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Abstract. One of the fundamental research problems in the theory of generalized inverses of matrices is to establish
reverse order laws for generalized inverses of matrix products. Under the assumption that A, B, and C singular matrices
of the appropriate sizes, two reverse order laws for generalized inverses of the matrix products AB and ABC can be
written as (AB)(9) = Bliz:32) AG11) and (ABC)(9) = Csr33) Bli2sed2) A11:-431) © or other mixed reverse
order laws. These equalities do not necessarily hold for different choices of generalized inverses of the matrices. Thus
it is a tremendous work to classify and derive necessary and sufficient conditions for the reverse order law to hold
because there are all 15 types of {4, ..., j}-generalized inverse for a given matrix according to the combinatoric choice
of the four Penrose equations. In this paper, we shall establish several decades of mixed reverse order laws for {1}-
and {1,2}-generalized inverses of AB and ABC, and give a classified investigation to a family of reverse order laws
(ABC)(i """ 7 = ¢~ B%D 4~ for the eight commonly-used types of generalized inverses by means of the block matrix
representation method (BMRM) and the matrix rank method (MRM). A variety of consequences and applications these
reverse order laws are presented.
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1 Introduction

Throughout this article, we denote by C™*"™ the set of all m x n complex matrices; by A*, r(A), and Z(A) the
conjugate transpose, the rank, and the range (column space) of a matrix A € C™*™, respectively; by I, the
identity matrix of order m; and [A4, B] be a row block matrix consisting of A and B. A matrix A € C™*™ is
said to be EP (or range Hermitian) if Z(A*) = Z(A) holds. We next introduce the definition and notation of
generalized inverses of a matrix. The Moore-Penrose inverse of A € C"™*™, denoted by Af, is the unique matrix
X € C™*™ satisfying the four Penrose equations

(i) AXA=A, (i) XAX = X, (i) (AX)* = AX, (iv) (XA)* = XA. (1.1)

A matrix X is called an {i,..., j}-generalized inverse of A, denoted by A7) if it satisfies the ith, ..., jth
equations in (1.1). The collection of all {i, ..., j}-generalized inverses of A is denoted by {(A(9)}. There are
all 15 types of {i, ..., j}-generalized inverses for a given matrix A by definition, but people are mainly interested
in the types that involve the first equation:

AT, A(1’3’4), A(1’2’4)7 A(1’2’3), 14(1,4)7 14(1,3)7 A(1’2), A(l), (12)

which are usually called the eight commonly-used types of generalized inverses of A in the literature; see
e.g., [3,4,19]. In addition, we denote by Pa = AAT, B4 = I, — AAT, and F4 = I,, — AT A, the three orthogonal
projectors (Hermitian idempotent matrices) induced from A.

Matrix expressions that involve a family of generalized inverses Agil"“’jl), Agiz"“’jz), .. ,A;j’“""’j’“) can gen-
erally be expressed as f(Agh"“’Jl), Agz"“’”), . 7A,(C““”"J’“)), where f(-) denotes certain algebraic operations of

matrices, while matrix equalities that involve generalized inverses can be written as

fl(Agi17~~,j1)7Agi27~~,j2), . ’A](Cikw-wjk)) _ f2(3§517~~7t1)’Bé$2,~~-7t2) Bl(sl7”"tl)). (1.3)

Since generalized inverses of a singular matrix are not unique, the matrix expressions may vary with respect to
the choices of the generalized inverses. Hence (1.3) can also be described by the following matrix set equality

{fl(Agil,...,j1)7Aé’iQ,...,jg), e Al(clk,,jk))} — {f2(3§51,...,t1)’ BSSQ,...,t2)7 s Bl(sl,,...,tl))} ) (14)

We next describe some examples of (1.3) for the generalized inverses of matrix products. Recall a fundamental
facts in linear algebra that for any three nonsingular matrices A, B, and C of the same size, the products AB
and ABC are nonsingular as well, and the reverse order laws (AB)~! = B~*A~! and (ABC)~! =C~!B~1A~Y
as well as the cancellation law C(ABC)~!A = B~! always hold. These identities can be used to simplify matrix
expressions that involve inverse operations of products of nonsingular matrices. If some or all of A, B, and C
are singular, generalized inverses of AB and ABC' can be written as certain expressions composed by A, B,
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and C and their generalized inverses. The special matrix equalities for generalized inverses which people are
interested are the following reverse order laws

(AB)(i 11111 7)) — Bliz,g2) gGinse, j1)7 (ABO)(i ----- 7) — (i350553) Bli2ssfz) A(i15051) (1.5)

for the products AB and ABC. In addition to (1.5), generalized inverses of the matrix products AB and ABC
can be written as various mixed reverse order laws, such as,

(AB) () = Blizeiz) X AGinoit) (1.6)
(AB)(Z,,j) _ B(i2’~~,j2)A(ila~»~’j1) + }/’ (17)
(ABC)(i’“"j) — C(i3""’j3)YB(i2""’j2)XA(i1""’jl)7 (1.8)
(ABC’)(i""’j) = OUr03) Blizyeod2) Alinsdt) 4 7 (1.9)

etc., for certain matrices X, Y, and Z composed by A, B, C, and their generalized inverses. Eq. (1.5)-
(1.9) do not necessarily hold for different choices of generalized inverses of the matrices. Thus people wish
to find identifying conditions for (1.5)—(1.9) to hold under various assumptions. This is really a tremendous
work because of different possible choices of {i,...,j}-generalized inverses for a given matrix. Approaches on
reverse order laws were started in the 1960s and have been one of the attractive and fruitful research fields in
matrix algebra and operator theory, but only a small part of reverse order laws were considered; for instance,
(AB)M) = BW AWM and (AB)' = BT At were approached in [2,9,11,23-25,32,40,41] among others; the special
case of the second equality in (1.5) for the Moore-Penrose inverse is given by (ABC)! = CTBT A, which was
considered in [5,8, 12,14, 26, 36], while mixed reverse order laws for Moore—Penrose inverses of AB and ABC
were formulated and approached in [6, 7,10, 13,17, 29, 30, 32, 34, 38] among others. It is worth to point out
that the present author initiated the use of the matrix rank method in the study of reverse order laws, which
can manipulate various complicated calculations associated with generalized inverses. In spite of many efforts,
most of (1.5) remain unresolved because there are no analytical methods in mathematics to establish general
algebraic identities or solve general algebraic equations.

The paper is organized as follows. In Section 2, we give an introduction to the theory of generalized inverses
of matrices and present various formulas for calculating ranks of matrices that we shall use in the sequel. In
Section 3, we formulate a variety of mixed reverse order laws for generalized inverses of AB and ABC and
give their proofs using definitions of generalized inverses and matrix rank formulas. In Section 4, we consider
a special product ABC, where A and C' are nonsingular, and derive necessary and sufficient conditions for the
following four matrix set relations
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to hold for the eight common-used generalized inverses of ABC' and B by means of the block matrix represen-
tation method (BMRM) and the matrix rank method (MRM). We also present a variety of consequences of the
these reverse order laws in Sections 4 and 5.

