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ABSTRACT. In this paper, the authors obtain some new blow up criteria for the smooth
solution to the three dimensional magnetic Bénard equation without thermal diffusion in
terms of pressure. We prove that if 7 € L*(0, T} L%(RS)) with 0 < 7 < 1, then the strong
solution (u,b,0) to the magnetic Bénard equation can be extended beyond time ¢ = T.
Meanwhile we also show that provided that V& € L= (0, T L%(Rg’)) with 0 < r < 1,
the solution (u,b,6) can also be extended smoothly beyond ¢ = T. Finally, we also obtain
the regularity criteria on Morrey space, Multiplier space, BMO space and Besov space by
imposing some growth conditions only on the pressure field.

1. INTRODUCTION

This paper focuses on the regularity criteria for the following 3d magnetic Bénard equations

(Ou+u-Vu—pAu+Vr=0b-Vb+0es, zeR>t>0,
Ob+u-Vb—vAb=1b-Vu, reR3t>0,
(1.1) 00 +u-VO — kA0 =u - e3, reR3t>0,
divu = 0, divb = 0, reR3t>0,
[ (u,b,8)]i=0 = (uo, bo, bo), z € R,

where u is the velocity field, b denotes the magnetic vector field and 6 is temperature scalar
field, 7 is pressure. pu,v denote the viscosity and magnetic diffusivity respectively. Finally
e3 = (0,0,1) represents the canoncial basis in R3.

It is well known that the magnetic Bénard equation (1.1) illuminates the heat convection
phenomenon under the presence of the velocity, the magnetic field and the temperature(see
[18], [19] and their reference therein). When the temperature scalar field § = 0, the magnetic
Bénard equation (1.1) becomes the classical MHD equation. We also know that the magnetic
Bénard equation (1.1) is really Boussinesq equation if the magnetic field b = 0. If both the
magnetic field b and the temperature scalar field 6 vanish, then the equation (1.1) is the
incompressible Navier-Stokes equation. The first well-known regularity criterion is indebted
to Serrin [21]: If w is the Leray-Hopf weak solution of the 3-D Navier-Stokes equations
satisfying

2 3
uGLq(O,T;Lp(R3)), —+-=1, 3<p<o,
q D
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then the solution is regular on (0, 7']. And a related well-known sufficient condition on velocity
gradient
Vu € L9(0,T; LP(R?)), g+ 3_ 2, 3 <p < oo,
q p 2
was investigated by Beirdo da Veiga [3]. Similar regularity criteria for 3D MHD equation has
been established(see [5], [6], [7], [12], [13] et al).

On the other hand, the regularity criterion of Navier-Stokes equations by imposing the
growth conditions on pressure field seems more interesting. The similar Serrin’s conditions
in Lebesgue space on the pressure or on the gradient of pressure have been examined by, for
example, Chae and Lee [4], Berselli and Galdi [1] and Zhou [23]-[25]. They proved that if the
pressure 7 satisfies

(1.2) 7 e L7 (0,T; LY (R?), for 0<r<1,
or V satisfies
(1.3) Ve Lir (0,T; LT (R%), for 0<r<1,

then the solution to the three dimensional Navier-Stokes equation can be extended beyond
t = T. Very recently, some important improvements to the Morrey space, multiplier space
and Besov space are investigated by Fan [10]. Chen and Zhang [8] established the regularity
criterion of weak solution to the Navier-Stokes on Besov space with negative index in term
of the pressure. Duan[9] showed that if the pressure 7 satisfies (1.2) or (1.3), then the local
strong solution (u,b) to the MHD equation can be extended smoothly beyond ¢ = T'.

In 2018, Ma [17] proved if u € LT (0,T; X-(R?)) or if Vu € L2 (0,T; X,(R?)) with
0 < r <1, then the local strong solution (u, b, ) to the 3D magnetic Bénard equation (1.1)
can be extended beyond ¢t = T. Here X,.(R?) is the multiplier space. Motivated by [8], [9],
[10]. [23], [24], [25] and [17], the aim of the paper is to give the complete description on the
regularity criteria of the local strong solution to the following 3D magnetic Bénard equation
without thermal diffusion

Ou+u-Vu—pAu+Vr=b-Vb+0es, zeR3t>0,
Ob+u-Vb—vAb=1b-Vu, reR3t>0,
(1.4) 00 +u-Vo =0, reR3t>0,
divu = 0, divb = 0, reR3t>0,
(u,b,0)]1=0 = (uo, bo, 0o), z € R3.

by imposing some critical growth conditions on the pressure field. Now, we state our main
results.

