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Abstract. Cyclooctane is mainly used in the synthesis of cyclooctanone, cyclooctanol, caprolactam
and octanoic acid. At the same time, it can also be used as an intermediate in organic synthesis and a
chemical reagent. By discussing the resistance distance between any two points of cyclooctane derivative
T,.(Cs), some invariants about resistance distance are obtained, such as Kirchhoff index, multiplicative
degree-Kirchhoff index, and additive degree-Kirchhoff index. Topological index can help scholars better
understand some physical and chemical properties of compounds, and we obtain the closed expressions
of valency-based topological indices for T,,(Cs), such as ABC index, GA index, etc.

Keywords: Valency-based topological index, Resistance distance, Kirchhoff index, (multiplicative

/additive)Degree-Kirchhoff index.

1. Introduction

Topological descriptor is a numerical constant related to the composition of chemical structure,
physical properties, chemical reactions and other biological activities. QSAR model is a regression or
classification model, which is often used in chemistry and control system engineering. Historically, QSAR
model was first used to predict the boiling point of compounds. In organic chemistry, we view atoms
as vertices and covalent bonds between atoms as edges. Chemical graph theory is a topological branch
of mathematical chemistry. Graph theory is usually applied to the mathematical modeling of chemical
phenomena. Suppose the graph G is a simple connected graph. Vertex set and edge set are V(G) and
E(G), respectively. If there is an edge between two vertices ¢, j, we say it is adjacent, and this edge is
represented as ij. Take |V(G)| = n, |E(G)| = m, and let d; be recorded as the degree of vertex i. For
terms in the text, please refer to [1]. The shortest length of path between vertices ¢ and j is recorded
as d(i,7) [2] in the graph G. If each side of the graph G is replaced by unit resistor, then simple graph
G can be transformed into a circuit diagram in physics. Using Ohm’s law, and the Kirchhoff’s law, the
resistance distance between any two vertices can be obtained. The resistance distance between any two
vertices ¢ and j is defined as r;;, also called effective resistance [3]. It is a tool to measure distance driven
by point network and chemical Applications. It has been proved to be of significant help in the study of
graph structure and chemistry. It has been proved to be of significant help in the study of graph structure
and chemistry.

The specific expression of Kirchhoff index K f(G) [3]is

4,7EV(G)

The Kirchhoff index is a relatively successful topological descriptor. For its specific applications, you can
refer to [4-7].
Chen and Zhang [8] proposed multiplicative degree-Kirchhoff index,

Kf(G) = Y di-djri.

i,jE€V(Q)
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The additive degree-Kirchhoff index [9] is proposed by Gutman and recorded as

KfH (G = > (di+dri.

i,j€V(G)

From the definitions of Kirchhoff index, multiplicative degree-Kirchhoff index, and additive degree-
Kirchhoff index, it can be seen that these three invariants are all functions of resistance distance r;;. For
their applications in other aspects, please refer to [10-15].

In addition to the Kirchhoff index, there are other successful indices. These indices are about valency-
based topological indices. The geometric-arithmetic index GA(G) [16] is defined as

2./d; - d;

GAG) = > i d,

ijEE(G)

Gutman puts forward the second multiplication Zagreb index [17], and the expression is

7T2(G): H dld7

ijeE(G)

The atom-bond connectivity index was proposed by Estrada [18] and defined as

ABC(G)= >

ijEE(G)

For more extensive applications of Ms(G), you can refer to [20, 21].
The most successful index is the Randié¢ index [22], which is defined as

1
RG) = Y —F——.

ien) Vi di
The general Randié [23] is regarded as

ijEE(G)

)

N
N

In addition, when o = %, anda = 1 is used in this paper, it is called reciprocal Randié¢ index [24] and
the second Zagreb index [19], abbreviated as RR(G) and M3 (G).

It is widely used in physical chemistry and mathematics [25,26]. The topological indices used in other
papers as shown in Table 1. As everyone knows, New Corona virus has swept the world in recent years.
It poses a great threat to the safety of people’s lives and property all over the world. The topological
index provides the possibility of selecting drugs for the treatment of New Corona virus. By calculating
the topological index of drugs, it can better understand the physical, chemical and biological activities
of drugs [27-29].

