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Abstract. Unsteady flow of Casson fluid past through a vertical channel has been studied by some researchers due to its importance applications in science and technology. Therefore, the main purpose of this paper is to obtain exact solutions for unsteady free convection ﬂows of Casson fluid with effects of magnetohydrodynamics (MHD) past through vertical channel. Dimensional governing equations are converted into dimensionless forms by using appropriate dimensionless variables. Dimensionless parameters are obtained through dimensionless process such as Casson fluid, time, Prandtl number, Grashof number and magnetic field. Laplace transform method is used to solve the dimensionless equations with associated initial and boundary conditions. Solutions for velocity and temperature profiles are obtained. Skin friction and Nusselt number are also calculated. The obtained analytical results for velocity and temperature are plotted graphically to discuss the influence of dimensionless parameters on profiles. It is observed that fluid velocity increases with increases of Grashof number, Gr and time, t whereas it decreases with increases of Casson parameter, γ, magnetic field parameter, M and Prandtl number, Pr. Besides that, it is found that temperature profiles decrease with high value of Prandtl number, Pr while increases with high value of time, t. In order to validate the results, the obtained results in limiting cases are compared with the published results and it is found to be in a mutual agreement. 


1 Intoduction

Free convection flow with the effect of MHD in Casson fluid had been continuedly studied due to its importance for the growth and development of living being. An example of literature which studied Casson fluid and solved numerically is Raju et al [1]. They analysed the ﬂow, heat and mass transfer behaviour of Casson ﬂuid past an exponentially permeable stretching surface with the presence of thermal radiation, magnetic ﬁeld, viscous dissipation, heat source and chemical reaction. The governing partial non-linear differential equations of the ﬂow, heat and mass transfer are transformed into ordinary differential equations by using similarity transformation and solved numerically by using Matlab bvp4c package. The results showed that Casson ﬂuid has better performance of heat transfer compared to Newtonian ﬂuid. Besides that, the increase in magnetic field lead to the enhancement of temperature and concentration boundary layers and reduction of the velocity boundary layer.Then, Tamoor et al. [2] investigated the joule heating and MHD effects in dissipated stretched flow of Casson fluid. They implemented Homotopy Analysis Method (HAM) in this problem. The result was that the increase of Casson parameter and magnetic field can cause fluid velocity to diminish. Next, Nawaz, Naz and Awais [3] studied the effects of thermal conductivity on MHD axisymmetric free stream flow of Casson fluid.  They used the same method as Tamoor et al. [2] to solve this problem.  They found that Casson parameter increased and lead to the decrease in fluid velocity as well as increase of magnetic field which contributed to increase in fluid velocity.Besides that, Javed et al. [4] discussed Casson fluid ﬂow due to torsional motion of cylinder  with the effect of heat generation and absorption on axisymmetric. Built-in-Shooting method is been used to solve their problems numerically. They observed that the increment of Casson and magnetic parameter caused fluid velocity to decrease and the temperature profile to increase. Mabood and Das [5] focused on framing the features of melting heat transfer on MHD Casson fluid flow in a porous medium influenced by thermal radiation. They used similarity transformations to convert governing partial differential equation to ordinary differential equation and solved numerically by using Runge-Kutta Fehlberg-45 order method. They found the deceleration of fluid velocity due to the increase of Casson, magnetic field and permeability parameters. Furthermore, fluid temperature decreased with the increase of thermal radiation and melting parameters and also fluid temperature decreased due to decrease of stretching parameter, permeability parameter and magnetic field parameter. Next, the analytical solution by using Laplace transform method for the problem will be discussed. Khalid et al. [6] investigated the unsteady Casson fluid flow with free convection and MHD effect through an oscillating vertical plate which is embedded in a porous medium. They solved the governing equations by using Laplace transform technique. They found that the velocity decays in the presence of MHD, Casson parameter and porous medium. Then, Kataria and Patel [7] discussed heat & mass transfer of Casson fluid with MHD effect. Its boundary conditions are oscillating vertical plate which is embedded in porous medium with ramped wall temperature. They obtained exact solutions by using Laplace transform technique. In this study, they achieved similar