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Abstract

In this work the flow behavior of granular material in flat-bottomed funnel flow silos was

investigated through 3D Discrete Element Method (DEM) simulations.  It is observed that

particles in the main part of flowing zone move collectively, manifested by the oscillatory

fluctuations  of  the  spatially  averaged  particle  vertical  velocity  and  the  non-Gaussian

characteristics  of  the  fluctuations  of  individual  velocity  around the average.  The delayed

correlations of velocity fluctuations at different vertical positions and the Fourier spectrums

of  vertical  velocity  and contact  force between particles were analyzed to characterize the

propagation of flow fluctuation. It is found that there exist two special vertical positions in

the converging part of the flowing zone. The lower one corresponds to the emission source

from which the velocity  wave propagates  both upwards and downwards.  The higher  one

locates at the upper boundary of converging part of the flowing zone and is characterized by

the most  violent  fluctuation  of contact  force.  Possible  mechanisms of the appearances  of

these two vertical positions are discussed.   
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1. Introduction

Silos  are  commonly  used  in  various  industrial  processes  for  the  storage,  handling  and

transportation of granular assemblies. During discharge, granular materials in silo can present

complicated flow behavior. Depending on the structure of silo, particle properties, and initial

packing height, the granular material in silo could be in uniform flow (mass flow) or flow

surrounded by stagnant zones (funnel flow) [1]. For a flat-bottomed silo, stagnant zones will

inevitably appear in the bottom corners and thus the bulk solids could be either in semi-mass

flow or funnel flow. Therefore, there might coexist three distinct regimes in silo: rapid flow

regime (the free fall zone right above the outlet), quasi-static regime (the stagnant zone) and

the intermediate dense flow regime (plug flow zone/the upper part of funnel flow zone). The

rheology of granular material, especially the rheological behavior across different regimes,

has aroused great interests in the physical research field [2,3]. Thus, granular flow in silo has

attracted  greatest  interests  from  the  communities  of  both  fundamental  and  engineering

sciences.  

One peculiar aspect of silo discharge frequently reported in literature is the observation of the

self-excited  dynamic  effect  in  the  form  of  strong  vibrations  or  pulsation [4-6].  This

phenomenon manifests itself in the violent fluctuations of local stress in the stress field and

the sudden acceleration and subsequent deceleration of particle movement in velocity field.

Experimental and  numerical results demonstrate that the fluctuations of stress and particle

velocity  are  strongly  correlated  and  the  former  precedes  the  latter,  suggesting  velocity

fluctuation is a direct result of the dynamic variation of stress [7-9]. For mass/semi-mass flow



silo, this self-excited dynamic effect could lead to instantaneous stress far larger than the

average  one,  which  might  subsequently  cause  the  serious  fatigue  or  even  catastrophic

collapse  of  the  silo  [6].  Thus,  this  phenomenon  has  been  extensively  investigated  both

experimentally and numerically for mass/semi-mass flow silos and different sources of this

dynamic  excitation  have  been  proposed  [4,6,10].  Typical  explanations  of  the  physical

mechanisms  include  the  stick-slip  behavior  between  the  bulk  solids  and  the  silo  walls,

alternating flow patterns during flow, and the intermittent collapse of free-fall arches right

above the outlet. The stick-slip mechanism is based on the observation of the formation of

shear zone in the vicinity of silo wall and argues that the intense shear in this thin zone is the

source  of  the  violent  fluctuation  of  stress  [4,5,10].  In  silos,  the  flowing  zone  starts  to

converge  downwardly  at  the  so-called  Effective  Transition  Point  (ETP).  Because  of  the

converging cross-section of the flowing zone, shear zones emanating from the silo wall might

be created at ETP, expand towards the interior of bulk solids, and move downwards [6]. The

alternating flow pattern mechanism states that the intermittent formation of shear zone at ETP

is the direct source of the strong fluctuations of wall stress and particle velocity [11-13]. The

free-fall arch mechanism assumes that right above the outlet there exists a region in which

force chain network appears intermittently. The buildup and collapse of force chains lead to

the violent fluctuations of stress in this zone, and the propagation of stress wave subsequently

induces the synchronized variations of particle velocity [7,9]. Note that self-excited dynamic

phenomena  in  silo  might  be  due  to  many  different  mechanisms  [6].  Because  of  the

complexity of granular flow in silo, the phenomena are still not completely understood yet. 



Strong fluctuations in velocity/stress field have also been observed in funnel flow silo. Baxter

et al.[14] might be the first of investigating this phenomenon experimentally. These authors

observed the formation and propagation of density waves in the central flowing zone during

the  discharge.  Similar  phenomena were later  also reported  by Le Pennec et  al.  [15]  and

Fullard et al [16]. All these researchers ascribed the appearances of fluctuations to the buildup

and collapse of dynamic arches in the flowing zone. This inference is directly supported by

the observation of curved arches appearing in their experiments. Nevertheless, it is not clear

whether the formation of these arches was due to the internal frictional interactions between

particles or simply a boundary wall effect, since in all these experiments the adopted silos

were rather thin and the influences of the front and rear walls were clearly not negligible.

