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Abstract

In this paper, an asynchronous periodic sampling consensus method is proposed
for second-order continuous-time multi-agent systems with event-triggered mech-
anism. Stochastic matrix theory is employed successfully to analyze the consen-
sus of the closed-loop multi-agent systems. By appropriately choosing param-
eters of the proposed consensus control protocol, it is proved that states of all
agents can reach consensus and the Zeno behaviour is excluded if the topology
graph contains a directed spanning tree. Finally, a numerical simulation exam-
ple is given to illustrate the advantages of the asynchronous periodic sampling
consensus method.

Keywords: Multi-agent systems, asynchronous periodic sampling consensus,

event-triggered mechanism.

1. Introduction

In the past decades, a large amount of attention is devoted to the consensus
problems of multi-agent systems (see survey papers [1] and [2]). For the reason
that traditional analog controllers are replaced widely by the digital ones, one
of the main challenging problems in this filed is how to design the sampling con-
sensus protocols. Comparing with the analog consensus scheme, the sampling

consensus scheme has some advantages such as reducing the computing loads
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of controller and saving communication traffics among agents. Thus, lots of
interesting works [3]-[8] on sampling consensus have been done at present stage.

According to sampling mechanism, to the best of our knowledge, the existing
works on sampling consensus methods for multi-agent systems can be classified
as two categories: synchronous ones and asynchronous ones. The synchronous
sampling consensus is that the sampling instants are same for all agents [3]-
[6]. In the asynchronous sampling consensus, the sampling instants are different
from the others [7]-[8]. However, these works require each agent to communicate
with its neighbors in all sampling instants.

To reduce unnecessary communication in limited bandwidth constraints,
event-triggered communication schemes [9]-[12] are introduced into sampling
consensus design of multi-agent systems, where communication occurs only
when some detected conditions are satisfied. In [13]-[16], several event-triggered
synchronous periodic sampling consensus schemes are developed. Then, these
schemes are further extended to the asynchronous periodic sampling case [17]-
[19]. In [17]-[18], the sampling period for each agent is same and edge event-
driven techniques are studied. And the value of edge depends on the information
of the corresponding two neighboring agents. Therefore, asynchronous means
that the event-triggered action over each edge is independent of others. In [22],
a novel distributed event-triggered sampling scheme, where agents exchange in-
formation via a limited communication medium, is investigated for second-order
multi-agent systems. Event-based synchronization of linear dynamical network-
s is proposed in [23] which adopts synchronous sampling method. In [24], the
authors investigate an event-triggered rendezvous control method for multiple
two-wheeled mobile robots while the controllers are designed with equivalent
event-checking periods and time-varying communication delays. For the multi-
agent linear system in [25], the sampling periods and the triggering conditions
of the input and output are asynchronous. In [19], asynchronous means that
the sampling period and the event-triggered instant for each agent are different
from others’. Tt is pointed out that the consensus scheme in [19] has more ad-

vantages such as flexible sampling periods. However, the consensus scheme in



[19] is developed just for first-order multi-agent systems and it is worth further
exploring and generalization.

In this paper, we study the event-triggered asynchronous periodic sampling
consensus for second-order multi-agent systems. It is nontrivial to extend the
results from first-order multi-agent systems to second-order ones. For example,
it is more difficult to design the parameters in consensus protocols, triggering
conditions and sampling periods, for the reason that the closed-loop system
matrix is more complex than one in the first-order case. Fortunately, we solve
these difficulties by developing some new techniques. The main contributions

of this paper are summarized as follows.

(i) This paper is the first study to focus on the event-triggered asynchronous
periodic sampling consensus problem for second-order continuous-time
multi-agent systems. This work further generalizes the classes of multi-
agent systems to which event-triggered asynchronous periodic sampling
consensus scheme can be applied.

(ii) By using some vital technics, it is ensured that the closed-loop system
matrix is still stochastic, which plays the key role in proving the consensus
of positions and velocities of multi-agent systems.

(i) We get that the states of all agents achieve consensus with exponential
rate and it is proved that the proposed event-triggered scheme is better

than sample-data scheme from the theoretical perspective in this paper.

