INTRINSIC DECAY RATES FOR THE ENERGY OF A
SINGULAR NONLOCAL VISCOELASTIC SYSTEM

DRAIFIA ALAEDDINE®2

ABSTRACT. This work deals with intrinsic decay rates for the energy of an
initial boundary value problem with a nonlocal boundary condition for a sys-
tem of nonlinear singular viscoelastic equations. We prove the intrinsic decay
rates for the energy of a singular one-dimensional viscoelastic system with a
nonlinear source term and nonlocal boundary condition of relaxation kernels
described by the inequality g. (t) < —H (g; (t)), (i =1,2) for all ¢ > 0, with
H convex.

1. Introduction

In fluid dynamics, the decay of solutions of problem has attracted much attention
and challenge among physicists and mathematicians. In this paper, we study the
intrinsic decay rates for the energy of the following system

1 ¢ 1 -1,
ute = — (TUa), +/ 91 (t =) — (wuz (2,5)), ds = o[ ul" ", in Q,
0

(1.1)

1 t 1 _
v — — (2vg), —|—/ g2 (t — 8) = (xvs (2,9)), ds = |u|p+1 |v]? ! v, in Q,
x 0 x

with initial data

u(z,0) =up (), w(z,0)=u;(z), ze€(0,a),
(1.2)

v(z,0) =wvg(z), v:(z,0)=v1(x), x€(0,a),

and nonlocal boundary condition

(1.3) u(a,t) = v(a, t) =0, /Oaxu(x,t)dx = /Oa:cv(:r,t)d;v =0,

where @ := (0,a) x (0,T), @ < 00, T < 00, p, ¢ > 1. It is assumed that the kernels
g1 and go meet certain conditions to be determined later, and ug (x), vg (z), w1 ()

t
1

and vy (x) are given functions. The convolution term / g1 (t —s) = (zug (z,s)), ds and
O :E

t
1

g2 (t —s) = (2vy (z,5)), ds reflects the memory effects of materials due to vis-
x

0
coelasticity. Here the convolution kernel g; and gy satisfies proper conditions ex-
hibiting “memory character” which will be explained later. This type of problems
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arises in viscoelasticity and in systems governing the longitudinal motion of a vis-
coelastic configuration obeying a nonlinear singular Boltzmann’s model. Over the
past few decades, the uninterrupted, mixed problems of a wide range of partial and
differential equations have been rewarded and the reason for this great concern is
that these problems are particularly inspired by physics and physical science.

Generally speaking, nonlocal boundary conditions can be encountered in many
scientific domains and are widely applied in heat transmission theory, and many
engineering models population dynamics, and control theory, and chemical engi-
neering, and medical science, and chemical reaction diffusion, and thermo elastic-
ity, and heat conduction processes, and biological processes. See in this regard the
works by Cahlon and Shi [1], Mesloub and Lekrine [2], Ewing and Lin [3], Shi [4],
Choi and Chan [5], Cannon [6], Capasso-Kunisch [7], Yurchuk [8], Shi and Shilor [9],
Tonkin and Moiseev [10], Kamynin [11], Mesloub [12, 13], Ionkin [14], Mesloub and
Messaoudi [15, 16], Kartynnik [17], Pulkina [18,19], Mesloub and Bouziani [20, 21].

The motivation of our work is due to some results regarding the following research
papers:

Mesloub, S.; Mesloub, F. [22] studied the solvability of a mixed nonlocal problem
for a nonlinear singular viscoelastic equation

- (t)—é(a:ul. (), + /0 g(t—s)é(wuw (2,5)), ds + au (t)

= f(x7t7u$’u)7 ln Q?

w(z,0) = up(x), ue(z,0) =uy (x), € (0,1),

1
ux(l,t):(),/zu(:c,t)dx:() te0,7],
0

where @ := (0,1) x (0,7), a > 0 and for the relaxation function g (t), we assume
that g : Ry — R, is a bounded C? function such that

g(s) >0, ¢ (s) <0 and / g(s)ds < 1.
0

Shuntang WU. [23] studied the blow-up of solutions for a singular nonlocal vis-
coelastic equation

we (0= 3 @ (), + [ 9(=9) 7 @ @9), ds = o, in Q.

w(z,0) = up(x), ue(z,0) =uy (), = € (0,a),

u(a,t) =0, / zu (z,t)de =0 t€[0,T],
0

where @ := (0,a) x (0,T), a < 0o, T < 0o, p > 2, and g : Rt — RT represents the
kernel of the memory term which is specified later (See [23]).
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Liu, W.; Sun, Y and Li, G. [24] studied the on decay and blow-up of solutions
for a singular nonlocal viscoelastic problem with a nonlinear source term

1 t 1 —2 .
ug (1) — — (zug (1)), + / g(t—s) = (zuy (z,s)),ds + auy = |ul’ " u, in Q,
X 0 X

w(z,0) = ug(x), u(x,0) =u; (x), € (0,1),

!
u(l,t) =0, /a:u(a:,t)dxzo, telo,T],
0

where Q = (0,1) x (0,T),a > 0,1 <00, T < o0, p > 2, and g : Rt — R*
represents the kernel of the memory term which is specified later (See [24]).

Zarai, A.; Draifia, A & Boulaaras, S. [25] studied the global existence and decay
of solutions of a singular nonlocal viscoelastic system

1 ¢ 1 _
Ut — — (XU )2 +/ g1 (t — 8) —(zuy (7,8))ds +uy = |v|qul [ul? Yu, in Q,
X 0 X

1 t 1 , _
L (L +/ g2 (t — s) =(zvy (2, 8))2ds + vy = |u|erl [v]? Ly, in Q,
x o x

w(z,0) = uo(z), ui(z,0) = wi(z), z € (0,a),

v(z,0) = vo(x), vi(z,0) =vi(z), z € (0,),

u(a,t) = v(a,t) =0, / zu (x,t) de = / v (z,t) de = 0,
0 0

where Q = (0,a) x (0,T), o < 00, T <00, p, ¢ > 1,et g1 (.), g2(.) : RT —
RT, given functions (See [25]).