results as previous study Khalid et al. [6] except skin friction increases with the increasing value of Casson parameter. Kataria et al. [8] did further research on Casson fluid flow with the effects of chemical reaction, MHD and heat generation and absorption. It flows over an exponentially accelerated vertical plate which is embedded in porous medium with ramped wall temperature and surface concentration. Laplace transform technique had been used to obtain exact solutions result. It was observed that magnitude of momentum, heat and mass transfer is higher in isothermal temperature compared to ramped temperature. Fluid motion tends to accelerate with the increase value of heat generation, decrease value of magnetic field, Casson parameter and chemical reaction parameter. Furthermore, Khan et al. [9] investigated similar problem as Kataria et al. [8] with additional effect of Newtonian heating which flows over a moving vertical plate embedded in a porous medium. Their analytical solutions are obtained by using Laplace transform technique. Their findings of fluid velocity are similar to Kataria et al. [8] in which fluid motion accelerated with the increase value of Newtonian heating. Magnetic field fixed relative to plate is greater than magnetic field fixed relative to fluid.
Boundary conditions are important to determine the fluid motion behaviour. There are many types of boundary conditions that had been studied. Literature on fluid flow in vertical channel or between two vertical plates by using Laplace transform technique to obtain exact solutions will be focused in this section. Earlier works done discussed Newtonian fluid with different effects such as Paul, Jha and Singh [10] which discussed free convection effect with constant temperature and heat flux on walls. They found that velocity increased with time for both fluids water and air. They also observed that free convection has more effect in air compared to water. Then,  Jha [11] investigated free convection flow on magnetic field in electrically conducting viscous fluid through a vertical channel. They showed that fluid velocity decreased with the increase of magnetic parameter. Besides that, Narahari [12] extended the problem as Paul et al. [10] with constant heat flux and radiation effects. They observed that velocity and temperature profiles decreased with the increase of radiation parameter. After that, Marneni [13] added mass transfer on fluid flow problem without constant heat flux and radiation effects as a new problem. It showed that velocity and concentration profile decreased due to the increase of Schmidt number. In addition, Narahari and Raghavan [14] studied exact solution for unsteady natural convection flow of viscous fluid with ramped wall temperature effect. They found that in the case of ramped wall temperature, velocity and temperature profiles are lesser than isothermal case. Next, Jha and Ajibade [15] presented free convective heat and mass transfer with diffusion thermo effect. The obtained result was that the Dufor effect enhanced the fluid temperature which means it can reduce time taken for fluid to reach steady state condition. Seth, Kumbhakar and Sharma [16] investigated Newtonian fluid in unsteady MHD free convection flow through a rotating vertical channel in porous medium with hall effects. Impulsive movement of one of the plates of the channel induced fluid to flow. They obtained analytical solutions by using Laplace transform technique. Fluid velocity, fluid temperature and shear stress had been analysed in this literature.Recently, some researchers introduced new study on non-Newtonian fluid flow in vertical channel. Khan et al. [17] and Ahmad Qushairi et al. [18] studied non-Newtonian fluid in which Casson fluid past through vertical channel with free convection flow. Khan et al. [17] studied a fixed vertical plate and on oscillating vertical plate while Ahmad Qushairi et al. [18] studied two fixed vertical plates. Both researches studied on free convection flow but Khan  et al. [17] had additional effects which was thermal radiation. They used Laplace transform technique to obtain exact solutions but Khan et al. [17] had additional application of time-fractional derivatives with non-singular kernel. They obtained same results of velocity and temperature analysis.
To sum up, the literature that had been discussed as above stated that no study has been reported yet in investigating Casson ﬂuid ﬂow and heat transfer analysis past through vertical channel with MHD effects. Thus, the present work will focus on unsteady free convection flow of MHD Casson fluid in vertical channel. The analytical solutions are obtained by using the Laplace transform method. Laplace transform is one of the famous analytical techniques to solve problems in fluid mechanics which is involved with time dependent initial and boundary value problems. Unsteady state involves time dependent of initial and boundary value problems which is fitted with the proposed method to obtain exact solutions of governing equation.