Theorem 1.1. Let T > 0 and the initial data (ug,by) € H*(R3),0p € H*(R?) N L%(Rij’)
satisfying V - ug = V - by = 0. Assume that (u,b,0) is the strong solution to the magnetic
Bénard equation (1.4) defined on [0,T). If the pressure 7 satisfies

(1.5) 7 e LX0,T; L7 (R%), 0<r<1.

Then (u,b,0) can be extended smoothly beyond t =T .
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Theorem 1.2. Let T > 0 and the initial data (ug,by) € H*(R3),0p € HQ(R3)ﬁLﬁ satisfy
V-uy =V -by = 0. Assume that (u,b,0) is the strong solution to the magnetic Bénard
equation (1.4) defined on [0,T). If Vr satisfies

9—2r
2r

(1.6) VreLs (0,T;L7(R%), 0<r<l1.

Then (u,b,0) can be extended smoothly beyond t =T .

Remark 1.3. Theorem 1.1 and Theorem 1.2 can be regarded as the generalization of [4],
[23],[24], [25] and [9]. On the other hand, Theorem 1.2 answers the question raised by Liu in
[15].

Theorem 1.4. Let T > 0 and the initial data (ug,by) € H2(R3),0) € H*R3) N L3 (R?)
satisfying V - ug = V - by = 0. Assume that (u,b,0) is the strong solution to the magnetic
Bénard equation (1.4) defined on [0,T). If the pressure m satisfy

_4p_ . 3
(1.7) S L4;76 (0,T; Mp,q(Rg))a 5 < p < 005
or
(1.8) Te L0, T; X "(RY), 0<r<L

Then (u,b,0) can be extended smoothly beyond t =T .
Remark 1.5. This theorem can be seen an improvement of the corresponding result in [10].

Theorem 1.6. Let T > 0 and the initial data (ug,bo,00) € H?(R3) satisfying V - vy =
V by = 0. Assume that (u,b,0) is the strong solution to the magnetic Bénard equation (1.4)
defined on [0,T). If the pressure T satisfies one of the following conditions:

(1.9) Vr € L*(0,T; BMO(R?)),

(1.10) ™€ L*(0,T; By o (RY)).
Then (u,b,0) can be extended smoothly beyond t =T .
Remark 1.7. Theorem 1.6 partially generalize the result in [8].

The rest of this paper is organized as follows. Section 2 present some information on
the function spaces and some crucial lemmas. The proof of Theorem 1.1 is introduced in
Section 3. We will give the proof of Theorem 1.4 and Theorem 1.6 in Section 4 and Section
5, respectively.

2. PRELIMINARIES

In this paper,we use the following usual function spaces.
Homogeneous Morrey space M, ,(R?) is given as follows:

3_3 q
Il = sup 33 ([ - (tapae)” < o
’ |lz—y|<r

r>0 ycR3

Homogeneous Bessel potential space is presented

[l = 1(=2)% £l 2.
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The multiplier space X ~"(R?), a homogeneous Banach space of bounded linear multipliers
f: H"(R?) — L?*(R3) is denoted by

1

2

Il = s ([ IfoPar)”
lgllgr <1 \JR3

Homogeneous space of bounded mean oscillations BM O reads

1

fy) - 1B+ ()| JB, ()

f(z)dz|dy.

r> herld | ( )| B’r )

The definition of Besov space requires Littlewood-Paley decomposition which can be found
n [16]. Define homogeneous space Bj ,(R?) as

B (R%) = {f € S{(R) | |l < o0} (s €R.1<pq<o0)
where

15y, = @PIAF I Lr)es.

The above space definitions imply the continuous embedding;:

, . . 3
LP(R?) = My4(R’) = X "(R®) = B, o(R),p = S >a>2
L®(R*) < BMO(R®) — BY, ., (R?).