Pulsating flow in fully three-dimensional funnel flow silo with wedged bottom has also been

reported. The mechanical instability of the inclined stagnant zones is generally considered as

the  underlying mechanism [6,17]:  due to  the  fluctuation of  the  lateral  supports  from the

flowing zone and also the action of gravity, the inclined stationary materials might lose its

mechanical stability and slip momentarily, causing the stress in the flowing zone to increase

as a result of squeezing action. According to this heuristic theory, for funnel flow silo there

should  exit  a  critical  inclination  angle  of  the  bottom  walls  for  the  occurrence  of

vibration/pulsation [17].    

For funnel flow silo, the flowing zone width first increases with vertical position and then

keeps nearly constant [21-23]. Experimentally, it has been found that granular materials in the

up part of the flowing zone could be in plug flow state and notable velocity gradient only



appears in the narrow shear region in between the flowing and stagnant zones  [16,24-28].

Thus, if we consider the interface between flowing and stagnant zones as a rough surface, the

flowing pattern in funnel flow silo is actually the same as that in mass/semi-mass flow silo. It

is then natural to ask whether the rheological behaviors of the flowing granular materials in

these two systems are similar or not. Do strong and regular fluctuations in velocity/stress

field  also  appear  in  fully  three-dimensional  funnel  flow silo  with  flat  bottom where  the

above-mentioned  slipping  mechanism  for  wedged-shape  silo  does  not  apply?  Do  the

alternating  flow  pattern  mechanism  or  free-fall  arch  mechanism  commonly  proposed  to

explain the dynamic excitation in mass/semi-mass flow silo also apply for funnel flow silo?

In this work, we will try to answer these questions. Another reason triggering this research

work  is  the  hypothesis  that  the  discharge  of  granular  materials  from  silo  seems  to  be

controlled by the flow behavior of materials in the vicinity of outlet. It has been found both

experimentally  and numerically  that  the  presence  of  obstacle  at  a  proper  position  of  the

bottom converging zone can lead to higher flow rate than the case without obstacle [18-20].

Explanations to this counterintuitive phenomenon are generally based on contact dynamics.

But it is also possible that the presence of obstacle changes the fluctuating characteristics of

particle velocity. Thus, investigating whether regular fluctuation of particle velocity appears

in funnel flow silo, and if it does, the possible underlying mechanisms, is obviously useful for

better understanding of the complex flow behavior of granular materials in silos. 

2. Simulation details

The simulations discussed in this work were conducted using the commercial DEM software



EDEM 2.7. The default Hertz-Mindlin contact model available in EDEM 2.7 was adopted to

solve the interaction between particles and that between the particle and the wall: 

                                             (1)

                                         (2)

where Fn and Ft are the components of contact force in normal and tangential directions. E*,

R*, and  m* represent the equivalent Young’s modulus, radius, and mass, and are defined as

1/E*=(1-vi
2)/Ei+(1-vj

2)/Ej, 1/R*= 1/Ri  +1/Rj, and 1/m*=1/mi+1/mj, where E, ν, R, and m is the

Young’s  modulus,  Poisson ratio,  and the  radius  and mass  of  particles  (i,  j),  respectively.

β=lne/(ln2e+π2)1/2,Sn=2E*(R*δn)1/2, St= 8G*(R*δn)1/2  ,  G* is effective shear modulus, δn and δt

refer to normal and tangential displacements, Vn
rel and Vt

rel are normal and tangential relative

translation velocities,  μs and  e are particle  translational friction coefficient and restitution

coefficient, respectively. 

The tangential force produces an angular momentum (It=RFt) and thus leads the particle to

rotate.  For real granular particles,  the surface roughness and the deviation from the ideal

spherical shape may limit their rotational ability. In DEM simulations, the limited rotation of

particle can be accounted for by introducing a rolling resistant momentum Ir. Different rolling

resistant models have been reported in literature [29-31] and the model available in EDEM

2.7 is the one proposed by Zhou et al [29], 



                                                              (3)

where  μr is the rotational friction coefficient and  ωi is the unit angular velocity vector of

particle  i at  the  contact  point.  The  main  setting  of  the  DEM  simulation  parameters  is

summarized in Table.1. 

Table 1 Summary of simulation parameters

Type Parameters Value

Particle Solids density, ρp (kg/m3) 2500

Poisson ratio, νp 0.25

Shear modulus, Gp (Pa) 1.5×108

Diameter, d(mm) 20

Silo Density, ρp (kg/m 3) 7800

Poisson ratio, νp 0.25

Shear modulus, Gp (Pa) 7×1010

Particle-particle Restitution coefficient, ep-p 0.9

translational friction coefficient, μs 0.6

rotational friction coefficient, μr 0.01

Particle-silo Restitution coefficient, ep-s 0.5

translational friction coefficient, μs 0.6

rotational friction coefficient, μr 0.01

Simulation Time step, Δt(s) 1×10-6

The silo considered in this work has rectangular structure with outlet located at the center of

the flat bottom, as schematized in Fig.1. The lateral (y-) boundaries of the silo were modeled

as flat frictional walls and the distance between them (width) was 300d (d is the average

