =2Thp + 27 + 271,
o = — 9h3pu + 27Thl — 93 — 9y,

_18h3,u2 _ 54hlu n 181312

V3 + 1842,
p p
27hu? 2712
Y4 =— £ 27p? — 7#,
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The first two modes from the generalized exact dispersion relation given in Eq. (8) are plotted in Fig.
2 for the non-estimated range and Fig. 3 for the estimated range of zero low-frequency, Eq. (13). The
cut-off frequency is not noted in Fig. 2 owing to the selection of parameters outside Eq. (13); while it is
noted in Fig. 3 with parameters within Eq. (13).
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Fig. 2: The first two modes from Eq. (8) for the non-estimated range with
h=1 p=043, p=2.21, | =1.85.
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Fig. 3: The first two modes from Eq. (8) for the estimated range with
h=1, 1 =0.023, p=0.023, [ =1.85.

3.2 Generalized displacements and stresses

The displacements and stresses in the respective layers pf the plate are found while ignoring the expo-

nential term as

The lower skin layer:

h
Uy =—2 cosh (2h&a,),
Q2

. K

o5t =ip,— cosh (aphés,),
Q2

0513 = sinh (aghéa,) .

The core layer:

Ue :@(cosh (agh) cosh (a1€2,) + vsinh (agh) sinh (a1 &2,)),
s

K
015 :i,uca—?(cosh (agh) cosh (a1€2,) + vsinh (agh) sinh (@12, )),
oS, :uc% (cosh (azh) sinh (a1&, ) + v sinh (ash) cosh (a1, )).
The upper skin layer:

Usy :@)\ (cosh (aa (h + &, + 1)) — tanh (aa(h + 14 1)) sinh (ag (b + &, + 1)),

o
oy :i,usg)\ (cosh (ag (h + 1&2,, + 1)) — tanh (aa(h + 1 + 1)) sinh (a2 (b + &2, +1))),
054 =psA (sinh (ag (b + 1€, + 1)) — tanh (e (h + 1+ 1)) cosh (g (R + &2, + 1)) .
Where in Eqgs.(17)-(18)
A =sech (aal) cosh (aa(h 4+ 1+ 1)) (cosh () cosh (agh) + vsinh (o) sinh (agh)) ,
(&)

V=—"
Qi

with the following scaled variables in Eqs. (16)-(18)

§2sl :Qa 0 <x9 < hy,
hi
T — hy
§o, = e hi < xo < hy + he,
—(h1 +h
&2, :%7 hi+hy <xz9 < hy + hy + hs.
3

(16)

(17)

(18)



4 Unified dispersion relation and cut-off frequency

In this section, we devise unification procedure to the generalized dispersion relation given in Eq. (8)
owing to the presence of the two dimensionless thickness ratios in Eq. (10); that is, h and [, which
ultimately prevents the contrast setup analysis given in Eq. (5). Thus, since the presence of these
thickness ratios results in no analysis; we systematically relate the varying thicknesses of h; of the lower
skin layer and hs of the upper skin layer as shown in Fig. 1 by the following relation hs = phy, for
B € RT\{0,1}; the set of nonnegative real numbers excluding 0 and 1. We therefore obtain from Eq.
(10) the following relation

l=pBh, BeRM{0,1}. (21)

It is remarkable here that 8 # 0 and 8 # 1. For if § = 0, the problem under consideration reduces to a
two-layered plate problem; and if 8 = 1, the problem reduces to a symmetric three-layered inhomogeneous
laminate which was recently analyzed by Prikazchikova et al. [10] for antisymmetric vibration mode.

With the present development, a unified dispersion relation is obtained from Eq. (11) as

atp? tanh (o) + apo prtanh (agBh) + a3 tanh (o) tanh (agh) tanh (aBh) + asaq ptanh (agh) = 0,
(22)

with Egs. (9) and (10) holding but with hg = Sh; as explained above. It is remarkable here that all
the results in [10] can be recovered from the present work by simply setting 5 = 1. However, one should
also note that both the symmetric modes and antisymmetric modes cases of the dispersion relations in
connection to the symmetric three-layered plate are obtained by factorizing the dispersion relation given
in Eq. (22) as posed by the asymmetric three-layered plate under consideration when 8 = 1.

The cut-off frequency from the unified dispersion relation given in Eq. (22) is given by

(\/;Tp — tan(Q) tan <h\/g§2>> tan (fm\/fa) + \/jip tan (hﬂﬁ) +uptan(Q) =0.  (23)

The predicted single cut-off frequency from Eq. (11) is

p(h+ Bh+ p)

0O~
Bh?

