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Abstract

This paper is concerned with the bounded fractal and Hausdorff dimension of the pullback
attractors for 2D non-autonomous incompressible Navier-Stokes equations with constant
delay terms. Using the construction of trace formula with two bases for phase spaces of
product flow, the upper boundedness of fractal dimension has been achieved.
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1 Introduction

The incompressible Navier-Stokes equations is the fundamental mathematical model to
describe the conservation law for fluid flow, whose physical background can be founded in some
literatures such as [20]. The rigorous mathematical analysis of three dimensional case goes back
to Leray [21] and Hopf [16], which derived the so called Leray-Hopf weak solution, i.e., the
global existence of weak solutions and local for strong solution. Moreover, the global existence
and uniqueness of weak solution for two dimensional Navier-Stokes equations has been shown
firstly by Ladyzhenskaya [I§]. For the infinite-dimensional dynamic systems for 2D Navier-
Stokes equations based on the weak and strong solutions, the existence and fractal dimension
of global and pullback attractors can be referred in Constantin, Foias and Temam [10], Foias,
Manley, Rosa and Temam [I1], Ladyzhenskaya [19], Lukaszewicz and Kalita [25], Robinson [29],
[30], Temam [33], Carvalho, Langa and Robinson [9], and literatures therein. Although there
are fruitful results on dynamic systems for the 2D Navier-Stokes equations, the inertial manifold
is still open.

The delay influence on differential equations was investigated in past decades which is also
used in control theory and engineer especially from the mathematical analysis in physics, non-
instant transmission phenomena and specially biological motivations, see Caraballo and Kiss
[3], Caraballo, Marin-Rubio and Valero [4], [5], Hale and Lunel [I5]. If the material in fluid
flow is special, then the governing equations becomes 2D incompressible Navier-Stokes system
with delay: continuous or distributed cases. For the well-posedness and dynamic systems for 2D
Navier-Stokes flow with delay, we can refer to [1I, [2], [6], [7], [8], [12], [13], [14], [24], [26], [27],
[31] and some more generalized fluid flow model with delay in [23], [34]. The pullback dynamics
for the 2D Navier-Stokes flow has been presented in above literatures, but the fractal dimension
and robustness of pullback attractors have not been solved till now.
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The purpose for this paper is to investigated the finite fractal dimension of pullback attractors
for 2D non-autonomous incompressible Navier-Stokes equations with continuous delay term in
bounded domain Q C R?

U — vAu+ (u-V)u+Vp = f(t,w) +g(t,z), z€Q, teR,
divu =0, z€, teR,

u(t, )]s = 0,

ur(0,x) =u(t +6,z) = ¢(0,x), 6 € [—h,0], z €,

(1.1)

for h > 0. Here u = (ul(t,z),u?(t,z)) and p = p(x,t) denote the unknown velocity field and
pressure of fluid respectively, v is the kinematic viscosity of the fluid, the nonlinear term f(uy, x)
is the delay term, g(¢,z) € L} (R; L?(2)) is the external force, ¢(6, z) be the initial data, which
contains ¢(0,x) = p(z) = u(t = 7,x), u; is defined as u; = u(t + 0) with 6 € [—h,0].

Let X be a separable real Hilbert space, with inner product (-,-) and norm |-|. Let K C X
be a non-empty compact subset and € > 0, we denote N.(K) to be the minimum number of
open balls in X with radius € which are necessary to cover K. The fractal dimension of K is
defined as dimp(K) = lim supw. Inspired by [9], [10], [1I] and [33], we would prove

—0+ -
the upper boundedness (E)f (]]pullback attractor for problem with the constant delay. The
main results and features of this paper are summarized as:

(1). Using the trace formula in [9], we can prove the finite fractal dimension of minimal
family for pullback attractors Az, (t) for problem in H. However, the phase space for
global weak solution is My = Cy x H, which contains Ay, (t), the trace formula can not be
used directly since the Banach spaces My and Cg is not a Hilbert space. To overcome this, we
use two bases of the Hilbert space My = L*(—h,0; H) x H or My = Ly x H (the choosing
is decided by the time variable) which contains My instead to construct the linear operator for
first variation equation which is quasi-differentiable and compact, then the basis with delay can
be controlled, which leads to the upper boundedness of pullback attractors. This is a further
result of [6], [7], [8], [I2] and [13] partly, i.e., the continuous delay reduces to constant.

(2). However, the strategy used above is invalid for the 2D incompressible Navier-Stokes e-
quations with variable continuous or distributed delays, such as f (¢, us) = f(t, u(t+s)) or f(¢, u(t—
p(t))) and f = f_oh G(t,u(t+ s))ds. The difficulty is the delay basis can not be controlled, espe-
cially the eigenvalues for operator with delay is open, which is a challenging topic.

