Maximum likelihood method based on specimen information reconstruction and life equivalent principle for P-S-N curve fitting
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ABSTRACT
In order to improve the accuracy of the relationship between standard deviation and stress with a small number of fatigue test data, the specimen information reconstruction method is proposed in this paper. Meanwhile, the new maximum likelihood method is designed for P-S-N curve fitting, which is based on the specimen information reconstruction and the life equivalent principle. According to the main type of welded joint on the 80t gondola car body, the T-joint specimens were fabricated and tested, then the P-S-N curve is fitted and extrapolated. Finally, according to the result of measured stress spectrum on 80t gondola car body, it is verified that the accuracy of the P-S-N curve fitted in this paper is higher, and it is indicate that maximum likelihood method based on specimen information reconstruction and life equivalent principle is a better way for P-S-N curve fitting, especially for the small number of fatigue test data.
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Introduction
P-S-N[footnoteRef:1](probabilistic stress-life) curve is a set of curves, it describes the relationship between the stress level and the number of stress cycles to material fatigue failure with a specified survival probability [1-3]. It is a key indicator of the material's ability to resist fatigue damage, and it is also the basis for structural fatigue reliability design and evaluation. The basic methods which are used for P-S-N curve fitting generally include: least-square method, Bayesian method, maximum likelihood method, Monte Carlo method, modern intelligent algorithm, etc. [4-6]. As a matter of fact, the P-S-N curve fitting methods are always the combination of the above methods [7-10].  [1: *Corresponding author.
E-mail address: liuwenfei45@163.com (W. Liu).] 

According to sampling theory, the larger of specimen’s amount, the higher accuracy of test evaluation, and the more realistic the specimen quality can be reflected. However, owing to the high cost and long fatigue test time, it is difficult to achieve the requirement of large number specimens in sampling theory, especially for large-sized structural parts or expensive parts, fatigue life statistical inference can only base on small or very small number of specimens [11-13]. The maximum likelihood method provides a way for fitting the P-S-N curve with small number of specimens [14, 15], but its premise is to obtain the higher accuracy life mean and standard deviation under each stress level. A large amount of fatigue test data indicates a phenomenon as follows[16,17]: Samples with small number in the middle life zone, there is generally a good linear relationship between the life mean and the stress level in logarithmic coordinate system, but the relationship between the life standard deviation and stress level is often not unique. This phenomenon indicates that it is often difficult to reflect the true distribution of specimen life when the number of specimens is small.
In this paper, in order to improve the accuracy of P-S-N curve fitting, the maximum likelihood method based on specimen information reconstruction and life equivalent principle is proposed. Then the P-S-N curve of the T-joint is fitted with the fatigue test data by this method. Finally, according to the measured stress spectrum of 80t gondola car body, the accuracy of the T-joint’s P-S-N curve is verified.
Theoretical background
2.1. Mathematical expression of S-N curve
The S-N curve represents the fatigue performance of metallic material. For the convenience of calculation, mathematical expressions are usually used to describe its laws. Such as, power function formula, exponential function formula, three-parameter formula, Basquin formula, Weibull formula, etc. [18-20]. For metallic materials, the S-N curves can be expressed by power function formula in the middle life span, which can be written as:

                                            (1)
where S is the stress level; N is the material life under the stress level; m and C are determined by the fatigue test, which relate to the material, stress ratio, loading mode, etc. 
Taking logarithm in Eq. (1) leads to:

                                        (2)




Denoting , , , , Eq. (2) can be rewritten as follows:

                                          (3)
From Eq. (3), we can know that it is a linear relationship between the fatigue life N and the stress level S in the logarithmic coordinate system.
2.2. Basic assumption
A large number of metallic materials’ fatigue tests have confirmed that the fatigue life generally follows a lognormal distribution in the medium life span [21, 22]. For better expression, they are defined as follows: the number of stress levels is ; the total number of specimens is ; the number of specimens at the i-th stress level is ; the fatigue life of the j-th specimen at the i-th stress level is .
The probability density function is:

                                       (4)
where ; ;  and  are mean and std(standard deviation) of log-life(logarithmic fatigue life) under stress leve  respectively.
Its probability distribution function is:

                                          (5)
2.3. Life equivalent principle
From Eq. (1), when the loading method, loading form, stress ratio and test method are determined. The fatigue life of specimen is determined by material performance and specimen’s manufacturing quality. During fatigue test, it is impossible to perform fatigue test on the same specimen at different stress levels, but according to "consistency principle of fatigue life percentile" [23], the life equivalent of the specimen at different stress levels can be achieved by this method, because it shows that fatigue life probability distribution  of the same specimen is constant under different stress levels in medium life span. Thus, it can be obtained from the formula Eq.(5):

  (T is constant, i =1,2,…,n)                                (6)
According to Eq.(6), it could realize life equivalent of the specimen under different stress levels. Based on this method, the quantity of specimens can be increased under different stress level, which can use all tested specimens information maximally. In particular, it provides a good way to expand the number of specimens. However, this method is based on obtaining a higher accuracy life mean and life std at each stress level. In fact, life mean and life std are respectively related to stress levels. Therefore, it is especially important to find out the relationship between life mean and stress levels, life std and stress levels.
P-S-N curve fitting method 
3.1. P-S-N curve fitting based on the maximum likelihood method 
The basic idea of the maximum likelihood method is that an occurred event’s probability is maximum. Therefore, the selection of unknown parameters is based on the benefit of the event. When using the maximum likelihood method to fit the P-S-N curve, fatigue test is performed on one specimen at each stress level （ i=1,2，...,n）, and corresponding log-life is ; Then a group of specimens are tested under one specified stress level , and corresponding log-life are  （j=1,2,…,q）[24]. Meanwhile, two assumptions are proposed in medium life span: the fatigue lives follow the lognormal distribution at each stress level; the life mean and life std are linear relationship with stress level respectively in logarithmic coordinate system, i.e.

                                               (7)

                                               (8)
where  and  are the values of  and  in the logarithmic coordinate system;  and  are the log-life mean and log-life std of the specimen at stress level ;  and  are pending constants.
The log-life of failure probability p is:

                                               (9)
According to the above assumptions, the likelihood function can be written as:

                                      (10)
Fill Eq. (8) and Eq. (9) into Eq. (10), and taking logarithm in Eq. (10) leads to:

                         (11)
When  reaches the maximum value, corresponding  and  is their maximum likelihood; or make partial derivative of Eq. (11), and make them to be zero, it also can find their value.

                                   (12)

                         (13)
Through the above method, the P-S-N curve equation can be obtained as:

                                        (14)
There is a problem in fitting the P-S-N curve using the maximum likelihood method, which life mean and life std can’t be obtained at the stress levels except stress level . Because for only one specimen, it does not exit life mean and life std. Meanwhile, owing to the high cost and a long time of fatigue test, it is difficult to use a large number of specimens for fatigue test. Therefore, it is the focus of research that how to obtain the life mean and life std of each stress level with high accuracy based on small or very small number of specimens.
3.2. Specimen information reconstruction method
In the case of the small or very small number specimens, fatigue test data is difficult to accurately describe the true distribution, it may even obtain an opposite conclusion. This phenomenon usually occurs the relationship between the stress level and life std. 
Generally speaking, it is an approximate linear relationship between life std and stress level in logarithmic coordinate. However, they are not linear relationship in some adjacent stress levels, there may even be a phenomenon that it is the opposite of the homoskedasticity method [25] or linear heteroskedasticity method [26]. The specimen information reconstruction method is given to deal with such problems in this paper.
When the relationship between two adjacent stress levels is inconsistent with the overall trend, it can combine the two stress levels into one stress level, and the Eq. (15) can be defined under the new stress level.

                                        (15)
When the relationship among three adjacent stress levels is inconsistent with the overall trend, it can combine the three stress levels into one stress level, and the Eq. (16) can be defined under the new stress level.

