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Abstract: The aim of this paper is to establish some strong coupled fixed point theorems via a new
concept of cyclic contractive type mappings in the context of fuzzy metric spaces. Moreover, we ensure

the existence of a common solution of the two Urysohn type integral equations:
b
€0) = [ Kills.€(o)ds + (1),

b
sm:/Kw@amw+mw

where [ € [a,b] C R, & hy,hs € C([a,b],R) and K, K : [a,b]*> x R — R.
AMS subject classifications: 47H10, 54H25.
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1 Introduction

By using the notion of a fuzzy metric space in the sense of Kramosil et al. [12], George and Veeramani
proved in [6] a celebrated fuzzy version of the Banach contraction principle. Furthermore, some fixed
point results in the context of fuzzy metric spaces can be found in ( [1,7-10,14,15,17,18] the references

are therein).

In 2009, Lakshmikantham et al. [13], reintroduced the concept of a coupled fixed point which has
many applications in partial differential equations and boundary value problems. Later on, Zhu and
Xiao in [21], gave some counterexamples for the help of contraction conditions in fuzzy metric spaces and

proved a coupled fixed point theorem under some hypotheses of fuzzy metric and ¢-norm.

Kirk et al. [11], proved some fixed point results for a special type of mapping known as a cyclic
contractive type mapping. Choudhury et al. [4], obtained a cyclic coupled Kannan type contraction
result in a complete metric space for a strong coupled fixed point. Some more related results can be
found in [5,16,20].

In this paper, we define a cyclic coupled Kannan type fuzzy contraction and a cyclic coupled Chatterjea
type fuzzy contraction in fuzzy metric spaces. We prove some generalized strong coupled fixed point
results with illustrative examples. Moreover, we give an integral type application that is, the two Urysohn

type integral equations to prove the existence result for common solution in fuzzy metric spaces.

2 Preliminaries

Definition 2.1 ( [19]). An operation * : [0,1]*> — [0,1] is called a continuous t-norm if it satisfies the

following conditions:
(1) * is commutative, associative and is continuous,
(2) Va€l0,1], and 1 % a = a,
(3) Va,b,c,d€[0,1] and a xb < ¢ xd, whenever a < ¢ and b < d.
The basic t-norms; minimum, product and Lukasiewicz continuous ¢t-norms are defined as (see [19]):
a*b=min{a,b}, axb=ab, and a*b=max{a+0b—1,0}.

Definition 2.2 ( [6]). A three-tuple (X, My, *) is said to be a fuzzy metric space, if X is an arbitrary

set, * is a continuous t-norm and Mj is a fuzzy set on X? x (0, 00) satisfying the following conditions:
(1) Ms(&,m,t) >0 and Ms(&,n,t) =1 {=n,

(2) Ms(&,m,t) = Ms(n, &, 1),

(3) Ms(&,m,t+5) > Ms(§,w,t) % Ms(w,n,s),

(4) Ms(&,n,-): (0,00) — [0,1] is continuous,



Vénwe X and s, t > 0.

Definition 2.3 ( [6]). Let (§,) be a sequence in a fuzzy metric space (X, M;s, ) and a point £ € X.
Then

(1) (&) is said to converge to &, if lim My(§,,&,¢6) =1,V t > 0.
n—oo

(ii) (&) is said to be a Cauchy sequence, if for » € (0,1) and 3 nqy € N such that Ms(&n, &, t) > 1 —1,
Vit>0and m,n > n;.

(iii) (X, Ms, =) is said to be complete iff every Cauchy sequence is convergent in X.

Definition 2.4. A sequence (&,),>1 in a fuzzy metric space (X, Ms, *) is said to be fuzzy contractive if

30 < a < 1 such that )

1
M5(§na§n+lat) -1 =4 <M6(§n—1a§nat) a 1)
for t > 0.

Definition 2.5 ( [2]). A fuzzy metric M; is triangular in a fuzzy metric space (X, My, %), if

1 1 1
— 1< —— -1+ -1,
for all £&,n,w € X and ¢t > 0.

Definition 2.6. A mapping G : X — X is said to be fuzzy contractive in a fuzzy metric space (X, Ms, *),
if there exists a € (0,1) such that
1 1
- —1<a|———-1], 2.1
Mé(G€7Gn7t) B (M5(§7nvt) ) ( )
for all &,m € X and t > 0. a is called the contraction constant of G.

Definition 2.7 ( [4]). Let A and B be two nonempty subsets of a set X. We say that a function
G: X x X — X is a cyclic map with respect to A and B if G(¢,n7) € A when £ € B and n € A, and
G(&,n) € Bwhen £ € Aand n € B.

Definition 2.8 ( [3,4]). Let X be a nonempty set. A pair (§,7) € X x X is called a coupled fixed point
of the mapping G : X x X — X if G(§,n) = £ and G(n,&) = n. It is known as a strong coupled fixed
point if £ = 7, that is, G(&,&) = &.