Notations: Let m be a nonzero constant, R denotes the set of real numbers,
Z denotes the set of the nonnegative integers, RV denotes N real vector space,
RN*N denotes N x N real matrix space, the symbol |z | means floor function

of the real number z and V = {1,2,--- /N}. 1, = (1,1,--- ,1)T € R™.

2. Preliminaries

In this section, we will introduce some knowledge on algebraic graph theory

and stochastic matrix theory that will be used in the following sections.



In this paper, the network topology of N agents is modeled as a weighted
directed graph G = (V, £, A), in which V = {vy, va, ..., vy} is the set of the finite
nodes, £ C V x V is the set of the edges, and A = [a;;] € RV*N with a;; > 0
and a;; = 0 is the weighted adjacency matrix of G. The neighbor set of node i
is denoted with NV; = {j € V : (j,4) € £}. Define the weighted Laplacian matrix
as L =Q— A, where Q = diag{q1, 2, ..., qn }, with ¢; = £} a;;. The row sums
of L are zero. i.e. L-1y =0.

The following definitions are from [20]. A matrix A is called a nonnegative
matrix if all its elements are equal to or greater than zero. A nonnegative
matrix A € R™™"™ is said to be a row stochastic matrix, if it satisfies that
A-1y = 1y. For a row stochastic matrix A € RN*N | define the quantity
J(A) = %H;l%x; | air —aj, |=1 —nil)ijnik:min{aik, ajr}. If J(A) < 1, the matrix
A is called scrambling.

The operator D for a vector x = [z1,--- ,zy]7 is defined as D(x) = rlnezgc{xl}f
Lemma 1. [20] For arbitrary vectors v and w, D(v + w) < D(v) + D(w). For
a arbitrary row stochastic matrices A and a vector, D(Av) < J(A)D(v). For
arbitrary row stochastic matrices A and B, J(AB) < J(A)J(B).

3. Problem description and consensus protocol design

3.1. Problem description

Consider a class of second-order multi-agent systems with N agents. The

system dynamics of the ith agent is described as follows
(1)
Uz(t):ul(t)7 i:1721"'7N7

where x;(t) € R represents the position, v;(t) € R is the velocity and u;(t) € R

is the control protocol to be designed below.



The objective of this paper is to design w; for agent ¢ € V such that the

closed-loop multi-agent system satisfies

lim in(t) - xj(t) =0,7€V,
t—o0 (2)
lim v;(t) =0

t—00
for arbitrary initial conditions. That is, achieves the static consensus of the
positions.

In this paper, we consider the asynchronous sampling periodic setting. Let
h; be the sampling period of agent ¢, and define the sampling instants as S; =
{kh;}rez. Denote the event instants as 7; = {ti }rez with t{ = 0, where the
event instants are the time when agents communicate with others. Obviously,

T; C S, for all i € V. According to the above illustration, we can define

&i(t) = ai(th), fort € [t} th.1),
.’fz(t) = (El(khz), fort € [k)hl, kh; + hz),

Remark 1. Distributed problem solving depends extensively on agents being
able to communicate shared data. Generally, the global information for each
agent can not be obtained. Thus, it is meaningful that each agent is able to
determine its own sampling period and detection parameters without knowledge

of any global information.

3.2. Event-triggered asynchronous periodic sampling consensus protocol

In this subsection, to achieve the static consensus of positions shown in (2),
we propose the following asynchronous periodic sampling consensus protocol

with an event-triggered communication scheme
Pi N N
wi(t) = = vivi(khi) + - ==%jen; (& (khy) = &i(khi)) (3)

for te [kh;,kh; + h;) and kh; € S;, where v; and p; are the positive design
parameters, and d; = ¢;. Especially, if d; = 0, u;(t) = 0 for all t.



Remark 2. For (3)), we do not design the term 21 Sjen; (05 (khi) — 0i(khs)).

Thus, information exchanging can be reduced.

