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Abstract

In this work, we consider the inverse scattering transform and multi-solition solutions of the sextic
nonlinear Schrodinger equation. The Jost functions of spectrum problem are derived directly, and
the scattering data with ¢ = 0 are obtained according to analyze the symmetry and other related
properties of the Jost functions. Then we take use of translation transformation to get the rela-
tion between potential and kernel, and recover potential according to Gel’fand-Levitan-Marchenko
(GLM) integral equations. Furthermore, the time evolution of scattering data is considered, on the
basic of that, the multi-solition solutions are derived. In addition, some solutions of the equation
are analyzed and revealed its dynamic behavior via graphical analysis, which could be enriched
the nonlinear phenomena of the sextic nonlinear Schrédinger equation.
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1 Introduction

It is well-known that the nonlinear Schrodinger (NLS) equation is a nonlinear equation
with soliton solutions, which plays an important role in mathematical physics. The NLS
equation reads

1
g+ Sau + lg*¢ =0 (1.1)

in dimensionless form. The NLS equation has been investigated more and more deeply
since Zakharov and Shabat [1] have done important research on it. In addition to quantum
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mechanics, the NLS equation can also be used to describe all kinds of nonlinear waves in
physics, such as the propagation of laser beam in the medium with refractive index and
amplitude related, the free water wave of ideal fluid, plasma wave, etc.

However, the only basic model is not enough to study the new phenomena with the
deepening of people’s research on equations, especially when the wave amplitude increases.
For example, in optics, one should introduce the high-order effects when considering pulses
of shorter duration propagating along a fiber [2]-[4]. Then a new form of NLS system is
proposed which is the sextic nonlinear Schréodinger equation [5]

qt + §(q:m: + 2|q‘QQ) + 5qg::r:p:vxac + 0 [6Oq IQZ|2 + 50((] )2(]9336 + 2qxxx;v] q2

+ 0 [12° Qo + 800@0e + 221020 |2] + 0 [18aag? + 70(g%)2¢2] + 200(q.)2q%,
+ 1004y [5922a; + 30" Qraa) + 2060* ¢, + 1066° () + 20% ¢, ] + 2054|q|® = 0,

1.2)

where ¢(z,t) represents the complex envelops of the waves, x and ¢t denote propagation
distance and scaled time, the symbol ‘*’ denotes the complex conjugation, and the real
parameter ¢ denotes the coefficient of the sextic-order dispersion ¢ pprzz- When 6 = 0,
(1.2) will be reduced to the one-dimensional NLS equation. Some work of the sixtic-
order NLS equation have been investigated, such as breather solutions with imaginary
eigenvalues and the interactions between two solitons of the sextic NLS equations (1.2)
have been obtained in [6].

It is generally known that the inverse scattering transform is a important and powerful
analytical tool to solve integrable systems, which plays an indispensable role in the field
of nonlinear sciences. The inverse scattering transform method was used to solve the
Korteweg-de Vries (KdV) equation for the first time by Garderner, Greene, Kruskal and
Miurra (GGKM) in 1967 [7], and optimized by Lax raised according to GGKM and form
systematic inverse scatting transform method in 1968 [8]. The work of Zakharov and
Shabat on the nonlinear Schrédinger equation in 1972 [1] pushed the inverse scattering
theory to a more general study. Since then, the inverse scattering method has been
developed and extended to many excellent study and results [9]-[36]. However, according to
what we know, the inverse scatting transform of the sextic nonlinear Schrodinger equation
(1.2) has not been studied. Therefore, the main purpose of this work is to find its inverse
scatting transform, more abundant soliton solutions, and reveal the propagation behavior
of the solutions.

The structure of this work is given as follows. In section 2, we derive the relevant Jost
functions by analyzing the spectrum problem of the equation in detail. On the basis of
the Jost functions, we get the scattering data when time is ignored temporarily. In section
3, GLM integral equations are established based on the integral kernel and the related
definitions. The relationship among some scattering data considering time evolution are
also derived. Furthermore, we obtain the multi-soliton solutions according to the above
results. In section 4, one- and two- soliton solution are given, and their dynamic behaviors
are analyzed in the form of figures. Finally, some conclusions and discussions are presented
synoptically in the final section.