2 Preliminaries

In this section, we present an introduction on the theory on generalized inverses of matrices and describe the
matrix rank methods by which we establish and simplify various matrix equalities that involve generalized
inverses.

Lemma 2.1 ( [3,4,19]). Let A € C™*™. Then the following results hold.

(a) AT satisfies the following equalities

(AN = (A", (AN =4, (2.1)
(A*)TA* = (AATY* = AAT, A*(A*)T = (ATA)* = ATA, (2.2)
R(A) = R(AA*) = B(AA*A) = ZB(AAT) = Z[(AT)"], (2.3)
R(A*) = R(A*A) = B(A*AA*) = Z(A) = Z(AT A), (2.4)
r(A) = r(A*) = r(AT) = r(AA*) = r(A*A) = r(AAT) = r(ATA). (2.5)



(b) The general expressions of the seven commonly-used types of generalized inverses AW34) - A(1.24) - 4(1,2,3)

ALY - AW3) - A2 D and AN of A can be written in the following 7 matriz-valued functions

AY = AT 4 FuU, + UsE 4,

AWD = (AT 4 FAU)A(AT + U E),
A3 = At 4 FuU,

ACD — AT L UE,,

AL23) — gt 4 FAUAAT’

A2 — At 4 ATAUE,,

ALY — AT 4 FAUE,,

where U, Uy, Uy € C"™™ are arbitrary.

The following matriz equalities hold

AAM = 4402 = AACD = AAO2D = AAT 4 AUE,,
AA(l,B) — AA(1,2,3) — AA(1,3,4) — AAT,
AW A = AGDA = A0 4 = AB23 4 = ATA 4+ FLUA,
AGD A = AT2H 4 = A03D 4 = AT 4,

where U € C"*™ s arbitrary.

The following set inclusions hold

AT e {AT29} C {402y  {A),
Al e (A9} € (A0} € {AW),
Al € {A2V} C {402} € (A,
AT € {4029} € {A0D) € (A},
Al e {4039 C A3y C (AW},
AT € {AT3D} € {A0Dy € (A},

The following matriz set equalities hold
((A080)y = (A7) A5D), - ((AT2D)7) = ((a7)129),
{(AB29) ) = {20}, ((ATD)) = (A7)0},
(A9} = (AN}, (A0} = {4112,
{(AM)} = {(aH ™y

The following rank equalities
r(AG20) = p(AG23)) = (A0 = r(AT) = r(A)

hold for all A24)) A123) " gnd A1), and the following rank equalities hold

My — (13)y — (1L4)y — (13:49) — mi
IE(ER(T(A ) max r(A%) max r(AY%Y) ﬁiﬁ)r(A ) = min{m, n},
minr(AMY = mi A3y — 4 ALY — 3 AL3Y — 1 (A).
A(llI)lr( ) A(llvgl) ’I"( ) A(ll,El) T( ) A(l’l?’I=14)T( ) T( )

The following equivalent facts hold
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Lemma 2.2 ( [28]). Let A € C™*™ and G € C"*™. Then

min (A AWM —G) =r(A— AGA),
A 1
jr(lllrzl) r(AY? — @) = max{ r(A — AGA), r(G) +r(A) — r(GA) — r(AG) },
min (A1) — Q) = r(A*AG — A%),
A(1,3)
n(un) (ALY — @) = r(GAA* — 4%),
A(1,4
A* A*
: (1,2,3) _ * A% o
AI(Illylzl}S)’l"(A G)=r(A"AG A)+T{G} ’I“|:AG:|,
min, r(A12Y — @) = r(GAA* — A*) +r[A*, G] — r[A*, GA],
A(1,2,4
min, r(AL3Y @) = r(A*AG — A*) + r(GAA* — A*) — r(A — AGA),
A(1,3,4

r(AT— G) = T[Aig‘;“* /é,] — 1 (A).

In particular,
Ge{AV} & AGA = A,

G e {AMY} & AGA = A and r(G) = r(4),

G e {A1¥} & A*AG = A%,

G e {A0Y} & GAA* = A%,
G e {AM2 o A*AG = A* and r(G) = r(A) & A*AG = A* and GE4 =0,
G e {AL2DY o GAA* = A*and 7(G) = r(A) & GAA* = A* and FaG =0,
G e {AN3DY} & A*AG = A* and GAA* = A%,

G=A" & A*AG = A", GAA* = A*, and r(G) = r(A)
& A*AG = A*, GAA* = A%, GE4 =0, FAG =0.

Lemma 2.3 ( [15]). Let A€ C™*", B € C™** and C € C*". Then
_ A4 Al oA
rlA, Bl =r(A) +r(B—- AAYB), r ol = r(A)+r(C—-CAYA)

hold for all A,
Lemma 2.4 ( [15]). Let A€ C™*" B € C"*P, and C € CP*4. Then
r(AB) = r(A) + 7(B) — n+ r[(I, — BBW)(I, — AW A)],
r(ABC) = r(AB) + r(BC) — r(B) + r[(I,, — (BC)(BC)M)B(I, — (AB)Y(AB))]
hold for all AV, B (AB)V) and (BC)W.
Lemma 2.5 ( [28]). Let A € C™*" B e C™** C e C™", and D € C**. Then

ma 1(D — CAG? B) = min {T(A) + (D), r[C, D, 7 ﬁ o [g g} - r(A)},

min (D — CAG?B) = [g] +r[C, D]+ r(A)+max{ry, ra},

A12)
where

_Ja B a0 B [0 ) A 0] A B

Tl—TCD TOCD TCD,'I"Q—T' TCD TOD

Lemma 2.6 ( [35]). Let A € C™*" B e C™*1 and C € CP*4. Then the following two formulas hold

qmax r(ACPBCU) = min{r(4), r(B), ()},
A2) (1,2

( H)lil’l( 7;(A(1’2)BC(1’2)) =max{0, r(A) +r(B) +r(C) —r[A, B] —r[B*, C*]}.
A(1,2 7c’ 1,2

(2.46)

(2.49)

(2.50)

(2.51)

(2.52)



We also use the following results to establish matrix equalities that involve generalized inverses.
Lemma 2.7 ( [27,28]). Let A€ C™*" B e C™*F C € C*", and D € C™**. Then the following results hold.
(a) There exists an A such that CAY B = D holds if and only if

#(D) C #(C), R(D*)C R(B"), and r {g g] —r {é] +r[A, B] - r(A); (2.53)
CAMB = D holds for all AY) if and only if
B A B
[C, D] =0 or [D] =0or T[C D} =r(A). (2.54)
(b) CAN2 B = D holds for all A2 if and only if
[61 l())] =0or [C, D] =0 or [ZB;] =0or T[é g} =r(A). (2.55)
(c) CAY3)B = D holds for all A1) if and only if
B A*A A*B
[D] =0or T[ c D } =r(A). (2.56)
(d) CAYYB = D holds for all AMY if and only if
AA* B
[C, D] =0 or T|:CA* D} =r(A). (2.57)
(e) CAM23)B = D holds for all A23) if and only if
A*B A*A A*B
|:D:|=OO’I“T|:C D:|=T(A). (2.58)
(f) CAQ2N B = D holds for all A4 if and only if
[CA*, D] =0 or T[éﬁ* g} =r(A). (2.59)
(g) CAN3Y B = D holds for all AY34 if and only if
A*A A*B AA* B
r{ c D } =r(A) or T[CA* D} =r(A). (2.60)
(h) CATB = D holds if and only if
A*AA* A*B
r{ CA* D ] =r(A). (2.61)