particle diameter). Periodic boundary condition was adopted in the depth (x-) direction to

exclude the possible front and rear wall effects. Following our previous work [21], the depth

was set  as 6d.  To prepare the initially packed granular  assembly,  gas of non-overlapping



spheres with diameter uniformly distributed between 0.95 d and 1.05 d were firstly generated

in the silo domain through the particle factory module of EDEM 2.7. The sample was then

densified under the action of gravity. Discharging was achieved by generating a rectangular

aperture with width of W1 (=10~40d) and depth of 6d at the central region of the flat bottom

wall. To conduct continuous rather than batch discharging, a dynamic particle factory was

located just above the top surface of the granular assembly and particles were continuously

generated  if  there  was generating  space.  The height  of  the granular  assembly during  the

discharging  could  then  be  maintained  as  constant  through  this  way.  Unless  otherwise

specified, the height of the sample was kept as 300d, and the total number of particles in

samples is about 700,000. 

To conduct the statistical analyses, the whole silo domain was notionally mapped by grids

with  size  of  (6×6×6)d.  The  attainment  of  the  steady  state  of  discharging  process  was

evaluated by monitoring the temporal variations of particle velocity of those grids right above

the  outlet  (y=0).  With  the  ongoing  of  discharge,  the  spatially  averaged  particle  velocity

magnitude  first  increased  and then  fluctuated  around a  constant  value.  All  the  statistical

analyses were conducted after the discharging process has entered the steady state. 
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Fig.1 Schematic of the simulated flat-bottom silo

3. Results and discussion

3.1 Fluctuation of particle velocity

If  without  specific  instruction,  the  simulation  results  presented  in  this  sub-section  was

obtained from the case with W1=20d. Within the considered value range, varying the value of

W1 did not qualitatively change the phenomena discussed below. 

Fig.2a presents the horizontal distributions of temporal-spatially averaged vertical velocity at

different vertical positions. It can be found that the flow mode was funnel flow. Downward

movement of particles only appear in horizontal center of the silo, giving rise to the formation

of stagnant zones in the vicinity of side walls. The width of the flowing zone first increases

with vertical position and then levels off. Qualitatively, such phenomenon is consistent with

the experimental observations reported in literature [1,22,23]. The width of the flowing zone

increases with the outlet size W1 and is weakly affected by the particle friction coefficient μs

[32,33]. For the values of  W1 and  μs considered in this work, it has been carefully checked



that the flow regime was always funnel flow. 

Fig.2a also indicates that the shape of velocity profile changes along the upward direction.

Close to the outlet, the horizontal distribution of vertical velocity component is characterized

by  highly  peaked  shape  resembling  a  delta  function,  as  commonly  observed  in  granular

discharge  from silo.  The  velocity  distribution  curve  gradually  flattens  along  the  upward

direction and eventually forms a plateau in the horizontal central zone, i.e., a plug flow zone

is  formed  in  the  upper  part  of  the  flowing  zone.  Such  phenomenon  has  also  been

experimentally  observed  for  funnel  flow  discharge  [24-28].  Szabo  et  al [28] found  the

formation of plug flow zone was closely related to particle shape. Their experimental results

show that the position of plug flow zone was closer to the outlet for longer grains. Fullard et

al [10] reported that smaller outlet size led to the lower boundary of the plug flow zone. This

phenomenon has also been successfully captured by our simulations,  as shown in Fig.2b,

where the variations of particle vertical velocity along the z- direction at  y=0 for different

outlet  sizes are  presented.  It  can be found that  the region with constant  vertical  velocity

monotonously shrinks with the increase of outlet size.  

The experimental results of Szabo et al [28] show that particles in the plug flow zone moved

synchronously  and  the  vertical  velocity  field  fluctuated  with  large  amplitude.  Such

phenomenon has also been observed in our simulations, as demonstrated in Fig.2d. Fig.2c

and d present the instantaneous vertical velocities of individual particles collected at different

moments. Close to the outlet (Fig.2c), particle movement seems to be random. There is no



clear sign of spatial/temporal correlation in particle velocity. Nevertheless, in the plug flow

zone (Fig.2d) aligned clouds of  data  points  can be clearly seen,  indicating the collective

motion of particles in this region. The correlated movement of particles in funnel flow zone

has also been reported by the group of Zuriguel  [34,35]. Nevertheless, different from those

presented in Fig.2a,  in  their  experiments the temporal-spatially averaged vertical  velocity

profiles have a Gaussian-like shape. We conjecture that the correlated movement of particles

appeared in their experiments might be ascribed to the front and rear wall effects since the

depth of their  silo was only around one particle diameter.  As will  be presented later,  the

collective motion of particles appeared in our simulations originates from a special zone right

above and close to the outlet rather than boundary wall effect. 
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Fig.2  (a)  Vertical  velocity  profiles  at  different  z-  positions,  (b)  the  variations  of  particle

vertical velocity along the z- direction at y=0 for different outlet sizes, (c) and (d) denote the

instantaneous vertical velocities of individual particles collected at different moments. 