2 Direct scattering transform

In this section, the direct scattering transform of (1.2) will be studied and the scattering
data can be obtained fanally. The Lax pair of the sextic nonlinear Schrodinger equation
reads

here U and V can be expressed in the form of

A q c B
U=i V=3 i\ c ),
(q > Z < C>

with

1 * *
Ay =— iqu —106]q|® — 56 [¢2(q*)*] — 106|q|* (qzed™ + @0q) — 6]dza]?

+ 0 (¢ @rre — ¢ QGrave — Wrzas) »
Ay =12i6|q? (420" — ¢a) + 200 (2@ — Colaa + € Goaa — Cuad) »
Ag =1+ 126]q|* — 46]qu|* + 40 (¢},q + Gzaq”) , A3 = 8i0 (40} — ¢ qz) ,
Ay =—166|q|, A5 = 0, Ag = 320,

7 . .
By :i%c + 10qezaas + 1070 (QQ;%:x + qqzx(h + |Q‘2qyc:m: + 3|Q|4Qx + Q:E|Q:v|22q*qg:qgc:c) )

By =q + 126¢*¢2 + 160|q|*qze + 464° ¢y + 20Guzas + 126]q|*q + 85q|qu|?,
By = — 24i6|q|*qe — 410quee, B3 = —166|q|%q — 80¢za,
By =16i8q,, Bs = 320q, Bg = 0,

where 1) = (¢1($,t>,¢2($,t))T, and A is a spectral parameter. Eq. (1.2) satisfies zero
curvature equation U, — V, + [U, V] = 0, which is the compatibility condition of the Lax
pair (2.1).

According to the first expression of Lax pair, we can obtain the spectral problem as
the following form

{ P1(2, A) = idpy (2, N) 4 ¢ oz, N), 22)

1[)2’33(13, )\) = 71)‘1[)2(337 )‘) + qz/)l (‘T? )\)

Due to g(z) belongs to Schwarz space, ¢(z) and its derivatives with respect to = approaches
to zero rapidly when |z| — oo.

2.1 Jost functions

Because t is a fixed variable, it is temporarily omitted.



Theorem 2.1. The equations (2.2) have Jost functions which have the following integral

forms
or(a ) = [ N )ouly Ny
bl ) = [ P Ig(4)01 0,
i) = e+ [ NG )y N
bale N = [ P05 0y

and

Proof. Here we only prove (2.4a) and (2.4b), others can be similarly proved.

il 0) = e [T )ity Ny
a0 == [ gty ity Ny,
Bule N == [ Mg ()l Ny,
ol N) = e = [T e ) 4. Ay

First, we prove the existence of the Jost functions.

To begin with, we make a change as follows

f(:l:a )‘) = 6_i>\x¢($a )‘)7

then (2.4a) and (2.4b) can be changed into

i =1- [ W) oy, Ny,
falwX) == [ D)y Ny

Eliminating the function f, from fi, we can get

e =1+ [Tew ( / "B (20 ) iy

Using successive approximation method yields

fl(O)(xv)‘) =1,

Dz, 2) = / 7 (y) (/ e-2“<y-z>q<z>ffj‘”<z,A)dz)dy, j=12,....
x Y

(2.3a)
(2.3b)
(2.3c)

(2.3d)

(2.4a)
(2.4Db)
(2.4¢)

(2.4d)

(2.5)



Introducing

Q@ = [latwlay. Q@)= [ e Wy = Q).

when ImA > 0, we have

|672i)\(y7z)| — ‘62(y7z)1m/\72i(yfz)Re)\| — e2(yfz)lm)\ <1. (211)

Based on the above conclusions, when j = 1 we have

= [Tew ( / T ez )

< [Twwr (e a)
< [Tiww (/ym|q<z>|dz) dy
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On the same way, we can see when j = 2

P =| [T ([ e ) ay
T Y

< [Tl (/yw\qw ([T 1a@tas [“laas) ) ay
< [Twwl [Tl (/j\q@)\ ([ ot as) az) ay

Then we suppose the conclusion still holds when j — 1, i.e.,

@] = o @EQ @)Y
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therefore
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So far, we can get by summarizing the above process

@] < 5 (QUQ" (@) = 5 ().
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i V= 1720 + A2 @) + 4 17 0) + |
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= Besselp(2Q(x)).