We next give a specified introduction to the MRM. Recall a basic fact about the link between the nullity of
matrix and its rank that A = 0 holds if and only if r(A) = 0 holds. Thus, two matrices A and B of the same
size are equal, namely, A = B, if and only if (A — B) = 0. Furthermore, assume that S; and Sy are two sets
consisting of matrices of the same size. Then

SINS #0 < acdnin r(A— B) = 0;

S1 €8S < max min r(A—B)=0
A€S; BES,

hold obviously in view of the MRM. The basic facts are quite familiar to the reader with common background
in linear algebra, but they provide a highly flexible framework for characterizing equalities of matrices under
many situations, precisely, if certain formulas for calculating the rank of X — Y are derived, we can use the
formulas to characterize relationships between two matrices X and Y and to obtain many valuable results on
relationships between two matrix sets. This method, called the matrix rank method, is available for studying
various matrix expressions involving generalized inverses of matrices. Perhaps, no methods in linear algebra
and matrix theory, as described above, is more elementary than the rank method in characterizing equalities of
matrices.



3 Mixed Reverse Order Law for Generalized Inverses

We first give two groups of set inclusions associated with the matrix sets {(AB)M} and {(AB)("2)}.
Theorem 3.1. Let A € C"™*™ and B € C"*P be given. Then,

(a) the following set inclusions hold

{(AB)M} D { (AW AB) AWM},
{(AB)(l)} ») {B(l)(ABB(l))(l)}7
{(AB)V} D {(A4*AB)V A"},
{(AB)V} > {B*(ABB")1},
{(AB)} D {(A4*AB)M A4},
{(AB)V} D { B*B(ABB*B)W},
{(AB)(U} ) {B(l)(A(l)ABB(l))(l)A(l)},
{(AB)Y} D { B*(A*ABB*)M A%},
{(AB)V} D { B*B(AA*ABB*B)(Y AA*};

(b) the following set inclusions hold

( )(1,2)} ) {(A(l,Q)AB)(l,Z)A(l,Q)}’

(AB)"#} 2 { BB (ABBH2) (1D},

(AB)?} D {(A"AB)1? A7},

(AB)} 2 { B*(ABB*)M?)},

(AB)1:2} D { (AA*AB)M2 4A*},

(AB)"} 2 { B*B(ABB*B))},

( )(1,2)} ) {B(M)(A(LQ)ABB(LQ))(LQ)A(LQ)},
( )(1,2)} ) {B*(A*ABB*)(I’Q)A*},

(AB)12} > { B*B(AA*ABB*B)(:? AA*}.

A~ N~ Y~~~ o~
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Proof. The whole proofs are based on the definitions of generalized inverses and direct verifications. For any gen-
eralized inverses A1), B (AW AB)V (ABBMW)M (A*AB)V, (ABB*)M), (AWABBM)(M)  (A*ABB*)(,

and (AA*ABB*A)(M) it is easy to verify by definition and Lemma 2.1(a) that

AB[(AVABYM AMAB = A(AVAB) (AW AB)M (AW AB) = A(AVAB) = AB,
AB[BW(ABBWYWAB = (ABBW)(ABBW)W(ABBW)B = (ABBY)B = AB,
AB[(A*AB)Y A*|AB = (A"*(A*AB)(A*AB)V) (A*AB) = (A")*(A*AB) = AB,
AB[B*(ABB*)V]AB = (ABB*)(ABB*)Y(ABB*)(B')* = (ABB*)(B")* = AB,
AB[AA*AB)WAA*|AB = [(AA")T*(AA* AB)(AA*AB) WV (AA*AB) = [(AA*)|*AA*AB = AB,

ABB*B(ABB*B)YAB = (ABB*B)(ABB*B)Y (ABB*B)[(B*B)|* = ABB*B[(B*B)']* = 4B,

and

AB[B(D(A(l)ABB(l))(l)A(l)]AB - A(A(l)ABB(l))(A(l)ABB(l))(l)(A(l)ABB(l))B
= A(AYABBW)B = AB,

AB[B*(A*ABB*)WA*|AB = (A")*(A*ABB*)(A*ABB*)V (A* ABB*)(B1)*(A1)*(A*ABB*)(B")*

— AB,

AB[B*B(AA*ABB*B)W AA*|AB = [(AA*)']*(AA*ABB*B)(AA*ABB* B)Y (AA* ABB* B)[(B*B)']*

= [(AA*)1]*(AA*ABB*B)[(B*B)'|* = AB,

establishing (3.1)—(3.9).



Since { MM} D { M(12)} for any matrix M, it is easy to see from (3.1)-(3.9) that
{(AB)(l)} > {(A(l)AB)(l)A(l)} ») {(14(1,2)143)(1,2)14(1,2)}7 (3.19)
{(AB)(l)} ) {B(l)(ABB(l))(l)} ) {3(172)(1433(1,2))(1,2)}7 (3.20)
{(AB)W} D {(A*AB)M A*} D {(A*AB)(12 A%}, (3.21)
{(AB)V} D {B*(ABB*)V} D { B*(ABB")")}, (3.22)
{(AB)W} D { (AA*AB)V AA*} D { (AA*AB)1 D A4}, (3.23)
{(AB)W} D { B*B(ABB*B)V} D { B*B(ABB*B)\?)}, (3.24)
{(AB)(l)} D {B(l)(A(l)ABB(l))(l)A(l)} D {3(172) (A(l’Q)ABB(l’Q))(1’2)A(1’2)}7 (3.25)
{(AB)W} D { B*(A*ABB*)M A*} D { B*(A*ABB*)(12) 4%}, (3.26)
{(AB)V} D { B*'B(AA*ABB*B)Y) AA*} D { B*B(AA*ABB*B)2 AA*} (3.27)

hold. Also by definition,

(A(l,z)AB)(1,2)A(1,2)AB(A(l,z)AB)(l,z)A(Lz) _ (A(1’2)AB)(1’2)A(1’2), (
BE(ABBM )2 ABBIA(ABBHY) ) = B2 (ABB!2))(12), (
(A*AB) 2 A* AB(A*AB)(12) = (A* AB)(1?), (
B*(ABB*)"» ABB*(ABB*)"? = B*(ABB*)?), (
(AA*AB)M) AA*AB(AA* AB) WD AA* = (AA*AB)(MW2) AA*, (3.32
B*B(ABB*B)YY ABB*B(ABB*B)Y? = B*B(ABB*B):?), (

2

(

(

(

B*(A*ABB*)(1? A* ABB*(A* ABB*)(M2 A* = B*(A*ABB*)1:2) A*,
B*B(AA*ABB*B)YY AA*ABB* B(AA*ABB*B) "2 AA* = B*B(AA*ABB*B)1 2 AA*,
Combining (3.19)—(3.27) with (3.28)—(3.36) leads to (3.10)—(3.18). O

Theorem 3.2. Let A € C™*" and B € C"*? be given. and denote P = I, — AVA, Q = I, — BBW,
U=1,— A2 A and V =1, — BBM2) . Then,

(a) the set inclusion { (AB)1} D { BMWAM) — BOPQPYVQAM Y always holds;

(b) {(AB)1:2)} D { B2 A2 — BUAy(VU) 2DV ALY & r(AB) = r(A) = r(B) & Z(AB) = Z(A)
and Z|(AB)*] = #(B*).