Marcelo M. Irena Lasiecka and Claudete M. Webler. [28] studied the intrinsic de-
cay rates for the energy of a nonlinear viscoelastic equation modeling the vibrations
of thin rods with variable density. Cavalcanti et al. [32] studied the well-posedness
and the optimal decay rate estimates of the energy associated with the following
non-linear viscoelastic equation with strong damping. Wu [29] studied the general
decay of energy for a viscoelastic equation with damping and source terms. Mu
and Ma [31] studied the system of nonlinear wave equations with Balakrishnan—
Taylor damping. M. M. Cavalcanti, V. N. Domingos Cavalcanti, I. Lasiecka and F.
A. Falcao Nascimento. [33] studied the intrinsic decay rate estimates for the wave
equation with competing viscoelastic and frictional dissipative effects. I. Lasiecka,
S. A. Messaoudi and M. I. Mustafa. [34] studied the note on intrinsic decay rates
for abstract wave equations with memory. I. Lasiecka and X. Wang. [35] studied the
intrinsic decay rate estimates for semilinear abstract second order equations with
memory. Hao and Cai [30] studied the uniform decay of solutions for the coupled
viscoelastic wave equations. Cavalcanti M. Filho VND. Cavalcanti JSP. Soriano JA.
[36] studied the existence and uniform decay rates for viscoelastic problems with
nonlinear boundary damping. For more results in this direction, see [37 — 40].
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However, [1 — 41], did not study the intrinsic decay rates for the energy of sys-
tem (1.1) — (1.3). Motivated by the above research, we will consider the intrin-
sic decay rates for the energy of relaxation kernels described by the inequality
g; (t) < —H(g; (t)), (i =1,2) for all t > 0, of the model (1.1) — (1.3) in this paper.

The outline of the paper is as follows. In the second section we present some basic
concepts, establish some useful inequalities, which will be used for the remaining
of the present paper, and state the local existence theorem, we define the energy
E (t) associated to (1.1) — (1.3) and show that it is a non-increasing function of ¢.
Finally, in section 3, we prove the intrinsic decay rates for the energy of the posed
system.

2. Preliminaries

In this section, we introduce some functional spaces, establish some useful in-
equalities, which will be used for the remaining of the present paper, and state the
local existence theorem, we define the energy FE (t) associated to (1.1) — (1.3) and
show that it is a non-increasing function of ¢. Let L? = LP((0, «)) be the weighted
Banach space equipped with the norm

1
el 1 0.0 = (/O z |uf? da:)

H = L2((0,a)) be, in particular, the Hilbert space of square integral functions

having the finite norm
o
llull == </ xu%lz)
0

V :=V.}1((0,)) be the Hilbert space equipped with the norm
1

2 2\ 9
uly = (lllf + N 3) 2

Nl

and
Vo := {u € V such that u(a) = 0}.
We give some useful inequalities:

e Cauchy—Schwarz inequality. If f, g € L? (0, ), then

e} 2
2 2
([ r®s0a) <1710 <15 Olx00-
e e—Cauchy inequality. For all @, 8 € R and € € RY, we have
€ 5, 1 »
< - — 0.
ol < S0+ 55

e Jensen’s inequality. Let F' be a convex increasing function on [« b], let
f Q@ — [a,b], and let h be an integrable function such that h(z) > 0
and /h (x) dxz = hg > 0. Then, we have

Q

/QF_l(f(x))h(x)dxghoF_l [hol/ﬂf(x)h(x)dm}.
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e Poincaré-type Inequality. For any v in Vj we have

/Oa zu?(z)dz < C, /Oa z(ug (v))?de,

and
Vo := {u € V such that u(a) = 0}.
We now state the result of local existence, which has been given in [22].

Theorem 1. [22]Suppose that 2 < p, q < 3 and
gi(0) >0, 1 7/ gi(s)ds=1; >0, (i=1,2).
0

Then, for any (ug,vo) € V& and (v1,v2) € H?, system (1.1) — (1.3) has a unique
local solution

u,v € C(0,t,; Vo) NCH (0,8, H),
for t. > 0 small enough.

For the relation function g; and go is a C* (R, ,R,), we give the following as-
sumptions

(A1) ¢1(0) >0, g2(0) > 0 and
(2.1) 1- /0 gi(s)ds=1; >0, (i=1,2).

(A2) gl (t) < —H(g;(t)), (i=1,2) for all ¢t > 0, where H € C!(Ry) which
H (0) = 0 is a given strictly increasing and convex function. Moreover

H € C?(0,00) and lim inf {2°H" (z)—2H' (z)+ H (z)} > 0.

z—0t

(A3) With reference to the function H introduced above, let y (¢) be the solution
of the ODE

Yy (t)+H(y(t) =0, y(0)=g(0)>0.

(A4) We assume that there exists o € [0,1) such that y!=* € L; (1, 00).

oo

Remark 1. The assumptions 1 — / gi(s)ds >0, (i =1,2) is necessary to guar-
0
antee the hyperbolicity of the system (1.1) — (1.3).

In order to formulate the long-time behavior results, we recall the binary notation
t
(gow) (t) = x/ g(t—s)|w(z,s) —w(z,t) ds,
(2.2) ’ t
(gou) (O = [ gt =) w ) —w)ds
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We define the corresponding energy functional by

p+1 2 q+1 2
Eit) = (2> HutHLg(O,a) + (2> ||Ut||L;§(o,a)

p+1 K 2
+ <2 > (1 —/ gl(S)dS) [ 12 0,0
0
q+ 1 t «
+ <2 > (1 —/O gg(s)ds) ||vw||i%(0,a) —/O z |l o)t da

(2.3) + (p—;—l) /Oa (g1 0 ug) () dx + <q;1) /Oa (92 0 vg) (t) da.