Inspired by reference [30], this paper naturally came up with the idea of calculating the resistance
distance of any two points in a new cyclic compounds 7,,(Cs), as shown in Fig. 1, so as to obtain the
invariant of T,,(Cg) about the resistance distance and some related indices based on the degree of this
compound.

For the rest of the paper, the second section mainly makes some preparations and introduces some
Lemmas and theorems. The third section is main results. The last section is a general conclusion.



Figure 1: The cyclooctane derivatives T, (Cs).

Table 1: The rest of valency-based topological indices in this paper.

Topological indices Mathematical expressions
hyper Zagreb HM(G) =3 jepe)(di + dj)?
harmonic H(G) = Zz]eE(G) T id
reduced reciprocal Randié RRR(G) =3 i icp(c) \/ (d; — 1)
modified first-multiplicative Zagreb 77 (G) = [[;;c p(q)(di + d; )
general sum-connectivity Xa(G) = ILijenc)(di + d;)”
reduced second Zagreb RMQ(G) [Ljepe ((di—1) +(d; — 1))
augmented Zagreb AZ(G) = HUEE(G)(#?_Q)B

.. _ 1
sum-connectivity (G) = HijeE(G’) N

2. Preliminaries

The resistance distance we derive mainly depends on the definition. The graph is divided into subgraphs
with n vertices. On the hand, the resistance distance of the subgraphs is calculated, and on the other
hand the resistance distance of the whole graph is calculated.

2.1. N-division of Graphs

Definition 2.1. [31]The graph T is divided into two subgraphs 77 and T by n-separation, then

(a)V(T) = V(T) UV (T3).

(b)IV(T) NV (T2)] = n.

(c.)E(T) = B(T) U E(T).

(d)E(T1) N E(T2) = 0.

The set V(T1) V(1) = {t1,t2...t,} is known as n-separation of T

Lemma 2.1. [31] Suppose G is a 1-separation graph with vertex j € V(T'), and G is divided into T} and
T5 subgraphs through vertex j. If a € V(T1), and b € V(T»),

TT(a'ab) =Trn (aa.j) + Ty (ja b)

Lemma 2.2. [31] Suppose T is a 2-separation graph with two vertices u,v € V(T), and T is divided into
Ty and Ty subgraphs through vertices u, v. If a,b € V(T1),

[TT1 (a’ u) +7rn (b7 u) —rn (a7 U) - (b’ u)]Q

rr(a,b) =rr, (a,b) — 4[rp, (u,v) + r, (w0, v)]




2.2. Cyclooctane Derivatives

In this paper, the cyclic compound we consider is composed of a cyclic graph with a base graph of 8
vertices Cfg.

Definition 2.2. [32] A class of cyclooctane derivatives, defined as T,,(Cs), is to copy n subgraphs and
paste ag—1 vertex from each subgraph. Subgraphs G4 and G4_; share a;_; vertex, while G4 and G441
are connected by a vertices. The set I is the common vertices of each base graph, I = {a1,az,...a,}.
Definition 2.3. Let T' = Cg, take any two vertices ¢, j from this circle and construct it in the way
shown in the figure below. The shorter path between vertices i, j is D; and the longer path is Dy. The
set of O represents other vertices excluding vertices 7 and j in the base graph(Cy). Take p = d(i, j).
Theorem 2.1 Let T,,(G) = T,,(Cs) be cyclooctane derivatives with 4, j in different (Cg), and i € V(T1).
Take f be the number of base graphs between vertices ¢ and j inclusive, and j € V(T}). Let vertices a, b
be the connecting vertices of graphs Ty 17} and T;T;11, respectively. Then

1) (6:3) = rr(i,0) +rr(j,a) + (f = 2)rr(a,b)
_[rrli,a) +r7(,b) — rr(i,y) — rr(j.a) — 2(f — Dre(a, b)]?
dnry(a,b) '