The measurement errors of positions between the sampling instants and their

corresponding event-triggered instants are designed as follows
€Z‘(t) = ﬁfi(t) - .’i‘i(t),i eV. (4)
Design the event-triggering condition as follows

filei(t), gi(t)) = gi(t) = [ ei(t) |, € Si, ()

where g;(t) > 0 is a time-varying threshold and it is given as
gi(kh; + hi) = Bigi(khi), 9:(0) = a; (6)

with a; > 0, 0 < 8; < 1, and g;(t) = g;(kh;) for t € [kh;, kh; + h;).

Now, we can get a series of event instants

thy =inf{t 1t € Siyt >t} fi(ei(t), g:(t)) < 0}. (7)

Remark 3. The physical mechanism of the protocol is described as follows.
For each agent, there exists a buffer recording the latest broadcasted state in-
formation from its neighbors, which works in such a way that the old data will
be erased by the new data if they are from the same agent, and the other buffer
records sampling instants of the states. Agent ¢ may receive several broadcasted
information from its neighbor j before the instant kh;, but only the latest one
is kept. Noted that if the current state satisfies (7), agent ¢ will not update
its value instantly until its sampling instants to read the data from the buffer.

Agent i will read the data from the buffer until its next sampling instant occurs.



4. Main results

4.1. Building a precise discrete model

We discretize the second-order multi-agent systems. Choosing t = kh; + h;,

we have

a:z((k + l)hl) :xz(kjhl)#—hlvl(khl)—%%hfvl(khl)

1 _ . .
+§Pidi YhiSjen (&5 (khi) — &i(khyg)), (8)

Ul((k' + l)hi) :’Ui(kihi) - %hlvl(khl)
+ pid;  Bjen; (&5 (khi) —2i(khi)). (9)
The sampling instants of all the agents are collected together as a set U;cy Ui kh;,

and rewrite it by using {73 }rez in ascending order. That is, U;ey Uy kh; =

{7k }kez. Then, we can rewrite (8) and (9) at the sampling instant 75 as follows
&i(k), i1 ¢ S
1
ik +1)=X &(k) + hini(k) — iyihfm(k) (10)

1 - s )
+ ipidi "hiSjen (& (k) — &(k)), if i1 €S

and
ni(k), ifre1 & Sis
ik + 1)=0 ni (k) =vihini (k) + pid; " Sen: (& (k) — &i(k)), (11)
ika+1 € Si7
where
. §i(k+1), ifrp €T
£k +1) = ) i
&i(k), if 741 & Tis

where él(k) represents the position at event-triggered instants. They remain
unchanged until they step into the next event instant. We have &; (k) = x;(7%)
and n;(k) = vi(1g) if 7 € S;; Otherwise, (k) # x;(11) and n;(k) # v (k).



When 74 € §;, the current measurement errors between the sampling states and

the triggered states are defined as

ei(k) = &i(k) — &u(k),i € V. (12)

Substituting into and , we get

k+1 k
A NI O SR
n(k+1) n(k)
where
Ay = I - %pD_lHk[,k H — %’yHg
’ —pDLy, [—~H, |
B, — —%pDilHkﬁk
—pD~' Ly,
with p = diag{pla T apN}7 D = diag{dh e adN}7 Y= diag{’yl) e 77N} and

H = diag{hy,--- ,hn}.

Remark 4. For the ith system, if 7,41 € S;, the elements of ith row in matrix
Hjy and Lj are the same as matrix H and Laplacian matrix £, respectively;
Otherwise, the elements of the ith row in matrix Hy and Ly, are zero. Obviously,

it is possible that more than one agent is sampled at the instant 75,41.

By coordinate transformation, we have

ok) \ (I 0 (k)
o (k) 1 1)\ o)
and
Ok +1) T I 0\ 6k
= Ay,
ok +1) I I —I 1) \¢(k)
+ Bye(k)



Then, we can get the following closed-loop multi-agent systems

0(k + 1 0(k
Ul R B oy (13)
o(k+1) B(k)
where
b — YD 1H.L
K, = ¢  Fr= 2P R ;
c d —1pDH, L —pD 1Ly,

a=I—-3pD 'H,Ly—Hp+ivH?, b= Hy — 3yH?, ¢ = —Hy, +3vH? + vHy, —
$pD™ H, Ly — pD™Ly and d = I + Hy, — AvH? — v Hj,.