Lemma 1. Let (u,v) be the solution of system (1.1) — (1.3) then E(t), is a no
increasing function, that is Vt > 0

G0y = (551 [Catew @i (251 00wty

() [hovat - (U5 ) 50 sl
(2.4) < o

Proof. Multiplying the 1¢*¢ term in (1.1) by (p+1)xus, and the 2¢™¢ term in (1.1) by
(g 4+ 1)av; integrating over (0, ), summing up, we obtain

(p+1) /Oa zugude — (p+1) /Oa(xuz)zutdm
#p 1) [ ([0 9) o)) ) )
g+ 1) /0 " ez — (g +1) /0 " (va)atrda
ot d) [ ([ 0= 9 @) s v ety

(25) = (p+ 1)/ @ o) P wude + (g4 1) / z|ulPT o] vd.
0 0

By direct calculations, we get

2.6 R e - (S
and

« q + 1 d 2
2.7 @) [ ovvds = (T52) & {00}
And by using integration by parts, we have

28 ) [ o) el = (T5) § {lulton )

g+1 i{H 112 }
2 ) ar " llzzoa) g

~ ‘

and <
<

(2.9) —(g+1) /Oa (xvg (z,1)), ve (,t) do =
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By direct calculations, we get

(p+ 1)/ z|v|?T! |u|p_1utudx+(q—|—1)/ z |ulPT |7 vuda
0 0

d «
(2.10) = dt{/o xvq+l|u|p+ld:c}.

By using integrant par party, we have

o0 [ ([ ot o o), a )uuxwdx
() e [ wom @ ([ o 60as) iy}
ey - (25) [T o @art (5 0 @)l

and

d t
A [ o )m—(/gﬂ>s)mm§@®}
(95 0 v) (t) da + 92 (t) Hvz||2Lz(o,a) :
0 2 7
@
1

dfip+1
dt 2
1

(¢ + /0 (/Ot g2 (t — ) (2vy (2, 5)), ds> ve (z,t) dx
)
+1

(2.12) (

By replacement (2. 2) into (2.5), then we get
|

2 g+1 2
il + (55 ) el 000

1

)

(- A}ugw)mu;m@
) (1= [ w085 Il
p;1>t4aghoud()dx+(q;1)m£ (g2 0v) (t) d

_/ z o) [Pt dax}
0
p+1\ [ p+1
— (2 > / (gi o uw) (t) dxr — (2) g1 (t) ”uﬂEH%%(O,Q)
0
g+1 « g+1
(2.13) + (2) /0 (g5 0 vg) (t) dz — (2 > 92 () ||%Hig(0,a) )

by using (2.3) in (2.13), we get (2.4).
Then the Proof the lemma is complete. ([l

1-—

3. Decay of Solutions

In this section, we prove the intrinsic decay rates for the energy of the posed
system. Now, we are in a position to state our main result.
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Lemma 2. Let us assume that (A1) — (A4) are the place. Then, there exists a
positive constant Ty > 0 such that

E(n+1)T)+H (CHE((n+1)T)) <E(nT), n=123..
for allT > Ty and alln € N, where H is given in (3.54) and C15 is given in (3.57).

Proof. For this purpose, a by now standard procedure is to multiplying the 1¢*¢ term
in (1.1) by the viscoelastic multiplier

(g1 00) <t>:x/0 g1 (6 — ) (u(t) — u(s)) ds,

and the 2¢M¢ term in (1.1) by the viscoelastic multiplier

(g2 00) <t>:z/0 g2 (£ — ) (v (£) — v (s)) ds,

and integrating over Q x (nT, (n + 1) T'), summing up, we obtain

(n+1)T (n+1)T 1
[ o e [ (ewn@onn) a
n n z L2(0,c)

T T

+ / e ( /O ‘i t—s) (e, ))ads, (91 0 w) (t)) dt

T L2(0,c)

(n+1)T
Jr/ (Ve (g2 © v) (t))m(o,a) dt
nT

(n+1)T 1
_ / ((mvm)w, (g2 0 v) (t)) dt
nT € L2(0,c)

v/ e (/ (¢ = 5) 2 (@002 5))0d5, (g2 00) ®)

T L2(0,a)

(n+1)T 1 -
= [ (e o) )

(n+1)T
(3.1)+/ (™ ol v, (92 00) (1) dt.
wT L2(0,0)

L2(0,0)

By direct calculations, we get

(n+1)T
/ (010 ()

(n+1)T

- (utu),/otgl(ts)(u(t)u(s))ds)

2
LP(O,a) nT

_ /,:H)T (ut, /Ot g1 (t—s)(u(t) - u(s))ds) o dt

(n+1)T t )
(3.2) - g1 (s)ds | lluell7z 0,0 dt;
nT 0 o~



INTRINSIC DECAY RATES FOR THE ENERGY OF A SYSTEM 9

and

(n+1)T

(n+1)T
/ (vt 92 o) (t>)L2(O,a) dt

o (t—s) (v (t) v(s))ds>

2
Lp(o’a) nT

(n+1)T t
—/ (vh/ gy (t—38) (v(t) —v(s)) ds) dt
nT 0 Lg(o,a)

(n+1)T t 9
(3.3) —/T (/0 92 (S)ds) HUtHLg(ma) dt.

And by using integration by parts, we have

/n(nﬂ)T <i(zux)x, (g1 0 u) (t)> &t

T L2(0,c)
(n+1)T t
(34) = / (ux(:c,t), / gl(t—s)(uw(t)—'%(s))ds) dt,
nT 0 L%(O,a)
and
(n+1)T 1
-/ (@wamm@ovxw) dt
nT z L2(0,a)
(n+1)T t
35 = / <Ux(x,t), / gz(t—s)(vz(t)—vx(s))ds> dt.
nT 0 L%(O,a)
and

et </ (t—s) xux( 8)) ds, (91 0u) <t)> .