If 7,7 in the same base graphs,

[r(i,a) +r7(5,b) — rr(i,b) — rr(j,a))?
dnrp(a,b) '

rr,a)(,7) = rr(i,j) —

Proof. We derive ¢, j in different base graphs T', i.e set i« € V(T1), j € V(T}). Let T,,(Cs) be the
cyclooctane derivatives with the 2-separation w, v, and i,5 € T,,(Cg). Take i = u, j = v. Let T be the
graph where vertices ¢ and j are located, and the remaining graph is T5. (As shown in Figure 1.) Using
Lemma 2.1, where we have

T (27.7) = TT(i’ U) + (f - Q)TT(UDU) + TT(u’j)7
Ty (Z,’LL) = TT(ia a)7TT1 (Jv v) = TT(jv b)
Similarly,
T (Za U) = TT(iv b) + (f - 1)TT(aa b)a
Ty (], u) = rT(j7 a) + (f - 1)TT(a7b)a

L (uv ’U) = fTT (av b)) and T, (’U,, U) =

|
£
\
&
=3
S
—
8
>
~~

Substitute the results of the above formulas into Lemma 2.2,

rr,)(5) = rr(i,b) +rr(j,a) + (f —2)rr(a,b)
[rr(i,a) +r7(j,0) = rr(iyb) — (f = Drr(a,b) — rr(j, a) — (f = rr(a,b)]?
4[frr(a,b) + (n — f)rr(a,b)]
= rg(i,b) +rg(j,a) + (f — 2)ra(a,b)
[rr(iya) +rr(j,b) — r7(i,0) — r7(j,a) — 2(f — Dre(a, b))
dnrr(a,b) '

In another case, when 4,j € T, one has

r7y (u,v) + 71, (u, v) = nrr(a, b),

as desired.



3. Main results

In this section, we mainly derive the degree Kirchhoff index and its topological indices of cyclooctane
derivatives T, (Cs), as shown in Table 1.

3.1. Resistance Distance

Theorem 3.1. Let Cg be represented as a cyclic graph with 8 vertices. In this circle, the formulas of
the r¢g (4, j) between any 4, j are

(8 — d(i,5))d(i, j)
8 )

TCs(iaj) =

where d(i, 7) is the distance between vertices 4, j. The results can be easily verified by reference [4].
Theorem 3.2. Let G be cyclooctane derivatives T,,(Csg). If i € Cy,,, j € Cp,, p # g, then

(pi +a)(8 —pi —a) +b(8 —b) +pi(8 — pi)(d - 2)
8
[p;j (8 — pj — 2b) + pi(8 — p; — 2a) — 2dp;(8 — p;)]?
3271]97;(8—292') ’

TG(iaj) =

Ifi,5 € Cp,, one has

(b—a)(8—b+a) i(b—a)® .
r(i, ) = s meam hiei
’ (b+a)(§—b—a) _ [pi+pi(2a—8)+p; (8—2b—p;)] cie Dp; je Dq and p # q

32np; (87177;)

where, d represents the number of base graph between vertices 7 and j, inclusive, p; is the path length
between u; and v; without vertex ¢, p; is the path length between u; and v; without vertex j, a is the
distance from vertex u to vertex i containing i, b is the distance from vertex u to vertex j containing j.
If 7,5 € I, replace the distance between vertices x, y in the base graph with p;. If p; = p;, at this point,
note that b > a.

Proof. In the first case, if i € Cgp, j € Cgq, set p =1, ¢ = d. According to Theorem 3.1 has

. pit+a . a(8 —a
TCS(Z’y)ZS—p'—a’TCS(j’z):(S)v
- pj+b . b(8—-10 pi(8 — p;
TCS(J’y):ﬁ,Tcs(z,x)z (8 ),TCB(x,y):%y
j

by substituting these equations into Theorem 2.1, specific results can be obtained.
Next, we consider that ¢ and j are in the same Cg. In the first case, if i, j € Cg, and b > a, the path

. L. . . X e . . b—
length between vertices 4, j is b — a, substitute it into Theorem 2.1 and simplify it r¢og (4, 5) = 8(71)1)&.
This contains p; = p;. One can get the desired results.
Another case, if i € D,, j € D, and d(i,j) = a + b, similarly, r¢,(4,j) = W. Using

Theorem 2.1, we can get the desired results.