Definition 2.9 ( [4]). Let A and B be two nonempty subsets of a metric space (X, d). Then a mapping
G : X x X = X is called a cyclic coupled Kannan type contraction with respect to A and B, if G is
cyclic w.r.t A and B, and satisfying for some a € (0,1/2),

6(G(&m), Glu,v)) < a(6(§,G(&,n)) + 6(u, G(u,v))), (2:2)
where £,v € A and n,u € B.

Theorem 2.10 ( [4]). Let A and B be two nonempty closed subsets of a complete metric space (X,4)
and G : X x X — X be a cyclic coupled Kannan type contraction w.r.t A and B such that AN B # (.
Then G has a strong coupled fized point in AN B.



3 Main results

In this section, we define cyclic coupled Kannan type fuzzy contractions and cyclic coupled Chatterjea
type fuzzy contractions in fuzzy metric spaces. Moreover, we prove some strong coupled fixed point

theorems for cyclic coupled contractive type mappings in fuzzy metric spaces.

Definition 3.1. Let A and B be two nonempty subsets of a fuzzy metric space (X, My, *) and G :
X x X — X be a mapping. Such G is called a cyclic coupled Kannan type fuzzy contraction w.r.t A and
B, if G is cyclic w.r.t A and B, and for some a € (0,1/2),

1 1 )
Ms(G(&,m), G(u,v),t) _1<a(z\45(§,c:(m),t)_1+]\ww—1)’ 3.1)

where £,v € A, n,u € Band t > 0.

Definition 3.2. Let A and B be two nonempty subsets of a fuzzy metric space (X, My, *), and a mapping
G: X x X — X is called a cyclic coupled Chatterjea type fuzzy contraction w.r.t A and B, if G is cyclic
w.r.t A and B, and for some a € (0,1/2),

! _1<a(1_1+1_1)
Mé(G(f,U)vG(va)at) - Mé(qu(f»n)at) M(;(f,G(u,v),t) ’

where {,v € A, n,u € Band t > 0.

(3.2)

Moreover, we combine (3.1) and (3.2) for a more generalized cyclic coupled type fuzzy contraction
in fuzzy metric spaces (X, My, *) and we shall prove a related strong coupled fixed point theorem. A
mapping G : X x X — X is said a generalized cyclic coupled type fuzzy contraction w.r.t A and B, if G
is cyclic w.r.t A and B, and for some a,b € (0,1/2), it satisfies

! —1<a<1 —1—|——1 —1>
Mg(G(f,n),G(u,v),t) N M5(£7G(§777)7t) M(g(u,G(u,v),t)

1 1
—i—b(—l—i——l), 3.3
Vs, GEn. 0 T ME Glu, o)1 (33
where {,v € A, n,u € Band t > 0.
Let us prove our first main result.
Theorem 3.3. Let A and B be two nonempty closed subsets of a complete fuzzy metric space (X, My, *),
in which Ms is triangular and G : X x X — X is a generalize cyclic coupled type fuzzy contraction

mapping w.r.t A and B. Let G satisfy (3.3) with 2(a +b) < 1. Then AN B # § and G has a strong
coupled fized point in AN B.

Proof. Let £ € A and 1y € B be two arbitrary elements and let (£,) and (7,) be two sequences in A
and B, respectively such that

§n+1 - G(Umfn) and 77n+1 = G(gna nn)a fOI‘ au n 2 0 (34)



Then by using (3.3), we have

1 1
—1= —1
M&(En+17nn+27t) M5(G(nn7€n)7G(§n+17nn+1)at)

1 1
(M6 nnv (nna§n) ) -t Mé(fn—i—lvG(én—khnn—&-l);t) a 1>
1

-1 -1
fn+1a nn,§n) ) * Mé(nnaG@nJrlannJrl)vt) )

1 1
1y —1)+b(—1+ —1).
Ms (1, §n+17 Ms (1 Ent1,t) Ms(&nt1sMnt2,t) Ms(nn, &ng1,t) Ms(&ns1sMnt2, t)

After simplification, we can get

1 1
14 1 +b<—1)
(M5 77n7£n+17 ) M6(§n+1777n+27t) ) M5(nnunn+27t)

1 1 a+b
- 1<h{—F"——-1}, where 0 < h= —— < 1, 3.5
M5(£n+17 Nn+2, t) - <M5(nna £n+17t) ) 1- (a’ + b) ( )
for ¢t > 0. Similarly, for ¢ > 0,
1 1 a+b
“1<h(—" 1), whereO<h=—"""__ <1. 3.6
Mé(nn+1a £n+27 t) o <M5(§n7 Mn+1, t) > 1- (a + b) ( )