Proof. Noting QP(QP)MQP = QP and pre- and post-multiplying with A and B, we obtain
AQP(QP)VQPB = AQPB, (3.37)
where both sides are given by
AQPB = A(I, — BBW)(I,, — AW A)B = A(I,, - AW A — BBM + BB AW A)B
= AB — ABBW AW AB,
AQP(QP)YQPB = A(I, — BBVYP(QP)VQ(I, — AV A)B
= AP(QP)VQB — AP(QP)VQAMAB — ABBY P(QP)VQB
+ ABBYP(QPYMQAY AB
= ABBYP(QP)MNQAM AB.
Substituting these equalities into (3.37) yields AB[BMW AN — BOP(QP)VQAM]AB = AB. Thus (a) holds.
Since { MW} D { M(1:2)} for any matrix M, thus it is easy to see from (3.36) that
{(AB)W} > {BW AW — BOy(vu) Wy AW} o { BE2D AL _ U2y )12y A2, (3.38)
We next determine the maximum and minimum ranks of B2 A2 — BAAT(VU)L2AV AL, Since

r[(VU)12] = ¢(VU) and VU(VU)BDVU = VU, it follows that »[U(VU)2DV] = »[VUVU)B2DVU] =
r(VU). Also note that (U(VU)12)2 = U(VU)2) | namely, U(VU)H2V is idempotent, we obtain

L, —UWVU)I2DV] =n—r[UWVU)IDV] = n —r[(VU)I?] = n —r(VU) = r(A) + r(B) —r(AB) (3.39)



holds for all (VU)1?) by (2.47). By (2.46) and elementary block matrix operations,

r[B, I, —U(VU)Y2V] = r(B) + r[V — (VU)(VU)IDV] = r(B) + r[VU, V] — r(VU)
=r(B)+(V)—r(VU)=n—-r(VU) =r(A)+r(B) — r(AB), (3.40)
| prmeay| =@+l - TV SRV = r(4) +1 [VUU] (VD)
=r(A)+r(U)—r(VU)=n—r(VU) =r(A) +r(B) — r(AB). (3.41)
Next by (2.51), (2.52), (3.39), (3.40), and (3.41),
Aug)l’ag((m) T[B(l’Q)A(l’Q) _ B(l,Z)U(VU)(1,2)VA(1,2)] _ Au,g{i}g(m) [B(l 2)( U(VU)(l 2)V)A(1 2)]
= min{r(A®?), (B2, (I, - UVU)EDV)} = min{r(A), 7(B), r(A) +r(B) — r(AB)}
= min{r(4), r(B)}, (3.42)
and
min  r[BHD ALY _ gAY (v )LDy AG2)]
A(12) B(1,2)
B A(l,gl,ifrzlu,z) rBO L, ~U (V) HV) AT
= max {0, r(AYD) 4 (BYD) ¢ [, — U(VU)YDV] —¢[B, I, — U(VU)BDV] —r I U(éU)(LQ)V} }
= max{0, r(AB)} = r(AB). (3.43)

Combining (3.42) and (3.43), we see that r[B(12 A2 — B2y (V) 12V AL2)] = (AB) holds for all A1+2),
B2 and (VU)1?) if and only if r(AB) = r(A) = r(B). Combining this fact with (3.38) and applying (2.39),
we obtain (b). O

The mixed reverse order law (AB)" = BTA' — BY[(I,, — BB")(I,, — ATA)]T AT for the Moore-Penrose inverses
was proposed and approached by the present author in [29] using the matrix rank methodology.

We turn now to the case for generalized inverses of a triple matrix product. There are a large variety of
mixed-type reverse-order laws that can be formulated mostly by try and fail method. Here we present such a
list as follows.

Theorem 3.3. Let A € C™*™" B € C"*P, and C € CP*? be given, and denote M = ABC. Then,
(a) the following set inclusions hold

{M(l)} D {(A(l)M)(l)A(l)}’

{M(l)} ) {C(l)(MC(l))(l)},

{MW} 2 {(A M)A,

{MM} D {Cr(MC™) MY,

(MM} D {(AA* M) AA*Y,

{MM) 2 {cromer o)Wy,

{M(l)} ) {C(l)(A(l)MC(l))(l)A(l)}7

{MM} D {Cr(AMCT) M A,

{MW} 2 {[(AB) VM| (AB) Y,

{MM} 2 {(BC)V[M(BC)DWY,

{MW} 2 {[(AB)* M]D(AB)*},
{ MM} 2 {(BC)* [M(BC)" |},
{M(l)} o [(ABB(”)(1)M](1)(ABB(1))(1)}
{MDy 2 {(BWBO)VM(BYBC)D VY,
{MW} 2 {[(ABB") WMV (ABB*) V),
{M©} 2 {(B*BOVM(B*BC) VWY,
{ MW} D {C*C(AA*MC*C) D AA*},
{MM} 2 {(BO)D[(AB)D M (BC) VD (AB) V],
{MW} 2 {(BO)[(AB)*M(BC)" |V (AB)"},



{M(l)} > {(B 1)BC’)(1)[(ABB(I))(1)M(B(1)BC’)(1)](1)(ABB(l))(l)},
{MD} 2 {(B*BC)V[(ABB*)V) M(B*BC)MNM(ABB*)M},
{MWy 2 {(BYBC) (ABBYV) M(BYBC) |V (ABBM),

{ MM} 2 {(B*BC)*[(ABB*)"M(B*BC)" | (ABB*)"};

(b) the following set inclusions hold

{ MDY D { (AT a2 4020

{ME2} > {2 (Mme2)32)y,

(M2} 2 (a2 A7),

{MO2) 2 (o)),

(MO} 5 {(AA" M) 447},

{ M3} D {CrCc(Mmero) DY,

(M12Y 5 [ o2 (412 jro12))(1:2) 402,
(MO} D [ (A*MC*) 1D A%,

{ M2} 2 {[(AB) M2 M) (AB) 12,

{ M2} D {(BO) MWD [M(BO) 12},

{ M2} 2 {[(AB)* M]"2/(AB)},

{ M2} 2 {(BO) [M(BC) )},

{M(l’Q)} ) { [(ABB (1, 2))(1 2)M](1 2)(ABB(1 2))(1 2)}
{M(1,2)} 2 {(B(l 2)BO) (1, 2)[ ( 1’2)BC) 1,2) }(1,2)}’
{ M2} 2 {[(ABB") " M| (ABB) 2},
{ME2} 2 {(B*BO)M P M (B*BC) D),
{M®D} D {C*C(AA"MC*C) WP AA*Y,