(2.12)

According to the properties of Bessel function, it is not difficult to verify that it is con-

vergent, thus we can see fi(x, \) absolutely and uniformly convergent.



On the other hand, we have
e_QiA(y_z)q(z)dz> dy

(]
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that is to say, the function fi(z, ) is a solution of (2.8). According to (2.13), we can
calculate fa(x, \), so the existence of Jost functions can be proved.

Second, we prove the uniqueness of the Jost functions.
Similarly to the above way, we only need to prove the uniqueness of fi(z, \).

Assuming (2.8) has another solution f;(x,\), we have

\ﬁ@ﬁ%—ﬁ@ﬂﬂz!émfhn(éme2Wy”ﬂ@(h@A%—ﬁWADd%d4

< [Tl ([T 1010163 = o)) ay
z Yy
< [Tlewldy [l (R - )| d:
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Because of Q(z) = [7|¢*(y)|dy < [ 1¢*(y)|dy and let Q = [*_|q*(y)| dy, then we

introduce

F(z,A) = fi(z,\) = fi(z, V),

G(z,\) Q/ 2)||F(z,\)]dz,
thus

F(z,\) < G(z, A). (2.13)

Let’s take the derivative of two sides of G(z, \) about z, i.e.,

Go(z,A) = =Qlq(@)| [F(x, N)],
compared with (2.13),

G, A) 2 =Qlq(@)| [G(z, M),



ie.,

(G2 @Il >,

T

From the above results, G(x, \)-e~% JZ la@)ldy i nonnegative and monotonically increasing.
We can find G(z,\) = 0 as * — oo, which means

f1($, )\) = le(ﬂj‘, )\)
So far, the uniqueness of the Jost functions are proved.

Last, we prove the differentiability of the Jost functions.

According to iterative sequences of fi(x, ), we can get
D@, =0, %0 =0,

(@A) =~ ¢*(y) ( / e 2 g() £V, )\)dz) :

Y

) =2 | Y W) ( / T 22 () 0D, /\)dz> ay
z Y
+ - * > —2iA(y—=2) f(]fl) ’>\ d >d )
/ q<y>(/y e 2M0=2)g ) 19 (2, \)dz ) dy

By using (2.12), it is easy to get

) < o pph@/eY @) (214)
8
G- P

We can see that fi(z,\) is differentiable to = and A, as well as Z;io fl(]gz and Z;‘;O fl(J;\
converges uniformly on a < < oo when ImA > 0. Obviously, fi.(x,A) ~ 0, fi(z,\) ~
0 when x — oo. Therefore, the proof of differentiability of function is finished.

FA ) <

@ @) [ latw)l . (2.15)

In the same way, we can prove the other Jost functions. ]

Moreover, it is easy to verify the following relationship

¢2 = &T? ¢1 = 9557 (216)
Yo =91, Y1 =15 (2.17)
Furthermore, they satisfy the following asymptotic conditions
o(x, \) ~ ( (1) )e_i’\x, o(z, \) ~ < é >ei’\‘”, as T — —00, (2.18a)
1 AT n 0 —iAx
W(x, A) ~ 0 )¢5 (x, A) ~ L )e as x — +o0. (2.18b)

The functions ¢ and 1 allow analytic extensions to the upper half A-plane C™*, while ¢
and v allow analytic extensions to the upper half A-plane C~ except finite simple poles
and continuous up to the real axis ImA = 0.



2.2 The scatting data

Defining Wronskian as W{é(z, A), ¥ (x, N)] = ¢1(z, N)a(z, A) — dpa(z, A1 (z, A), obviously,

Wronskian has the following relations

Wio(z,A), (x, \)] = =Wl (2, A), ¢(z, A)], (2.19)
Wieid(z, A), catp(z, A)] = creaW(o(z, A), o (z, A)]. (2.20)

According to boundary conditions, we can know

Wig(x, ), bz, \)] = =1 = =W[h(z, A), (x, A)]. (2.21)

In fact, since Jost functions are solutions of spectral problems, they must be linearly
depedent. There have functions a()\), a(XA), b(A) and b(\) about A\ that makes

a(A)P(z, \)
a(M)(x, A)

+ b(AN)Y(z, N), (2.29)
W .

b(A)(z, N),

—N—
SUBSR
—~
8 B
= =
Il

and satisfy the following propositions.