                                (16)
The old stress levels and life std are replaced with new stress level  and new life std  respectively, specimen information equivalence shall be performed as this method if the variation is not unique between life mean and stress level, and this method is defined as specimen information reconstruction.
3.3. The procedure of P-S-N curve fitting 
The basic principle of the maximum likelihood method based on specimen information reconstruction and life equivalent principle is: Firstly, the test data is computed by the life equivalent principle method which combines the specimen information reconstruction method, it can not only improve the accuracy of the life std, but also ensure the accuracy of the life equivalent; Secondly, the P-S-N curve is fitted by the maximum likelihood method. The detailed calculation steps of the method are as follows.
(1) According to fatigue test data, it is an approximate linear relationship between the life mean and stress level in logarithmic coordinates, so the line can be fitted by the least square method, and then the life mean can be calculated at different stress level. 
(2) It is an approximate linear relationship on the whole between the life std and stress level in the logarithmic coordinate system, but it is opposite to the overall trend under some adjacent stress level, it can be computed by the specimen information reconstruction method, then the line can be fitted with new data by the least square method. Finally, the life std at different stress level can be calculated.
(3) According to life equivalent principle, combining with the new mean and the new std, the fatigue lives under different stress levels are equivalent to the specific stress level  which is with a large number of specimen, so as to uses all the information of the existing specimen, which realize the equivalence of fatigue life under different stress level. 
(4) Finally, P-S-N curve is fitted with equivalent fatigue data by the maximum likelihood method.
Fatigue test and P-S-N curve fitting
Welded T-joints are widely used in railway wagons, in order to provide the basic parameters for the fatigue strength evaluation of wagons, and verify the accuracy of P-S-N curve which is fitted by the new maximum likelihood method, fatigue tests were carried out on 30 T-joint specimens with steel Q450NQR1, then the P-S-N curve of T-joint was fitted. 
4.1. Fatigue test
4.1.1. Material properties
At present, the total number of railway wagons exceeds 900,000 in China, and the structures of wagons are basically all-steel welded. Meanwhile, in all of the materials, steel Q450NQR1 is the most widely used. Therefore, it is very representative to fabricate fatigue specimens with Q450NQR1. Table 1 and Table 2 show the chemical compositions and mechanical properties of Q450NQR1 [27], respectively. 

Table 1 
Chemical compositions of Q450NQR1
	Element (%)
	C
	Si
	Mn
	S
	Cr 
	Ni
	Cu

	Q450NQR1
	≤0.12
	≤0.75
	≤1.50
	≤0.008
	0.30~1.25
	0.12~0.65
	0.20~0.55


Table 2 
Mechanical properties of Q450NQR1
	Performance index
	Lower yield strength(MPa)
	Tensile strength (MPa)
	Elongation after fracture (%)
	Impact property (J)

	Q450NQR1
	450
	550
	20
	60


4.1.2. Specimens fabrication
Specimen size of fatigue test refers to the standard GB/3075-2008 [28]. The thickness of the plate is 6mm; the dimensional tolerance is ±1mm; the vertical tolerance is ±1mm; the flatness is within 1mm; the parallelism of each side is less than 0.2mm. The section of the specimen has no defects, such as delamination, lack of flesh, depression, and large bulge, but allows fine burrs. A total of 30 T-joint specimens were fabricated. The welded form and the actual specimen are shown in Fig. 1.
[image: ]       [image: ]
(a)                                               (b) 
  Fig.1 Welded T-joint specimen. (a) Welded form, (b) Actual specimen
4.1.3. Loading conditions
At present, the S-N curves of metallic materials are usually obtained by group test method and lifting method. The fatigue test was carried out with the Zwick/Roell high-frequency fatigue testing machine under the normal temperature, and the machine is shown in Fig. 2. The specimens were loaded with a multi-level constant amplitude load of not less than 5 stages; loading method was axial pull-pull cycle, stress ratio R=0.1, sine wave load, loading frequency about 70Hz. In order to obtain the realistic fatigue limit, the load stress was adjusted as close as possible to the stress level at the fatigue life of 2×106. Meanwhile, 2×106 was used as the basis for judging the fatigue failure of the specimen. That is to say, if the number of cycles exceeded 2×106, we can consider that the specimen was no longer damaged.
[image: 未命名]
Fig.2 Zwick/Roell high-frequency fatigue testing machine
4.1.4. Results and discussion
The fatigue test result of T-joint specimens is shown in Fig. 3. According to Fig. 3(a), fatigue crack of the specimen is located at the weld toe, and the crack spreads laterally along the position of the weld toe. According to Fig. 3(b), we can know that the fatigue crack initiated on the T-joint surface. The fatigue fracture consists of three parts: fatigue source zone, fatigue crack stability extension zone and rapid fracture zone. The fatigue source zone is located at the end of the T-joint, and the crack growth rate is slower in this area. The upper and lower surfaces were continuously opened and closed during the expansion process, it led to the friction is relatively smooth. The white area in the middle of the fracture is the rapid fracture zone, which is a fresh section after the crack spreads to the sufficient size.
[image: ]    [image: ]
(a)                                                 (b)
Fig.3 The fatigue test result of T-joint specimen. (a) The fatigue crack of specimen, (b) The macroscopic fracture morphology of specimen