L2(0,0)
2

dt
L2(0,0)

/.
o

/ (t = 5) (e (£) — 1z () ds

(n+1)T t
(3.6) — < (t—s)ug (t )ds,/0 g1 (t —s) (ug (t) — uy (s)) ds) dt,

L3(0,a)

and

(n+1)T </ (t—s) = (2 (x,9)), ds, (g2 0 v) (t)> "

L2(0,c)
2

dt
L2(0,a)

(37) Om”( t—8%<m5[mu—$wﬂw—%w»w) it

L3(0,a)

/.
o

/ (t— ) (vs (£) — v (5)) ds
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By replacement of (3.2) — (3.7) into (3.1), we get

(n+1)T t )
/ (/ g1 (s) dS) [l L2 0,0) 42
nT 0
(n+1)T t )
Jr/ </ 92 (s) ds) [vell 72 0,0y @t
nT 0 e

t (n+1)T
= <ut (t) ,/0 g1 (t—s)(u(t) —u(s)) ds) L2(0,0) |1
t (n+1)T
n <Ut 0 g2 (t—5) (v (t) —v(s)) ds> ol

L (

/MHW( Alutsﬂwwugmggmwﬁ

c @mAEuwwx%uywﬂ@mngwﬁ

+ /<n+1>T ( / g2 (t — ) (02 (1) — v @))ds)%’a) it

+L/~n+1ﬂﬂ J/ (t — 5) (us () — 0z (s)) ds igaLa>dt

w/%n+lﬂﬂ j/ (£~ 5) (00 (1) — v (5)) ds i%axa)dt

/<n+1>T ( (t — 5) uy (t) ds, /O D1 (= ) (s (6) — s (S))d8>Lg<O,a) ”
/<n+1>T < (t— 5)on (t) ds, /0 "o (t— ) (02 (6) — s (5)) ds) o

(n+1)
—/ (w“%w*m@omm) dt

T L2(0,a)
= Ji+I+Jd3+ 4+ J5+ Jg+ Jr+ Jg
(38) +Jg + Jig + J11 + Jio.
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Estimate for |J;|, where

(n+1)T
Lo =<m«n+UT%A m«n+nT—@umm+¢ﬂv—u@»@>

L2(0,)

nT
— (ut (nT) ,/0 g1 (nT —8) (u(nT) —u(s)) ds)

L3(0,0)

Now, let m € N be an arbitrary, natural number. By using Young’s inequality (for ¢ = 1) and
Poincaré-type inequality, (2.2) and (2.3) , we get

(ut (mT) 7/Om g1 (mT — 8) (u(mT) —u(s)) ds)

(39 < (pil){<Ameenw>+r4}E@ﬂm

then by using (3.9) , we get
(3.10) Al < Gy [B((n + VT) + BT,

where )
Cy = (p—f—1> {||91HL1(O,OO) + Cp} >0
Similarly, we obtain

where )
O !
= <q+ 1> {lll o) + €3} >0

Estimate for |J5|. By using Young’s inequality (for €= %), we get

L2(0,0)

(n+1)T )
e [l d
nT

1 (n+1)T

3.12 —
(3.12) v

2

dt.
L2(0,0)

Agurwﬂu@fu@»@

By using Poincaré-type inequality, Cauchy-Schwarz inequality and (2.2), we get

(n+1)T t 2
/T .Agurwwu@fuw»m

(n+1)T  pa
(3.13) < GaOo [ [ eow) @

By replacement (3.13) into (3.12), we get

(n+1)T o ( (n+1)T
(3.14) |J5] < 51/ ||ut||L2(0 oy At — Cp91(0) / / (g1 o uz) (t) dzdt.
n 451

dt
L2(0,0)

Similarly, we obtain

(n+1)T C’ g2 (0) (n+1)T  pra
(3.15) |J| ggg/ o2 0.0 dt—ZT/ / (g 0 vs) () dadt.
n 0

T
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Estimate for |J5|. By using Young’s inequality (for €= %), we get

(n+1)T 9
|J5] < 53/ ||Uz||Lg(o,a)dt
nT

1 (n+1)T

3.16 —
(3.16) Jr453 nT

2

dt,
Lf,(O,a)

/0 01 (8 — ) (g () — g (5)) ds

by using Cauchy-Schwarz inequality and (2.2), we get

(3.17) < Aol [ (010 ()

by replacement (3.17) into (3.16) , we get

2

/0 g1 (t— 5) 1tz () — 1y () ds

L2(0,)

(n+1)T )
< e [l e
nT

1 (n+1)T «
(318) ti oo [ [ o) ® s
€3 nT 0

Similarly, we obtain

(n+1)T )
I I T Y
nT

1 (n+1)T pa
(3.19) il [ o) @ e
€3 nT 0

Estimate |J7|. By using (3.17), we get

(n+1)T  pa
(3.20) <l [ [ Gorow) @) dade
nT 0

Similarly, we obtain

(n+1)T a
(3.21) K < gl [ [ (0w (0 dod
nT 0

€
Now, estimate Jg. By Young’s inequality (for €= 54) , Cauchy-Schwarz inequality

and (3.17), we get
(n+1)T t )
(/0 g1 (s) ds> ||uz||Lg(0,a) dt

1 (n+1)T  pa
(3.22) b oo [ [ o) @ s
€4 nT 0

Similarly, we obtain
(n+1)T t 9
[J10] < eallg2llzio,00) 92 () ds | [[val72(0,a) dt
; o 2(0,

nT

|Jo] < €4||91||L1(o,oo)/

n

1 (n+1)T  fo
(329 il [ o) 0o
€4 nT 0
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5
Now, estimate |.J11]. By using Young’s inequality (for €= g) , Poincaré-type in-