To  characterize  the  downward  motion  of  particles,  the  temporal  variations  of  spatially

averaged vertical  velocity  at  different  positions  have  been monitored.  Typical  results  are

presented in Fig.3a. It can be found that in regions close to the outlet (z =6d) the vertical

velocity varies randomly with time. This is further confirmed in Fig.3b which shows the

discrete Fourier analysis results of the temporal variations of velocity shown in Fig.3a. It can

be seen that  at  z =6d the Fourier  spectrums do not  present any distinguishable structure.

Nevertheless, in the upper part (about z ≥60d) a well-defined periodicity of the time variation

of the vertical velocity appears. In between these well-defined periodic variations there exist

short time intervals in which the vertical velocity varies with less regularity. The reason for

the  appearance  of  these  short  time  intervals  is  still  not  clear.  We  notice  that  similar

phenomena have also appeared in both DEM simulations [36] and physical experiments [10],

though in these works the granular assemblies were in mass flow discharge. Fig.3b indicates



that for z ≥ 60d the Fourier spectrums show a similar fluctuation mode with a predominant

peak at the frequency of around 2.24Hz. Such results clearly suggest that in this region the

flow of particles is in resonant mode. Note that in our simulations the system is in funnel flow

regime. Although resonant silo discharge, also referred to as silo music, silo honking, or silo

quaking, has been reported and investigated by many researchers, it is generally believed that

this  phenomenon  only  occurs  during  the  mass/semi-mass  flow  discharge  [4-5,37-38].  A

common explanation of this phenomenon is the dynamic interaction between the silo side

wall  and the  flowing bulk solids  at  the effective transition  zone,  i.e.,  the  flow boundary

between the upper plug and the bottom converging flows. This dynamic interaction leads to

the variable friction between bulk solids and silo walls and thus induces the stick-slip motion

of the granular assembly  [4,5]. For funnel flow discharge, along the upward direction the

flow zone width first increases and then keeps nearly constant, as shown in Fig.1 and Fig.2a.

It is then natural to ask if the same mechanism can be applied for the resonance phenomenon

observed in our simulation, i.e., the oscillatory motion of particles also emanates from the

transition zone between the upper plug and the bottom converging flows. We will go back to

this issue in next subsection. 
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Fig.3  (a)  The  temporal  variations  of  spatially  averaged  vertical  velocity  at  different  z-

positions(y=0d), (b) the corresponding Fourier spectrums.

In order to quantify the time variation of particle vertical velocity, we calculated the root-

mean-square (r.m.s.)  vertical  velocity  fluctuation  and the  probability  distribution function

(PDF)  of  vertical  velocity  fluctuation.  There  could  be  three  different  ways  to  define  the

average velocity and thus the velocity fluctuation,

    , ,                  (4)  

   , , ,                      (5)

, ,             (6)

Here, NP,  j is the number of particles inside the considered statistical cell at the moment j, Nt



the total number of the sampling moment, Vi the vertical velocity of particle i. According to

the definitions,  denotes the spatially averaged vertical velocity of particles in the statistical

cell at the moment j, is the time average result of , and is the average vertical

velocity of all the particles appeared in the statistical cell in the whole sampling time interval.

and  represent the fluctuation of velocity and r.m.s. fluctuation velocity, respectively.

 reflects the random motion of particle i  against the collective motion of particles in the

considered  region  at  given  moment,  and  can  be  considered  as  the  pseudo-turbulent

fluctuation around the studied advective field [39]. When the statistical cell is too small to

contain enough particles, Eq.6 is generally used to increase the number of sampling datum

points [40,41]. Note that in our simulation particles move synchronously, as shown in Fig.2d

and Fig.3a. Thus, results obtained from Eq.5 and 6 should be very close. 

Fig.4a~c  present  the  PDFs  of  the  vertical  velocity  fluctuations  defined  in  Eq.  4~6.  The

corresponding r.m.s. velocity fluctuations are shown in Fig.4d. It can be found from Fig.4a

that the PDFs of the fluctuation of individual vertical velocity  Vi around the instantaneous

average V  have fat tails compared to Gaussian distribution, suggesting the fluctuations of Vi

around  V  are not stochastic. Fat-tailed PDFs of fluctuation velocity have been observed in



granular systems and attributed to the cage effect  [42,43]:  the random motion of particle

relative  to  its  neighbor  particles  in  short  time  period  is  accompanied  by  the  large  and

occasional  jumps. This has been demonstrated by tracking the trajectory of particles:  the

random movement  of  particles  is  trapped  in  a  finite  volume  before  escaping  and  being

trapped again in another finite volume [42,43]. Note that the shape of the fluctuation velocity

PDF depends on how the velocity is calculated. When the velocity calculation is based on

particle displacement and the time duration is long enough that the particle displacement is

larger than the particle diameter, the PDF of fluctuation velocity will be Gaussian [43]. This

phenomenon reflects that the motion of particles relative to its neighbor is super-diffusion in

short time period but back to diffusion in longer time period [43,44]. Fig.4a shows that the

PDF of Vi-V is not symmetric about 0. This can be ascribed to the fact that gravity induces a

preference for downwards movement. Fig.4a also indicate that the range of the fluctuation of

Vi around  V  decrease  sharply  with  the  vertical  position.  This  is  further  demonstrated  in

Fig.4d. It can be seen that for z >90d the r.m.s. fluctuation velocity Θ1 is nearly zero. 