(3). The difference between classical and delay cases have the similar power for fractal and
Hausdorff dimension of pullback attractors, which can be contracted with Carvalho, Langa and
Robinson [9].

This paper is organized as follows. In Section 2, some preliminaries are given which will be
used in sequel. Then we shall present the global well-posedness and pullback dynamic systems
in Section 3. In Sections 4, we shall prove the finite dimension of pullback attractors for problem

[T

2 Preliminary

2.1 Some spaces

Denoting E := {ul|u € (C§°())?, divu = 0}, H is the closure of E in (L?(£2))? topology, | - |2
and (-,-) denote the norm and inner product in H respectively. V is the closure of the set F
in (H'(2))? topology, || - || and ((+,-)) denote the norm and inner product in V respectively.
Clearly, V< H = H' < V', H and V' are dual spaces of H and V respectively, where the



injection is dense and continuous.The norm || - |« and (-) denote the norm in V' and the dual
product between V and V', respectively.

P is the Helmholz-Leray orthogonal projection in (L?(Q))? onto the space H, A := —PA
is the Stokes operator, {A;}52; (0 < A1 < A2 < --+) is the eigenvalue of A with corresponding
eigenfunctions {w;}32,. We define the fractional operator A° (s € C) (see [33]) as follows.

Asu:Z)\j(u,wj)wj, ue H, seC, jeN, (2.1)
i=1
Ve = D(A%) = {u €H:AucH S No|(uw) < +oo}, (2.2)
i=1

vl = (I w?) (23)
=1

where D(A®) denotes the domain of A® with the inner product and the norm given by
(u,v)ys = (A2u, A20),  |ul|?s = (u, u)ys. (2.4)
In particular, V = V! and V2 = W = (H?(Q))>N(H}(Q))3. In addition, the immersion
D(A2) < D(A%), s>,
is continuous and
D(A%) e (LT (Q)), 0<s<3, (2.5)

is compact.
We can define the bilinear and trilinear form operators B(-,-) and b(-,-,-) as

B(u,v) :== P((u-V)v), blu,v,w)=(B( Z/uZa ~w;dz,

3,j=1

here B(u,v) is a linear continuous operator from V to V', and b(u, v, w) satisfies b(u,v,v) = 0,
b(u,v,w) = —b(u,w,v) and

1 1
b, v, w)| < Clul3 Jull2[|o]|[w]3 |w]2, ¥ueV, veV, weV. (2.6)

For any t € (7,T), let u; be a function defined on (—h, 0) satisfying u; = u(t+s), s € [—h, 0],
we can extend to delay interval u : (7 — h,T) — (L?*(Q2))%2. Based on this extension, we can
introduce some phase space on delay interval Cy = C([r — h,7|; H), Cy = C([t — h,7]; V) as
the Banach spaces with the norms

lulle, = sup |u(t +0)|2, llulc, = sup [lu(t+6)]|
0c[—h,0] 0€[—h,0]

respectively.

The Lebesgue integrable spaces can be denote as L2, = L?(7—h, ; H), L%/ = L%(t—h,7;V),
and moreover L = L>(1 — h,7; H), L3 = L*>(17 — h,7; V). The inner product and norm of
L% = L*(t — h,7; H) is defined by

()t = [ (W) o(s)eds and Juliy = [ Juo)luds

for u,v € Lg.



2.2 Some retarded integral inequalities

In this part, we shall present some retarded integral inequalities from Li, Liu and Ju [22], which
is useful to our estimate.
The literature [22] considers the following retarded integral inequalities:

t o]
y(t) < E@t,7)lly-|| +/ Ki(t,5)ys||ds +/ Ks(t,s)|lysllds 4+ p, Yt=>72>0, (2.7)
T t

where E, K; and K, are non-negative measurable functions on R?, p > 0 denotes a constant.
Let X be a Banach space with spatial variable, based on the retarded Banach space above, then
we use || - || denotes the norm of space C([—h,0]; X) for some h > 0, y(¢t) > 0 is a continuous
function defined on C([—h,T]; X), y(s) = y(t + s) for s € [—h,0].

Some Notations and hypothesis:
Let L(E, K1, K, p) = {y € C([—h,T]; X)|y > 0 and satisfies the inequality (2.7)}, and

k(K1, K2) = sup /K1t5d8+/ thsds

t>1

We assume that

lim E(t+s,s)=0 (2.8)

t—+o0

uniformly with respect to s € RT. Moreover, we suppose (K7, K2) < +00.

Lemma 2.1 Denoted = sup E(t,s) and k = k(K1, K3), then we have the following estimates:
t>s>T

(1) If k < 1, then for any R, € > 0, there exists T > 0 such that

lyell < pp+e, (2.9)

fort > T and all bounded functions y € L(E, K1, K, p) with ||lyo|| < R, where = 1.