{ M2} 2 {(BO)M2[(AB) P M(BO) D)0 (AB) 12,

{ M2} 2 {(BO)((AB)"M(BO)" | 2/(AB)"},
{M(l ,2) } ) { B(l Z)BC)(I 2)[(ABB(1 2))(1 2)M(B(1 2)BC)(1 2)](1 2)<ABB(1 2\ (1, 2)}

(
(
{ M2} o {(BM2BC)*[(ABBM)*M(BM? BC)* |2 (ABB1?))*},
(
(

{ME2} D {(B*BC)M[(ABB*) Y M(B*BC)H2| W2 (ABB*) 1)},

{ MDY D {(B*BC)*[(ABB*)*M(B*BC)*|4? (ABB*)*}.

Proof. Tt follows from the direct verification and the definitions of {1}- and {1, 2}-generalized inverse of matrices.

O
We next prove two results related to the mixed reverse order laws:
(ABC)Y = (BC)WB(AB)Y — (BC)YBP(QBP)VQB(AB)W,
(ABC)M) = (BC)W D B(AB)M? — (BO)M? BU(V BU) M2V B(AB)*?)
using definitions and the matrix rank formulas, where P = I, — (AB)MAB, Q = I, — BC(BO)Y, U =
I, — (AB)YYAB, and V = I,, — BC(BC)(1:2).
Theorem 3.4. Let A€ C™*"™" B € C"*P, and C € CP*? be given, and denote M = ABC. Then,
(a) {MMV} D {(BC)VB(AB)M — (BC)MBP(QBP)MQB(AB)V} always hold;
(b) {ME2} D {(BC)VDB(AB)) — (BC)YDBU(VBU)M2VB(AB) 2} < (M) = r(AB) =
r(BC) < Z(M) = #(AB) and Z(M*) = Z[(BC)*].
Proof. Noting VBU = (VBU)(VBU)M(VBU) and pre- and post-multiplying A and C, we obtain
AVBUC = AVBU(VBU)MVBUC, (3.44)



where

AVBUC = ABC — ABC(BC)YBC — AB(AB)WABC + ABC(BC)Y B(AB)Y ABC
= ABC(BC)YB(AB)YABC — ABC,
AVBU(VBU)YVBUC = (A — ABC(BC)Y)BU(VBU)VVB(C — (AB)Y ABC)
= ABU(VBU)MVBC — ABC(BC)VYBU(VBU)VVBC
— ABU(VBU)VYVB(AB)Y ABC + ABC(BC)YBU(VBU)M (AB)Y ABC
= ABC(BC)YBU(VBU)M(AB)Y ABC.
Substituting these two equalities into (3.44) yields M[(BC)™ B(AB)M) —(BC)M BU(VBU)M(AB)V|M = M,

establishing (a).
Result (a) obviously implies that

{MD} D {(BC)YYB(AB)? — (BC)Y2 BU(VBU)MVB(AB)12} (3.45)

We next determine the maximum and minimum rank of (BC)"2)[B — BU(VBU)*2)V B](AB)("?). By (2.46)
and elementary block matrix operations,

r(VB) = r[B — (BC)(BC)YY B] = r[BC, B] — r(BC) = r(B) — r(BC), (3.46)
r(BU) = r[B — B(AB)Y? AB] = r[(AB)*, B*] — r(AB) = r(B) — r(AB). (3.47)

By (2.46) and elementary block matrix operations,

max r[B — BU(VBU)2VB]

(VBU)(1:2)
= min {T[BU7 B, T[VBB] , T[VBBUU VBB] - T(VBU)}
= min{r(B), r(B) —r(VBU)}
=r(B)—r(VBU) =r(AB) + r(AB) — r(ABC) (by (2.48)); (3.48)
min r[B — BU(VBU)*2VB|
(VBU)(1:2)
=r [VBB} +r[BU, B] +r(VBU)
VBU 0
VBU VB VBU 0 VB VBU 0 VBU VB
—|—max{r{BU B:|—’I“|: 0 BU B}—r BOU VBB ,T(B)—’I“|:BU B]—r[ 0 B]}
=2r(B) +r(VBU) + min{—-2r(VBU) — r(B), —2r(VBU)—r(B)}
=7r(B) —r(VBU) =r(AB) + r(AB) —r(ABC) (by (2.48)). (3.49)
Combining (3.48) and (3.49), we see that
r[B — BU(VBU)Y2VB] = r(AB) + r(AB) — r(ABC) (3.50)

holds for all (VBU)12). By (2.51), (2.52), (3.46), (3.47), and elementary block matrix operations,

r[BC, B — BU(VBU)Y?VB] = r(BC) +r[VB — (VBU)(VBU) 2V B
=r(BC)+r[VBU, VB]—r(VBU) =r(B) —r(VBU) = r(AB) + r(AB) — r(ABC), (3.51)
r[(AB)*, (B — BU(VBU)Y2VB)]*] = r(AB) + r(AB) — r(ABC). (3.52)
Also by (2.51) and (2.52),
. SN r(BC)YP B(AB) — (BC)W D BU(VBU) M2V B(AB)(1Y)

= L2rp (1,2) (1,2)
(ABY3 (BO)1 2 r{(BC)7[B = BU(VBU)™ 7V B|(AB)"}

(AB)u,zr)I,la}E{Bc)(l,z){T((AB)(LQ))’ r(BO)™?), (B~ BU(VBU)"*VB)]}

=min{r(4B), r(BC), r(AB)+r(ABC)—r(ABC)} (by (3.50))
= min{r(AB), r(BC)}, (3.53)
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and

min r[(BC)Y Y B(AB)M? — (BC)42 BU(VBU) YDV B(AB) 1Y)
(AB)(1:2) (BC)(1:2)

T (AB)AD (B
=max{0, r(AB)+r((BC)+r[B - BU(VBU)*?VB|
—7[BC, B— BU(VBU)M?VB] - r[(AB)*, (B — BU(VBU)M2VB)*}
=max{0, r(ABC)} (by (3.50), (3.51), and (3.52))
=r(ABC). (3.54)

r{(BC)" (B — BU(VBU) )V B(AB)"?}

Combining (3.53) and (3.54), we see that r[(BC)2) B(AB)*2) — (BC)2)BU(VBU)M2VB(AB)(12)] =
r(ABC) holds for all (AB)2) (BC)M2) | and (VU)(1?) if and only if r(ABC) = r(AB) = r(BC). Combining
this fact with (3.45) and applying (2.39) lead to (b). O

4 Reverse Order Laws for Generalized Inverses of a Triple Matrix
Product

We first prepare some formulas associated with various fundamental matrix calculations in (1.10)—(1.13).