As shown in [19], the system matrix Fj plays a key role in the consensus
analysis. The following lemma tells us that the matrix Fj can be a stochastic
matrix if the positive control parameters ~y;, p; and the sampling periods h; are

chosen appropriately, ¢ € V.

Lemma 2. Consider the systems , the consensus protocol and the event-
triggering condition (5f). There exist the design parameters 7; and the sampling

period h; , 1 €V such that Ey is a stochastic matrix.
PROOF. See the Appendices.

Remark 5. Lemma 2 shows us the existence of control parameters for achieving
consensus. However, from the proof we can see how to choose such parameters.
For example, we choose 2p; < v; < % and 0 < h; < %pT VAI, where Ay =

(pi +2)? — 8v;, which ensures that Ej, is stochastic matrix.

4.2. Consensus analysis

Define an integer J = Zf\il [ where H = max;ecy{h;}. Based on [20],

Ry

the following lemma is introduced.
Lemma 3. [20] Assume that the graph contains a directed spanning tree and Ej,
is a stochastic matriz. There exists a constant 0 < pr < 1 such that J(P[IM +

M,IM]) < p for any finite integer M > (N — 1)%J and | € Z, where ®[IM +
M,IM] = ®[IM + M, j] = Einyn—1- - Ein Ej.



Now, we rewrite as follows

6OIM +M) | _ SN + M.IM] O(1M)
$(IM + M) ’ S(IM)
IM+M-1
+ ) HIM+M, j+1)Fe(j), (14)
j=IM

where the transition matrix ®[IM + M, j] is the same as the one in Lemma 3.

, (1M + M)
For convenience, define s(IM + M) = . In what follows, we

o(IM + M)
will give the main result of this paper.

Theorem 4. Consider the system with the consensus protocol , and
the event-triggering condition , If the communication topology contains a
directed spanning tree, for arbitrary o; > 0 and 0 < B; < 1, there exist the
design parameters ~v;, p; and the sampling periods h;, i € V| such that the states

of all the agents reach static consensus given by (2).

ProoOF. From the analysis above, we have
k—1
s(k) = ®[k,0]5(0) + > _ @[k, j + 1] Fye(j), (15)
§=0
where s(k) = [07(k), ¢ (k)]T. Consider D(s(k)) as a Lyapunov function can-
didate. Based on Lemmas 1 and 2, we know that Fj is a stochastic matrix if
p; > 0 and v; > 0 are chosen appropriately. Based on Lemma 3 and Theorem 9
in [19], we get that D(s(k)) converges to 0 as k — co. Then, D({(k)) — 0 and
D(n(k)) = 0 as k — oo.

In this position, we will discuss the convergence of ; (k). We claim that n; (k)
converges to zero. In order to seek a contradiction, we assume that there are
two cases: (1) n;(k) converges to a nonzero constant a, e.g., a7#0. (2) the value
of n;(k) is always changing. As for the former case, for any small value ; > 0,
there exists a natural number N7, such that for each natural number & > Ny,
we have that | n;(k) |< a4 e1, | 7i(k) — n;(k) |< €1, and | &(k) — &;(k) |< &1,
i,j € V. From (L), for the situation that 7411 € S; and 7441 € S, it can be

10



seen that

Wil (k)=y;h;n; (k)]
< |=milk+1) +n;(k + 1) |
+ | =mi(k)}n; (k)|
Hpid;  Sjen (§ (k)= &i(k)))

<2e1 + (pi + pj)e1- (16)

Because 7; (k) converges to a constant a, we obtain

lyihini(k)—~;hn; (k)|
= yihini(k) — vihin: (k)
+ihgni(k) = vihgn; (k) |

> |vihi—v;hil (lal—e)=|vih;le1. (17)