—K

(2) If k < 1%9, then there exist M, A > 0 which are independent on p such that
lyell < Mllgolle ™ +p, t>7 (2.10)

for all bounded functions y € L(E, K1, K2, p), where v = “H and ¢ = max{-2-,1}.
1-k

—KkC
(3) If k < 1_‘%9, then the solution reduces to trivial for the occasion kc < 1.

Proof. See Li, Liu and Ju [22]. O

Remark 2.2 (The special case: Ko = 0) Denote (K1, Ko) = (K1,0) and let ¥, K, p, 7 be the
constants defined in Lemma[2.1. Then we have the similar estimates as in Lemma[2.1]

3 Global Well-posedness and Pullback Dynamic Systems for
(L.1)

In this section, we shall state the global well-posedness and pullback dynamic systems for process,
which can be founded in [6} [7, 8], [12], [13], [14], [27].



3.1 Assumptions

(H-1) The function f: Q x R — R satisfies the following hypothesis:

(I-1) f(z,y) is measurable with respect to x for any y and f(x,0) = 0;

(I-2) f(x,y) is Lipschitz continuous with respect to y for any z, i.e., there exists a constant
0 < Cf < 1 small enough such that

|f(2,91) — f(@,92)] < Crly2 —yal, for any y1, y2 € R. (3.1)
(I-3) there exists C'y > 0, such that for all 7 <t and for all u,v € C([r — h,T]; H)

t t
15w = f(s0ds < €3 [ Juls) = ol (3:2)
T T*h
By (I-2), there exist Ly > 0 and I~/f > 0 such that for any y1, y2 € R,
’f<m7n1t> - f(xan%)b < LfH771 - 772”0}17 v m, N2 € H? (33)
If(x,me) = fQ@,mee)ll < Lllm —m2lley, ¥V om, n2 € V. (3.4)

(H-2) The function g(¢,z) € L? (R; H) and there exists a m > 0 such that for any ¢ € R,

loc

t
/ €™ g(s)|3ds < +oo. (3.5)
—0o0

(H-3) The parameter satisfies that 2vA; — (o0 +2Cy) > 0, A1 is the first eigenvalue of operator
A.

Remark 3.1 The hypothesis (H-3) is equivalent to that the Lipschitz constant Cy and Ly is
small enough, i.e., Cy, Ly << 1.

Proof. Since here o > 0 is an arbitrary fixed number and (H-3) holds for all bounded domains
with regular boundary which determined the first eigenvalue A; and viscosity v, we can see the
results obviously. O

Remark 3.2 From the proof at Section[], we can see that the Lipschitz constant small enough is
essential to the finite boundedness of fractal dimension for pullback attractors, hence we assume
that

(H-3’) All the Lipschitz constants Ly, Cy and L are small enough.

3.2 Global well-posedness for (]1.1))

By the Helmholz-Leray projection, the system can transform to the abstract equivalent form

{ %u(t) + vAu+ B(u(t)) = f(t,u) + g(t, ),

u(t) = ¢(t —7) for t € [t — h, 7). (3.6)

¢ Global existence and uniqueness of weak solution:

Theorem 3.3 (1) For the initial data ¢ € Ch, if g € L2 (R; V'), f satisfies hypothesis (H-1)-
(H-3), then problem (3.6]) possesses a weak solutions u(t,x) € C([T — h,+00); H).
(2) If g € L2, (R; H), ¢ € Cy, (H-1)-(H-3) hold, then the weak solution becomes strong,

i.e., uw € L2(1,T; D(A)) N C([1 — h,+00); V).
Proof. See, e.g., Caraballo, Real [0]. O



3.3 Pullback dynamics for (|1.1)

e Continuous process:

Lemma 3.4 For the initial data ¢ € Cy, if g € L2, (R; V'), f satisfies hypothesis (H-1)-(H-

3), then the weak solution of (3.6 generates a bi-parametric family of map, i.e., continuous
process {U(t,s)} : U(t,s)p = u(t,7;¢) on Cp.

Proof. See, e.g., Caraballo, Real [6]. O

Denoting My = Cy x H, we have the following theorem.
Lemma 3.5 For the initial data ¢ € Cy and ¢ € H, if g € L? _(R; V'), f satisfies hypothesis

loc

(H-1)-(H-3), then the weak solution of (3.6) generates a bi-parametric family of map, i.e.,
continuous process {S(t,s)} : S(t,s)(¢,p) = (ue(t, 750, 0), u(t, 750)) on Mpy.