Fig.4b presents the fluctuation of instantaneous average vertical velocity V  around its long-

time average <V>. Different from the fluctuation of Vi-V , the fluctuation of V -<V> is close

to Gaussian. Such result suggests that the temporal fluctuation of V  can be considered as a

random process. Similar behavior has been found in both DEM simulations [45] and physical

experiments [34]. It was reported that the auto-correlation of instantaneous average velocity

V
 decreases to zero after the time that particle fall its own diameter [34,42]. Though data are



not  presented  here,  our  supplementary  analyses  show  that  this  is  also  the  case  of  our

simulations. It can be seen from Fig.4d that the range of the fluctuation of V  around <V> , Θ2

,  varies non-monotonously along the upward direction and displays a local minimum at  z

≈90d. We have carefully checked that decreasing the size of statistic cell to 1.5d does not

influence such non-monotonous variation trend. As will be presented in next subsection, the

resonant  motion  of  particles  appearing in  the simulations  originates  from the  mechanical

fluctuation in a transition zone right above the outlet. For the case with W1 =20d, the position

of this zone is around 40-90d. Starting from this transition zone and moving upward, the

amplitude of vertical velocity fluctuation increases  [7, 46], see also Fig.3a, leading to the

increase of Θ2. 

Fig.4c presents the fluctuation of  individual particle vertical  velocity  V around <V> ,  the

average  vertical  velocity  of  all  the  particles  appeared  in  the  statistical  cell  in  the  whole

sampling time interval. As to be expected, the PDFs of V-<V> are similar to those of V -<V>

and close to Gaussian. Such results are in partially agreement with the experimental results

reported by the group of Nott  [40, 41]. They analyzed the PDFs of velocity fluctuation of

particles next to the side wall through CCD imaging technology. Their experimental results

show that for velocity smaller than <V> the PDF is nearly Gaussian, whereas for velocity

larger than <V> it has a fat tail and decays as a power law when the fluctuation velocity is

sufficiently  large.  They ascribed such asymmetrical  distribution to the gravitational effect

which induced the preference for downward velocity  [40]. But they also admitted that this

asymmetry could also be possibly due to the retarding effect of boundary wall [41]. Note that



Fig.4c is qualitatively consistent with the experimental results of Garcimartin et al[34]. These

authors investigated the fluctuating movement of particles inside a discharging pseudo-2D

silo. They found the PDFs of instantaneous average velocity (V ) around its long-time average

<V> was nearly Gaussian. In their experiments, due to the collective and correlated motion of

particles,  the time variations  of the velocity  of individual  particles  (V)  and  instantaneous

average velocity  V  were very close. It is thus reasonably to conjecture that the PDFs of V-

<V> will also be close to Gaussian. 
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Fig.4 (a), (b) and (c) denotes the PDFs of  δVi,  δVj and  δVi’ at different  z- positions(y=0d),

respectively.  The  insert  in  Fig.4  (a)  is  the  zooms  of  the  PDFs  at  z=150d and  z=240d



positions(y=0d).  (d)  The  variations  of r.m.s.  vertical  velocity  fluctuations  along  vertical

direction. 

It is worth noting the clear difference between Θ1 and Θ3. It can be found from Fig.4d that by

using  different  definitions  of  average  velocity  the  obtained  values  of  r.m.s.  fluctuation

velocity and also their spatial variation trends can be totally different. For z >90d, the shear

rate at  y=0 is negligibly small (Fig.2a). Thus, in this region the r.m.s. fluctuation velocity,

which reflects the granular temperature, should be close to zero. Nevertheless, this is true

only when the instantaneous spatial-averaged velocity  V  is adopted to calculate the r.m.s.

fluctuation velocity. when <V> is used, the obtained r.m.s. fluctuation velocities in region

with ignorable shear (z >90d) can be even larger than those in region with considerable shear

(z <60d). This counterintuitive phenomenon in the discharge of particles from silo was first

observed by Moka and Nott  [40].  They attributed the abnormally large r.m.s.  fluctuation

velocity to the collective motion where particles interact through endured contact rather than

instantaneous collision. Fig.4d indicates that r.m.s. fluctuation velocity is indeed ignorable in

the plug flow zone once the collective motion is excluded. Such result also suggests that, in

order  to  investigate  the  diffusive  motion of  individual  particle  in  silo  discharge,  pseudo-

turbulent  fluctuation  around  the  studied  advective  field  (due  to  the  gravity)  should  be

excluded.