Now, by adding (3.5) and (3.6), we have

1 1 1 1
-1+ —-1)<h ( -1+ - 1) .
(M5(§n+1ann+27t) ) (Mé(nn+17£n+27t) ) Mé(n7n§n+1,t) Mé({n,"]n-&-lat)
(3.7)

Again, in view of (3.3), we have

1 1

Ms (1, Eny1st) —l= Ms(G(&n—1,Mm-1), G, 6n)s t) !
1 1
=4 <M5(§nlaG(§n17nnl)7t) -1 + Mé(nnaG(nnvgn)vt) - 1)

1 1
(M(s(nn,G(gn—lann—l)at) S Mts(gn—laG(nnagn)at) B 1)

+b

1 1 1
- <M6(£n—1a77nat) S M6(777L7£n+17t) B 1) * b <M6 fn—1,§n+1,t) a 1)
| ) b

(
1 1 1 1
<a -1+ <1+1).
<M6(£n—1a77nat) M5(77na£n+17t Mé(&n—lannat) M5(77na£n+17t)

After simplification, we can get

1 1 a+b
—— —1<h|——r——-1), where0<h=——"-—-<1, 3.8
M6(nna§n+17t) B (Mé(gn—lannvt) > 1- (a+b) ( )
for t > 0. Similarly,
1 1 a+b
—— —1<h|——+—-1), where0<h=—+—-<1. 3.9
Mé(fmnn—&-lat) B (Mé(nn—l»fmt) > 1- (a+b) ( )



By adding (3.8) and (3.9),

1 1 1 1
-1)+ -1 §h2< -1+ —1).
(M6(fn+1ann+2at) ) (MJ(nn—O—lagn—&-Qat) ) Ma(ﬁn—l,ﬁn,t) Mé(nn—lvfmt)

Continuing this process, one obtains

( L —1>+< L —1)<h”+1(1—1+1—1>
Ms(&nt1,Mnt2,t) Ms (g1, Ent2,t) - Ms(&,m1,1) Ms(no,&1,t) ’
(3.10)

for all n > 0. Now,

1 1
—1= —1
Ms(&ma1s Mmet1,t) Ms(G (M Em)y G(Emis Mm), t)

1 1 1 1
a 1+1)+b( 1y 1>
<M5(nm7€m+1;t) M(s(fm)nerlat) M5(§m7§m+17t) M&(T]m77]m+1,t)

1 1
(szrmes - e - 1)
<M5(nm7€m+1;t) M&(gm, 77m+17t)

1 1 1 1
-‘rb(—l-‘r -1+ —F-—-1+ —1)
Ms(Ems Mmy1,t) Ms(Nm+1,Emr1,1) MM, Emyst) Ms(Emt1, Mmar1,t)

1

1
<a+b<—1+—1)+2b< _1>.
( ) M&(Tlm,fm-s-l,t) M&(gmanm-i-lvt) Mé("hn—&-la&m—&-laﬂ

Clearly, we have

1 1 1
1< —1+—1>,
Ms(&mt1s Mmt1,t) (Mé(nm7£m+1vt) Ms(&m, Mmy1st)

where A = (a+b)/(1 — 2b) and by using (3.10), for ¢ > 0, we have that

! — 1< \R™ < ! —14+ L
M5(§m+17nm+l7t) o M5(€07n15t) M(anfbt

Since Mjy is triangular, and by (3.10) and (3.11), we have

7 1> , form >0. (3.11)

1
(M5(§n7£n+lat) - 1) - (M5(nn7nn+1a )

1 1
<y >+< 1+—1>
(M(S(g‘nanfwt) M ("7na§n+1y M5 ’r,nagn; ) M6(€n7n7n+lat)
(e ) G 1 s )
Mé(gnﬂ?mt) (nmfn, M5 nn7§n+17 ) M5(€n7nn+lat)
1 1 1 1
§2/\h”1< —1+ —1>+h”( —1+ —1)
M5(£O77717t) M(;(’I']O,é-l,t) M&(fo;nht) M(’r]07§17t)

(1 + 2A) B ( ! 1+ ! 1) forn >0 (3.12)
- i — -1, forn>0. .
h Ms(&,m1,1) Ms(no,&1,)



Without loss of generality, we may assume that m > n.
m—1
1 1
- 1< |
M6(§na€n17t) - Z <M5(§k7£k+17t) >

iy 2N e LI LI
: ; <1+ h > " (Mts(annlat) b M5(n07§1at) 1)

k
2 h" 1 1
< (12 b1
< h ) 1—h <M6(€07771’t) Mts(nnglat) >
0

This shows that (&,) is a Cauchy sequence and hence it is convergent in X. Since A is a closed subset of

X, one writes
&n— &€ A, asn — 0. (3.13)
Similarly,
M —nE€DB, asn— oo (3.14)
Hence, from (3.13) and (3.14),
Jim Ms(En, s t) = M5(&,m, 1), for ¢ > 0.
Since Mjy is triangular, by (3.10) and (3.12), we get

1 1 1
MoGmmt) T (Ma(gn,gnﬂ,t) - 1) + (M(s(fnﬂ,nmt) - 1)
h+ 2\
(™

<

N 1 B
+1>h (Mé(goanlvt) 1+M6(770,§17t) 1)

— 0, asn — oo.