The following lemma plays a crucial role in proving the regularity criterion for the magnetic
Bénard equation (1.1).

Lemma 2.1. Let 2 <p < o00,5 > d(% — %) Then there exists a constant C' = C(d,p, s) such
that for any d-dimensional functions f € H*(R%),

d(777 d(2 1)
HfHLP R?) < C”fHLQ Rd) H A° fHLQ Rd .

When p # oo, the above inequality also holds for s = d(% — %)

Lemma 2.2. ([16]) Let 1 < p; < p2 < 00,p3 > 2, anda = p% + p% — 3 € (0,1]. Then the

following inequality:

| fotda < clfly,, lalbollHl s

holds true provided that the right-hand side makes sense.

Lemma 2.3. ([11]) Let 1 < r < 00,p3 > 2, Then we have

1 - gller < c(lfllzrllgliBaro + llgllz- |l Baso),

for f,g € L"(BMO with ¢ = c(r).
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3. PROOF OF THEOREM 1.1 AND THEOREM 1.2

In this section, we shall give the proof of Theorem 1.1 and Theorem 1.2.
Let w" =u+band w™ = u —b. We can convert the 3D magnetic Bénard equations (1.4)
into the following form:

(Qwt +w™ - Vwt = Awt — Vr + feg,
ow™ +wT -V~ = Aw™ — V1 + fes,
1
(3.1) at9+§(w++w—)-v9=0,

divw™ = 0,divw™ =0,

\ (w+7w779)‘t:0 = (wa_awo_vgﬂ)~

Here we first present the proof of Theorem 1.1.

Proof. Takeing the inner products of (3.1); with w*|w™|?, of (3.1), with w™|w™|? and of
(3.1); with 6|6|? , after integrating by parts and summing together to conclude

1d

4dt Jgs

+/ (IVw ™ 2w |? + [V~ 2w |?)dz
R3

1
(Jw** + [w™[* + (0] d + 2/ (VIw* )2 + (VIw™[*)*)de
R3

(3.2)

=— V- (wwT|? +w™ w™ [*)dz + / fes - (wT|w > + w™ |w™|?)dz
R3 R3
=0 + L.

We can infer from taking the inner product on both side of the third equation of (3.1) with
o2,

(3.3) 10llzr < [|6ollLe, for 1<p<oo.
Integrating by parts and using the Holder inequality, note that divw™ = divw™ = 0, one gets
L :/ rdiv(w* [t 2 + w[w [2)dz
R3

1 1 — —
S/RS |2 |2 (Jw* + w™ (VW™ Pl + [Vw™[?)de

(3.4)
1 1 - 2 -2
< Clmzfl sllw2]l e lw® + w2 V™[ + Viw™ [
1 1 1
< Clrls llmll” s Nw*? + 0™ P12 o [IVIw*? + V]w™[? 2.
L7 L3—r L3—r
Thanks to the first equation in (3.1) and divw™ = 0, it follows that

3
—Arn =div(w™ - Vw) + divfes = Z ﬁiaj(w;w;-r) + 030,

3,j=1
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which along with Hardy-Littlewood-Sobolev’s inequality implies that

Irll s < Cllw™ @w*|| s +CIVTO] s
<CH|w+!2+!’w ! H s +Cl0l s
(3-5) < Cfllw*? + Jw]? HL% +C||90||LS%

< Clljwt P+ [w P o +Ci
< O(llw* 2+ Il o +1),

where % € (£,3] for 0 < r < 1. Substituting (3.5) into (3.4) yields

1 1 1
L< Ol 2 w4+ Jw™ P12 s+ Dlllw™? +w™ P12 [IVw™? + Viw™[?| 12
L7 L3—7 L3-7
1
2 +12 2 +12 2
< Cllrl]? 5 lllw™ 1 + w7l jo [IVIw™ " + V]w™ || 2
1 1
+C||7T||23|||w P+ w2 s [IVIw]? + Vw2
L3—7r
=TI+ I 2.