The fatigue test result of the specimens is statistically calculated. Considering the demand of P-S-N curve fitting, the fatigue life of the specimen is logarithmically transformed, and the mean and std at different stress levels are calculated. The datum is shown in Table 3.
Table 3 
The log-life of T-joint specimens 
	Stress/MPa
	Log-life
	Mean
	Std

	150
	5.4706,5.4709,5.4772,5.515,5.5437
	5.4955
	0.0327

	140
	5.6502,5.6626,5.6946, 5.6998
	5.6768
	0.0242

	130
	5.7467,5.8074,5.8607
	5.8049
	0.057

	120
	5.8724,5.9375,5.9609
	5.9236
	0.0458

	110
	5.9909,5.9997,6.0472,6.1222,6.1482
	6.0616
	0.0711

	100
	6.1148,6.1958,6.2281,6.2518,6.2520,6.2920
	6.2224
	0.0615

	90
	Four specimen lives >6.3010
	
	



4.2. P-S-N curve fitting 
4.2.1. Specimens information reconstruction
According to the test data in Table 3, it can be seen that life mean and stress level can be approximated as a linear relationship on the whole in logarithmic coordinates. The line can be directly fitted by the least squares method, and the relationship between life mean and the stress level is:

                                         (17)
Based on Eq. (17), the life mean can be obtained under the new stress levels, which is shown Table 4.
According to the test data in Table 3, it shows that the relationship between std and stress level is linear on the whole in logarithmic coordinates, but stds under the stress levels 150Mpa, 130Mpa, 110Mpa are higher than those under 40Mpa, 120Mpa and 100Mpa. Therefore, the specimen information reconstruction method can be used to reconstruct the specimen information under two adjacent stress levels, the stress level and the std after reconstruction is shown Table 4, and the relationship of lift std after reconstruction and stress level is as follows:

                                        (18)
Table4 
Life mean and std under new stress level 
	Stress/MPa
	Mean
	Std

	147
	5.566
	0.0303

	125
	5.8476
	0.0514

	105
	6.1562
	0.0658



4.2.2. Life equivalent
Based on Eq. (17) and Eq. (18), the mean and std under each stress level can be obtained, which are shown in Table 5.
Table 5 
Life mean and standard deviation after information reconstruction and fitting 
	Stress/MPa
	Mean
	Std

	150
	5.5309
	0.0296

	140
	5.6512
	0.0368

	130
	5.7803
	0.0444

	120
	5.9194
	0.0527

	110
	6.071
	0.0617

	100
	6.237
	0.0716


According to the test data in Table 3, the number of specimens under the stress level 110Mp is relatively larger, and stress level 100Mp is closer to other stress levels. Therefore, stress level 110Mp is selected as the specific stress level.
Based on equivalent life principle, the data of Table 3 and Table 5 are equivalent, as showed in Table 6. At the same time, the specimens’ number under stress level 110Mp is increased from 5 to 26.
Table 6 
Fatigue life under stress level 110Mp after equivalence 
	Log-life after equivalence
	Mean
	Std