. 2 2 2 2
equality and Hu$||L,%(07a) < mE(O), HUI”Lg(o,a) < mE(O) and (3.17) , we
get
(n+1)T ) (n+1)T 9
/
|J11] < cies /"T Huw”Lg(o,a) dt + cies /nT ||'Um||L‘2)(07a) dt

Cp (n+1)T  pa
(3.24) b oo [ [ @ ou)@dod

€3 nT 0
where

Similarly, we get

(n+1)T ) (n+1)T )
Jal < amn [ luliemditde [ Tl d
T

nT n
Cz/) (n+1)T pa
(3.9 i el [ [ @on) 0o
€3 nT 0

where
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Combining (3.10), (3.11), (3.14), (3.15) and (3.18)—(3.25) into (3.8), and recalling
that [|g1l 110,00y < 1 and [|g2]l11(g o) < 1, we write

(n+1)T )
[ ([ o)l d
nT 0
(n+1)T t )
+/ ( 92 (5) dS) ||Ut||L2(O @) dt
nT L

(C1+ Co) [E((n+ 1)T) + E(nT)]

(n+1)T (n+1)T )
—|—61/ s 22 0.0 dt+62/ 0l 0.0 1

(n+1)T
g1 (
p4€1 /” / (g1 o ug) (t) dxdt

92 (n+1)T
_pi / / (g/2 o Ux) (t) dxdt
dey nT 0

(n+1)T 9
+es (14 ¢1 +c2) / ||Ua:||Lg(o,a) dt

nT

IN

(n+1)T
res (14 ¢, +cb) / [0cl12 0,0y 1

1+Cp) (n+1)T
+ (( jl_ 5 464) / / g1 o uw dﬂ;‘dt
(1+c) (n+1)T
+ 1 4 / / g2 0 vy (t) dadt
€3 €4 0

(n+1)T
+54/ (/ ) Uy « dt
([0 ©as) ki
(n+1)T t 9
(3.26) +€4/ (/ g2 (8) dS) ”vl’”L%(O,a) dt.
n 0

T

Since ¢1 (0) > 0 and g2 (0) > 0, we can select a points t; < T with ¢; close to zero
such that for all ¢t > t;

g1 (8)ds > t1g1(t1) :==co > 0,

S~

t
/ g2 (8)ds > t1g2(t1) :== ¢ > 0.
0
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Then (3.26) is equivalent

(n+1)T )
{tig1(t1) — e} el z2(0,0) @t
nT P

(n+1)T )
+ / {t195(t1) — &2} 0nll 320,
nT

< (C1+ Co) [E((n+ 1)T) + E(nT)]
Pgl / n+1)T/ gl o uw dxdt
481
n+1)T
p92 + / /
_pIs ») () dedt
- /nT [ (hov) ) ar
(n+1)T 9
+es (14 c¢1 +¢2) / ||U:v||L2(o,a) di
nT ’
) ) (n+1)T
+e3 (1+Cl +CQ)/ ”vZHL?(O a) dt
C (n+1)T

+ ( - _|_ T / / g1 0 ug) (t) dedt

4es 464

(1 + C (n+1)T t) dadt

+ 4es 454 / / 92 ve) g

(n+1
+54 ( dS) ||uz||L2(o a) di

(n+1

(3.27) +E4 ( ) |U:v||L2 0,a) -

Now, multiplying 1¢ term in (1.1) by zu and the 2™¢ term in (1.1) by xv and
integrating over Q x (nT, (n+ 1) T), summing up, we obtain

(n+1)T (n+1)T
[ @ a@gemd= [ (s ult) g d

nT nT

(n+1)T t
—|—/ </ g1 (t — ) (zugz(z, s)).ds,u (t)) dt
nT 0 L2(0,a)

(n+1)T (n+1)T
+ / (vte (£), 0 (£)) L2 (0,0 dt / ((202)2,v () L2(0,0) 4t
nT nT

(n+1)T t
+/ </ g2 (t — s) (xvg(z, 8))pds, v (t)) dt
nT 0 L2(0,x)

(n+1)T 1 .
= [ (T w0 o)
nT L%(O,a)

(3.28) +/n(TnH)T (" ol o (8),0 (1)

By using

L3(0,a)

wn (8w (1) = - () (8)) — (1)
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we get

(3.29)

DRAIFIA ALAEDDINE®?

(n+1)T
[ 0w

T
(n+1)T (n+1)T )
L Iy

= (ut (t) y U (t))L%(O,a)

Similarly, we obtain

(3.30)

(n+1)T
[ ) 0@ d

T
(n+1)T (n+1)T )
= Iy

= (v (1), (1) p2(0,0)

2
P

And by using integration by parts, we have

(3.31)
and
(3.32)

and

(3.34)

(n+1)T (n+1)T 9
[ e Oom = [ Tl

(n+1)T (n+1)T )
g PR T P T Y

(n+1)T t
/ </ g1 (t = s) (zuy(x, 8))ds, u (m,t)) dt
nT 0 L2(0,c)
(n+1)T pt
= [ =9 (s ) = w2 8) 0 (0 0) 0

(n+1)T t )
[ ([ ) iy

/n(nH)T ( 0t92 (t —s) (zvg(z, s))ads, v (x, t)) dt

T L2(0,a)

(n+1)T pt
= / / 92 (t = 5) ((vz (2, 1) — vz (2, 9)) , vz (2, t))L%(O,oz) dsdt
nT 0

(n+1)T t )
([ s el

By direct calculations, we get

(3.35)

(n+1)T
[ (o e ew) e

T L3(0,0)

(n+1)T
w [ (e e e w) e
nT

L3(0,0)

(n+1)T a
= 2/ </ @ |o|9 Pt dz) dt.
nT 0
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By replacement of (3.29) — (3.35) into (3.28), we get