Lemma 2.1 gives
2—r r
(3.6) lull 4o, < llullgz VullZe,
which together with the Young inequality yields
3 2 —2 %5t 12 25
Dy < Clml2 [[[w™ P+ fwo™ P2 IV P+ Viw™ Pl 2

= 1
< C|l| 2‘! llw* P+ Jw™ PlIZe + g IV + Vo™ [ 72

(3.7)
<Clrl’s \I\w+\2+|w PII72 + 5 (Hvlwﬂ 172 + V1w~ Pl172)
< cuwu;?urw*u‘; w0+ 30k P + [ 9hePIR).
Similarly,
2wt —2 4 +2 et
Lz < Clill? s ™" + fw™ Pl 3 V1w + Vie™ 7] 2
T [+ =1 +12 —12)12
(38) < Cllall 5 M + o Pll e + SIVIe P + Vi~ Pl

_ 1 _
< Clrl s + Cllw s + llwllza) + 5 IV Pl + VI 2[72).
Hoélder’s inequality and Young’s inequality guarantee
L < Cll6lpallw Pl 4 + 1w Pl 4)

(3.9) < Cl0llpa(llw* (120 + lw™[74)
< C(Il7a + llw*lIza + llwlIza).
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Substituting (3.7), (3.8) and (3.9) into (3.2),we can get

d _ _
5.10) (1011 + [t 17 + o™ [170) + 200V PIZ: + [ VIw™ P72)

2
< Clmll7s" + DI + T llzs + Twl17e) + Cllll 5
which together with the Gronwall inequality, we have
OiltlgT(llw+||4L4 +{lw |74 + 11001 74) < C(llwg 174 + llwg 74 + [160ll74)

2

T T
xoxp(C [ IrlZFde+ Ty + [ IR o
0 r 0 ”

This helps us finish the proof of Theorem 1.1. O

2
L

Now we restore to prove Theorem 1.2.

Proof. Multiplying the first equation of (3.1) by w+|w+|¥ and using integrating by parts
again, we can verify

r d 9—2r 4r(9 — 2r) / 9-2r
e 5 e 2 gt 2d
9 ordt Jou V| T B g gy o, VIl e

+/ Vw2t da
R3

(3.11)

=— Vw-w+|w+|9_r4rdm—l—/ 963-w+|w+|¥da£
R3 R3
= 13 —+ 14.

Integration by parts and using Holder’s inequality, we have

9—

13:—/ Vr-wt|wt| o dr
R3

:/ 7Tw+'V|w+|97r4rd$
R3

9_4 —4r
(3.12) = 7:/ 7 |Vt w5 da

T R3
2(9 -4 o —ar

:(T)/ 7T-V|w+|%-|w+|%dx
9 —2r R3
29 — 4 o o

< (T)(j/ |ﬂ¢2-hu+|9fdx)%(jf Vw5 [2da) 3
9—2r R3 R3

Thanks to the Young inequality, we can get
1 1
Iy =I2 x I?
<C( / V| -t |5 d) 3 / mf? - 5 de) / V|5 )
R3 R3 R3

<ot [ a1 e )
R3 R3

r(9 —4r) / 49=2r o
+7(9—2r)2 - |V|w™| 2 |“dz.

(3.13)

Wl
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Similar to (3.5), we can get
I7ll, 5. < Cllw™ @w™||, o +CIVTHIl, o
< Offfw*? + |w™ ! I, 2 +CH90HLQL3
<Ol P+ w2l o +1),

where % € [%, 3) for 0 < r < 1, which together with the Hélder inequality gives rise to

©

9-ar
[Rg [l fwt 5 de <7 | (Il

_ 9, 9=4r
SCIIWHi%II(IwﬂQHw ?) = ||

L9—4r

9
L9—4r

(3.14) 2 12 —2n =t
§C||7THL;|||U’ =+ w7 25
™ LW

9 9—dr
<Olfw™ P+ [w™ |2y + Clllw*? + [w™ | % .
L2r L2r

With the help of the Holder inequality, we get

3—r

9—3r _ 9—3r
(V|- fw* |+ de <| V|l s (o P+ Jw™ ) 2| s
3.15 R b L
( * ) +2 _9 9—3r
<OVl s lllw™ "+ [w™ 7] %
r L2r