	5.9657,6.0355,6.0634,6.0838,6.0839,6.0693,6.0901,6.1438,6.1525,6.0922,6.1195,6.0243,6.1087,
6.1827,6.0851,6.1426,5.9454,5.9460,5.9590,6.0378,6.0978, 5.9909,5.9997,6.0472,6.1222,6.1482
	6.059
	0.0676


4.2.3. P-S-N curve fitting
According to the data in Table 5 and Table 6, based on maximum likelihood method with specimen information reconstruction and life equivalent principle, the P-S-N curve of T-joint is fitted. Meanwhile, the curve is extrapolated by AASHTO standard [29]. As a result, the formula is:

                                 (19)
According to Eq. (19), we fit P-S-N curve with survival rate p of 50%, 90%, 99%, 99.9% respectively and extrapolation, as showed in Fig. 4. In order to express the fitting effect more intuitively, the fatigue test data of the T-weld joints is plotted together in Fig. 4.
[image: F:\tupian\123.jpg]
Fig.4 P-S-N curve of T-joint

According to Fig. 4, when the survival rate p is 50%, 95%, 99%, 99.9%, the slopes of the P-S-N curves are 3.40, 3.43, 3.45, 3.47; when the fatigue life is , the fatigue strengths are 95.48MPa and 87.81MPa, , 83.16MPa, 78.47MPa.
Results verification and discussion
The 80t gondola cars were operated on the Daqin line in 2014. After 200,000 kilometers of application, a batch of fatigue cracks occurred at cross bearer welds which are the typical T-joints. Therefore, it is of great practical significance to verify the application effect of the new P-S-N curve fitting method with the measured fatigue life data of the cross bearer weld.
5.1. The structure of 80t gondola car body 
The 80t gondola car body is all-steel welded structure, which consists of the bottom frame, side wall, end wall, side opening door and lower side door [30]. It is completely symmetrical about the lateral center plane and the longitudinal center plane, the 1/4 car body is shown in Fig. 5, which includes the key parts, key components and cross bearer weld.
[image: ] 
Fig.5 The structure of 80t gondola car body: 1. side post 2. cross bearer 3. cross bearer weld 4. interior reinforcement 5. bolster beam 6. center sill 7. side sill
5.2. Dynamic stress test
In order to find out the cause of the crack and study the true stresses at key points on cross bearer weld, dynamic stress testing was performed on the 80t gondola car body. 
According to the investigation, the main position of the cracks is around the interior reinforcement on cross bearer weld, which is 150mm away from the side sill, the position is shown in Fig. 6. The primary reason for the cracks is that there is a large stiffness mutation at interior reinforcement. Therefore, four measuring points can be arranged, their distance from the side sill is 144mm, 147mm, 150mm, 153mm, which are respectively defined as: 144, 147, 150, 153. The measuring points are shown in Fig. 7.
[image: ]       [image: ]
          Fig.6 The crack’s position                 Fig.7 The schematic diagram of test point positions
120Ω foil strain gauge and a SoMat eDAQ dynamic data acquisition system are used for dynamic stress test on the car body. The test route is from Hudong to Jingtang Port of Daqin line, the total test mileage is 1594km.
5.3. Test results discussion and research
5.3.1. The stress-time history
The stress-time history of each measuring point after data signal processing is shown in Fig. 8. According to Fig.8, The stress levels of measuring points 144 and 147 are lower, and the maximum stress amplitude is below 40 MPa; The stress levels of measuring points 150 and 153 are relatively higher, and the maximum stress amplitude is above 100 MPa, especially the maximum stress amplitude of measuring point 153 is close to 140 MPa. It shows that there is an obvious stress concentration at the inner reinforcement seat.
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Fig.8 The stress-time history
5.3.2. The stress amplitude spectrum
According to the stress-time history of the four key points in Fig. 8, the measured data of each measuring point is statistically analyzed by rain flow counting method, the 8-level stress spectrum of each measuring point is compiled separately. The cumulative frequency on each stress level is connected to form four smooth curves, which are called the measured stress spectrum curves of the key points, as showed in Fig. 9.
[image: F:\tupian\123.jpg][image: F:\tupian\123.jpg]
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Fig.9 Stress spectrum curve of key measuring points on car body
5.3.3. Fatigue damage assessment 
According to Miner's linear cumulative damage theory [31], the calculation formula of the measured stress spectrum damage is:

                                       (20)
where  is the measured stress spectrum damage of the j-th measuring point;
 is the i-th stress level of the j-th measuring point;
q is the total number of key points;
 is the frequency of the i-th stress level of the j-th measuring point;
n is the measured load spectrum level of each load system;
,  are the parameters of the S-N curve before the fatigue limit;
,  are the parameters of the S-N curve after the fatigue limit.
Four key points were evaluated for fatigue damage according to the stress amplitude spectrum, which refers to the relevant parameters of the F-level of the T-joint in the standard BS7608 [32] and the relevant parameters of the S-N curve of the T-joint obtained in this paper, respectively. Then use Eq. (20) to calculate the fatigue damage value of each measuring point of the car body at the equivalent operation of 10,000km, as showed in Table 7.
Table 7 
Fatigue damage of the measuring points
	Measuring point number
	144
	147
	150
	153

	BS7608 damage value
	1.91E-04
	5.41E-04
	9.22E-03
	2.62E-02

	Measured S-N curve damage value
	1.06E-04
	3.61E-04
	9.93E-03
	3.32E-02


According to Table 7, when the stress level is low, the BS7608 damage value is higher than measured S-N curve value; When the stress level is high, the BS7608 damage value is lower than measured S-N curve value. 
5.3.4. Fatigue life calculation 
The design life of the 80t gondola car body is 5,000,000 kilometers, but the fatigue cracks have occurred at the cross bear welds when they were used after 200,000 kilometers. According to the fatigue damage of measuring points under measured stress spectrum in the Table 7, the fatigue lives of measuring points are calculated as showed in Table 8.
Table 8 
Fatigue life of the measuring points (ten thousand km)
	Measuring point number
	144
	147
	150
	153

	BS7608 fatigue life value
	5235.6
	1848.4
	108.5
	38.2

	Measured S-N curve fatigue life value
	9434.0
	2770.1
	100.7
	30.1


According to Table 8, the fatigue life of the measuring point 153 under the two S-N curve parameters is closer to the actual life than the other points, but the life of measured S-N curve is the closest. 
Conclusions
The maximum likelihood method based on specimen information reconstruction and life equivalent principle is proposed for P-S-N curve fitting under small number of specimens, and the feasibility and accuracy of the method are verified by T-joint specimens fatigue test and 80t gondola car body dynamic stress test. The following conclusions can be shown:
(a) The method of specimen information reconstruction is proposed in this paper, which not only effectively reduces the influence of individual abnormal specimens and small number of specimens on the std, but also improves the accuracy of std under each stress level.
(b) The maximum likelihood method based on specimen information reconstruction and life equivalent principle is proposed in this paper, which is a better way for P-S-N curve fitting. The accuracy of life mean and std are improved by specimen information reconstruction and life equivalent principle, based on this, the fitting accuracy of P-S-N curve is guaranteed.
(c) According to the main welded joint form on the 80t gondola car body, the T-joint specimens was fabricated for fatigue test with the Q450NQR1 steel plate. The test results show that the cracks are located at the weld toe and the crack propagation direction extend laterally along the weld toe. Meanwhile, the P-S-N curve is fitted by the method which proposed in this paper. Finally, the slope of the P-S-N curve in the medium life zone and the fatigue strengths of the fatigue life 2×106 are obtained.
(d) The fatigue damage of the measured stress spectrum is calculated with the S-N parameters which are obtained from BS7608 standard and this paper, respectively. The results show that the fatigue life of measured S-N curve is closer to the actual life. The fatigue damage accuracy of measured S-N curve is higher in this paper, but it still needs to be verified by a large amount of experimental data.
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