<1, (24)

and over the global low-frequency inequalities

| p(h + Bh +
le w<<]_7
92: /W<<l.

The first two modes from the unified exact dispersion relation given in Eq. (22) is plotted in Fig. 4 for
the non-estimated range and Fig. 5 for the estimated range of zero cut-off frequencies, that is, within

(25)



the global frequency regime, Eq. (25). Additionally, the cut-off frequency is not noted in Fig. 4 owing
to the selection of parameters outside Eq. (25); while the lowest low-frequency is noted in Fig. 5 with
parameters within Eq. (25).
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Fig. 4: The first two modes from Eq. (22) for the non-estimated range with
h=1, pn=043, p=2.21, g =0.80.
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Fig. 5: The first two modes from Eq. (22) for the estimated range with
h=1, n=0.023, p=0.023, 5= 0.80.

4.1 Unified polynomial dispersion relation
The unified polynomial dispersion relation is obtained from the exact unified dispersion relation given in

Eq. (22) using the same Taylor’s series expansion as follows:

Y1E2 + o K* 4+ x3 K202 + a2 4+ x50 + v K20 + x7 K*Q2 + ... =0, (26)

10



where

X1 =27Bhju + 2Thu + 27p,
xo = — 9833 — 931 + 278h% — 92,

_1853h3u2 n 18h3 12 B 548h2u

X3 + 182,
p p
27Bhu?  27hu?
i — Bhp”  2Thu _ o7,
p p
(27)
963h3u3 9h3M3 27Bh2ﬂ2
X5 =— — — —5— — — 9%,
p p p
2733h4u? 278 98h2u2 18BRh3u
A
2733h* . 278h* 183h2
yo =2 B 2N 18O g2,

p p

It is also remarkable here that having unified the varying dimensionless thicknesses h and [, we can
now proceed with the investigation of the aforementioned contrast setup in connection to the formulated
problem. Also it is worth noting here that, the generalized polynomial dispersion relation given in Eqs.
(14)-(15) can be recovered from Eqgs. (26)-(27) above upon substituting 8 = L.

4.2 Unified displacements and stresses

The shortened displacements and stresses in the respective layers are also determined as in above as follows
The lower skin layer:

h
U] =2 cosh (aoh&a,) s
Q2

. K
ol :ZMSOTQ cosh (azhés,),

o5 =pussinh (aghés,,) .

11



The core layer:
ho : .
Ue :a—(cosh (agh) cosh (a1€2,) + vsinh (agh) sinh (a1 &2, )),
2

K
o3 :i,uca—z(cosh (agh) cosh (a1€2,) + vsinh (agh) sinh (a1 &2, ),
o :MC% (cosh (aah) sinh (a1&3,) + v sinh (agh) cosh (a1 €a,)).
The upper skin layer:

Ugy, :%,\ (cosh (ag (h + Bhés,, + 1)) — tanh (az(h + Sh + 1)) sinh (a2 (b + Bhéa,, + 1)),
2

o1y :iusg)\ (cosh (g (h + Bhés,, + 1)) — tanh (aa(h + Sh + 1)) sinh (as (h + SR, + 1)),

055 =psA (sinh (ag (b + Shés,, + 1)) — tanh (ag(h + Bh + 1)) cosh (ag (b + BhEa,, +1))).
Where in Egs.(29)-(30)
A =sech (aafh) cosh (aa(h + Sh + 1)) (cosh (aq) cosh (aoh) + v sinh (aq ) sinh (agh)) ,
Q2

V=
a1

with the following scaled variables in Egs. (28)-(30)

6251, :%ﬂ 0 <29 <hy,
1

—h
o, :%, hi <xy < hy + he,

2

—(h h
&2, :W’ hi+ hy <9 < (14 B)h1 + he.

1

4.3 Asymptotic formulae for unified displacements and stresses

(32)

To determine the asymptotic formulae for unified displacements and stresses presented in Egs. (28)-(30);

we make use of the normalised frequency and wave number of the form
K? = uK? and 0?2 = po?,
and obtain at the leading-order for the setup given in Eq. (5) as follows:

The lower skin layer:

ha
Ug) =,
N
K
sl . *

013 :'L/J/S\/j7
K202
035 =s IV KZ — W2y,

12

(33)



The core layer:

Ue :\//7\/%(1 + (K2 — ¥)&,),
K - wde), (34)

T e
=

[he
05y =L /KT 02,
2 VH

The upper skin layer:

h2 2 2
Ugy =———— (1 + K2 — U?),
i %KE—W( )
K,
O =ity (1 + K2 — W), (35)

to =g
03§ =Busy/iyV/ KE — V(1 + K2 — %) (&,, — 1).