2 Problem Formulation









Consider the unsteady free convection ﬂow of incompressible Casson fluid past through two inﬁnite vertical plates which is separated by distance d with constant temperature. The x-axis is in upward direction along the two vertical plates and y-axis is in normal direction to the plates. A uniform transverse magnetic field of strength  is then applied parallel to y-axis. It is assumed that induced magnetic field, the external electric field and electric field due to polarization of charges are negligible. Initially at time  , the ﬂuid and plates are both at rest and assumed at the same temperature . Then, at the time , plate temperature is raised to at  while plate temperature at  is remain at constant temperature  and velocity for both plates are . Then, under the usual Boussinesq’s approximation, the corresponding partial differential equations for momentum and energy are given as

				(1)

						(2)
with the associated initial and boundary conditions

				(3)


where  is the velocity component along x-axis, µ is the dynamic viscosity of fluid, γ is the non-Newtonian Casson parameter, is the electrical conductivity, ρ is the density of fluid, g is the gravitational acceleration,  β is the heat transfer coefficient, T is temperature of fluid, cp  is the specific heat capacity of fluid at constant temperature, k is thermal conductivity,  ν is the kinematic viscosity of fluid. Introducing the following dimensionless variables:

				(4)
and substitute equation (4) into equations (1)-(3), obtained dimensionless partial differential equations as

					(5)

					(6)
with the associated initial and boundary conditions

				(7)




where is the Grashof number,  is the magnetic parameter, is the Prandtl number and   are the constant parameters. 

3 Problem Solution
3.1 Temperature and Velocity Profiles
In order to obtain the analytical solution of equations (5) and (6), apply Laplace transform into equations (5) and (6) subjected to the initial equations (7), yields

				(8)

					(9)


where  is the Laplace velocity,  is the Laplace temperature and s is the transformation variable. The corresponding Laplace transform for boundary conditions are 

				(10)
The inverse Laplace transform of equations (8) and (9) by imposed of equation (10), give

	(11)

			(12)
where






















in which      and 
3.2 Skin Friction and Nusselt number
In the dimensionless form, the governing equation for skin friction and Nusselt number for Casson fluid is given as

					(13)

						(14)
Thus, skin friction of this problem can be expressed as

		(15)
where
















And Nusselt number can be expressed as

			(16)

4.0 Results and Discussions
Limiting case has been considered in this problem in order to check solutions accuracy. Validation process has been done by comparing solution with Ahmad Qushairi et al. [18]. in which no MHD effect is considered in unsteady free convection of Casson fluid flow. This can be done by allowing M is equal to zero in equation (11). It is found that the identical results are obtained as shown in Figure 1. Hence, the solution accuracy of this problem is confirmed.
[bookmark: _GoBack]Figure 1 	Comparison of velocity profile u(y,t) from equation (11) with Ahmad Qushairi et al. [18].


Figure 2 displays velocity profiles for various values of Casson parameters γ. From the observation, fluid velocity decreases as Casson parameter increases due to high viscosity of fluid.  Casson parameter is not applied as fluid moves towards centre between bounding surface.  Further observation from this figure, large value of Casson parameter results to Newtonian fluid behaviour.  Therefore, its velocity boundary layer thickness is larger than those for Newtonian fluid due to plasticity of Casson fluid. Decreasing of Casson parameter due to increasing in plasticity leads to increment in velocity boundary layer thickness due to increment in momentum boundary layer. The influence of magnetic field M on velocity profiles is exhibited in Figure 3. It is observed that the velocity decreases with increasing of magnetic field. Electric current is generated in fluid when magnetic field is applied to moving electrically conducting fluid. Interaction between induced currents and magnetic field produce a resistive force known as Lorentz force which is an external force works in the opposite direction of the fluid which retards the fluid flow. It is similar with the drag force. Furthermore, increment in magnetic parameter M leads to increment of resistive forces which resist the fluid flow, thus fluid velocity is reduced. Figure 4 illustrates velocity profiles with various thermal Grashof number Gr. Thermal Grashof number is defined as the ratio of thermal buoyancy force to viscous hydrodynamic force (Kataria et al.  [7]. The thermal buoyancy force is dominant during free convection process which results to increment in Grashof number Gr. Therefore, density of fluid decreases and small viscous effects in momentum equation which leads to increment in fluid velocity. As referred to Saqib et al. [19], buoyancy force is opposing fluid ﬂow when value of Gr is negative whereas buoyancy force is supporting fluid ﬂow when value of Gr is positive. Figure 5 and Figure 7 depict velocity and temperature profiles with different values of Prandtl number, Pr. Prandtl number is described as the ratio of kinematic viscosity to thermal diffusivity as referred to Das, Mahato and Nandkeolyar [20]. Increases Prandtl number in the fluid flow will reduce thermal conductivity and increase fluid viscosity. Consequently, the fluid becomes thick and increase in viscous force which results to decrease in fluid velocity. The low rate of thermal diffusion causes arising in velocity boundary layer thickness.  Besides that, the thermal boundary layer thickness decreases since decreasing fluid thermal conductivity with increasing Prandtl number which leads to decrease in temperature profiles. Prandtl number influences thickness of momentum and thermal boundary layers in heat transfer problems. Figure 6 and 8 show the behaviour of velocity and temperature profiles with the time changes. It is found that velocity and temperature increase when the value of time t is increased. It is due to the external energy that supply to the fluid flow which results in increasing fluid particle movement when time is increasing. Its results in increasing of fluid velocity and temperature. Figure 2 	Velocity profiles for different values of Casson parameters  