Proposition 2.2. The functions a(\), a()\), b(A) and b(\) about \ satisfy the following
relation on the real \-axis

bAB(N) — a(Na(A) = —1. (2.23)

Proof. Substituting (2.22) into Wronskian, one can see

Wiz, A), d(z, A)] = Wa(Np (2, A) + b(A\)¢p(z, A), a(A)p(z, A) + b(A)ip(x, V)]
_ [ aNer (@A) + 0N (@A) a(Nr (@A) + ()¢ (x, A) ‘
a(MN)a(x, A) +b(AN)2(x, A) - a(A)2(z, A) + b(A)iha(z, A)
_ bVBN) —a(Na(d) | (e, ) a(h)ir(z, A) +b(A)dr (2, A) ‘
b(\) Va(x,A)  a(M)a(z, A) + b(A)ha(z, A)
= (BB — a(N)a(\)) Wli(a, A), Pz, A)],
and because of (2.21), we know that
b(A)b(A) — a(Na(\) = —1.
O
Proposition 2.3. According to (2.21) and (2.22), the following results hold
a(A) = —WW(%}\)W(%A)]? a(A) = W[&(%/\)ﬂ;(%)\)], (2.24)
b<)‘) = W[(ﬁ(x,)\),zﬁ(m,)\)}, B(/\) = —W[Gg(ﬁ%/\)W(UC,)\)] (2.25



Proof. According to the first expression of (2.22), we have
¢1(.%', )‘> = a(/\)qul('% )‘) + b()\)iﬂl(:ﬂ, )‘)7
P2(x,A) = a(\)P2 (@, A) + b(N)iha(z, A).
Then we use ¥2(x,\) and ¥1(x, \) to multiply above two formulas respectively,
o1 (‘T’ )\)1/12 (mv )‘) = a()\)l/;l (Iv )‘)¢Q(xv >‘) + b(A)wl (l‘) )‘)w2($7 )‘)’
(152(1" )\)1/11 (‘rv )‘) = a()\)@z(l’a )‘)1/}1 (xv >‘) + b(/\)wz(l‘, )‘)1/]1 (wv )‘)

Finally, the second expression is subtracted from the first one for obtained results. Thus
we can see

a<)‘) = _W[¢(x7 )‘)7 1/1(357 /\)]

Similarly, the other three expressions can be obtained. O

Combining with (2.16), we have the symmetric relations
a(\) =a*(\), b(A) =b*(\). (2.26)

There are finite discrete spectrum points A; and 5\j as the zeros of a(\) in the upper
half A-plane and lower half A-plane respectively. This is because the result of Wron-
skian calculated by ¢(z, ;) and ¢ (z, \;) is irreversible, which further explains the linear
depedent between ¢(x, ;) and v (z,A;). Similarly, ¢(x,\;) and ¥(z, ;) are also linear
depedent. Therefore, it is easy to see that

(2.27)

For constructing the normalizing coefficients about discrete spectrum points A;, we
derive the two sides of the spectral problem (2.2) about A, then

(0= N1l N) = itbr (2, ) + ¢ (@) (), (2.28)
(O +iN)Yan(z,A) = —ia(z, A) + q(2)P1A(T, ). (2.29)

Through some simple calculation, we can get
L st 0, 00, M) = (a2, (e, X) +in(a Na (X)) - (230

Similarly, we also can obtain

Wit ), 6. X)) = —i Qa2 ool X) + vale Ve (. 0) . (231)

Then we do some simple integral operations on (2.30) and (2.31), and make subtractions
for the obtained results. Finally substituting them into the zeros of a(};), and making
[ — 0o, we have

ax(\y) = 2ib(\;) /_ (A (@, Ay )da, (2.32)

10



which is equivalent to

& _ iax(Aj)
2/_00 (o )l A = . (2.33)

If \; is simple zeros of a(\), there is a constant ¢; that makes

2/00 1 (z, Aj)a(m, Ag)da = 1, (2.34)
then
b\,
&= ;A(( )\]])) (2.35)

here we define ¢; as the normalizing coefficient.