Proof. See, e.g., Caraballo, Real [6]. O

e Pullback attracting:

Lemma 3.6 (The pullback absorbing ball in Cg) For the initial data (¢,p) € Cuy x H, if
g€ L2 (R; V'), f satisfies hypothesis (H-1)-(H-3), then the process U(t,s) possesses a family

loc

of pullback absorbing balls {B(t)} in Cg with the center zero and radius pr(t):
ISt t = )&, Q)llew = i,
t
< CemN) / €™\ g(s)||3ds + d*e™ (1 + Cy)e ™
= ). (3.7)
Proof. See, e.g., Caraballo, Real [6] or Garcia-Luengo, Marin-Rubio and Real [12], [13]. O

Lemma 3.7 (The pullback absorbing ball in Cy ) For the initial data (¢, ) € Cy x V, if g €
L} (R;H), [ satisfies hypothesis (H-1)-(H-3), then the process S(t,s) possesses a family of
pullback absorbing balls {B(t)} in Cy with the center zero and radius py (t):

1S(t,t —s) (¢, o))e, = ol u(t+6,t —s,0,0)[I> < pi (1), (3-8)
here
Py (t) = (as + ag)e™,
with ay = SH3 (01, a2 = 5192 sy + E23(1), and

2
~ A1 ||g||L2 (R;H)
2= (= 4 (14 RGP (1)) = as.
V7w — (0 + 2C,) o (14 hCy) P (1) 3
Proof. See, e.g., Caraballo, Real [6] or Garcia-Luengo, Marin-Rubio and Real [12], [13]. O

e Pullback attractors:

Theorem 3.8 Assume that the initial data (¢,¢) € Cuy x H, if g € L (R; V'), [ satisfies
hypothesis (H-1)-(H-3). Then the process {S(-,-)} generated by the weak solutions of problem
possesses a bounded family of pullback attractors App, (t) in Mpyg. Defining the projector j :

My — Cg, then j(Amy (t)) = Acy, (t) is the pullback attractor in Cy for U(-,-).
Proof. See, e.g., Caraballo and Real [0]. O



4 The finite fractal dimension of pullback attractors for (/1.1
with delay

4.1 Fractal dimension of pullback attractors

The pullback attractors and its regularity for 2D incompressible Navier-Stokes equations with
delays has been studied by Caraballo, Real [6] [7, [§], Garcia-Luengo, Marin-Rubio and Real [12],
[13], Garcia-Luengo, Marin-Rubio and Planas [14], Marin-Rubio and Real [27], especially in
[12, 13, 14, 27]. However, the fractal and Hausdorff dimension of attractors are unknown, which
are our objective in this section.

e The global well-posedness of first variation equation
In this part, we will investigate the well-posedness of first variation equation corresponding to

problem (1.1)) as following

{ LU +vAU + B(u,U) + B(U,u) = f'(t,u)Uy,

U0 +h) = £(0,2) with 0 € [r—h,7] and hence U(r) = £(r,2) = &. (4.1)

Setting A(t) = f'(t,ut) : V — H for every t € [ — h,+00) (f(t,u) is Fréchet differentiable
denote as A) which is a bounded linear operator, i.e., A(t) € L(V, H), using the usual energy
estimates, then problem (4.1) possesses a unique solution

U(t) € L=([n, T H) (L[, T} V), Ur € ([r — b, T]; H).
Thanks to u(t,z) € C([t — h,+00); H), it yields that
U(t) € C([r,+o0); H), Uy € C([T — h,+00); H).
e The quasi-differentiability and compactness of linear operator S(¢, )
Defining the space Xy = C([r — h,T); H) x C([r,T|; H), My = L*(t — h,7; H) x H and

My = Cgy x H, then the quasi-differentiability of linear operator A : My — Xy can be shown
as following theorem.

Theorem 4.1 If the hypotheses (H) and 1/)\1—3—/{;— 52(;\31 P2 > 0 in below hold, and £ € Cp, & €

D(AY*), then there exists a bounded linear operator A(t, s; ¢,1) : My — Xp such that

(1) The function A(t,s; ,v)(€, &) = (Us, U) is the first variation equation ([4.1);

(2) Let App,, (t) be the D-pullback attractors of evolutionary process S(t,s) to problem (3.6))
in My, then the operator S(t, s) is uniformly quasi-differentiable on Ay, (t), i.e., for any initial
data (¢,v) and (¢o,v0) € Any, (t), the linear operator A(t,s; ¢,1) satisfies that for all t > s,
the following convergence

sup sup  I5(:8)(P0,v0) = S(t: 8)(&, %) = Alt, 59,%) (b0 = & Yo = ¥)llasy

(60 e 16—l <e 1(do — &,v0 — ¥)llazy
0,%0 [9—1bol2<e

—0

holds as € tends to 0;
(3) The operator A(t,s; ¢,v) is compact for allt > s, s € [T — h, +00)].