When [ — oo, we have ¢ — 0. However, by comparing with , we
know that there appears the contradiction between and . Therefore,
the former assumption does not hold. As for the latter case, the proof is similar
to the former, which also yields a contradiction. Hence, 7;(k) converges to zero.
Therefore, for arbitrary small positive number 9, there exists a natural number
N3, such that for each natural number k > N3, we have that | n;(k) |< eq,
by the definition of 7;(k), we have | n;(k) |< 2. According to the definition
of operator D, for arbitrary small positive number e3, there exists a natural
number N3 such that for each natural number k& > N3, | (k) — & (k) |< e3.
By the definition of measurement error, for arbitrary small positive number 4,
there exists a natural number Ny, such that | & (k) —& (k) |< gi(mk) < es, i € V.
Define N = max{Ny, No, N3, Ny}. For each k > N, we have

| k) = &5(k) | = &(k) — & (k) + & (k) — & () |
< &i(k) = &(k) | + | &(k) — & (k) |
<es+ea, (18)

11



From , it is easy to get that

| (k) = &(k) | =] &(k) — &) + &(k) — & (k) |
<|&(k) — &i(k) |+ | &(k) — (k) |
< ez + 2e4.
When the time ¢ is large enough, there exist k& > max{ N3, Ny} and ! > max{Ny, No}

such that 7, = lh;, t € [lh;,lh; + h;) with 7, € S;. Tt follows from and @
that

| 2i(t) — &i(k) [<h; | vi(lh;) | "%%‘h? | vi(lhs) |

pihi X R
+5d Z | 25(lhs) — &i(hs) |
JEN;

1 1
<(h; + i%‘hf)@ + §pihi(53 + 2e4).

For any large enough ¢, we have
|23(8) =5 () [<2s(8) =& (k) [+] &5 (k) = () | + [ & (k) =& (k) |
<(hi+h; + %%‘h? + %%h?)éfz
+ %(pihi + pih;)(es + 2e4) + €3.
According to (9)), it can be seen that

o ()| < [vi (kha) |4y halvi (kR )Hpid; hiSjen,

<(1 4 vihi)ea + pihi(es + 2e4).

2 (kh)—2; (kh;)|

Obviously, h;, p; and v;, @ € V are constants and v, > 0. When N =
max{ N1, Na, N3, N3} — 400, according to the above results, €3, e5 and &4
tend to zero. Thus, we get that | z;(t) — z;(¢t) |— 0 and v;(t) — 0 as ¢ — oo for

i,7 € V. The proof is completed.

4.8. Some important results

In this section, we show that there is no case where all sample-data points

are event-triggered points, we are supposed to prove that the inter-event time

12



has a positive lower bound 7y such that t};_H — tff >71 >0, k=01,
i=,1,2,---,N.

For simplicity of presentation, denote ¢; = [c1, - ,¢Ci—1, Ci,Cit1, " ,CN]
with ¢; = ;, where ¢; = 0, j € V/{i}. Denote p= diag{p1, -+ ,pn}, D7 '=
diag{d; ', - ,dy'}, v = diag{y1, -+ ,7~} and H™' = diag{h; ', - ,hy'}.
|

Define z = [zy1,--- , zny]T and v = [vy,- -+ ,vn]T, then rewrite the second-order

multi-agent systems and , i=1,2,---,N, as

o(t) = v(t),
o(t) =—Xjenlp(klhy)—pD H'S je Lz (K] hy)
+ pDYH 1 Le(t),

where the jth row in matrix £; is the same as Laplacian matrix £, e(t) =

[e1(t), -+ sen (O] and ¢ € [kl hy, k{hy + hy) with k] = [ ].
Based on the Newton-Leibnitz formula, it is easy to obtain that

t

X(t = 73()) = x(t) / (3)ds.

t—7;(t)
Then, we arrive at

t
O(t) = —yu(t) — pD T H Lo (t) + Sjen.t; 0(s)ds
t—7; ()
¢

FoD T Sy [ als)ds + Beld)

t—7;(t)
where 7;(t) = t — kJh;. Choose a matrix Q = [q1, - ,qn_1] € RN*(N-D
such that \/%1 and the column vectors of ) form an orthonormal basis of
RYN. And we have the following relationships, Q71 = 0, QTQ = Iy_; and
QQT =1y — +117.
Define ¥ = Q7x. Then, we have

(t) = QT (1),

t

o(t) =—yo(t)—pD ' H ' LQTF(t)+S e ¢; 0(s)ds
=75 (¢)
t
+pD T H T S e, £5Q Z(s)ds+Be(t),

t—7;(t)

13



Denote y = (77, vT)T. Then, we have
t

90 = Fy+ Syen Wy [ ila)ds + Betd), (19
and
§(t) = My(t) — Sjen. Wyy(k]) + Be(t), (20)
where
Ons(n—1) QT Onx(v-1)  Oveayxw

F= W=

A 7 —177-1
-pDTH™LQ  —y pDTH™LQ £

Onv—1)x1 Onx(v—1) QT

B= and M =

B Onx(v—1) Onxn)
We introduce a useful lemma as follows.