In the same way, the normalizing coefficient about discrete spectrum points ;\j can be
written as

pe

2 _ b(Y)
o5 = Ou); (2.36)

Furthermore, by using (2.26), the symmetry of discrete spectrum points satisfy

>

l

DY (2.37)
and the symmetry of the normalizing coefficients satisfy

(2)* =& (2.38)

T = a(l)\),T(/\) - a(lA)
and the reflection coefficients
b)) 5y BV
R(\) = @,R(A) = @.

Due to (2.22), we have
a E ). (2.39)

Therefore, through the above calculation, the scattering data S(\) is as follows:

{ImA=0,R(\),\j,c5,j=1,2,--- 1}, (2.40)
{ImA=0,R(\), N, 65,5 =1,2,-- 1}, (2.41)

where [ = 1.

11



3 Inverse scattering transform

In this section, we will recover the potential ¢(x) in the spectral problem by substituting
the scattering data from the previous section into the GLM integral equations.

3.1 Translation transformation

Through translation transformation, the Jost functions in the spectrum problem can be
expressed by some integral kernels and their corresponding integral expressions. Assuming
that

P(z,\) = ( 1 )e“‘x—}—/ K(z,s)e™ds, K(z,s)= < K (z, 5) ) , (3.1)
0 . Ks(x, s)
Pz, \) = < 1 )e_i)‘x +/ K(z,s)e"ds, K(x,s)= < Ky (. 5) > ) (3.2)
0 - Ks(z, s)
and according to (3.1), we have
V14 = ixe™® — Kl(ac,a:)eim —I—/ Ky 4(z, s)ei’\sds,
Yo = —Ko(z, x)ei’\z —I—/ Ko, (x, S)Ei/\sds.
If (2, \) and 9(z, \) are the solutions of the spectrum problem (2.2), we can get
ixe? — Ky (x,x)e™ + / Ky (z,8)e™ds
= iXe® 4 i)\/ Ki(z,5)e?ds + q*()\)/ K (z,5)eds,

by substituting the above correlation expressions into (2.2), then
S . .
/ e K1 2 (2, 8) + K1 5(2,8) — ¢"(\) Ka(z, 8)] ds — lim Ks(x, s)e™* = 0. (3.3)
T §—00

Similarly, we have

/ T N Ky (2, 5) — Koo(2,8) — g\ K (2, 9)] ds

—[q(z) + 2K2(z, 2)] €% + lim Ki(z,s)e™ =0.
S§—00

Therefore, according to (3.3) and (3.4) we can get

Kiz(z,s) + Kis(z,s) — ¢"(A\)Ka(z,s) =0, (3.5)
Koa(x,s) — Kas(w,s) — q(A)Ki(z, ), (3.6)
4(x) + 205 (2,2) = 0, (37)
Slgglo K(x,s) =0. (3.8)

12



Through the same method of calculation, one can obtain

K’Lx(aﬁ, s) — I_(Ls(x,s) — ¢*(\)Ka(z,8) =0, (3.9)
jox(.%', s) — K275($, s) — g\ K1(z, s), (3.10)
7*(\) = Ka(z,s) =0, (3.11)
lim K(x,s) = 0. (3.12)

§—00

On the other hand, ¢(x, \) and ¢(z,\) can be assumed as

(@, 2) = ( ; >e-m + /_ OO H(z, s)e~ds, H(z,s) ( Z;Eiii ) O 313)
bz, \) = ( é )em +/; H(z,s)e™ds, H(z,s)= < Ifggg ) . (3.14)

3.2 The Gel’fand-Levitan-Marchenko(GLM) integral equations

In fact, the GLM integral equations presented here are not only related to the translation
transformation kernel mentioned earlier, but also to the scattering data obtained in the
previous section. For this reason, the following theorems can be summarized.