Proof. (1) By the well-posedness of first variational equation, it is easy to derive the result.
(2) Let u(t) and v(t) be two solutions to problem (3.6) with initial data

G

+h)=¢0,z), 0 €[s—h,s|,
(s) =1

()

i
N
and

v+ h)=¢o(0,x), 0 €[s—h,s],
v(s) = tho()

respectively, then U(t,z) = A(t, s;¢,10)(d1 — ¢,11 — ) is the solution to problem (4.1)) with
initial data

U0+ h,2),U(s,2) = (61 — $,901 — ), 0€[s—h,s).
Denoting w = v — u — U with initial data
w(@+ h,z) =w(@) =0, 6 € [s—h,s]|,

then w satisfies

%w +vAw + B(u,w) + B(w,u) + B(v — u,v —u) = f(t,v;) — f(t,ur) — f (t,u)Up. (4.2)

By the Talor expansion, it follows that
f(to) = f(t,w) — f(tu)Up = ft, o) — f(tu) — /(8 we) (0 — ue) + f/(t, ur)wy
F ) (o — ue)® + f(t, ug)wy,

where % = Avy + (1 — XN)uy with A € [0,1].
Multiplying (4.2)) by w, denoting z = v — u, we derive that

1d

iﬁ‘wg + V”sz =+ b(wa U,QU) + b(Z, Z,?,U) = (f//(*)(vt - ut)2 + f,(t,Ut)’UJt,w),

which means

1d

§£|w|§+v|lw|l2 < b(w,u,w) + |b(z, 2,w)| + Llzef3[wlz + Liwe|2]w]. (4.3)

By the property of trilinear operator, we obtain that

1/2 1/2
Ib(w, u, w)] = [b(w,w,u)| < Clwly w][>? [uly?|u]/? <

v
< Sl + Clulslwlz - (4.4)

and

v
bz, 2, w)| = [b(z,w,2)] < Clzlz o]l ll2]l < 5 Jwll? + Clz 3122 (4.5)
Thus it follows from (4.3))-(4.5]) that
d
lwl3 < Ca (|21 + 112118, ) + Co (Il + hwrf3) (4.6)

with Cl = Cl(L,V, )\1) and CQ = CQ(|U|%,L,I/, )\1)



Considering the resulting equation of difference for two solutions v and v, i.e., z = u — v

satisfies
Zt+VAZ+B(uvz) —|—B(Z,’U) = f(t7ut) _f(tvvt)a

multiplying (4.7)) by z, it yields

1d
5% Z|g + Z/HZ”2 S |b(Z,’U,Z)| + |(f(t7ut) - f(t,’Ut),Z)|,
and
v
b(2,v,2)| = |b(2, z,v)| < Clz]2] 2]|[Jv]| < §||Z||2 + Cllv|1?|2[3
and
v 2 2
|(f(t ue) = f(tve), 2) < G120 + Lyplue — vl
hence

t t
5B < -+ Ol [ eoBds + 22 [ Ju—ofds

t
< (W= wiB+2bLslo - alt, ) + [ (ClolP + 2Lp)ls(o)ds,
which implies
T
213 < (1 — 13 + 2hLgll6 — 2, )€ 7 2Ly 7=
and

¢ v||2ds —T
HZHQCH < (W’ — 1|3+ 2hLy|| — ¢1H20H>e(CfT,h [vl[*ds+2L s (T—7+h))

Substituting (4.12) and (4.13)) into (4.6)), it yields

d
%IUJ\% < C(@ — 61,9 = ¥)lar, ™ + O (w3 + [wil3).

Noting the initial data of w, we know that

t
W) < O — b1, — )[4, T + € / (w(s) 3 + [wa[2)ds
and

t
sup |w(s)[3 < C(d = 1,9 — )iy, Te"" +C sup |w(r)|3dr
SE[t—h,t] T r€[s—h,s]

with K = Clv|? + 2L is bounded.
Thus by the Gronwall inequality, we obtain that

?ug]MvwﬂéS<1K¢——¢h¢~—wﬂH%ﬁI%KT<1+eKT»
s€([t—h,t

which means
lw(t)3 < D6 = ¢1,% — Y1) aay, -

9

(4.7)

(4.11)

(4.12)

(4.13)

(4.14)



From the expression of w, we conclude that

”S(t7 8)(¢07 zﬁO) B S(tv 8)(¢a 77/}) - A(tv S5 ¢7¢)(¢0 - ¢a wO - w)HMH
[ (p0 — &0 — ) || My
C(T)II(¢0 — ¢, %0 — )%y

which implies that the uniformly differentiability of process S(¢,s) with respect to initial data
on App,, (t).
(3) Multiplying (4.1) with U, we deduce that

2dtlUlz+V\|UII2 < o0, U+ [(f'(t, ue) U, U))