Onx(nv—1) QF

Lemma 5. [21] For the matriz F' = and k is a positive

—LQ —kIn
constant, assume that k satisfies that k > maz Amlu) , where u; 1s the
/i MeA+(£){ v/ Re(pi) } K

ith eigenvalue of £ and AT (L) is the set of the nonzero eigenvalues of L. Then,

F' is stable if and only if G contains a spanning tree.

Lemma 6. Take v; = v; =1 >0, 4,5 € {1,2,--- ,N}. Based on the above

;LieAJr(ng?lelﬁ){\/m}’ F is stable if and only if

G has a spanning tree in this paper, where (i; is the ith eigenvalue of pD 'H 'L
and A (pD=YH~'L) is the set of the nonzero eigenvalues of pD *H~1L.

lemma, we can get that if r >

PROOF. It is easy to be proved.

Lemma 7. [22] Assume that all the eigenvalues of matriz P are in the open

left half plane. Then there exist positive constants 1 > 1 and ps > 0 such that
HePtH < ppe 2t > 0.

Theorem 8. Consider the dynamical systems . If the communication topol-
ogy contains a directed spanning tree, for arbitrary a; > 0 and 0 < B; < 1, it
18 solved that there is no case where all sample-data points are event-triggered

points.

14



PROOF. See the Appendices.

Remark 6. Theorem 1 with the consensus protocol proves that the posi-
tions achieve static consensus of . For the dynamic consensus situation, we

can design a virtual leader described as follows

En41(t) = va,
(21)
i]NJrl(t) =0,
where vy is a nonzero constant. Therefore, the topology contains IV 4 1 agents.
Let the leader be the (N + 1)th agent. Thus, the adjacency matrix in the
dynamic consensus situation is denoted as Ayxy1. We define the positions and

the velocities at the sampling instants, respectively. The consensus protocol is

designed as

g1 X N
u;(t) :ENTE;\LNM (@;(t) — 2i(t))
j=1 Qij
g1 ’
vt N+ (@n1 (B hvga) — 2i(khs))
22 g
02 N N .
+ mzj:ﬂij(va‘(ﬂ —0i(t))
g ’
+ i) (v (B hvn) — vi(kRy)),
2521 i

where a;; is the (4,7) entry of the adjacency matrix Ani1, ¢t € [kh;, kh; + h;),

’

k' = [s&], khi € S; and k'hyny1 € Syy1, where o; > 0, i = 1,2. By using
the Lyapunov’s stability theorem, we can prove that there exist two positive

constants € and T, for any ¢t > T, such that the closed loop system satisfies,
v;(t) —v;(t) <e and z;(t) —z,;(t) < ¢,t > T,

for arbitrary initial conditions. Thus, the states achieve bounded consensus.

5. Simulation example

In this section, a simulation example is given to verify the effectiveness of
the proposed consensus scheme. Consider the multi-agent system (1) with 6

nodes, and the communication topology among nodes is shown in Fig. [I]

15



Figure 1: A graph contains a directed spanning tree.

In the simulation, we employ the consensus protocol (3) with the even-
triggering function (6). Based on Remark 3, the triggering parameters in
are chosen as p = 0.01 = 15, v ={0.12,0.22,0.32, 0.16,0.09,0.32}, and H =
[1.35,1.395,1.26,1.44,1.62,1.26]. The triggering parameters in @ are selected
as a; = 10 and f3; = exp(—0.03 x h;). The simulations results are shown in
Figs.2-4 where the initial conditions are set to be z(0) = [5,4,1,7,4,1] and
v(0) = [2,8,5,8,10,20].