Theorem 3.1. According to the scattering data of the spectrum problem obtained above
{Im/\ — o,R(,\),,\j,CJQ.,j =1,2,--- 75}7
{ImA=0,R\\), N, &5 =12, 1},

and assuming

+oo ) _ 1 too _ .
F.(z) = = / R(N)ed),  Fu(z)=— / R(\)e ™2q\, (3.15)
27 J_ o 2 J_ s
N . N Y
Fy(z) = Z c?e”‘jx, Fy(z) = Z E?e*”‘jx, (3.16)
j=1 j=1
F(z) = Fe(x) — Fa(z), F(z) = Fe(x) - Fy(2), (3.17)
then GLM integral equations can be obtained
_ 1 oo
Ko+ (o ) Fato+ [T KsFe+nis =0 (3.18)
K(x,y) + < (1) ) F(z+y) +/ K(z,8)F(s+y)ds = 0. (3.19)

Proof. To begin with, by doing some calculations for the first formula of (2.22) we can

get
(00(1)\) - 1) d(z,A) =R(}) [1#(%)\) - ( é ) e“w] +R(\) ( (1) > pire

e (D)o (1) -wes]

13



then operating the inverse Fourier transform on both sides of the above expression and
simplifying the obtained formula, we can obtain

R A 1) ¢z, N)edr
21 J_oo \a(N) ’
1 [t

o | R(}) [/OO K(x,s)ei)‘sds} euydAJr( 1 ) 1/+oo

iA(z+y)
0 )ar/) . R(N)e dA
1

+00 1 [T
+ = [/ K(x,s)e Z>‘Sds] eMd\ — / [/ H(z,s)e Z’\sds} e,
2m 2

here the last term is equal to zero by Fourier transform. On the left side of the above
equation, we use the residue theorem to integrate the large loop of the upper half plane

1 <1 - 1) B2, N)eMdA
21 J_o \a(N) ’

= iRes <a(1)\) — 1> i ib(A )e“ﬂ/

J=1

By summarizing the above calculation, the original formula can be changed into

< >Zc ei(aty) 4 / K(z,s Z Ai(519) g g
7j=1

1 [t

R(\) [/ K(x,s)e™ds| e dA
21 J oo x

1 I A-y) 1 [T [ —iXs iA
+ — RN T dN + — K(z,s)e "*ds| e""Yd\
0 2 —0 —00 T

2

Then, assuming that

Fu() = — +OOR)\ AT
C(x) ot ( )e ’

E:CQ z)\x

the above expression becomes

( (1) )Fd(x"’_y) +/xoo K(z,s)Fa(s +y)ds

_ /:O K(z,8)F.(s + y)ds + < (1) >Fc(x+y) + K (z,y).

14



Through transposition of terms and assuming
F(x) = Fe(x) — Fa(x),

one can obtain

1 o0
K(z,y) + < 0 ) F(x+y) +/ K(x,s)F(s+y)ds =0.
x
On the same method, we also can get

K(z,y)+ ( (1] )F(:E—I—y)—I-/xOOK(J:,s)F(s%-y)ds:0.

3.3 The time evolution of scatting data
When the initial condition ¢(z,0) is given, its corresponding scattering data is S(A,0).

However, the scattering data corresponding to ¢(z,t) is S(A,t). In order to recover the
potential, next we will find out the relationship between them.

To begin with, the part of lax pair about ¢ is added with vI, where v is a parameter,
i.e.,

b = < g i >¢—v[¢. (3.20)

Owing to ¢(z) and its derivatives with respect to x approaches to zero rapidly as |z| — oo,

then there are
i A B* - fl()\) 0

When z — —o0, gb(:n,_)\) in the above expression is replaced by the asymptotic condition
in (2.18a), hence v = —A(\).

When z — oo, according to the same way and combining with ¢ = ai) 4 bi), we can

get
()= (A= 0 V(D)o ea( 2] oo

In component form (3.21) yields

thus



Therefore, with the above result, the normalizing coefficient can be written in the form

2 (b _ Z-bt‘l/\ —blax)e _ .b- 2A(N)ay
(Cj) < >t - ((I)\)2 - (%)2

= —2121()\)02»

thus

cA(t) = e AN ().