Therefore, Ms(&,n,t) = 1. This implies that £ =n € AN B.

Now, we show that & is a strong coupled fixed point of G. Since M; is triangular, one has
et (s ) sz )
Ms(&,G(&,m),1) Ms (&, &t t) M (&n+1,G(E:n) 1)

Then, by view of (3.3), (3.13) and (3.14), for ¢t > 0, we have

1 1

M§(€n+laG(€7n)at) —1= Mé(G(nnagn)7G(€an)7t) -1

for t > 0. (3.15)

1 1
=0 (M(s(nn,G(nn,fnw e cE D 1)

1 1
b _ _
- <M5(£aG(nna£n)at) bt Mé(ﬁn,G(fw),t) 1>

IN

1 1
—1 —
“ (Md(nrufnJrlat) * M&(va(&??)vt) 1)

1 1 1
b - _ _
T\t T Mmen T ILEGE DD 1)

— (a+b)(

1
MyECEmD 1) ’

as n — o0.



Then

. 1 1
e (s ~) =0 (e ) o >0

Hence, we put this together with (3.15),

! 1
o€, CEn). 1 e 1) oo

Since a +b < 1, Ms(&,G(&,n),t) =1 = G(£,n) =& =n. That is, £ is a strong coupled fixed point of G.

1§(a+b)<

Corollary 3.4. Let A and B be two nonempty closed subsets of a complete fuzzy metric space (X, Ms, %),
in which My is triangular. A mapping G : X x X — X is a cyclic coupled Kannan type fuzzy contraction
w.r.t A and B (it satisfies (3.1)). Then AN B # () and G has a strong coupled fized point in AN B.

Corollary 3.5. Let A and B be two nonempty closed subsets of a complete fuzzy metric space (X, My, *)
in which Ms is triangular. A mapping G : X x X — X is a cyclic coupled Chatterjea type fuzzy contraction
w.r.t A and B (it satisfies (3.2)). Then AN B # 0 and G has a strong coupled fized point in AN B.

Remark 3.6. In a special case, Theorem 3.3, Corollary 3.4 and including Theorem 2.10 (i.e., [4, Theorem

5]) are all as same results.

To support our main result, we present the following example.

Example 3.7. Let X =R, % be a continuous t-norm and M;s : X2 x (0,00) — [0, 1] be defined as

t
Ms(&,n,t) = 1)

where 6(¢,n) = 1§ —n|, for all £, € X and ¢t > 0. Let A = [0,1] and B = [0,1/2]. Then A and B are
two nonempty closed subset of X and 6(A, B) = 0.
Let G: X x X — X be defined as

2
Glenm =12

Then easily it can be verified that G is a cyclic mapping with respect to A and B, for all £,v € A and




n,u € B. Now, we have

1 1
M;(G(€,m), G(u,v),t) 1= 0(G(E n), G(u,v))
_ 1§42 u+t2v
_t‘ 10 10
e—u n—v
1 + 1
9 9E+w) 20 +v)
- 20t 10 10

:1‘9(£+u) ~2(n+w)

9€+w)  2(+v)

10 10

575‘ 10 10
2 2
‘SEJF U . L

1 §+2n u+ 2v
10 10 >+5t< MRSy )
_u+2v

1 §—|—277 U+ 2v
o))+ (S

5t
(&, G(&m)) + 0(u, G(u,v))) +

u —

)

+ o (5, G ) + 6(6, Gl 0)

(
( L 1>
M (57 G(fa 77)7 t) Ms ('LL, G(ua ”U), t)

1 1
"5 (Ma(u G(En),1) 1+M5(§7G(U7U)7t)_1)'

Hence (3.3) is satisfied. Thus, all the conditions of Theorem 3.3 are satisfied with a = 1/4 and b = 1/5
(for t > 0). Here, 0 is the strong coupled fixed point of G, that is, G(0,0) = 0.

Theorem 3.8. Let A and B be two nonempty closed subsets of a complete fuzzy metric space (X, Mg, *)
in which My is triangular and G : X x X — X be a cyclic coupled contractive type mapping w.r.t A and
B so that for some a € [0,1),

1

My (GE ), Gl o)t

1
= (min{M(;(ﬁ,G(f,n),t),M(g(u,G(u,v),t),Mg(u,G(f,n)),Mg(f,G(u,v),t)} - 1) 7

where £,v € A, n,u € B andt > 0. Then ANB # 0 and G has a strong coupled fized point in AN B.