It is remarkable here that the following inference can be deduced for the present setup given in Eq. (5)

7 7
o o m .
o3, _Om _ VH, - P

Wi Bpi/ie he
(36)

oz VB gi o VP
i i ho

where § =1 for i = ¢, sl in the above equation; where sl and su stand for the lower skin and upper skin
layers, respectively.

5 Shortened unified polynomial dispersion relations

In this section, we approximate the exact unified polynomial dispersion relation determined in Eq. (26)
in relation to the contrasting setup earlier given in Eq. (5). However, since 3 € RT\{0, 1}, it means that
B € (0,1) U (1,00); which in relation to the asymmetric three-layered plate means that when 5 € (0,1)
then the thickness of the lower skin layer is higher than that of the upper skin layer, and when 8 € (1, 00)
the reverse is the case. Thus, we consider S to be greater than one for convenience, say 8 € (1,3) to
study the asymptotic behaviour in the present setup.

However, considering the setup given in Eq. (5) that describes a three-layered plate (asymmetric) with
a core layer made of a soft material and the outer skin layers of hard or rather stiff material, from Eq.

(26) the following asymptotic behaviour

X1~ Xa~H, X2~Xs~Xs~fB and X6 ~ x7 ~ B, (37)

13



is deduced at the leading orders, where

X1 =278+ 27u* + 27p,
X2 =— 981+ 278 — 9u® — 9y,
x3 =186%1 — 548 + 18 + 18y,

Xa = — 27Bp — 27p* — 27p,

(38)
Xs = — 981+ 278 — 9u® — 9y,
Xe = — 278% — 548,
X7 =275° + 548,
Thus, we obtain the shortened unified polynomial dispersion relation as follows
X1K2 —|—X2K4—|—X3KQQ2 —|—X492 —|—X5Q4 = O, (39)

where x; = for j = 1,3,4,5 are given in Eq. (38). Thus, we give in Fig. 6 the first two modes for the
exact (black solid line) and the shortened polynomial (dashed red line) dispersion relations (23) and (39)
for the set of parameters h =1, pu = 0.023, p = 0.023, 5 = 0.80.

14



Fig. 6: The first two modes for the exact (black solid line) and shortened polynomial
(dashed red line) dispersion relations Eq. (23) and Eq. (39).

6 Equations of motions approximations

In this section, we further ascertain the approximate unified equations of motion by incorporating the
asymptotic material contrast given in Eq. (5). It is also worth mentioning here that we have utilised the
upper skin layer as a basis of the computations in this section since the lower skin layer happened to be
a special case of the upper one; revisit the preamble of Section 4.

More, to derive the approximate equations of motion, we make use of the following rescaling for x; and

t variables as follows
ho ho
r1 = 7{1) t=

T)
VI C2.\/It
alongside the definitions given in Eq. (32) for 25 coupled to the following normalized functions encouraged
by Eq. (36)

(40)

ho i i i i .
u; = ﬁwi 013 = ills, 053 = B/ pbss, 1 =sl, su,
(41)
ho

N

i i Hi g ;
w; 013 == /,Li913, 0237 1=cC,

O'i =
23 \/ﬁ

U; =

15



with § =1 for ¢ = sl. Further, putting Eqgs. (32), (40)-(41) into Eqgs. (1)-(4) we get for the core and skin
layers, respectively via Eq. (5) the following

0055 005, 0w,
+ = ,
Yon o6~ o (42)
0c. — % o< — we
13 — 8§1 ’ 23 — 8§2c,
and
0034 n 003, _ 0 w;
06 Ok, Or (43)
g5, = % ﬂ2 gs. — aws
13 = 9, HU23 = 67525’

for s = sl, su, with 8 =1for i =sl;and h ~ 1 ~ %. We also get the following continuity and boundary
conditions

wc|52c:0 = w5|5251217

9§3|f2c=0 = 9§3|€2Sl =0>

(44)
wc|£2C:1 = ws|§25u:07
0332, =1 = 033]ez,, =0,
and
05 —0 =0,
i3|§2sz 0 (45)
023|§2m:1 =0.
We further adop the asymptotic series expansion in both the displacemets and stresses as follows
w; = Wi,0 -+ HW; 1 + ceey
Oig =050+t ulis+ ..., i=c,s j=1,2.
Substituting Eq. (46) into Eqgs. (42)-(45), we get at the leading order the following
0530 Ow, o Owe
Mo O, 9¢ — 2 , c — &) , A7
96, 13,0 98, 2.0 = g, (47)
and
05y 00350  D*wsp
0 0 o2
51 €2s T (48)