3.2. The Kirchhoff Index
Theorem 3.3. The Kirchhoff index of cyclooctane derivatives T),(Cs) is

1

T (91503 + 2304n2 — 1343n + 496).

K f(Tn(Cs))



Proof. Our purpose is to derive the resistance distance between any two points ¢, j in the T,,(Cs).
Therefore, it is discussed in detail in the following six cases.
Case 1. i, j in the different base graphs, and i,5 € Dy,

G (kBB + (B3 —a)(5+a)+15(d—2) 5(b—a+3(d— 1))
Tn(Cs)):nZZZ(( )+ ( )é ) +15(d—2)  5( 2475 ))).

/
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Figure 3: The T,,(Cs) is divided into two subgraphs G; and Ga, in the Case 2.

B+a)5—a)+b8—0b)+15(d—2) 3(a—b+8+3(d—1)—8d)?
Kh(T, =nZZZ( RURLRURSL(ELI s LEBELURY

d=2a=1 b=1

Case 3. i, j in the different base graph, and i € Dy, j € D1,

n 4 3 (5 —a _ _ _ a — — 8b)?
K f5(To(Cs)) = "ZZZ((:H )(5 )+bés b) +15(d—2) (9(d—1)+3( I;g;&s 8d) — 8b) )

=1b=1

U
I|
)
N

Case 4. i, j in the same base graph, and i,j5 € D,

KiT(Ca) = oY Y (UmeE=bre) 50-a?y




Figure 4: The T,,(Cs) is divided into two subgraphs G and Gs, in the Case 3.
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Figure 5: The T,,(Cs) is divided into two subgraphs G; and G, in the Case 4.

/
/
1 \ L /
23,7
\)'// G

Figure 6: The T,,(Cs) is divided into two subgraphs G; and G, in the Case 5.



Case 5. i, j in the same base graph, and i € Do, j € Dy,

13 —b—a 3(b + a) — 8b)2
ke = a3y (T - B a )

a=1 b=l

Case 6. i, j in the same base graph, and i,j € Do

Q/J

Figure 7: The T,,(Cs) is divided into two subgraphs G; and G, in the Case 6.

K fo(T, z:: Z ( 8 b+a) 3(b4gna)2>.

Thus,

Kf(Tn(Cs)) = (Kf1( n(C8)) + K fo(Fn(Cs)) + 2K f3(Fn(Cs))
+2Kf4( Fn(Cs)) + 2K f5(Fa(Cg)) + 2K fo6(Fn(Cs)))
- %(915713 +2304n% — 1343n + 496).

3.3. The degree-Kirchhoff index

Theorem 3.4. The expressions of multiplicative degree-Kirchhoff index and additive degree-Kirchhoff
index of a class of cyclooctane derivatives T,,(Cs) are expressed as

KfT(T,(Cg)) = = 2n(—13+90n + 35n2),
16n
Eff(Ta(Cs) = = —-(= 5+ 36n + 15n°).

Proof. Let G be the cyclooctane derivatives T,,(Cs). The degree-Kirchhoff index is calculated by using
a similar method to calculate Kirchhoff index. If ¢+ € F, d; = 4. Otherwise, d; = 2.
Case 1. ¢, j in the different base graphs, i, j € D, and this case just includes that ¢ or j belongs to set

I,

KF(G) = (o). Y3 (MDD S0ESUZ DRy



Similarly,

Kfi(G) = 4*2~2n.22( 8 —b) +15(d 1) 5[b+3(d—1)]2).

d=2b=a 24n

Case 2. i, j in the different base graphs, and ¢,j € I,

KfF(G) = (4+4)-n- ZZ(lSn—d—i—@)(d—l)).