Lemma 4.1. Let A€ C™*™ B € C™*™ and C € C"*" be given and assume that A and C are nonsingular.
Also denote M = ABC. Then,

(a) the following rank equalities
r(M)=r(B), r(CM"DA)=rM0D) r(C7'BE-DATY) = p(BE-D) (4.1)
hold for all M3) and B*V;

(b) the following set inclusions hold
C1BTA™ € {C71BUBD A1) C (¢ BUY AN C {01 BW AT, (
C1BTA € {(¢71B1I3D A1) C (0-1BAY Ay C {0t BW A, (
C1BTA e {(¢71BI2D A1) C (071 BAY A C {01 BW AT, (
C1BtA~1 ¢ (¢71B1I2 41y C {01 BAD AL} C {(¢1BW AL, (
C1BTA T e {(CT1B1I23 A1) C (¢TI BUY Ay C {01 BW AT, (
C1BTA € {(¢71B123 A7) € {(071BAY Ay C {01 BW A, (

(c) the following equivalent facts hold
(MDY A {1 BED A~ £ § s {OMED) A} A {BRDY £ (), (
(M)} D {71 BED A=Y & {OM D) A} D B (
{M-D} C {CT BB AT} o {OM D A} C {BR DY, (4.
(M)} = (7L BRD A=Y o (OM D) AY = {BReDY (4.
hold for the eight common-used generalized inverses of B and M;
(d) the following equalities
MC'BWATM = MC'BYD AT M = MO BEI AT M
=MC'BMIATIM = MCT' B AT M
=MC'BUAVATIM = MCT' BUAYATIM
=MC'B'AT'M =M (4.12)
hold for all the eight commonly-used types of generalized inverses of B, and
BCMWAB = BCMY)AB = BOMY» AB = BCMYAB
= BCM2IAB = BCMY 2D AB = BOMY3Y AB
=BCM'AB =B (4.13)

hold for all the eight commonly-used types of generalized inverses of M
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(€) M*MC-1BWA! = M*MC-1BU2 A= = M*MC-1BAD AL = A* MC-1BA24 A= = M* hold for
some BV, p1:2) pUL4) - gpq p:24),

(f) M*MC'BMWA-Y = M*MC'BOD A = M*MC'BOH AL = M*MOBU2YD A~ = M* hold for
all BM, B2 B - gnd B12Y o B =0 or r(B) = m;

(g) M*MC'BUA-Y = M*MC'BU23 A~ = M*MC'BUAYA~Y = M*MC™'BIA™! = M* &
% (A*AB) = % (B);

(h) B*BOCMWA = B*BCMU2A = B*BOMUAYA = B*BOMI2YA = B* hold for all M®, M12),
MY and M2 o B =0 or r(B) =m;

(i) B*BOCMU3A = B*BOM*23) A = B*BCM13Y A = B*BCM'A = B* & %#(A*AB) = %(B).

Proof. Result (a) follows from the nonsingularity of A and C. Pre- and post-multiplying (2.22)—(2.17) with

C~1 and A~! respectively yield the set inclusions in Result (b). Pre- and post-multiplying (1.10)—(1.13) with C

and A respectively yield the following equivalent facts in Result (c¢). Result (d) follows from direct verification.
The following results

M*MC'BYA = M*MC'BO2 A = M*MCO'BOY A = M* MO BA2D A1 = M+

& (AB)*ABBWY = (AB)*ABB"? = (AB)*ABB"* = (AB)*ABB1?% = (AB)* A, (4.14)
and

M*MC—IB(1,3)A—1 _ M*MC‘IB(LQ’?’)A_I — M*MC_lB(1’3’4)A_1 _ M*MC—IBTA—l _ M*

& (AB)*ABB' = (AB)*A (4.15)

follow from (2.13)—(2.16) and the nonsingularity of A and C. Furthermore, it is easy to derive from Lemma 2.7
that

(AB)*ABBW = (AB)*ABB"? = (AB)*ABB"*Y = (AB)*ABB"?% = (AB)*A
are solvable for some B, B(1:2) B(b4) -~ apng p1:24), (4.16)
combining this fact with (4.14) leads to Result (e);
(AB)*ABBY = (AB)*ABB"? = (AB)*ABB"* = (AB)*ABB(1?%) = (AB)*A
are solvable for all B, B12) B4 and B24 o B =0 or r(B) =m, (4.17)
combining this facts with (4.14) leads to Result (f);
(AB)*ABB' = (AB)*A < #(A*AB) = %(B). (4.18)

combining it with (4.15) leads to Result (g).
Results (h) and (i) are also derived from Lemma 2.7. O

Armed with the preceding results and facts, we can derive the main results in the paper. For the sake of
convenience of reference, we will present a complete list of results for all the situations in (1.10)—(1.13).

Theorem 4.2. Let A € C™*™ B e C™*", and C € C"*™ be given and assume that A and C are nonsingular.
Also denote M = ABC. Then the following 64 groups of results hold.

(1) {MV} = {C'BYW A~} holds.

2a) {MM} D {C~'BUL2 A1} holds.

2b) (MM} C{C B2 A} & (MWD} = {(C'BUD A < r(B) = min{m, n}.
3a) {MM} D {C~BUA A1} holds.

4a) {MW} D {C~'BLY A1} holds.

4b) (MDY C {C'BOAAY o (MDD} ={C'BIYA}Y & B=0 orr(B) =n.
5a) {MMY D {C~1BML23) A=1} holds.

(2a)
(2b)
(3a)
(3b) {MMY C{C'BEIA} & (MWD} = {C'BINAY & B=0 orr(B) =m.
(4a)
(4b)
(5a)
(5b) {MM} C {C'BE2H A1} & (MWD} = {C-'BU2D A} & r(B) =m.
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(6a) {MM} D {C'BL2Y AL holds.

(6b) {MMY C{C'BA2D A1} & (MW} = {C'BE2D A1} & r(B) =n.

(7a) {MMD} D {C~BU3Y A=Y holds.

(7b) {MMY C{C'BIADAY & (MWD} ={C'BI3YA-Y & B=0 orr(B) =m=n.
(8) {MW} 5 C~'BfTA~! holds.

(9a) {M®2Y C {C~*BM A=Y} holds.

(9b) (M2} D {C'BWA} & (MU} = {C'BWA™YY < r(B) =m orr(B) =n.

(10) (M2} = {C~1BML2 A~} holds.

11a) {MO2Yy N {CBE A=Y £ () holds.

11b) {M®2} D {C~'BUI A} & »(B) =m or r(B) = n.

11c) (M2} C{C7'BU3I A} & B =0 orr(B) =m.

11d) {MI2} = {C'BI3 A1} & r(B) =m.

12a) {MO2DYy N {CBOY A=Y £ (. holds.

12b) {M®2} D {C~'BOY A1} & #(B) =m orr(B) =n.

12¢) (M2} C{C7'BOY A} & B =0 orr(B) =n.