Substituting (3.14) and (3.15) into (3.13) yields

r(9 —4r 9—2r 2 o 9=2r
R e R\ 2 A [ e T

(9 — 27’)2 R3

(3.16)
3 2 o T

+ V7|25 [[lw™ " + [w™ 7] §

L7 L2r

By Holder’s inequality and Young’s inequality, we have

9—-3r
o |01l o w11 g2
9—3r
<CI0] ozze [lw™ Il 5o
(3.17)
(H9H 2T+Hw+\| )

O+ | ;>

where 222 € [7, 00) for 7 € (0,1]. Substituting (3.16) and (3.17) into (3.11),we can get

d 9—2r 9—2
G T+ [ V05 P

2 9—2r
(3.18) SC(IW?TH%HI%U*PH%U‘I || 26 L

27—10r

+||V7r||33|||w+| +wf? || o'+ 1)
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Similarly,
d,  _ 92 _ 92
G i+ [V e
9 —2r 9—2r
(3.19) <C(\|V7T\|“3H!w+! +w[? H 7 Tl dee
27—-10r
+HV7TH33|HW+| +w™f? H o0+ 1).
Letp = \wﬂ o S 4 |lwe \ 2. Thanks to Lemma 2.1, we have
3 +)2 2 B 3 2
IVall? s ™" + [Pl % < CIVAl g llull] g

2 6—2r 2r
<CIIVall? s llpl 2 HVMHL%

(3.20) ,
<36 IVl + CIVmITy s
1 492 o = 9
<= | (VHF P+ Vw7 )z + CI VAT ull:
16 R3 Lr
Let § = %. Using Lemma 2.1 again, one has
2 4 10 5
IVl 5 [l + ] || <C||V7T||33||MH

<CHVTFH33IIMIIL2 HVuHLz

(3.21) 4 25(3—1)
T or
IVl + IR a5

_16
1 +12=2r 9 —9=2r 9 3 2
<— | (V[ =z |7+ [V]w™ [z [")dz + C||Vr[]°3* + Clpll7e,
16 R3 L7

which together with (3.18), (3.19) and (3.20) yields

d
dt

9—2r _9—2r
(Hwﬂ! §oar + [w” H +1)+/[(\V!w+! |24 Vw7 [P)de
(3.22)
< vl +1)(Hw+\| 6oz +[lw” H o +1) + OV 3 ke

Gronwall’s inequality guarantees

2
sup (| T + | g / / (Vw555 2 4 [V |5 ) dadr
0<t<T

27‘ 9-—2r 27‘ T 9-—2r
< (o, + o 1, T + V([ A0y + 0y + [l § e

which completes the proof of Theorem 1.1.

4. PROOF OF THEOREM 1.4

In this section, we shall show Theorem 1.4.
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Proof. Case 1: If (1.7) is true. Integrating by parts, using the Holder inequality and the
Young inequality to conclude

L =- / V7 - (whw|? +w |w™ [*)de
R3

_ / rwt - (V]wt2)de + / ™ - (V™ )z
R3 R3

<[lmw || g2 | Vw2 + 7w || 2|V Jw ™ ]| 2

(4.1)

_ 1 _
<t o + Imw[32) + S (191 P12 + V0™ PIE2).

We now estimate the terms ||rw™||3, and ||7w™||3,. When p > 3, using the G-N interpolation
inequality

ol j7a < Cllvllz*IVol|g2, a € [0,1].
Similar to (3.5), we can get
I7llzz < Clllw™? + [w™ |2 + CIVT0] 2
42) < Clllw* P + [w™Pllz2 + Cll6ll ¢
' < Clllw* P + [w™Pllz2 + Cllfoll, ¢
< C([w* P + [w™Pllz2 + 1)-

From Lemma 2.2 with p1 = ¢,p2 = p,p3 = 2,a = % € (0,1], and the Young inequality, one
deduces

Imwt 22 <Cllll, 2l 21 s

. +2 +2 +2
<Clizllyg, , (™" + lw™ |2 + DI[fw™ 7]
1—-3 3
<Cllnlly (It + [t 2l g2 + Dllw* Rl 7 9wt P2,
9_3 3
(43) <Clllly, It + w2l |Vt 212,