s aws,O aws,O _
0750 = 26 ' 06, =0,

16



together with the following continuity and boundary conditions

wc,0|fgc:O = Ws,0 fgsl:h

C _ S
923,0|£26:0 = 923,0|£zsl:0a

(49)
Weole,, =1 = Ws ole,,, =05
953,0|£zc=1 = 953,0|£25u=0,
and
033,0l¢s,=0 = 0, (50)
0;3,0|525u=1 =0.
It is easy to obtain the following from Eq. (47) that
C C ap
923,0 = p(gh 7—)7 We,0 = p(&, T)£2c’ 013,0£2c 8751’ (51)
and from Eq. (48)
] dp s *p  p
ws,0 = p(&1,7), 0750 = 520(9?{ 0350 = (872 ~ e 2. (52)
1

with 653 o in Eq. (52) suitably constructed. However, the missing of the constant parameter 3 in Eq.
(52) prompts us to move to the next asymptotic order which gives
30f371 3953,1 _ 32103,1
0¢1 06,  or2

(53)
95, — awS,l 6298 _ awS,l
13,1 851 ’ 23,0 8525 ’
with the continuity and boundary conditions
We, ez, =0 = Wi 1le, =1,
953,1|§26:0 = 953,1|525,:0a
(54)
U}c,1|§20:1 = Ws,10¢5,,=05
953,1|fzc:1 = 953,1|£2w =0,
and
0;3,1|5251 =0 — 07 (55)

s _
33,1 |525u:1 =0.

Therefore with the help of 33 ; from Eq. (52), we get the following relations

?*p  p Pp  p *p  0%p
_ Q2 _ s — A2 _ s — i A
Ws,1 = B <67’2 55%) ) 913,1 B (86187‘2 85%) ) 92371 3 <8T2 85%) 2., (56)

17



which from Eq. (53) (first line ) satisfies the following equation

4 4 4 2 2
1<8p 9 9p +8p> 1(‘91"_8][’):0, (57)

3\o¢k “oac2arr T art) g2 \oarz  o¢l
Expressing Eq. (57) using the skin displacement notation, being us(x1,t) =~ p(£1,7), we get
]‘ 4 S 4 S 4 S ]‘ 2 S 2 S
1 82728211 Jr(9u 1 8u78u2 _o (58)
3\ g ox70t2 ~ Ott B2\ ot? Oxy

i(kx1—wt)

Now with the help of the formula us = e , we get from Eq. (58) the following dispersion relation

Loy 1y

1 2 ]‘4 222

which indeed coincides with Eq. (39) at the higher-order terms of 5 in x;(j = 1,2, ...,5).

7 Conclusion

In this paper, the anti-plane dynamic problem of an asymmetric three-layered inhomogeneous elastic
plate has been investigated successfully via the asymptotic approach. The asymmetric layered plate
considered is made perfectly in contact between the three layers, while traction-free boundary conditions
are prescribed on the outer surfaces. Furthermore, due to the varying lengths of the outer layers, a new
parameter [ is introduced to relate the two lengths and thus make it possible for the material contrast
investigation. The long-wave low-frequency generalized and unified dispersion relations have been de-
termined and examined via the polynomial dispersion relation in connection to the recently analyzed
material contrast for a plate with mixed stiff-soft layers of different material properties in the composites.
In comparison with setup (a) of the symmetric three-layered plate [10], the present study also shows that
the obtained dispersion relation is valid over the whole cut-off frequency range as depicted in figure 6.
However, approximate equations of motion obtained in the case of symmetric three-layered plate are bet-
ter than those of the asymmetric case in the sense of simplicity. We finally recommend that an extension
in the contrast setups be made to be able to analyze such problems with more than one dimensionless
parameters in u, h, and p directly without the proposed unification. Also, the corresponding inverse
problem of the formulated problem will be an interesting one.
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The 5 x 5 dispersion matrix generated by the problem in Section 3 is given here as:

cosh (p1Rs) sinh(p1Rs) —cosh(piR:.) —sinh(p1R.) 0
0 0 cosh (h1 R,) sinh (h1R;)  —cosh (h1Ry)
sinh (pyRs) cosh(piRs) —gsinh(p1R.) —qcosh (pi1R.) 0
0 0 gsinh (h1R.)  gcosh(hiR.) —sinh(hiRy)
sinh (poRs) cosh (p2Rs) 0 0 0
with the following shortend terms
R 2 2
p1=hi+he, p2 =hi + ha + hs, quciMc’ s = kQ—%, R. = kz—%
sHs Cy &
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