(

(

(

(

(

(

(

(12d) {MI2D} = {0 *BOY A} & r(B) =n.
(

(13b) { MY C {C'BI2IA1} & (M2} = {C'1BU2NAY & B=0 orr(B) =m.
(14a) {M®2)} D {C~1B124Y) A=Y holds.

(14c) { MY C{CTBO2Y A} & (MDY = {C'BO2Y A"} & B=0 orr(B) =n.
(15a) {MI2D}N{CBE3YD A=Y £ holds.

(15b) { M2} D {C'BU3D A} & r(B) =m or r(B) = n.

(15¢) {MI2Y C {C*BU3Y A1} & B=0 orr(B) =m =n.

(15d) {MT2} = {C*BU3D A} & r(B) =m = n.

(16) {M12} 5 C~*BYA~! holds.

17a) {M®3} € {C~*BM A=Y} holds.

17b) (M3} D {C7'BWA} & (MU} = {C'BWAY & B=0 orr(B)=m.

18a) {M3YN{C'BLADA-Y £ () holds.

18c) (M3} c {C~ B2 A1} & #(B) = m or r(B) = n.
18d) {M13)} ={C~'BA2D A1} & r(B) =m.

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
13a) {M12} D {C~1BM23) A~1Y holds.
)
)
)
)
)
)
)
)
)
)
)
)
)
)
192) {MEYyN{C1BED A=Y £ () holds.
)

(
(
(
(18b) {MU3 D {C B2 A1} & B=0 orr(B) =m.
(
(
(
(

19b {M(1,3)} D {C—lB(l,S)A—l} PN {M(1’3)} C {C—lB(l,S)A—l} PN {M(l,s)} — {0—13(1,3)A—1} =
#(A*AB) = %(B).

(20a) { M3} N {CBOD A=Y £ () holds.

(20b) { M3 D {C'BUYAY & B=0 orr(B) =m.

(20c) {MI3Y C {C*BOYA} & B=0 orr(B) =n.
)

(20d) (MY ={C~'BUY A"} & B=0 orr(B) =m = n.
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(21a) (M3} N{C'BU2HAY £ < {(ME3} D{C1BU2IAY & Z(A*AB) = #(B).

(21b) {MT3)Y € {C7'BA2IA} o (MDY} = {071 BU23I A1) o Z(A*AB) = #(B) and r(B) =
min{m, n}.

(22a) { M3} N {CBE2Y A=Y £ holds.

(22b) { M3 D {C'B12Y A1} & B =0 orr(B) =m.
(22d) {MO3} ={C'BU2Y A"} & r(B) =m=n.

(23a) (M3} N{CTI1BU3DAY £ () o {(ME3} D {C1BU3NAYY o Z(A*AB) = #(B).
(

23b) (M3} € {C7'BUADAY £ ) o (MO} = {C7'BU3DAY & B = 0 or {r(B) = n and
#(A*AB) = #(B)}.

(24) {MO3Y 5 C7'BtA™! & #(A*AB) = #(B).

)
)
(22c) {M13} C {C'BI2D A} & r(B) = n.
)
)
)

(25a) {MED} C {C'BMW A} holds.

(25b) (MO D {C'BWA Y & (MUY = {C7'BWA} & B=0 orr(B) =n.
26a) {MID}N{CTBL2D ALY £ ) holds.

26b) {MODY D {C'BUDA-Y  B=0 orr(B) =n.

26c) {MINY C{C'BA2 A1) & r(B) =m or r(B) = n.

)
)
)
(26a)
(26b)
(26¢)
(26d) {MINY = {C~'BO2D A~} & r(B) =n.
)
)
)
)
)
)

(27a) (MDY {C~1BL3 A1} £ @ holds.

(27b) {MODY D {C'BUANA-Y & B=0 orr(B) =n.

(27¢c) {MIDY C {C'BU3A} & B =0 orr(B) =m.
27d) {MODY = {0 'BUAY & B=0orr(B)=m=n.

(
(28a) {MEHYN{C~'BALY A~} £ holds.
(

28b) (MY D {C7'BUYAY o (MONY C {C71BAYATY (MO = {C7'BUYAT) o
Z(CC*B*) = #(B*).

(292) {MED}N{C~1BA23) A=Y £ () holds.

(29b) {MEDY D {C1BU23I A1} & B=0 orr(B) =n.

(29¢c) {MNY C {C'BU2I A o r(B) = m.

(29d) { MO} = {C'BU23I A1) & r(B) =m =n.

(30a) {MEHYN{C71BA2NAY £ < {(MED} D{C1BU2YNAYY & Z(CC*B*) = #(B*).

(30b)

30b) {MOHY C {C1BI2DVA) o (MO} = {C71BU2D AT} o Z(CC*B*) = #(B*) and r(B) =
min{m, n}.

(31a) {MEDIN{C'1BUSNAY £ o {(MED} D{C1BL3NA-TY & Z(CC*B*) = #(B*).

(31b) {MONY C {C'BI3YAY o (MO} = {C7'BUSYAY & B = 0 or {r(B) = m and
#(CC*B*) = #(B*)}.

(32) {MUDY 5 C7'BYA™!Y & #(CC*B*) = #(B*).
(33a) {M®23} C {C~'BMW A~} holds.
(33b) {M123)} D{C'BWA & (M123)} = {C~'BWA~1} & r(B) =m.
(34a) {M123} C {C~1 BN ALY holds.
(34b) {M123)} D {C7I1BA2D A} & (M123) = {(C1BUDA™Y « B=0 orr(B) =m.
(35a) {MI2y N {C'BOAIA-Y £ & (MO23)} C{C B A o Z(A*AB) = Z(B).
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(35b) {M123)} D {C1BUAIAT} o (M123)) = {C7'BUS A} o Z(A*AB) = #(B) and r(B) =
min{m, n}.

(36a) {M1239y N {C~1BEY A=Y £ () holds.
(36b) {M123)} D {C~'BOD A} & r(B) =m.

(36c) {M1:23)} C {C7'BOY A1} & B=0 orr(B) =n.
(36d) {M123)} = {C7'BOD A} & r(B) =m =n.

(37) {MO23N{CTIBU2HAY £ o (MI23} = {C'BI23IA) & Z(A*AB) = Z(B).
(38a) {M1239y N {C~1BL2Y ALY £ ) holds.
(38b) {M1:23)} D {C~'BI2Y A1} & B=0 or r(B) =m.

(38c) {M1:23)} C {C~'BU2Y A1} & B =0 orr(B) =n.
(38d) {M1:23)} = {C7'BU2D A1} & B=0 orr(B) =m =n.
(39a) {M®239yN{C'BU3YA-Y £ () & Z(A*AB) = #(B).
(39b) {M1:23)} D {C~ B3V A} & Z(A*AB) = #(B) and r(B) = min{m, n}.
(39c) {M1:23)} C {C~'BUSNA-Y & B=0 or {#(A*AB) = #Z(B) and r(B) = n}.
(39d) {M123)} C {C~'BUSDA-YY & Z(A*AB) = #(B) and r(B) = n.