(n+1)T «
—2/ (/ o7 uP T dac) dt
nT 0

(n+1)T ) (n+1)T )
—/nT [l Z2 (0,0 9t = /T [0l 22 0,0) @t

n

(n+1)T ) (n+1)T 9
+/T ||ux||L5(0,a)dt+/T 1021122 (0,0 @t

(n41)T (n+D)T
+ (ve (1), v (t))Lg(o,a) -

= (@), u(®))rz0,0)

n

(n4+1)T pt
_ / / g1 (t—35) (ug (z,t) — uz(x, ), us (x, t))Lg(o,a) dsdt

nT 0

(n+1)T t
*/ /0 g2 (t - 5) ((’Um (LE, t) - Uﬂt(z7 S)) y Uz (xv t))Lg(O,a) dsdt

(n+1)T t )
+/ (/ 9 (S)ds) l[uall72 (0,q) dt
nT 0 ’

(n+1)T t 5
(3.36) +/ (/ 92 (s) ds) Hvl’HLIQ)(O,a) dt.
nT 0

To estimate the term
(n4+1)T

L= (u (), u () 12000 -
= (w (n+1)T),u((n+1)T))2(0,0) = (ue (0T) s u (0T)) 120 0) »

by using Young’s inequality for (¢ = 1), Poincaré-type inequality, ||ut||iz(0 a) <
2(0,
2

2
mE (t) and Hux”Lg(ma) S mE (t) , We get
(3.37) (e (2, 1) ,u (2, 1)) < 1 (1:9) e
' GBI 00 = (1) I ’
then
(3.38) L] < Co{E((n+1)T) + E(nT)},
where
1 C
C3i= — 1+ ”) > 0.
N CESY ( h
Similarly to estimate the term
(n+1)T
Iy + = (v () 7U(t))Lg(o,a) T

= ((n+1)T),v((n+1) T))Lg(o,a) — (v¢ (nT') v (nT))Lg(o,a) )
we get

(3.39) L] < Ci{E((n+1)T)+ E(nT)},
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where Cy := ﬁ (1 + &> > 0.

2
To estimate the term

(n+1)T pt
I3 := —/ / g1 (t—3) ((ug (2,t) — uz(x, s)), us (, t))Lf)(O,a) dsdt.
nT 0

By using Young’s inequality (for €= %’) and (2.4), we get

485

(n+1)T )
(3.40) v [ ([ on 08 luly
nT 0

Similarly to estimate the term

1 (n+1)T o
|I3] < (g1 0 uy) (t) dadt
nT 0
t

(n+1)T  pt
Iy = _/ /92 (= 8) (v (,8) — 0a(2,8)) 02 (2,)) 30 ) A,
nT 0 °

we get
1 (n+1)T (o
I < e, /(QQOUz)(t)dxdt
€5 JnT 0
(n+1)T t )
(3.41) v [0 ([ a2 ds) lunl

By replacement of (3.38) — (3.41) into (3.36), we get

(n+1)T a ) )
—2/ (/ o) |uPt da:) dt
nT 0

(n+1)T ) (n+1)T )
[ = [ Il

T nT
(n+1)T ) (n+1)T )
[ lyom et [ Tl o

IN

(Cs+C){E((n+1)T) + E(nT)}

1 (n+1)T po 1 (n+1)T  pa
— / (91 0 ug) (t) dedt + — / / (g2 0 vy) (t) dxdt
des Jor 0 des Jor 0

(n+1)T t
+(e5+ 1)/ </ g1 (s) d5> ||U$H%2(O,(x) dt
nT 0 i
(n+1)T t
(342) +(e5+ 1)/ </0 92 (s) d5> ||Ux||ig(o,a) dt.

T
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Multiplying (3.27) by 7, and (3.42) by 7, and combining suitably, we get

(n+1)T )
1 {tig1(t1) — e} — ) /T [l L2 0,0) @

(n+1)T )
ottt —eab =) [ Jultym d

nT

(n+1)T ) (n+1)T )
72 /T ||Uz||Lf;(o,a) dt + 7, /T H%”Lf,(o,a) dt

(n+1)T o 1 1
—2’72/ (/ z )T [uPt dx) dt
nT 0

{n (C1+Cz +72 (Cs+ Co)} [E((n+ 1)T) + E(nT)]

(n+1)T
g1 (
—— p4€1 / / (g7 o ug) (t) dxdt

(n+1)T
v 452 / / (gh o vy) (t) dzdt

(n+1)T

+v183(L+¢1 +02)/ ||Urr:||L2(0 o) dt
nT

IN

(n+1)T

e rd+d) [ Tl d
n

(1+C,) /‘"*”T /

RSl VAT BT ) (t) dzdt
+{71 ( e Tt 454 455 (grou x

(1+0C)) Yo (n+)T

L&) )y 2 2) (t) dzdt
+{71< des 1 +4€4 +455 /nT /0 (920 ) (t) d

(n+1)T )

smetm et [ [ona o) el

(n+1)T
B9 ittt [ ([ ds) Iy
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. hgi(t . tiga(t . 4 4 —
Let g1 = 11T(1)7 Eg = %(1), Yo = 17 maX{m7m} S Y1, €3 =

3e . E o— 4
7 max{(l+c1+c2);(l+c/1+c’2)}’ €4°= 7 € := 2¢, Info (343) » we get

(n+1)T ) (n+1)T )
L hliemd+ [ Tl d

n

(n+1)T ) (n+1)T )
[ Ml [ Tenlyn d
nT nT

(n+1)T «
—2/ (/ z |v) Tt P! dw) dt
nT 0

Cs [E((n+ 1)T) + E(nT)]

5 [
(n+1)T (n+1)T
—Cs / / (g7 o ug) (t) dedt — C7/ / (g5 0 vg) (t) dzdt
(n+1)T (n+1)T
v [ n%hmaﬁ+&/ ol 2300
(n+1)T (n+1)T
+Cs / / g1 0 uy) (t) dedt + Cg/ / g2 0 vg) (1) dxdt
(n+1)T
e+ [ (/m()>UMpwﬂt
nT 0