The reflection coefficient also can be obtained as

(b) bia — bay b-2A(N)a

p=(—) = 2 T T 2

. a a
= —2A(MR,

i.e.,

Like the above way, we can get

3.4 Multi-solition solutions

In this section, we will take into account the inverse scattering problem of (1.2) with
reflectionless potentials. Supposing R(A) = R(A) = 0, the GLM integral equations reduce
to

K (g ) Fale s+ [ Kws)Fats + s =0,
* (3.22)

0\ = o _
K(z,y) - < 1 > Fa(x +y) — / K(x,8)Fy(s +y)ds = 0.
Removing K (x,y) from the degenerated GLM integral equations, one can obtain

0\ = 1 o0 =
KGa) = (§ ) Fate s = () [ s )Fats 4 s
o g (3.23)
— / [/ K(x,z)Fy(z + s)dz] Fy(s+1y)ds = 0.
In component form, it is equivalent to
Ki(z,y) — / Fy(z + 8)Fy(s + y)ds — / Kq(z,2) / Fu(z + s)Fu(s + y)dsdz = 0,
Ko(avy) = Fia+) = [ Kalw2) [ Fate o+ 5)Fals + y)dsdz = o
(3.24)
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where

0 _ 00 ' N i
/ Fy(z + s)Fy(s +y)ds / C?ez/\j(zﬂ) Z (—31276—1)\19(5+y)d5

To construct the multi-solition solution of the equation (1.2), we introduce N-dimensional
unit matrix Iy and N-dimensional unit matrix Iy, as well as take IV x 1 column vectors

g(xat) = (gl($7t)792(x7t)v T 79N(xat)7)T7
Wz, t) = (hi(z,t), ha(2,t), - hn(z,1),)7T,

N x 1 column vectors

g(x,t) = (gl(a;t),gg(x,t), T 7§N(x7t)7)T7
h(z,t) = (Bl(:c,t),ﬁg(x,t), co L hy(z,t),

~

and matrix E(xz,t) = (ep;) y«n, Where

B (2, 1) = em ()€™, hp(z,t) = ea()e™T,  epm(z,t) =

Supposing
Ks(a,y) = h(y, )" g(,1), (3.25)

and substituting (3.25) into the second expression of (3.24), we directly have

N .Y N =
D en(®)gn(x, t)e M =3 " & (e A=)
n=1 n=1
N N N (1) (¢) (3.26)
* ~ ick(t)e , i
- Z Z Z / &p(t)gp(, t)e_Z/\pZ%euﬂ'(“‘z)—”\n(ﬂ-y)dz =0,
p=1j=1n=1"7% )\j — A

here

00 _ —iXp TN
/ —i)\pz—l—i)\jzd _ e’ ’
e z = — —.
x _Z(Aj - )‘p)

Hence (3.25) can be simplified as follows

N N
Gn(@,t) = C(t)e " + 3 " gy, tep; (@, thenj(2,t) =0, n=1,2,--- N. (3.27)
p=1 j=1
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In a vector form, it is equivalent to
g(z,t) — h(z,t) + E(z,t)E(z,t) T g(x,t) = 0, (3.28)
which can be written as follows
9(z,t) = (Iy + E(x, ) E(x,t)T) " h(x, t). (3.29)
As a result, we have
Ka(z,y) = h(y,t) g(z, 1)
— iy, )" (I + E(z,0)E(x,t)T) " Rz, 1)
_ tr [(IN + Bz, ) E(x,t)") " R, t)h(y, t)T] .
Resorting to (3.7), the potential g(z) is recovered as follows

q(x) = —2Ks(x, x)

= —2tr [(IN + E(w, ) Bz, )7) " Rz, )z, t)T} . (3:30)

4 Some solutions and their analysis

In this section, we will give some soliton solutions and breathe solutions, and analyze their
figures.