Asynchrounous Sampling Asynchrounous Sampling
T T T T T T

20

x,()

X0

=
&

10}

the true value of positions
the true value of velocities

o E—————

0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
s s

Figure 2: (a) Position curves of all agents; (b) Velocities curves of all agents.

It can be seen from Fig.2 that the positions of all agents quickly converge
to a common constant and the velocities of all agents converge to zero. The
triggering instants of all six agents are shown in Fig. [3] Fig. [4 depicts the
trajectories of the measurement error e(t) and the threshold g(t).

The above simulation results are based on Theorem 1, which indeed verifies

the effectiveness of the proposed consensus protocol.
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node1 * * *

node2 * *

node3 + + + +H

node4 ¥ * * -

nodeS5 -+ + +

node6 pk-#- * * *

0 50 100 150 200 250 300 350 400

Figure 3: Event instants of all agents.
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Figure 4: Trajectories of e;(t) and g;(¢).

Remark 7. Because if the current state satisfies (7), agent ¢ will not update

its value instantly until its sampling instants to read the data from the buffer.

Agent i will read the data from the buffer until its next sampling instant occurs.

Thus, it can be seen that there are some instants that e;(t) > g;(t) in Fig.4.

6. Conclusion

The asynchronous periodic sampling static consensus of second-order multi-

agent systems is achieved in this paper by using event-triggered communication

scheme. By comparing with the synchronous periodic sampling method, the

asynchronous period method is more flexible and easier to be implemented.
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Moreover, the use of event-triggered mechanism reduces the communication

loads, which further saves the system energy.
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Appendices

Proof of Lemma 2 According to the definition of the stochastic matrix,

can know that a > 0,0 > 0,¢ > 0,d > 0 and Ex;1 + Erio + -+ + Epion = 1.

At the sampling instants 7,11 € S;, the following inequalities hold

0 < ps,vihi <2,

vihi = (24 pi)hi +2 > 0,
(A1)

Yihi — (2 + p;i — 27v;)hi — 2p; <0,

Yihi+(2v; — 2)h; — 2 < 0.
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Without loss of generality, we assume that p; > 0, and ; > 0. From (A.1), we

have

2
(Dh; < —;

Vi

2 i — VA 2 i+ VA
(2)hz < M or h; > L;

27 2y
(3)2—&-02‘—2%—\/A2 <h < 2+pi—2%—+\/A2;
27i 27
(4)2—2%—\/A‘3 <h < 2—2%+\/A3’
27 27

where A1 = (p;+2)2—8vi, Ay = (pi+2—27;)? +8vip; and Az = 492 +4. One of
the solutions is that if 2p; < v; < %, we obtain that 0 < h; < %. Hence,
E) is a stochastic matrix and there exists an upper bound of the sampling period
for each agent. The proof is completed. O

Proof of Theorem 2 First, we prove to that the states of the second-order
multi-agent systems achieve consensus with an exponential rate. By the

numerical integration of (19]), we have

0

y(t) zeFty(O)—i-/ eF(t_a){Be(H)—l—Z Wj/ y(s)ds}do.

0 j=1 0—7;(0)

o

It follows from the definitions of g;(t) that we can choose 3; = e~*", where a and

h are positive constants. Then, we can get that there exist positive constants

s and w such that
lei(t)]] < gi(t) < pse™“* i e V.

There is no loss of generality in assuming that the norm is 2-norm. Then, it can

be seen that
le@)]| < VNuse .

According to Lemma 5, all of the eigenvalues of the matrix F' have negative real

parts. It follows from Lemma 3 that there exist positive constants pu; and po,
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where po > w, such that

by N< e n(0)Hpa /0 e OV N s | Bl
N 7] N
+H;Wj /{Hj[% y(S)—j;ij(S—Tj (s)HBe(s)]ds||}db.