3.2 Correlation analyses

To identify the emission source of the above-mentioned resonant motion of particles, the

delayed correlations between the time series of the fluctuation of V  monitored at different z-



positions  have  been analyzed.  This  method has  been adopted  by different  researchers  to

characterize the wave propagation during silo discharge [7-9]. For two time series data X={x1,

…, xn} and Y={y1,…, yn}, the correlation coefficient Cxy(t) for a delayed time t (Y delay X) can

be calculated as, 

                  (7)

where the maximum value of  t is  n/2 and n denotes the total number of datum points. The

time when Cxy achieves its maximum is the delayed time of Y relative to X . The magnitude of

Cxy(t)  is  obviously  dependent  on the  fluctuation of  the  data  (xτ−x,  yτ− y).  Thus,  in  our

analyses the fluctuations of  V  around the average <V> were all normalized by the r.m.s.

fluctuation velocity ((V−¿V>¿)/Θ2). 

Fig.5a  shows the delayed correlations  between the normalized  fluctuation  velocity  at  the

reference height z=270d (y=0) and those at lower vertical positions (y=0). It can be found that

the fluctuations of particle velocity at different vertical positions are strongly correlated. The

insert figure shown in Fig.5a is the delay correlation of the normalized velocity fluctuation at

the  height  z=18d (y=0).  Although  the  Fourier  spectrum  at  z=18d do  not  present

distinguishable  structure  (Fig.3b),  the  maximum  correlation  coefficient  between  the

fluctuations of velocity at z=270d and z=18d is as large as 0.42. A close check of the Fourier

spectrum at z=18d indicates that, being consistent with the location of the predominant peak



of the Fourier spectrum at z=270d, there do exist a peak at the frequency of around 2.24Hz.

Such results suggest there exist a unique emission source responsible for the fluctuation of

particle velocity, though the regularity of particle velocity fluctuation in region close to outlet

is blurred by random noise. 

In Fig.5a the time corresponding to the maximum of  Cxy denotes the delayed time of the

fluctuation velocity at z=270d relative to that at other vertical position (The time signal of the

fluctuation velocity at z=270d was treated as Y in Eq.7 ). Fig.5b presents the vertical variation

of the delayed time. Along the downward direction, the delayed time first slightly increases,

then sharply increases before decreasing again. A turning point appears at the vertical position

z ≈  42d..  According  to  the  definitions  of  delayed  correlation,  the  slight  decrease  of  the

delayed time suggests the formation of resonant motion of particles in the upper part of the

flowing zone, and the appearance of the turning point indicates the location of the emission

source of the fluctuation  [7]: fluctuation first appears at the turning point and it propagates

both upward and downward. 
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Fig.5  (a)  The  delayed  correlations  between  the  normalized  fluctuation  velocity  at  the



reference height  z=270d (y=0) and those at lower vertical positions (y=0), the insert is the

delayed correlation between the velocity fluctuations at  z=18d and  z=270d (y=0). (b) The

vertical variation of the delayed time.

The regular  fluctuation of  particle  vertical  velocity  during the silo  discharge is  generally

attributed to the fluctuation of interaction forces between particles [7-9]. As to the platform of

EDEM2.7,  the  contact  information  is  represented  by the  parameter  of  compressive  force

which  is  the  sum  of  the  surface  normal  force  magnitudes.  Fig.6a  presents  the  Fourier

spectrum of the time-signals of the spatially averaged compressive force F as a function of

vertical position. For comparison reason, Fig.6b presents the Fourier spectrum of the time-

signals of the spatially averaged vertical velocity V . It can be found that these two spectrums

share similar patterns and both have a predominant peak at the frequency of 2.24Hz. As to be

expected,  the  vertical  variation  of  the  frequency peak for  V is  similar  to  that  of  Θ2 (see

Fig.4d). The variation of the magnitude of frequency peak for F along the vertical direction is

also non-monotonous. The predominant peak first appears at z ≈42d, which coincides with

the position of turning point in the delayed time profile (Fig.5b). Starting from this position

and  moving  upward,  the  magnitude  of  frequency  peak  for  F first  increases  and  then

decreases. The location of the turning points is around z=90d. Again, this position coincides

with the location of a minimum value of the magnitude of frequency peak for V  (and also Θ2,

see Fig.4d). 

Fig.6c presents the correlation coefficient between the dimensionless fluctuations of F and V



(normalized by their r.m.s. fluctuation values) as a function of the delayed time of the latter

for an observation window at z=180d. The graph clearly indicates that these two variables are

strongly correlated but not synchronized, as the maximal correlation does not locate at  t=0.

Note that in our calculations V  is negative and F is positive. Thus, Fig.6c indicates that the

occurrence  of  the  minimum  vertical  velocity  magnitude  is  preceded  by  the  maximal

compressive force, vice versa. Note that, being consistent with the characteristic frequencies

of the fluctuations of these two variables, the time interval between the neighboring minimal

and maximal  values  of  correlation  coefficient  is  around 0.22s  (≈
0.5

2.24Hz
)  .  The  delayed

correlation between  F and  V  thus supports the hypothesis that the velocity fluctuation of

particles during silo discharge is originated from the dynamic variations of the mechanical

interactions between particles [7-9], as mentioned in the introduction section. 
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Fig.6 Fourier spectrums of the time-signals of the spatially averaged compressive force (a)

and  vertical  velocity  (b).  (c)  The  correlation  between  the  normalized  fluctuations  of

compressive force and vertical velocity as a function of the delayed time for an observation

window at z= 180d.