d=2b=1

Similarly,

KF(G) = 4s4-n- Z(l5n—d48—1)(d—1)).

d=2b=1

Case 3. i, j in the different base graphs, i,7 € O, and i,j € Dy,

n 2 2 . _a a . _a . 2
KF@) = (@+2) ”ZZZ(b(S b) + (3 )S+ ) +15(d—2)  5[b —;43;1(d 1)] )
d=2a=1 b=a
Similarly,
n 2 2 9
K52G) = Q*Q_H_ZZZ<b(8—b)+(3—a)é5+a)+15(d—2)_5[b—a;43;5d—1)] )
d=2a=1b=1

Case 4. i, j in the different base graphs, 7,7 € O, and i,j € Do,

KIFGQ) = (242)n. ZZZ( 8=b)+B+a)5-a)+15(d—2) 3[a—b+8+3(d—1) - 8d? )

8 40n
d=2a=1b=1
Similarly,
n 4 4
. b8—-0)+(3+a)(®—a)+15(d—2 3la—b+8+3(d—1)—8d?
KE@ = 2020 33030 (HEH G060 215 =) 3 34 1) =807y
d=2 a=1b=1

Case 5. i, j in the different base graphs, j € I, and i € Dy,

n 4 2
KfHG) = (4+2)- ZZ(B—I—a c;)+15(d—1)_3[a2(—)5d] )
d=2 a=1

Similarly,

KfHG) = 4*2'%'22((3+a)(5—(;)+15(d71)_3[a4€sd] )
d=2a=1



Case 6. i, j in the different base graphs, j € D1, and ¢ € D,

n 4 2

9(d—1)+3(b+a—8—28d) — 8k]?
B 120n )

Similarly,

n 4 2
Kf:(G) = 2*2'2”’222<(3+a)(5_a)+bég_b)+15(d_2)
d=2a=1 b=1
[9(d — 1)+ 3(b+ a — 8 — 8d) — 8k]?
- 120n )

Case 7. i, j in the same base graphs, i,j € Dy, and i € I,

& 562
Kff(G) = (2+4)-2n- Z( 24n)
b=1

Similarly,

2 b8 —b b2
Kf(Q) = 2*4-2n-z<(88 )_2547).
b=1

Case 8. i, j in the same base graphs, i,7 € D1, and i, € O,

KfHG) = 2+2)-20-) Z( —9) *b+“)—5(b*a)2).

24n
a=1b=a-+1

Similarly,

2

Kfi(G) = 2x2-2n- Z 3 (b—l )(8 —b+a) 5(b—a)2>.

24n
a=1b=a+1

Case 9. i, j in the same base graphs, i € Do, and j € I,

Kff(G) = (2+4).2n.z((3+a)8(5—a)_3(5—a) )

40n
Similarly,
4
" 3+a)b—a 3(5 —a)?
Kf(G) = 2*4-2n-2(( )8( ) _ (4on>)'
a=1

10



Case 10. 4,7 in the same base graphs, i € Dy, j € Dy, and i,j € O,

4 2
Kff(G) = (2+2)-2n- Zz(bﬂ _b—a)7[3(b+a)—8b]2)'

== 120n

Similarly,

4 2 )
Kfi(G) = 2*2-2n.zz(b+ S—b—a>_[3(b+léé;8b] )

Case 11. i,j in the same base graphs, i,j € Do, and i,j € O,

KfH(G) = (2+2) 2n- ZZ( —9) 8 bta) 3(b_“)2).

== 40n
Similarly,
4
. —b+a) 3(b—1)?
Kf(G) = 2*2-2n-ZZ( ) _ (40n) )
a=1b=1
Thus,
KffH(G) = Kf(G)+Kf(G)+ K[ (G)..+ Kfi(G)
= 2n(—13 4 90n + 35n?),
as desired.
Similarly,

Kf*(G) = Kfi(G)+K[f(G)+Kf3(G)+ ...+ Kf1(G)
12”( 5 + 36n + 15n2).
The proof is completed.

x10

——Ki(G)
Kf(G)
10 K@)}/

Values of indices
@

0 5 10 15 20 25 30 35 40 45 50
number of sub-networks

Figure 8: The function images of the (degree) Kirchhoff index in T,(Cs).
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Table 2: Vertex partition of T;,(Cs) degree-based on vertices.