(3.16)

Proof. Let £y € A and 79 € B be two arbitrary elements. Let (£,) and (1,,) be two sequences in A and
B, respectively, such that

nt1 =G, &n) and  npy1 = G(&n,np), for allm > 0. (3.17)

Now, we have to show that (&,) is a Cauchy sequence. First, we prove that

1 a 1
—-1< —-1), fort>0. 3.18
Ms(&nt1sMnt2,t) T 1l-a <M5(77n,€n+17t) > (3.18)




Then by using (3.16), we have

1 1
—1= -1
M5(£n+17nn+27t) Mé(G(nnvgn)vG(é-nJrlvnnJrl)vt)

1
-1
= (min{M5 (Wn, G(Um fn)v t), Ms (§n+1, G(§7z+1a Tn+1, t)7 M (§n+1a G(77m gn)a t)7 M (Wn, G(§n+17 77n+1)7 t)} )

1
=a - —1
<1’I111’1{M5(77n, §n+1’ t)7 M5(€7’L+1> Mn+2;5 t>7 M5(€n+17 §n+1a ﬁ), Mé(nnv Tn+2, t)} >

1
=a — —-1). 3.19
<m1n{M6(77n7 Ent1,t), Ms(&nt1, Mt t), 1, Ms (0, Myo, t)} ) (8.19)

Then, we may have the following four cases:

(i) If Ms(nn, Ent1,t) is minimum, then (m - 1) will be the maximum in (3.19), such that

1 1 a 1
—1<a|l—F—-1) < -1 for t > 0.
M5(£n+1377n+27t) - (M5(71n7£n+17t) ) “1l-a (Mé(nnagnnLl,t) )

(3.18) holds as a < a/(1 — a), since a € [0,1).

(ii) If Ms5(&nt1,Mnte,t) is minimum, then (m - 1) will be the maximum in (3.19), such
that
! 1< ( 1 1) this implies M;(& t)y=1, fort>0
-1<a — 1), this implies Ms(&n+1,Mn+2,t) =1, for .
M (£n+17 n+2, t) Ms (fn-l-lv n+2; t) " "

In this case, immediately (3.18) follows, since a € [0, 1).

(iii) If 1 is minimum, then the right-hand side of (3.19) will be equal to zero, such that

1
Ms(&ng1Mng2,t)

Hence (3.18) holds.

— 1 < a.0, this implies that M;s(&,41,Mnt2,t) =1, for ¢ > 0.

(iv) If Ms(nn, Mnt2,t) is minimum, then (m - 1) will be the maximum in (3.19). Since Mjs

triangular,

1 1
—1<al—7——"—-1
M5(§n+1777n+2’t) <M§(nn7nn+27t) >

1 1
<a| ———F- -1+ —1
(Mé(nmgnJrht) M5(§n+1a77n+27t) )

< a ( 1 )
It fOHOWS lha( (3.18) hOldS, fOI‘ t > 0.

From all cases for n > 0 and ¢ > 0, we have that

1 1
)Q, WMMHZIG <1 (3.20)

1§H(
M5(§n+1ﬂnn+2at) M5(77n>£n+17t —a

10



Similarly, we prove that

1 a 1
1< 1), fort>o. 3.21
Mﬁ(nn+17§’n+23t) “1l-a <M5(£n7nn+17t) > ( )

Then, again by using (3.16), we have

1 1
—-1= —1
M&(nn+17£n+2»t) Mé(G(£n7nn)7G(nn+la£n+1)vt)

1
-1
=4 <H111'1{M§(§n, G(fny 7771)7 t)7 Mé(nn+1a G(nn—i-lv £n+1)a t)a Mé(nn-l-h G(frm 7771)7 t)7 Mé(gna G(nn—i-la gn-}-l)a t)} >

1
=a - -1
<mln{M5(€n7 n+1, t)v M5(77H+17 §n+2ﬂ t)v Mﬁ(nn+17 n+1, t), Mé(fna £n+2> t)} >
1

- <min{M5(€n7nn+lat)vMJ(nn+17£n+2at)v 17M5(£n7£n+23t)} - 1) .

(3.22)
Then again, we may have the following four cases:

(i) If Ms(&n,Mnt1,t) is minimum, then (m — 1) will be the maximum in (3.22), such that

1 1 a 1
—1<al——F———-1) < —-1].
M5(77n+17£n+27t) o (M5(€Nann+l7t) ) 1-a (M5<§na77n+l7t) >

That is, (3.21) holds as a < a/(1 — a), since a € [0, 1).

(ii) If Ms(Mnt1,&nt2,t) is minimum, then (m - 1) will be the maximum in (3.22), such
that

1 1
—1<a
M5(nn+1u€n+27t) <M6(nn+17§n+27t

In this case, immediately (3.21) follows, since a € [0, 1).