< \b(U,u,U>\+Viwt\%ﬂuvu?
< ULVl + 510 + qu||2
< U+ B+Y0R, (aas)
which implies
SIUB+ MU < S JulP OB + 2 U (1.16)

Integrating (4.16)) with time variable from 7 to ¢, by the existence of pullback absorbing ball of
u in H with radius py, it yields

t
U@+ vh / U () 2dr

8C5
< S [ e+ e+ 2 [ 0
8C5 . 2L
(Sat+ 22 [ W+t + 22 ol (417

Based on the hypothesis as following

- — 4.1
V/\l I/Al 1/2)\1 WL 0 ( 8)

by the uniform Gronwall inequality, we derive that

o —(wn—Z -2 (t-T)
U)z <e Lo

2L
2 2 ~
= = 4.1
€ol2 + Y lolle,, | = Pu, (4.19)

here pp is bounded.
Taking inner product of (4.1)) by AY2U | noting the existence of pullback absorbing ball of
u, we obtain

d

dt
< 20b(u, U, AY2U)| + 2|b(U, u, AV2U)| + 2|(f(t, us) Uy, AY2U)|
= Il—|—12—|—13.

—|AYVAU 3 + 20| A34U|3

10



Using the estimate [|w||z+ < C|lw|[p(41/4) and |AY 2]y < C]A1/4u]$/2\143/4w]é/2, it yields

L < Cluly? ]2 AY2U|| AV2U | 1
1/2 1/2 3/2
< Cluly Jul /2| A0 4301
v C
< SlAMUB 4 ful3lulP AU
v C .
< lAUB+ —ph @)l 1AV U, (4.20)
and
I < C|U||s|AYulo)| AYV?U |
< ClAVAU | A ?uly| AU,
< AU+ AUl (4.21)
and
C v CL v
I. < "tu) U2 + 21434012 < Z20,12 + 21437402 4.22
s < Sl (L u) Ul + 5] < 10+ 5 2, (4.22)

1

which means

d CL C. C
AR+ APUR < U + Ol AU + AUl (429

Integrating (4.23) with time variable from 7 to ¢, it yields
t
AU+ Ay / AU (r) 3dr
T

CL t C t .
< V)\l/ Ut(T)|§dr+‘A1/4€0’§+y/ (,OH—Fl)HUH2|A1/4U|%dT‘

cL ) c [t
< T)\leHéH + |AYVA 2 + V/

T

R L
(pF + 1+ )\—1)||uHQ]A1/4U\§dr. (4.24)

If we give a more hypotheses:
(H) there exists a 6 > 0 which will be determined later, such that we can denote

C( 52 L t
kst s) = (m}/?—a)(t—s)— (pHH“l)/ u(r)||2dr (4.25)

v

which satisfies
ks(0,t) — Kks(0,5) = —ks(t, s). (4.26)

Denoting

1 t
lim sup / |w(r)||2dr = ag € [0, +00) (4.27)

ro—oco t—T
for the investigation of uniform boundedness for operator A, there exists some d > 0, such that

C(pF + 1+ £)ag

+5<wA/? (4.28)

11



Then under the assumption (H), by the uniform Gronwall inequality, we can conclude that
a2 — [CL oo Ve 2] —rs(tr) _ =2
AU < [T NellE, + 14 el |e ) = gt (4.29)
here py is bounded since vA; > 0.
Using the similar uniform estimates as above, we can also derive that
AU, < 5y, (4.30)

here we omit the detail.
Since the embedding D(A'/*) << H is compact, then the compactness of operator A(t, s; ¢, 1))
holds. O

Remark 4.2 By the retard Gronwall inequality, we can derive a more delicate estimate than
4.19) from (4.17), which is no need so strict restriction as in (4.18)), even the variable index in
4.25)).

e The finite fractal dimension of pullback attractors by trace formula
In this subsection, since the Hausdorff dimension of attractor is not large than fractal dimension
if they are finite, we shall use trace formula to estimate the fractal dimension only here.

Theorem 4.3 Under the assumptions in Theorem and (H-3’), the fractal dimensions of
A, (t) to problem has finite dimension as

(1) If ™AL S SO AL ghen dimp(Ayg, (1) < 2.