(n+1)T t 9
(3.44) +(3e + 1)/ (/ g2 (s) ds) HUwHL?(o,a) dt,
0 P

IN

nT

where C5 = {7, (C1 +C2)+ (C5+Cy)} > 0, Cs := 712tf§11((2)) > 0, Cr =

C,92(0)
12t1g2(t1)

> 0, and

Cs = {71 <<1+cp>71 max{u?;f”)’(l“l“z)} +14 Zl) + 81} >0,

14+C! )y, maxq{ (14c1+ca),(1+c) +ch
Cg:{’}/l<(+p)’y {(IL2;+2)(+1+2)}+1+Z;>+815}>0'

Adding and subtracting in (3.44) the term

(n+1)T pa t (n+1)T
—/ / (/ a1 () ) luz|? dodt  and / / (g1 0 ug) (t) dzdt,
nT 0 0 0

and

(n+1)T pa t (n+1)T pa
,/ / (/ g2 (s) ds> lvg|? dzdt  and / / a(x) (g2 o vg) (t) dxdt,
nT 0 0 nT 0
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in order to recover the energy F (t), we obtain

(n+1)T pa t
(1- 35)/ / (1 —/ 0 () ds) | dadt
nT 0 0
(n+1)T a t
+(1- 38)/ / (1 — / g2 (s) ds) |vx|2 dzdt
nT 0 0
(n+1)T (n+1)T
[ Tl e+ / o2 0 o
(n+1)T (n+1)T
/ / g1 0 uy) (t) dedt + / / g2 0 V) (L) dzdt
(n+1)T 1o L L
_2/ (/ o] P dac) dt
nT 0

Cs [E((n+1)T) + E(nT)]
(n+1)T «a (n+1)T [eY
+Cs / / (g1 0 w) (t) dzdt + Cs / / b (=gl o u) (1) davdt
nT 0 nT 0

(n+1)T « (n+1)T a
(3.45) +Cy / / (g2 0 vg) (t) dzdt + Cy / / ko (—g5 o vy) (t) dzdt,
nT 0 nT 0

IN

C C
where k; := C—G > 0 and kg := 67 > 0. From (3.45), choosing ¢ sufficiently small,
9

8
k1 >0, ko > 0 and T large enough and using

2 2 2 2
Qg {HUtHLg(o,a) + ||UtHLg(o,a) + ||UxHLg(o,a) + ||UzHLg(o,a)
_/ z |ulP o do + / (g1 0 ug) () dx + / (g2 0vz) (1) dm}
0 0 0
2 2 2 2
B (t) < a2 {lwll]s 0.0 + 10el33 0,00 + N2 320.0) + 032 0.0

f/ :E|u|i”+1 |U|¢1+1d1‘+/ (g1 0 ug) (t)d:z:+/ (g2 0 vg) (t)dx},
0 0 0

into (3.45), we get

(n+1)T
/ B () dt
nT
< CuwlE((n+1)T) + E(nT)]

(n+1)T  pa (n+1)T  pa
+Ch1 / / (91 0 ug) (t) dadt + Chq / / k1 (—g) oug) (t) dzdt
nT 0 nT 0

(n+1)T po (n+1)T pa
(3.46) +C1 / / (g2 0 v,) (£) dadt + Cra / / ks (=gl 0 vy) (1) dadt.
nT 0 nT 0

In the last step, we need to relate the viscoelastic energy to the viscoelastic damping.
In the case when the relaxation function obeys a linear equation, this relation is
straightforward and is expressed by a suitable multiplication. However, in the case
of general decays, additional arguments are used. Here, we follow [41]. From the

IN
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(A2) made on the viscoelastic kernel g1, g2 and from [41, Lemma 4] we obtain
(grou,) () <HS' (=gl ou,) (1), t€[nT,(n+1)T],

(3.47) and
(9200.) (£) < Ay (—ghova) (1), t€ [nT,(n+1)T),

where H, is a rescaling of H, with

and « € (0,1) is such that

t
subes [ 917 (6= 8) s (1)~ s (5)| ds < o,
0

and

t
—a 2
SUDso / G0 (t = 8) [Jox (£) — s (5)]2ds < oo.
0

From (A2) it is clear that & > ap. The main point, however, is that the argument
can be reiterated (based on [41, Lemma 8] leading to o = 1). This allows us to
replace H,, the function in (3.46), by the original function H which is a rescaling

of H (s). This means that H = cH (C) for some ¢, C' > 0. Now, from (3.46) and
s
taking (3.47) into account, we deduce that

(n+1)T
/ E(t)dt

T
< CIO n+ 1 E(HT)}

(n+1)T
+C’11/ / H +k1 (=g} o uy) (t) dzdt

(n+1)T .
(3.48) +C1s / / H;l + k2:| (—gIQ o ’Uz) (t) dxdt.
nT 0

Next, we shall employ the following version of Jensen’s inequality applied to
measures and convex functions F'. We shall use (3.48) in order to bring the functions
H in front of the integrals. Let us denote ap := a. We note that the function
H~' 4k is concave. Let F~' = H 14 ki, f(z) = (=g, o Vu)(t), h(z) =T, ho =
Tag and hy' = ag 'T~!, thus, we have

4+ 1T o
/ / {H;l + kl} (=g} ouy) (t) dzdt
nT 0

(n+1)T po
aalT_l/T /0 (—gy ouy) (t) dzdt| .