7 1) , this implies Ms(ny41,&nto,t) =1, fort > 0.

(iii) If 1 is minimum, then the right-hand side of (3.22) will be equal to zero, such that

1
Ms (77n+17 §n+27 t)

Hence (3.21) holds.

— 1 < a.0, this implies that Ms(np41,E&naa,t) =1, for ¢ > 0.

(iv) If Ms(&n,y&nto,t) is minimum, then (m - 1) will be the maximum in (3.22). Since Mjs
triangular,

1 1
-1<a| ———i———F-—-1
Mé(nn+17§n+2at) (Mé(gn,gn—',-Qyt) )

1 1
<a|l —F——-1+ - 1)
(M(S(gmnn-ﬁ-lat) M5(77n+17£n+27t)

<t < ! - 1>
“1-a M5(£n7nn+17t) ’
it follows that (3.21) holds, for ¢ > 0.
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Hence, from all all cases,

<1. (3.23)

1 1 a
—1<k|—————1], wherer=
M&(nn+17£n+27t> (Mé(fmﬁnﬂvt) ) l-a

Now, by adding (3.20) and (3.23), we have that

1 1 1 1
-1 +( 1)§/<;< -1+ 1).
(M5(§n+17nn+2’t) ) M5(nn+17§n+23t) Mé(nnagn—&-lat) M&(fnann-&-lat)

(3.24)
Again, by (3.16) and similarly we can get the following
1 1 a
— 1<k ——+——=—-1], wherer= < 1. 3.25
Mé(nmfvwlv t) o (Mé(fn—la Tin, t) ) l-a ( )
Also,
! 1< ( 1 1) h ¢ < (3.26)
-_ - k| ——————-1), wherex= . .
M(S(gnann+l7t) o Mé(nn—lvgnat) 1-a

By adding (3.25) and (3.26),

1 1 1 1
— 1)+ -1 g#( —14+ —1).
(M6(£n+1a"7n+27t) ) <M§(77n+17§n+21t) > M5(€n71777n7t) Mé(nnflafnvt)

Continuing this process,

]. . ]. o n+1 < ]‘ _ 1 _ >
<M6(£n+17nn+2at) 1> * <M6(nn+17§n+2at) 1> = Mé(fOﬂ?l,t) bt M(ﬁoafht) )
(3.27)

Hence (3.27) holds for all n > 0. Consider,

1 1
M D T MG &) Cemmi)

1
=4 <min{M5(7]m7G(nmagm)ﬂf)aM(;(fmaG(ffﬂvnm)ﬂf)aM(;(g?’rmG(nmaé.WL)’t)aM(;(nm’G(gmaUM)vt)} a 1)

1
<a - —1]. 3.28
a (mln{Mé(nm7£7n+1at)vMé(gma7]m+1at)7M6(§ma§m+17t)aM5(777na7]m+17t)} ) ( )

Then, again we may have the following four cases:

(a) If Ms(nm,&m+1,t) is minimum, then (m - 1) will be the maximum in (3.28), such that

1 1 1
—1<al————"-1|<p|—F—7—-—-1 for t > 0,
M5(§m+177]Tn+1vt) <M5(nmvfm+1at) ) (MS(nma£m+1»t) )

where a < k = a/(1 —a) < 1, since a € [0,1).

(b) If Ms(&msMm—+1,t) is minimum, then (m - 1) will be the maximum in (3.28), such that

1 1 1
-1<al———-1)<k|(—F—————-1), fort>0,
M5(§m+1a77m+1at) <M5(€m7nm+lvt) ) (Mt;(gm?nm-‘rlat) )

where a < k =a/(1 —a) < 1, since a € [0, 1).
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(¢) If Ms(&m,&m+1,t) is minimum, then (m — 1) will be the maximum in (3.28). Since Mjs

triangular,

1 1
1<afl—
M5(§m+17nm+l7t) o (Mé(gma£m+lut) )

1 1
<a|——————-1+ -1
(Mé(fmaﬂmﬂvt) Ms(Mms15Emr1,t) )

1
<k|l———"-—-1]),
(M(s(fm, 77m+17t) )

where a <k =a/(l —a) <1 and ¢ > 0.

(d) If Ms(Nm,Mma+1,t) is minimum, then (m — 1) will be the maximum in (3.28). Since M,

triangular,

1 1
—-1<al———"-—"7-—-1
Ms(Ems1s M1, t) (Mé(nmvﬁmﬂi) >

1 1
<oty - 1)
(Mts(nﬂ%ngrlvt) M5(£m+1a77m+17t)

1
<pl—m—— 1),
- (M5(77m7£m+17t) )

where a <k =a/(1 —a) <1andt>0.