3.3 Discussions

Based on the above analyses, it can be found that in the simulated silo there are two special

vertical positions. The lower one corresponds to the turning point in the delayed time profile

(Fig.5b), and the upper one corresponds to the location of local minimum (maximum) in Θ2

(fluctuation amplitude of F ) profile. Fig.2b and Fig.7 summarizes the simulation results for

different outlet sizes. The possible effect of frictional coefficient has also been evaluated.

Within  the  considered  range  (μ =0.2~0.8),  frictional  coefficient  affects  the  fluctuation

amplitudes of the considered parameters, but its influence on the locations of the two special

vertical positions are nearly ignorable. 

Fig.2b and Fig.7a~c suggests that the appearances of the two special vertical positions seem



to be robust. We start with the upper one. It can be seen from Fig.2b and Fig.7a~b that there

exists turning point in the profiles of <V>,  Θ2 and  AFc (fluctuation amplitude of  F ). The

absolute value of <V> first decreases with the vertical position and then flattens out (Fig.2b).

As discussed in section 3.1, constant <V> reflects the formation of plug flow. It can be seen

from Fig.2 that the width of flowing zone is nearly constant in the plug flow region. Thus, the

turning point in the profile of <V> actually designates the converging of the flowing zone. Its

location is approximately at z=60d, 90d, 120d, 138d for W1=10d, 20d, 30d, 40d, respectively.

The locations of the turning points in the Θ2 profiles are around at 60d, 90d, 120d, 120d, and

those in the AFc profiles 66d, 102d, 126d, 150d. It can be found that for given W1 the locations

of the three turning points are close to each other. Qualitatively, this phenomenon is similar to

that appears in the mass/semi-mass flow silos. It has been well recognized that in mass/semi-

mass flow silos the most violent fluctuation of wall normal pressure appears at the Effective

Transition Point (ETP) at which the flowing zone starts to converge downwardly [4,6,11-13].

The severe pressure fluctuation is generally attributed to the direction change of the major

principal stress of the bulk material: the direction of the major principal stress turns from

vertical (above EPT) to horizontal (below EPT), leading to the formation of shear zones in

the converging part [6]. The significant pressure fluctuation at EPT can cause the formation

of stick-slip behavior between bulk material and the silo wall. And such stick-slip mechanism

has been suggested to be the source of resonance (honking/quaking) observed in mass/semi-

mass flow silos [4,6]. Nevertheless, there are also experimental evidences that resonance can

appear in silos with very rough walls where stick-slip motion of bulk material relative to the

silo wall could not occur [4]. The occurrence of resonance in our funnel flow silo also hints



that the stick-slip behavior is not a necessary condition. As mentioned previously, resonance

has  also  been  observed  in  fully  three-dimensional  funnel  flow  silo  with  wedged-shaped

bottom. In that case, the resonant motion of particles is ascribed to the instability of stagnant

zone: the occasional slipping of the material from a stagnant zone leads to the formation of

mechanical shock [6]. We have carefully checked that in the flat-bottomed silos considered

here the stagnant zones are quite stable and did not observe any slipping event. The persistent

regular fluctuation of particle velocity shown in Fig.4 also firmly rejects the occasionally

slipping mechanism. 

Fig.7c indicates that in our simulations the resonant motion of particles in the plug flow

region emanates from the converging zone. The locations of the emanation source are around

at  z=30d, 42d, 66d, 90d for  W1=10d, 20d, 30d, 40d, respectively. A possible explanation of

this  emanation source is  the formation of free-fall  arch.  The free-fall  arch idea has been

referred frequently by different  researchers to  understand the widely accepted formula of

flow  rates  called  “Beverloo  laws”  [47-50].  According  to  this  assumption,  particles  are

subjected to contacting stress above the arch and move downward freely due to gravity below

the arch, i.e., the stress in the flow direction vanishes at the location of arch. Experimental

and numerical evidences supporting this hypothesis have been reported in literature. Vivanco

et  al. [9] onducted  experiments  on  the  flow of  photoelastic  disks  in  a  two-dimensional

wedged-shaped silo  and detected  the  formation  of  intermittent  force  chain  network  right

above and close to the outlet.  They found that the buildup and failure of the force chain

network led to notable fluctuation of particle velocity. Mollon and Zhao [7] investigated the



local  fluctuations  during a  2D wedged-shaped hopper granular  flow. Resonant  motion of

particles  with  characteristic  frequency  also  appeared  in  their  DEM  simulations.  Their

analyses also showed that the oscillatory fluctuation of particle velocity magnitude originated

from  the  lower  center  of  the  hopper  where  periodic  buildup  and  failure  of  force  chain

networks occurred. Due to the dynamic characteristics of force chains, and also the fact that

the fluctuation is more likely originated from the collective behavior of force chains (i.e.,

force  chain  network),  precisely  quantifying  the  location  of  the  free-fall  arch  is  difficult,

especially for three-dimensional silo [49]. Free-fall arch with vertical location ranging from

half to several outlet sizes have been suggested by different researchers [7,9,47-50]. Note that

in  our simulations the vertical  location of the emanation source is  around 2W1,  which is

consistent  with  the  findings  of  Mollon  and  Zhao  [7] and  Lin  et  al  [50].  In  the  DEM

simulations of Mollon and Zhao  [7] the emission source located at around 1.4 times outlet

size. Lin et al [50] investigated the influence of outlet size on the vertical location of free-fall

arch through 2D DEM simulations and found that the latter was about 2~3 times outlet size. 