1-3 3
+ Climllyg, M Pl 2 [V ™ P 7

25 _ 1
<Cllmlly " (™ lza + lw™llza) + Cllxly, |+ Cllw* I + g IVIw* 72

_ 1
<C(IlZ % + Il + D0t + [+ 1) + 9l 22

2p

Similarly,

2p

= _ 1 _
@A) mwt e < Cllrlly * + Nl |+ DUw e+ oz + 1) + Vi Pz

Substituting (4.3) and (4.4) into (4.1), we can get

_2p
L<O(r 2% + Imlly,  + D(lwtl|za+ w7 + 1)
(4.5) P P
’ 1 1 _
+ 1\\V\w+\2\\%z +5IVIw 21172
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which along with (3.9), (3.3) and (3.2) implies that
14,
4 dt

_ 1 _
lwt7a + o l7a + 1)+ 5 /Rg((V!wﬂQ)2 + (VIw™[*)*)dx

+/ (|Vw+|2|w+|2 + |Vw‘|2|w_|2)d:x
R3

2p

< ClnlZ + il + D+ o+ 1),

which along with Gronwall’s inequality guarantee

T _2p_
(I + o™+ 1) < ol + Pollbe+ Dexol [ (1l 57 + el + 1),

which helps us to obtain the desired results when when p > 3.
For the case % < p < 3. Due to

Vi = (—A)_l <divV(w_ -Vw™) + divVGe;),),

which along with Hardy-Littlewood-Sobolev’s inequality implies that
IV7llzz <[lw™ - V" |[gz + 0] 2

4.6
0 <Ol - Vw2 + 1).

Using Lemma 2.2 with ¢; = ¢,q3 = 6,a = % —1 € (0,1) and the Young inequality, we can
verify

(4.7)
It 122 <Clllg  Imlzs It Pl a

3 1 93
<Cllnllyy, IVl 212wt P, 1V 2

3 1 23 B
<Climllyg, NV Pl7a w2 ™ - V]l

et 422
+ Cllmllg, IVt I et P
4p

Ap—6 1 1 -
<C(ImIE " + Dllw* 4+ ClrlZ,  + LIVl 22, + Sl T2,

ks 1 1, _
<C(IlE" + InlZ, |+ Dt I3+ 1) + SVl P2 + Sllo™ - Vot |2

Similarly,
(4.8)
-2 pr 2 —4 1 —1292 Lo +12
lmw=lze < CCimllyy -+ llllyy, | + D (lwl1zs +1) + SIVIw™Fllze + gllw™ - Va™g,.

Substituting (4.7) and (4.8) into (4.1), we can get

4p

L <Clmllg + Il , + DUt + w7+ 1)

(4.9) 1 1 1
+ I9I PIB + IV P2 + e Tt
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Combining (4.9), (3.9), (3.3) and (3.2) implies that

1d _ 1 _
Tt I+ o+ D+ 5 [ (V0 P2 + (TP
@10 4 [ (Ve Pt P+ Ve Pl s
R3

4p

= _ .
< C(lmll T + iy, |+ Dlwt g+ o+ 1) + gl - Vot 2,

which together with w" = u + b, w™ = u + b, and the following triangle inequalities

lwflzs <

(ullzs +1l6[s),

[ =D =

lw™l[ze < S(llullzs +1bllzs),

2
give
14,
4 dt
+/ (Il + [u2[VB2 + bVl + [b2|Vb[2)dz
R3

1
lellze + 1Bl + 1) + 5 /RS((VIUF)Q +(VIb*)?)dw

4p

< O " + Il + D ulids + bl +1)

1
+ 5(!\u VullTa + (b Vaull7a + lu- V|72 +[1b- Vb]|72).
Therefore
d
1di
1
(4.11) + 5(Hu Vull2s 4 b Vul|2s 4 |lu- V|2, + ||b- Vb|[22)

4p

< C(lImlly " + w5, , + Dlelize + [BlIZs +1)-

1
Jullbe+ 10l + 1)+ 5 [ (TP + (VpR))da

Then the L*-norms of (u,b,#) follows from the standard Gronwall inequality.
Case 2: If (1.8) is true.
With the help of the definition of the multiplier space X ~", the G-N inequality, the Young
inequality and (4.2), we see that
lmw 72 <Cllmll - llmll 2 1w P

(4.12) <Cl|mll - IV | Pl g2t P " (w4 w2 2 + 1)
_r_ 1
—r 4 — 14
<C(Iml1Z" + 7 1%— + Dlw s + o™ 7a +1) + §\|V\w+\2\|%2.
Similarly,

T

_ - _ 1 _
(4.13)  fww” |72 <CUIRILT + lIml%-r + DUw e+ w17+ 1) + I VI PlIZe.