Hence, from (a) and (d), we have

1 1
1<k —- 1), fort>0. 3.29
M6(£m+17nm+17t) (Mé(nmvngrht) ) ( )

Using (b) and (c), we have

1 1
—-1<k|({—————-—-1|, fort>0. 3.30
Ms(Emt1s Mme1,t) - (Mé(fm,ﬁmHJ) ) (3.30)

By adding (3.29) and (3.30), we have

1 1 1
—1§5<—1+—1>,
M§(§m+1,'f]m+1,t) Mé(gmanm+17t) M5(nm7€m+17t)

where 8 = /2 and using (3.27), we have

1
Ms(Emt1s Mme1,

1 1

t) —L<Be” (Mé(foﬂh,t) S Ms(no,&1,t) - 1) , form 20. (8:31)
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Since Mjy is triangular, and by (3.27) and (3.31), we have

1 1
- -
(M5(§na§n+17t) > M <M§(’I7n,7’]n+1,t) >

1 1 1 1
< —1+—1)+(—1+—1)
<M§(§n,'f]n,t) M&(nn7§n+lat) Mts(nn7£n7t) M5(§n7nn+l7t)

1 1 1 1
=l — — _ 1 - 1+ — -1
<M5(€n»nnat) b Mﬁ(nnvfmt) ) * (M5(77nv£n+1vt) * M5(fm"7n+1vt) )
S 251%'@—1(

n _ 1 —
M5(£07n17t) - * M5(n0a€15t) a 1) e (M(S(gOanlvt) 1+ Mé(n()?ght) 1)

_ % n 1 B 1 B
_<1+ ,@-)”” <M5(£0,771,t) HM(S(%,&J) 1>7 for n > 0. (3.32)

Without loss of generality, we may assume that m > n, we have

1 i 1
M6(§n>§m7t) ! S Z (M5(£k7£k+l7t) a 1)

5 2B ok (1_ 1 >
S g (1+ oY ) " M(S(Soanl?t) 1+ Mé(n()?ght) !

k
28\ K" 1 1
<1+ = et 1
( K ) 1—& (Mzs(ﬁoﬂh’t) Ms(no,&1,t) )
0

This shows that (&,) is a Cauchy sequence and hence it is convergent in X. Since A is a closed subsets
of X,

&, — &€ A, asn— oo (3.33)
Similarly,
T, —nE€B, asn— oo. (3.34)
Hence, from (3.33) and (3.34), we have
nhHH;O Ms(&nyn,t) = Ms(E,n,t), for t>0.

Since My is triangular, by (3.27) and (3.32), we have

1 1 1
_— — _— 1 _— 1
M5(£nvnnvt) b= <M5(§nvfn+17t) ) - <M5(£n+1’nn7t) )

k+28 nf_ 1t . 1
<( K +1)K (Mé(anm,t) 1+M5(ﬂ0,€1,t) 1)

— 0, asn— oo

Therefore, Ms(&,n,t) = land this implies that £ =n € AN B.

Now, we show that & is a strong coupled fixed point of G. Since My is triangular, we have

1 1 1
MEGEn S (M(s(a,snﬂ,t) B 1) * <M5(£n+170(5,77)7t) B 1)  fort>0. (335)
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Then, by (3.16), (3.33) and (3.34), we have

1 1
M5(£n+l7G(£7n)7t) —l= ME(G(nn7fn)7G(§»77)7t) -1

1
t)’ Mg(f, G(nnvfn)vt)7M§(77n7 G(fa”)?ﬂ} a 1)

=0 (min{Mé(nnv G (1, &n)s 1), Ms (&, G(§ ),

=0 <m1n{M6(77n7€n+1a ) €7G<£777 ) Mé(é £n+17 )7M5(77n7G(€a77)7t)} - 1>
1

“ (mln{l M;(&,G(&,n),
If 1 is the minimum of {1, M;s(¢, G(&,7),t)}, then directly from (3.35) we can get that M;s(¢,G(&,n),t) =
1, as n — oo. This implies that G(¢,n) = £ = n. Secondly, if Ms(¢,G(E,n),t) is the minimum of
{17M5(£7G(£a7])7 )}a then

1) as n — oo.

! 1
G(&m): 1) _1> SQ<M§(§,0(W—1>, for t > 0.

lim su
n—>oop ( M6 (§n+1 5

Now, from (3.35), we have

I P (1 _ 1)
Mé(gaG(§7’r])at) M6(€7G(£an)7t)
1

(1-a) (M5(§,G(§,n),t)_l>§0’ for t>0,

which is a contradiction. Hence My(¢, G(€,n),t) = 1 implies that G(£,n) = £ = n. Hence, ¢ is a strong
coupled fixed point of G.