We found that the appearance of the above mentioned two special vertical positions can also

be captured through the vertical profile of solid volume fraction at y=0, as shown in Fig.7d.

The presented results were directly exported from the EDEM software. Note that EDEM uses

an approximate way to calculate the solid volume fraction: particle is considered as being

fully inside a statistical cell once its centroid is in that cell. Thus, the results presented in

Fig.7d  is  only  qualitative.  For  all  the  considered  outlet  sizes,  solid  volume fraction  first

slightly rises and then sharply increases to a nearly constant value. The vertical positions of



the two turning points coincides very well with those of the bottom emission source and the

upper converging point of flowing zone. Qualitatively, the variation trend of solid volume

fraction shown in Fig.7d is in good agreement with DEM results of Drozd and Denniston

[51]. Based on particle velocity, these authors distinguished granular flow in silo into three

regions: free fall, fluid and glassy regions, from bottom to top, respectively. They found that

solid volume fraction sharply increased in the intermediate fluid region, whereas in other two

regions it nearly kept constant. Similar findings have also been reported by  Vidyapati and

Subramaniam  [52],  though these  authors  used  different  names  (inertial,  intermediate  and

quasi-static  regions)  and  definition  standard  (mean  strain  rate).  Their  DEM  results  also

indicate  that  the  most  violent  fluctuation  of  particle  stress  appears  in  the  upper  part  of

intermediate region. 
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Fig.7  Vertical  profiles  of  r.m.s  fluctuation  of  spatially  averaged  vertical  velocity  (a),

fluctuation amplitude of compressive force(b), delayed time (c) and solid volume fraction (d).

In brief, Fig.2b and Fig.7 indicates that at the bottom part of the funnel flow silo there exists

an intermediate/fluid region. At its lower boundary particle contact force fluctuates with a

predominant  frequency,  which  subsequently  leads  to  the  oscillatory  variations  of  particle

velocity. Its upper boundary corresponds to the transition position from which the flowing

zone width starts to keep nearly constant. Similar to mass/semi-mass flow silo, at this upper

boundary  the  fluctuation  of  particle  contact  force  is  the  most  violent.  The  DEM  and

continuum  simulation  results  of  Vidyapati  and  Subramaniam  [52] suggest  that  this

intermediate  region  plays  a  key  role  in  the  discharge  dynamics  of  silo.  Experimental

evidences demonstrating the importance of this intermediate region have also been reported

in literature. It has been found that the clogging of granular flow in silo can be significantly

reduced or even suppressed by putting an obstacle at 1~2 times outlet size above the outlet

[53,54]. For stable silo discharge installing an obstacle at a proper position of the bottom

converging zone can even lead to higher flow rate than the case without obstacle [14,18-20].



Based on the simulation results presented here, it can be reasonably deduced that the presence

of obstacle can modify the fluctuating characteristics of flow field. We thus infer that this

might be one of the reasons for the increase of flow rate. We will test this conjecture in our

future work. 

4. Conclusions

Strong fluctuations in velocity and stress fields have been frequently observed in mass/semi-

mass flow silos. Though it is reported that such phenomena can also appear in funnel flow

silos,  the considered  silos  are  generally  either  pseudo-2D or  wedge-shaped.  The primary

motivation  of  this  study  is  to  explore  whether  the  commonly  proposed  mechanisms  of

fluctuations in mass/semi-mass flow silos also apply for funnel flow silo. The discharges of

granular  particles  from  funnel  flow  silos  were  then  investigated  through  3D  DEM

simulations. The simulated silos have flat-bottomed structure to avoid the occasional slipping

of stagnant zone material. Periodic boundary conditions were adopted in the depth direction

to exclude the possible front and rear wall effects. Our simulation results demonstrate that in

the main part of the flowing zone particle vertical velocity fluctuates with a characteristic

frequency,  suggesting  the  formation  of  resonance.  Parameter  analyses  were conducted  to

understand  the  formation  of  such  flow fluctuation,  including  the delayed  correlations  of

velocity fluctuations at different vertical positions, the Fourier spectrums of vertical velocity

and  contact  force,  axial  profiles  of  r.m.s.  vertical  velocity  fluctuations  and solid  volume

fraction. Within the considered outlet size range, we found that there always exist two special

vertical positions in the converging part of the flowing zone. Regular fluctuations of vertical



velocity emanate from the lower position and propagate both upwards and downwards. The

higher position locates at the upper boundary of converging part of the flowing zone and is

characterized by the most violent fluctuation of contact force. Our simulation results thus

suggest that there is no intrinsic difference between the oscillatory fluctuations appeared in

funnel flow silo and those in mass/semi-mass flow silo. Our simulations also indicate that

stick-slip motion between bulk materials and silo wall is not a necessary condition for the

occurrence of resonance. 
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