Denote my = vNug|[B|l, mo = | 3232, W;M|| and my = VN| 3232, W8]
We have
t 0
||y(t)||SU1€_“2tHy(0)||+M1/ 6_“2(&9){77116”%/ [mal|y(s)]|
0 0—7;(0)
N
D WilPly(s = 75()| + mae™*]ds}d6. (22)
j=1
Next, we can prove that there exist two constants A € (0, u2) and w € (0, p2),

where A > w, satisfying

a(ma + maze)(er — 1)
Alpz = A)

<1 (23)

and

pr{mw +my (e — 1)}

0= > 0. 24
itz = 2) — sz + mae=D) (@ — 1) 2

Then, the following inequality holds
ly()I] <pally(0)[le™™ + de~* £ A(t),¢ > 0. (25)

Therefore, the consensus for the states of all agents can be achieved.

Now construct a function
) = a(mg +mge*)(e™ — 1) = Muz — N)

to prove and (24). Clearly, we can obtain that f(0) = 0 and f(0) =
a(mg+ms)d— . When d is bounded and \ € (0, 1), we can get that f(0) < 0.
As a result, the inequality holds. Similarly, can be proved. We will
show that holds. In order to seek a contradiction, we assume that
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does not hold. Hence, there exist some instants ¢ > 0 such that the following

inequality holds

Iy = A).

According to the continuity of 7(¢) and w(¢), there exists a constant ¢* > 0 such
that

ly ()| = pa |y(O)[le ™" + se=t", (26)
()]l < AF),0< ¢ < ¢*.

Denote m3z = || Zf;l W;||?|]. Obviously, t — 7;(t) is bounded, j € V. Thus, one
can find a constant d which satisfies max;ep|t — 7;(t)| < d. Substitute into

(22)
-

() [<pre ™ Yy () v / ¢ =0) {1y 6=y o)
0

0
e[ e+ @0
+ 6mae” 07D 4 mye%ds|| }do.

It is easy to be seen that
* t* * 0
ly (£l <pally (O)Ke™ 21t+M1/ #2050 [(mye gy e Ddsdgy

0 0—d

t* 0
—i—,ul/{mle_“’g&— mgée_‘“%mge_‘”(s_d)—i—m4e_ws)ds}d@.
0 60—
By using the integral algorithm, the following inequality holds

H1 (7712+m3€’\d)(ewl)l
A(r —X) !
m25+m3(5édd1-m;;l

(2 —w)

ly (&)< 1 ||y (0) e ™2 (e M et

d
'Wl{uml +TrL2(5—|-'mgc$e°J Yy

Herhl
AR P A

X (e_”t*—e_’“t*)
= [|y(0)[le™ " + ge"".
This result contradicts . That is, holds. Therefore, we get that

o) <pally(0)]le™ + de~",t > 0, (27)
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where A > w.

In this position, we prove that the inter-event time has a positive lower
bound 7¢ such that ¢} , —t}, > 7 >0,k=0,1,---,i=,1,2,--- ,N.

Fort € [t},t} ) and t € [lh;,lhi+h;), where ¢}, = lh;, based on the definition

of e;(t), we have
()= 0.
Because of the fact that the next event happens as soon as

filei(t),9i(t)) = gi(t)— | ei(t) |, € Si,

crosses zero, that is, it is not triggered before |le;(t)||= pusze™“!. Therefore, the
event is not triggered in the interval [lh;, lh; + h;).
When t € [lh; + h;, lh; + 2h;), based on , we have

es(t)]< / (Ol + de=*]ds

i

t ) .
§/ (e Mk + de 9t ds
¢

i

k

<lpse™ M 4 de ) (t — ).

Denote a lower bound on inter-event intervals as 7; = ¢ — t. Then, we solve the

following equation
5@V 4 6)(t — 1) = pse™ ™.

Because 0 < w < A, then we have that puse@ =M% +§ < ps + 8. For any ti >0,
the solution 7;(¢}) is greater than or equal to 7;° given by [us + 0]7; = pge 7.
Similarly as in [23], we get that 7 is strictly positive. As a result, all inter-
event times are lower-bounded by a positive constant, i.e., t};_i_l —tt > 79 >0,
i=1,2,--- N.

As is stated in Remark 3 in this paper, for each agent i, it will not update
its value instantly until its sampling instants to read the data from the buffer.

And the agent will read the data from the buffer until its next sampling instant
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occurs. Thus, when we choose the sampling period h; such that h; < 79, it
is solved that there is no case where all sample-data points are event-triggered

points. O
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