Corollary 3.9. Let A and B be two nonempty closed subsets of a complete fuzzy metric space (X, My, *)
in which My is triangular. Let G : X x X = X be a cyclic coupled contractive type mapping w.r.t A and
B: for some a € [0,1),

1 1
M (GEn),.Clu o)) = (mz’n{Ma<£,G(@n)nﬁ),Mg(wa(u,v),t)} - 1) ’

where £,v € A, n,u € B andt > 0. Then ANB # () and G has a strong coupled fized in AN B.

(3.36)

Corollary 3.10. Let A and B be two nonempty closed subsets of a complete fuzzy metric space (X, My, *)
in which My is triangular and G : X x X — X is a cyclic coupled contractive type mapping w.r.t A and
B: for some a € [0,1),

1 1
M (GEn). Gl = (mm{Mg(u, G(&,m)), Ms(€,G(u,v), 1)} 1) ’

where £,v € A, n,u € B andt > 0. Then ANB # () and G has a strong coupled fized point in AN B.

(3.37)
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Example 3.11. As from Example 3.7, and in view of (3.16), we have that

1 1
VG Gl n 1 ¢ dEEm, Gl )
:1‘54'277 Cut2v

t

10 10
S 1[E—u  2(n—w)
- t‘ 0 10
< <o (mac {196 = 291, 9u — 20l [10u — € — 20 [10¢ — u — 20]})
4< {‘95277 9u — 2v| |10u — & — 2| |10§ —u — 2v })
= — | max 5 ) ’
ot 10 10 10 10
_ 4 A g_f—i—?n u_u—|—211 u_§—|—277 g_u—|—21/
5t 10 |’ 10 |’ 10 |’ 10
4
= — (max {6(§, G(&,m)), 0(u, G(u,v)),6(u, G(§,m)),0(& G(u,v))})

ot
4 1

< — - —-1].
T~ ot (IHIH{M(;(& G(fa 7])7 t)a Ms (’LL, G(’LL, U)v t)a Ms (uv G(f, n))a Ms (53 G(ua U)7 t)} )
Hence all the conditions of Theorem 3.3 are satisfied with a = 4/5 for ¢t > 0, and 0 is the strong coupled
fixed point of G, that is, G(0,0) = 0.

4 An application on Urysohn integral equations

In this section, we prove an existence result of a common solution for two Urysohn type integral equations.

Let X = C([a,b],R) and we define the supremum norm on X as

€1l = JSup [€(r)| where § € C([a, b], R),
Let d be the induced metric defined as
5(&m) = S £(r) = n(r)|  where §,n € C([a,b],R).
The binary * is defined by a x b = ab, for all a,b € [a,b]. A fuzzy metric M5 : X x X x (0,00) — [0, 1] is
given by

M;5(&,m,1) where 0(&,1) = (1€ — 1l (4.1)

t
S t+a(En)
for t > 0 and &,1 € ([a,b],R). This M; is called a standard fuzzy metric induced by 6. Then easily one

can show that Mj is triangular and (X, Ms, %) is a complete fuzzy metric space.

Now, we are in the position to give a common solution for two Urysohn type integral equations.

Theorem 4.1. The two Urysohn type integral equations are
b
€0 = [ Kl g6)ds +m), (42)

b
«oz/Kw@aww+mm, (4.3)
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where | € [a,b] CR and &, hy,he € X.
Assume that K1, Ky : [a,b]?> x R — R are such that Atgmys Bauw) € X for §,v € A and n,u € B with
A, BC X and

Aen®) = [ Kllos, (€ )(6)ds, Buw(l) = / Kallos, (u0)(9)ds, V1€ o]
If there exists A € (0,1) such that
[(Ag,n) +h1) = (Beuw) + h2)|l < AN((& ), (u,v)),
where

[Acem +hi = &l + 1 Buw) + ha = ull, }

N((€7n)7 (U,’U)) = max {
[ Ag,my + h1 — ull + | Bluw) + ha — £

Then the two Urysohn type integral equations (4.2) and (4.3) have a unique common solution.
Proof. Define a mapping G : X x X — X as
G(&,n) = Ay +h1 and  G(u,v) = By + he.

If
N((§»7I)a (U,U)) = ||A(§7”7) + hl - f” + ”B(u,v) + hQ - u||7

then
1G(&n) — G(u,v)[| < AIG(E,n) — &Il + (|G (u, v) — ul]),
for all £,v € A and n,u € B with A, B C X. By Theorem 3.3 with A = ¢ and b = 0 in Theorem 3.3, the

two Urysohn type integral equations (4.2) and (4.3) have a unique common solution.

Again, If
N((&,n), (u,v)) = A + h1 —ull + ([ Buw) + h2 =&l

then
1G(&n) = G(u,v)| < MIG(En) — ull + G (u,v) =€),
for all {,v € A and n,u € B, with A, B C X. By Theorem 3.3 with A = b and a = 0 in Theorem 3.3, the

two Urysohn type integral equations (4.2) and (4.3) have a unique common solution.
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