4.1 One-soliton solution

Take N = N = 1, one can see that

hlﬁl

E(x,t) =eji(z,t) = SV
1— A1

then

qi(z,t) = —2tr [(IN + B, t)E(z, ") Rz, t)h(a, t)T]

= —2(1 +¢fy) " hi (4.1)
(A — M)’h3
(A1 — A1)2 + (h1h1)?2

Setting (A1 — A1)% + [c1(0)]* = 0 and (A1 — A1) + [1(0)]* = 0 as well as denoting
A1 = «a + i, substituting the above constraint and relevant assumptions involved into
(4.1), we obtain

Aope2(—i(@)?=328i(a)0)t+2az
ai(z,t) =  2(i(a)?+325i(a)%)t—2az o2(—i(a)?—325i(@)O )+ 20z | |

(4.2)
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In what follows, we firstly discuss the case when N = N = 1. Fig. 1 shows the
one-soliton solution by choosing the appropriate parameters. It is easy to find that real
part and imaginary part of o have different effects on the solution respectively, while &
has little obvious effect.

(a2) (a3)

Figure 1. The single-soliton solutions for |gi| with the parameters selection o = 0.0001,3 =
—0.005,6 = 0.05. (al) three dimensional plot at time ¢ = 0 in the (x,t) plane, (a2) density plot,
(a3) The wave propagation along the z-axis with t = —1,¢ =0, t = 1.

4.2 Two-soliton solution

When taking N = 2, we denote
(A =M+ [a(0)]' =0, (A —X)*+[a(0)]* =0,
(A2 = X2)? + [e2(0)]* =0, (A2 — Ao)? + [&2(0)]* =0,
and
A =a1+ 101, A= ag+ifs.
To begin with, we mark
W =1+ E(z,t)E(x,t)T
:(1 0)+(e11 612)<611 6’21)
01 €1 €22 €12 €
_ < 1+ 6%1 + 6%2 €11€21 + €12€92 >
er1ea1 +ezer  1+e€3 +e3, )
According to the expression of W, we have
l+e3 +e3y  —enea — ernen
1 —e11e21 —ezezz 1 +ef) +edy
1+ 6%1 + 6%2 + e%l + e%z + 6%1632 + e%Qegl — 2e11€12€91€22

Taking use of the above result, we can directly compute
q2 (JJ, t)
— oty [(IN + B, t)E(z, ") Rz, t)h(a, t)T]

_21_2%(1 + €31 + €3,) + h3(1+ €3; + €3y) — 2hiha(er1ea1 + e12€22)
1+ 6%1 + 6%2 + e%l + e%z + 6%1632 + 6%2631

)
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where

c1(t)e (t)ef—M)e ea(t)e (t)elPz M)z
€11 = )\1 — 5\1 ;€12 = )\2 — 5\1 )
c1(t)ea(t)ef1—2)e ea(t)ea(t)eiP2 )
€21 = /\1 — XQ ;€22 = )\2 — 5\2 )
Iy = 1 (t)e” ™M hy = ep(t)e =22,
|
|
(d1) (d2) (d3)
Figure 2. The two-soliton solution for |go| with the parameters selection «; = —0.01,5; =

—0.01,2 = 0.01, 82 = —0.01,6 = 0.01. (d1) three dimensional plot at time ¢t = 0 in the (z,t)
plane, (d2) density plot, (d3) The wave propagation along the z-axis with ¢ = —1000, ¢ = 0,
t = 1000.

Next, we discuss the case for N = N = 2. For the soliton solution obtained in [6], it
is the soliton activity discussed under the condition of plane waves, and the two solitons
collide. In Fig. 2, the two solitons moved side by side on the zero background, but the
shape of the soliton is different at different times, so we guessed that the soliton influenced
each other.

5 Conclusions and discussions

In this work, we have obtained multi-soliton solutions of the equations (1.2) according
to the inverse scatting transform method. To start with, the Jost functions of spectrum
problem (2.2) are derived and according to the result we have gotten the scatting data.
Then integral kernels and their corresponding integral expressions have been given through
translation transformation. It is easy to see that the relations of potential and integral
kernels. Finally we have obtained multi-soliton solutions by GLM integral equations and
the time evolution of scattering data. In addition, localized structures and dynamic be-
haviors of one-soliton and two-soliton solutions are illustrated vividly. It is hoped that our
results can help enrich the nonlinear dynamics of the N-component nonlinear Schrodinger
type equations.
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