3

1 ~ o X
(2) If m;(/\”ﬁéf) < 63§)(\?)M, then dimp(Apr,) < 7CK(T;)2‘Q|2 G+ C, here G = W lleoe oo restny lf;/\of’T A

is the generalized Grashof number for non-autonomous system.
Proof. e Step 1: The precompactness of the union of fiber for pullback attractors
From the existence of pullback attractors, for a fixed 7%, J A, (t) is precompact in Mp.

e Step 2: Extension of the first variation equation to abstract form with delay

Denoting F'(S(t,s)(¢,v),t) = —vA — B(u,-) — B(-,u) + f(t,us), then F(-,t) is Gateaux
differential in V" at (S(¢,7)(¢,v)) which satisfies

F'(S(t,8)(¢,v))U = —vAU — B(U(t, 7)), U) — B(U,U(t,7)¢) + f(t,u)Us (4.31)
and F'(S(t,s)(¢p,v),t) € L(V,V') is a continuous linear operator. Hence, the problem

{ % = F/(S(taT)(¢7w)7t>U7 <¢7 1/1) € MH, (4 32)
(U@ + h,z),U(t,x)) = (&, &), 0 € [T — h,T] '

possesses a unique solution (U, U(t)) € Xp.
Defining £ = —vA — B(u,-) — B(-,u), we can rewrite (4.1) as

%U — VAU - B(u,U) - B(U,u) + f'(t, un)Uy
= F'(S(t,7)(¢, ), )U
= LU+ f'(t,uw)Uy. (4.33)

12



Denoting (£,&y) = (U, U(t)) = W(t), then the projections P; and P can be defined as
PW(t) = Uy, RBW(t)=U().
Based on the well-posedness of (4.1)), we define the operator L : D(L) C Xy — Xy as

D(L) = {(a, B) € Xp|a is absolutely continuous in [—h, 0],

da
=5 € C([=h,0): H) and 8 = a(0) € D(S:)}, (4.34)
hence
Lio,B) = (22 26) = (@,88) for (0,5) € D(L) (1.35)

with the domain D(L) is dense in Xp.
From the definitions above, we can reformulate the first variation equation on Xy as

awv _ o — !
{ WV = EW = LW + (0, f'(t, us) W), (4.36)

W(O) € My,

thus, the first variation equation has been extends to delay form naturally which has the similar
form as a ordinary differential equation.

e Step 3: The trace formula

For each (£1(t), €01(t)), (&2(t),&02(2)), -+, (En(t), Eon(t)) € My, let (Uy(t), Ui(t)) = A(t, s; ¢,)-
(&, &o0i) with (&;,&0i) € My, and

Uls(s) = Ul(s + hﬂ';fl), UZS(S) = U2(5 + h77—§€2)7 Tty Uns(s) = Un(5+ h,T;fn),
Ui(s) = Ui(s, 73 601), Ua(s) = Ua(s,7;802), -5 Un(s) = Un(s,7;80m),

be the solution of problem (4.32)) with initial data (U;(0+h),U;(7)) = (&(0),&0:))(i =1,2,--- ,n)
respectively, Q,(s) denotes the projection from My to the space

span{(Uis(s), Ur(s)), (Uzs(s),Ua(s)), -+ 5 (Uns(s), Un(s))}-

In addition, we denote

Ur(s) = (Us(s), Ur(s)), Ua(s) = (Uzs(s), Uz(s)), -+, Un(s) = (Uns(s), Un(s)) (4.37)

and

51 = (61)501)7 52 = (521502)7 T 7671, = (§nafOn); (438)

then by Lemma 4.19 in [9], it yields
1UL(8) A T2 (t) A+ AT A (M)

R R R t
_ ||§1/\fz/\...Aan/\n(MH)exp(/ Trn(F'(S(r,s)(¢,1/1),r)an(r)dr))
R R R t
= A& A Al ot exp ([ Tra(E) o Qulr)dr), (439)
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here T'r denotes the trace.

e Step 4: The estimate of finite upper bopundedness of pullback attractors
Since the product space My C My, we set {£1(s) = (£15,£1), &a(s) = (&25, &),

(&ns,€n)} as an orthonormal basis for

Span{(U15(8>, Ul(s))ﬂ (U28<S>7 UQ(S))ﬂ T (Uns(s), Un(s))}7
then it follows that

Tr(E(r) © Qu(r))
. T O A CICRICRORSLN Y

EEMr,|&|<1i<n =1

= sup > ((Gir(r), £&(r) + (0, /(8 ur)éin), (Giry &(1))
€M p,|&i<1i<n =1
0

= Z [ /_ \ (d%fz(r +0),&(r +0) )dr + (S6:(r), &() + (' (1, ur)Gir, &6(r))|

= > {5[6@B - 160 - WB] + (~va&() - B,&6) - BEw),u

i=1
(/b ) (1) }
= L+ 1L+ 1.