(du’ dU) (472) (272)
number of edges 4n 4n

3.4. Others topological indices

Theorem 3.5. Suppose G is a cyclooctane derivatives, then its related topological indices are

()GA(G) = (%ﬁ+4)n.
(2)ABC(G) = 4V2n.
(3)HM(G) = 208n
(WH(G) = %L
BG)R(G) = (24+V2)n.
(6)Ro(G) = 4n(4™ 48%).
(TYRR(G) = (V2+1)8n.
(8)RRR(G) = (V3+1)4n.
(9)My(G) 48n.
(10)m2(G) (32)™"
()7 (G) (24)*
(12)xa(G) (24) 1
(13)RM2(G) = (2)*"
(14)AZ(G) = (8)%".
(15)SC(G) = (?)4".

Proof. Let G be a kind of Cyclooctane derivatives. It’s easy to know that V(G) = 7n, and E(G) = 8n.
If vertex i € I, d; =4, else d; = 2. According to the degree of vertices, we can get the results shown in
Table 2. Combined with the topological descriptor formula, we have

GAG) = Z 27vdldj

ijEE(Q) di + d;
2xvV4x%x2 2%x/2x%2
4n * +4n x
442 242
8v2
= (T\[+4)n.

12



di +d; —2
ABC(G) = > ”‘Tfff*
ij€E(Q) L

RRR(G)

112-2 212-2
— dnxy /224y cre-<
M T aez TR T
4\/§n.

=
=
8

I

Z (d; + dj)2

ijJEE(G)
dnx (4+2)% +4n (2 +2)?
208n.

HG) = Y

ijEE(Q) di + d;

[
S
_|_
9
s

Ry(G) = > [di-dj]
ijEE(G)
= 4n * 8% 4+ 4n * 4“

= An(4” +8%).

RR(G) = Y \/di-d

ijeE(G)
= dnxV4x24+4dnxV2x%x2
= (V2+1)8n.

= > -1 -

iJEE(QG)
= dnx/(A—1)-2-1D+4nx/2-1)-2-1)
= (V3+1)dn.

13



My(G) = > di-d
ijEE(G)
= 4dnx4x2+4dnx2x%x2
= 48n.
m(G) = [ di-d
ijJEE(G)
= (4x2)".(2.2)*"
= (32)*.

(@) = [ (di+dy)

iJEE(G)
= (@+2"-2+2"
= (24)'",
Xa(@ = [ (@+dp)”
ijJEE(G)
_ (4 + 2)04471, . (2 + 2)a4”
_ (24)4na.
RMy(G) = [ ((di—1)+(d;—1))
ijeE(G)
= [G-D+e-D*"-[2-D+@2-*
_ (Q)Sn.
di - dj
A2(G) = ijG];[(G)(di +d; — 2)3
= (s ey I
_ (8)8n.

14



_
di—‘rdj

e [

V242

sc@) = ]
jEE(Q)
_ 1
= i
V6

- G

]4n

Finally, in order to intuitively see the change trend of several indexes,we draw the curves of several
indices in the same coordinate. From the Figure 9, we can clearly see that the change of M (G) is
significantly higher than that of other indices.

12000

10000

8000 [

6000 [

4000 -

2000 |

Figure 9: Variation trend of several indices of T,,(Cs).

4. Conclusion

In this paper, we mainly define a cyclic compound T,,(Cs), which can also be called cyclic network.
We mainly derive the resistance distance between any two vertices of T,,(Cs), and obtain its Kirchhoff
expression. Using its vertex degree distribution, its (degree) Kirchhoff index and other related topolog-
ical indexes are calculated. Using these invariants, we can predict some physical or properties of this
compound, and provide some references for others to study this compound.
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