(349) < aol {ﬁ;wkl}
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Similarly, we get

(n+1)T  pa
/ / [H;l + k2] (—gh o v,) (t) dzdt
nT 0

(n+1)T o
angfl/ / (—ghowy) (t)dadt| .
nT 0

On the other hand, from the identity (2.4) for the energy, we can write

(350) < aoT {ﬁ;w/@}

E((n+1)T) — E (nT)

p+1 (n+1)T @

() [ ] 6o @ = a0 g b
q+1 (n+1)T o

+ (= (g5 0 va)(H)dz — ga(t) [[vzl|72(0.0) ¢ dt
2 nT 0 P

(n+1)T
S / D(t)dt,

T

) + == (B[ 0w e — 00 g |
(3.51) (SN[ o0 - 0 sl |-

En replacement (3.49) and (3.50) into (3.48) and using

where

(n+1)T

(3.52) E(nT)=E((n+1)T)+ / D(t)dt,
nT
we get
(n+1)T
/ E(t)dt
nT
(n+1)T
< Cy 2E((TL+1)T)+/ D(t) dt]
nT

+CnaoT [ﬁ;l + kl}

(n+1)T o
ag Tt / / (=g} oug) (t) dudt
nT 0

(n+1)T o
ag Tt / / (—gh o vy) () dadt
nT 0

(n+1)T
D (t)dt

+Ciza0T A" + ks

IN

010 2F

((n+1)T)+/

nT

+C13B

T 0

(n+1)T  ja (n+1)T  ro
/ / (=g 0 up) (1) dadt + / / (—g} 0 v,) (1) davdt
nT 0 n

23

|
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where C3 := max {C11,C12} > 0 and B := max{[ﬁ;l + k’l} , []:];1 + k‘g} } , and
by using (3.51), we get
(

n+1)T

@ (n+1)T  pa
/ (=g} ouy) (t) dzdt + / / (—gh ov,) (t) dudt
nT 0 nT 0
)

(n+1)T
< m[ Do
nT
where
2

K3 := — >0,
" min{p+1,q+1}

thus, we get

(n+1)T
/ E (1) dt

! (n+1)T
2E((n+1)T)+/ D(t)dt
nT

< Cuo +Ci3K3B

(n+1)T
/ D(t)dt
nT

(n+1)T

(3.535 2010E((n+1)T) + CiuH™? V
nT

D(t) dt] ,

where

014 = max {Clo,cngg} > 0,
(3.54) )
H:=[1+B]".

d
In particular integrating pr {E ()} <0fromtto (n+1)T yields

(3.55) E(n+1)T)<E(t) foral (n+1)T >t,
integrating (3.55) from nT to (n+ 1) T yields

(n+1)T (n+1)T
/ E(t)dt > / E((n+1)T)dt
nT nT

(n+1)T
/ dtE((n+1)T)
nT

(3.56) = TE((n+1)T),
by replacement (3.56) into (3.53), we get

(n+1)T

TE((n+1)T) <2CwE((n+1)T)+ Ci4H ! V
nT

D(t) dt] ,

then
(n+1)T

(T— 201())E((7’L+ l)T) § 014ﬁ_1 |:/T

D(t) dt] .

For T large enough, where C1g is a positive constant, which implies that

(n+1)T

E((n+1)T)<CsH™? V D(t) dt] ,

T
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where
Chq

3.57 Chs = —— S,
(8:57) YT (T = 200)
which gives that

B (n+1)T
(3.58) A(CHE(n+1)T)) < / D () dt,

nT

by using (3.52) into (3.58), we get
H(CHE((n+1)T)) <E(T)-E((n+1)7),
from the above we have
E(n+1)T)+H (CHE((n+1)T)) <E(nT), n=123..

This completes the proof. [l

Lemma 3. Let p be a positive, increasing function such that p (0) = 0. Since p is in-

creasing, we can define an increasing function q, q (x) = x—(I +p)~ " (z). Consider
a sequence F,, of positive numbers which satisfies

(3.59) Fri1+p(Frg1) < Fo.

Then F,, < S (m) where S (t) is a solution of the differential equation
d
(3.60) o7 {S(#®)}+¢q(S(t))=0, S(0)=Fp.

Moreover, if p(x) > 0 for x > 0 then lim;—,o, S (t) = 0.

Proof. Proof of the Lemma 3 use the proof retraction. Assume F,,, < S(m) and
prove that Fi,11 < S(m+1).
Inequality (3.59) is equivalent to

(I +p) Frn+1 < F77L7
and since (I + p) " is monotone increasing, Fy1 < (I +p)~ " Fn, and using (I + p) ' F,, =
(I —q) F,,, we get
Fna < (I_Q)Fm

(3.61) = F,—q(F,).
On the other hand, since ¢ is an increasing function, the solution S (t) of equation

(3.60) is described by a nonlinear contraction.

d
In particular integrating 7 {5 (t)} <0 from m to 7 yields

(3.62) S(r)<S(m) forallt>r.

Integrating equation (3.60) from m to (m + 1) yields

m—+1

(3.63) S’(m+1)—5(m)+/ q(S (1)) dr = 0.

m
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Since ¢ is increasing, by using (3.62) we obtain for all m <7 <m+1

/ " s < / " 48 (m)) dr

m m

m—+1
— asm) [ dr
= q(5(m)),
then
m+1
(3.64) —/ q(S(r))dr > —q(S(m)), forallm<7<m+1,

by replacement (3.64) into (3.63) and using the inductive assumption F,,, < S (m), we
get

S(m+1) > S(m)—q(S(m))

= (I —q)S(m)
(3.65) = Fp—q(F(m),

comparing (3.61) with (3.65) yields
S(m+1)> Fpta.
This completes the proof. 0

Theorem 2. Let us assume that (A1) — (A4) ar the place. Then there exist positive
constants c1, co and Ty such that the solution of problem (1.1) — (1.3) satisfies
E(t) < s(t), where s (t) verifies the ODE

s+ H(s)=0, s(0)=E(0), t>T,>0,
with H (s) = ¢1 H (¢35) .
Proof. Thus, we are in a position to apply the result of Lemma 2 with
Fn,=E(mt), Fy=E(0).

This yields
E(mT)<S(m), m=0,1,2,3....
Setting t = mT + 7 and recalling the evolution property gives

E(t)gE(mT)gS(m)gS(t;T) §S<;—1>.

This completes the proof. O
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