. 5n(5) =

(4.40)

Since U;(s) € L?(7,T;V), then U;(s) € V for a.e. s > 7, hence &(s) € V for a.e. s > 7 and
i=1,2,---,n. Noting that b(u,&;(s),&i(s)) = 0, by the property of trilinear operator and the

Lieb-Thirring inequality

||Z|901 | ||L2 = ZHD‘P% ||L2a

it follows from Hélder’s inequahty and that

Zrb &0, w6 < C / vl D ler) i
ZHD& HL2

IN

and

—uZ\@ ()] + Zu& O+ s

Using the hypothesis, we have

n

I; = Z(f/(ut)&r,fi(r))

=1

> [l

< fZHsZ I+ 223 el
=1

14
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(4.41)

(4.42)

(4.43)



Combining (|4.40] -, by the hypothesis that 0 < L << 1 such that < 5, we can derive
that

Tr,(E(r) o Qn(r))

O - 166~ 1) }—fZH& P+ 2 Zm
(

> [l
=1
= S e - jae - m) ——ZH@ 2 + 4“(”)\|U<sm>uorr? e mz
2 v
=1

IA

fji 16 ()12 — ”§j\|a< >||2+L“(”>||U<sm>uo||2. (4.44)
2)\1 v
=1

=1

n 2
Using the variational principle and Z A > m from [17], choosing —§ + ﬁ < 0, we obtain

]

Tr(F (U (s, 70, )0 Quls) < 0" Zn& (&1 + 2 7 g

AL — 4
LS+ 2 g

- 2\ P
mn?(vA — 1)  4k(n) 9
- . 4.4
< e Ul (14.45)
Defining the averaging term
I )
gn =Sup sup (— Trp(F (U(S,T)uo,s))ds, (4.46)
teR ugeA(t) L Ji—1
gn = limsup gy, (4.47)
T—+o0
we derive
an?(vi —1) C 1/t
qQp < ——————= + —sup sup (/ U(s, T)ug )ds 4.48
ST T ks TG 1U (s, 7)uo| (4.48)
and
an?(vi; — 1) 4k(n)
iy < — , 4.49
L (4.49)

where ¢ = limsupsup sup / |U (s, 7)uol|*ds.
T—+oo teR upgeA(t)

Multiplying the equation (3.6) by wu, using the hypotheses of delay term f(-,-), using the
estimate of trilinear operator, we derive

16C2 169 16e” TR )T
ulf < [luolg + 26l e 4 [ ioterzas (ws0)
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and

t 16C2
v [P < B+ o2, + / 9(s)/3ds
6C2 60 VA 602 t—1
" [| ol + 9H¢HCH]< = 7)e” TR
256C2(t — )e_( =)
g
(4.51)
Setting s =t — T in (4.51)), it follows
1 t
Defining M = lim / lg(r)|3dr, then
2 —1 4
. n“(vA;1 —1)  64k(n) M (4.53)

< —
e T Y

Case 1: If MQ()\”)“;N DR 635)(\?)]\/[, then by Lemma 4.19 in [9], we have dimpg(A(t)) < 2.

Case 2: Otherwise, by the theory in Temam [33], and Carvalho, Langa and Robinson [9], we
obtain that the fractal and Hausdorff dimension of pullback attractors proceed as dimp(A(t)) <

1
cQz L A
— ¢z +C.

. 1 [t
Denoting M = lim sup/ lg(r)|3dr — ||g\|%oo(_oo =17y then we derive
T—+o00 L Jt—T T

1
Ol2 ~
dimp(Anr, (1) < L(T' Eree
9N
Cr(n)|Q)> i
< i Wlesorem + €

1
Ql2 N
MG el (4.54)

2

here G = WO—;"T*H) This completes the proof. O
In fact, Wang, Yang and Lu [35] has presented a sufficient condition when the pullback
attractor reduces to a single trajectory as following

02 4C?
Theorem 4.4 Assume that (vA\1 — —)(;’T”l — —4) >0, the initial data (¢, ) € Cy x H, if g €

2
vA]

loc(R V"), f satisfies hypothesis above, then the pullback attractors Ac,, reduces to a single tra-

(V/\l—cf)(n1 Mf) t

. : , ) 1
jectory if G(t) < \/ 5 , here G*(t) = %, (h)|<¢ = lim Sup-—— h(r)dr.

S——00 s

Proof. See [35] for more detail. O
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Remark 4.5 The dynamics of 2D Navier-Stokes equation with delay has been investigated by
Caraballo et al, especially the case of variable delay. Our results (Theorem is an extended
research of Caraballo and his coauthors’ former existence of pullback attractors, which also gives
a positive revision of [28]. However, since we choose two basis for phase space, it is invalid for
the variable delay f(t,u(t — p(t))), which is our next objective.

Moreover, the small enough Lipschitz constant guarantee the delay basis has no influence in
trace formula, one natural question is can we find a more weak condition?

4.2 Further research

In this paper, the fractal dimension for 2D Navier-Stokes model with constant delay in finite
interval has been investigated, but what about the variable and distributed cases? Moreover,
the stability and robustness of pullback attractors as finite delay disappears are still open.
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