Figure 4 	Velocity profiles for different values of Grashof numbers. 
	
 with M=1.0, Pr=6.0, Gr=5.0 and t=1.0.

Figure 3 	Velocity profiles for different values of Magnetic field parameters.


Figure 5 Velocity profiles for different values of Prandtl numbers. 


Figure 6	Velocity profiles for different values of time 
	
 with M=1.0, Pr=6.0, Gr=5.0 and t=1.0.



Figure 7 	Temperature profiles for different values of Prandtl numbers.	


Figure 8 	Temperature profiles for different values of time.
	
 with M=1.0, Pr=6.0, Gr=5.0 and t=1.0.




Table 1 shows the variation of skin friction for different values of related parameters. Skin friction is increasing due to increase in Casson parameter, Magnetic field and Prandtl number whereas decrease in time and Grashof number. Skin friction with negative value means that drag force is applied to the fluid due to the plate. Table 2 indicates Nusselt number with variations of parameters such as Prandtl number Pr and time t. It can be observed that, arising in Nusselt number due to increasing in Prandtl number and decreasing with time. Nusselt number can indicates either heat transfer by convection or conduction is dominant. 
5. Conclusion
Analytical solutions for unsteady free convection flow of MHD Casson fluid through a vertical channel has been discussed in this thesis. The Laplace and inverse Laplace transform method had been used to attain analytical solutions for this problem. Finally, the solutions are satisfactory with related initial and boundary conditions. The obtained solutions are discussed graphically with the effects of Casson parameter γ, Grashof number Gr, Prandtl number Pr, time parameter t and Magnetic parameter M. The velocity and temperature profiles increase when t and Gr increase but decrease when Pr, γ and M increase. skin friction increases with the increase of Casson parameter, γ, magnetic field parameter, M and Prandtl number, Pr while decreases with Grashof number, Gr and time, t. Besides that, Nusselt number, Nu increases with high value of Prandtl number, Pr and decreases with high values of time, t. Solution (11) is found in excellent agreement with those obtained by Qushairi [18].
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Tables

Table 1	Variation of skin friction, τ for different parameters.
	t
	Pr
	M
	Gr
	γ
	[bookmark: _Hlk25597842]τ

	0.20
	6.20
	0.50
	2.00
	0.50
	-2.123

	0.80
	6.20
	0.50
	2.00
	0.50
	-4.047

	0.20
	7.20
	0.50
	2.00
	0.50
	-2.031

	0.20
	6.20
	2.00
	2.00
	0.50
	-2.042

	0.20
	6.20
	0.50
	5.00
	0.50
	-5.306

	0.20
	6.20
	0.50
	2.00
	1.00
	-1.022




Table 2	Variation of Nusselt, Nu number for different parameters.
	t
	Pr
	Nu

	0.1
	6.2
	4.442

	0.2
	6.2
	3.141

	0.1
	7.2
	4.787
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