X
Substituting (4.12) and (4.13) into (4.1), we can get

. _ 1 _
L <C(lImllgT, + Ml + Dot lza + lw™llzs + 1) + UV PIZe + [V P172),
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which together with (3.11), (3.3), and (3.2) ensures that

ld

4 dt R3

+/ (IVwt 2|lw™ |2 + |Vw™ |?|w™ |*)dx
R3

_ 1 .
(Jw '+ ™ [T+ Dd + 5 /P&((V|w+l2)2 + (VIw™[*)?)dz

<Oz, + 7% + Dl lIza + w70 + 1)
Hence, taking the Gronwall inequality into consideration, we obtain

sup ([[w*]|74 + [lw™ |74 + 1)
0<t<T

r

T —_—
<C(lwg Iz + llwg Izs + 1)6»”619{0/0 (I3, + 7% + Dt}

which completes the proof of Theorem 1.4. O

5. PROOF OF THEOREM 1.6

This section will introduces the proof of Theorem 1.6.

Proof. Case 1: If (1.9) is true. The Holder inequality, Young inequality, Lemma 2.3 and
(4.6) guarantee

L =— - Vr- (w+|w+|2 + w_|w_|2)dm
<V g (| ol Pl e + ™ o oo™ 21 2)
<CIVr 112, (ot s + ™ |2)
<OVl 2ol - Vot |12, + 1)l + o |3.)
<OV ar0 + IV aso + D(lwt e + ™ [0 +1) + lw™ - Vot |3,

which combining (3.9), (3.3) and (3.2) implies that

1d,

4 dt

G2+ [ (Ve Pt P Ve Pl s
R3

_ 1 _
e+ ol + 0+ 5 [ (VB2 + (T )P

2 _ 1. _
< CUIVrllEao + IVlBao + D(lwt[7a + lw™[|7a + 1) + yL Vw7,

Then we get, by a similar derivation of (4.11), that
1d
4 dt

1
(lullzs + b7 + 1) + 5 /R?’((VIUIQ)2 + (V[o*)?)da

1
+ 5 (e Vullgz + b Vull Lz + u- VI + b VEIIZ:)

2
< C(IValigaro + IV lBaro + D(lullza + 161 7s + 1)

The proof can be completed by applying the Gronwall inequality.
Case 2: If (1.10) is true.



14 DONGXIANG CHEN, FANGFANG JIAN, AND XIAOLI CHEN

Before going to the proof,we recall the following inequalities established in [20]:
I£17s < CIV 2l fll gz, -
Integrating by parts and using (4.6), Holder’s inequality, Young’s inequality guarantee
L= /Rs r(w - V]wt 2 4w - Vi P)de
< el za(lo* | I Vo™ Pl 2 + lw™ | o[V |w™ ]| 2)

1 1
<l Il (et [ 9ho* Bl s + o e V™ l2)
(5.2) ST . iy ) i
<l Gl - Vb o + Dl ol Vot Pl + o e Ve ) z2)
4 — 114
< Ol + Dl + w3 + 1)
1 _ 1, _
+ 3090 P2 + [V PIEs) + gl - ot [,

which combining (3.9), (3.3) and (3.2) implies that

1d _ 1 _
L o+ 0+ 5 [ (B2 + (V)2
(5.3) —i—/ (VT Plw™ |2 + [V~ |?|w™ [*)dz
R3

_ -
< CllimliEa, + Dlwlzs + lwlIza +1) + g llw™ - Vwt||Z.

B
By a similar derivation of (4.11), we see that

1d

1
2z lellze + o]z + 1) + / (VIul*)? + (V[o]*)*)da
R3

4
1
5w VullZ + b VulZa + lu- Vb2, + b~ Vbl132)
< Ol + 1) (lullds + b4 + 1),

which implies the desired estimate by Gronwall’s inequality. Theorem 1.6 is completed.
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