(40) {MO:23)) 5 C'BTA~! & #(A*AB) = #Z(B).
(41a) {M®29} € {C~'BM A~} holds.
(41b) {MT29} D {C'BWA Y & (MI2D) = {C~'BWA} & r(B) =n.
(42a) {M129} € {C- B2 A1} holds.
(42b) {MO29} D {C'BUDA} & (MB29) = (C'BUI2DAY & & B=0 orr(B) =n.
(43a) {M®293y N {C1BI3 A=Y £ () holds.
(43b) {M1:20} D {C B3 A1Y < r(B) =n.
(43c) {M129} Cc {C~'BU3 A1} & B=0 orr(B) =m.
(43d) {M12H} = {C'BI3 A} & r(B) =m =n.
(44a) {MI2Dy N {C7'BOADAY £ o (MO2D} C {C'BOY A} & 2(CC*B*) = #(B*).
(44b) {M(12H} D {C'BOIDAY} & (M2} = {C'BOY A} & 2(CC*B*) = #(B*) and r(B) =

min{m, n}.

(45a) {M129y N {C-1BUL23) A=Y £ () holds.
(45b) {M129} D {C-'BI2) A1} & B =0 or r(B) = n.

(45¢) {M1:20} C {0 'BU23)A-} @ B=0 orr(B) =m.
(45d) {M120} = {C1BI23) A1) & B=0 orr(B) =m =n.

(46) (M2 N {C1BU2DA £ ) & (MI2D} = (' BI2Y A1) & 2(CC*B*) = #(B*).
(47a) {M®29y N {C1BU3Y A1) £ () & Z(CC*B*) = Z(B*).
(47b) {M129} D {C~'BU3Y A} & Z(CC*B*) = Z(B*) and v(B) = min{m, n}.
(47¢) {M12D} C {C~'BU3YDA-YY & B =0 or {#(CC*B*) = %(B*) and r(B) = m}.
(47d) {M129} = {C-'BU3D AN o Z(CC*B*) = Z(B*) and r(B) = m.

(48) {M(1:20) 5 C-'BtA~! & (CC*B*) = %(B*).
(49a) {M®39} € {C~'BMW A~} holds.
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(49b) { M3 D {C'BWAY & (MI3D) = {C'BWA1Y & B=0 orr(B)=m=n.
(50a) {ME39Y N {C1BL2D A} £ ().

(50b) {M130} D {C'BI2D A1} & B=0 orr(B) =m=n.

(50c) {M13H} C {C71BA2 A1} & r(B) =m or r(B) = n.

(50d) {M13D} = {C7'BAI2 A} & r(B) =m =n.

(51a) {ME3DYN{C'BUINA} £ < {(ME3D} C{C'BINAY & Z(A*AB) = #(B).
(51b)

51b) {M134) D {C'BIIA) & (MI3DY = (O 'BUANAY & B=0 or {r(B) =n and Z(A*AB) =
Z(B)}.

(52a) {ME39YyN{C'BOINA £ < {ME3D} C {C'BIYAYY & Z(CC*B*) = #(B*).

(52b) {M13H} D {C'BOIDAY & (MO3D} = {(C'BUYAYY & B = 0 or {r(B) = m and
Z(CC*B*) = #(B*)}.

(53a) {ME39YyN{C'BU23IA-Y £ () & Z(A*AB) = #Z(B).
(53b) { M3} D {C~'BU2) A1} & B=0 or {r(B) =n and Z(A*AB) = Z(B)}.
(53c) {M13D} C {C71BU2) A~} o Z(A*AB) = #(B) and r(B) = min{m, n}.
(53d) { MO39} = {C71BU2) A" & r(B) =n and Z(A*AB) = #(B).
54a) {M13DY N {O-1BI2H A} £ ) & Z(CC*B*) = Z(B*).
)
)
)
)

( =
(54b) { M3} D {C~'BU2Y A1} & B =0 or {r(B) =m and Z(CC*B*) = #(B*)}.
(54c) {M1349} C {C~1BU2YD A} & Z(CC*B*) = Z(B*) and v(B) = min{m, n}.
(54d) {M3D) = {(C1BA2D A1) o r(B) = m and Z(CC*B*) = %(B*).

(55) {M13D) N {C1BASNA-Y £ () & {(MO3D} = {O7'BU3DA} o Z(A*AB) = #(B) and
Z(CC*B*) = #(B*).

(56) {M139) 5 C1BTA~! & Z(A*AB) = #(B) and #(CC*B*) = #(B*).
(57) Mt € {C~'BM A~} holds.

(58) Mt e {C~*BM2 A1} holds.

(59) Mt € {C~'BU3 A1} & #(A*AB) = #(B).

(60) MT e {C~'BUY A} & #(CC*B*) = #(B*).

(61) Mt € {C7'B123) A1} o Z(A*AB) = #(B).

(62) M € {C7'BU2D A1} & 2(CC*B*) = #(B*).

(63) MT € {C7'BU3DA-Y & Z(A*AB) = #(B) and Z(CC*B*) = #(B*).
(64)

64) [12, Case 2] Mt = C-'B1A-! & B(A*AB) = Z(B) and Z(CC*B*) = R(B*) & R(AA*M) = B (M)

and Z(C*CM*) = Z(M*) < (A*AB)(A*AB)T = BB and (BCC*)T(BC’C*) = B'B < A*ABB* and
B*BCC* are EP & AA*MM* and M*MC*C are EP.

Proof. By (4.12) and (4.13),
(MDY D {Cc'BWA} and {CMW A} C {BW} (4.19)

hold. Combining (4.19) with (4.10) yields Result (1).
Result (2a) follows from (4.12). By (4.10),
(MW} c {c'BHD A & (MWD A} C {BB2Y
& BCMWAB = B and #(CMM A) = r(B) for all M) (by (2.39))
& r(MW) =r(B) for all M)
< min{m, n} = r(B) (by (2.28) and (2.29))
< r(B)=morr(B)=n, (4.20)
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establishing the equivalence the first and third terms in Result (2b). Combining this fact with Result (2a) leads
to the second equivalence in Result (2b).
Result (3a) follows from (4.12). By (2.40) and (4.10),

(MDY} C{c'BIIAT} & {CMP A} C {BMY)
& B*BOMW A = B for all M)
< B=0orr(B)=m (by Lemma 4.1(h)), (4.21)

establishing the equivalence the first and third terms in Result (3b). Combining this fact with Result (3a) leads
to the second equivalence in Result (3b).
Result (5a) follows from (4.12). By (4.10),

{M(l)} C {0—13(1,2,3)A—1} PN {CM(l)A} C {B(1’2’3)}

& B*BOCMWA = B* and r(CMW A) = r(B) for all M) (by (2.42))

< {B=0or r(B)=m} and r(B) = min{m, n} (by (2.28), (2.29), (4.1), and Lemma 4.1(h))

& r(B) =m, (4.22)
establishing the equivalence the first and third terms in Result (5b). Combining this fact with Result (5a) leads

to the second equivalence in Result (5b).
Result (7a) follows from (4.12). By (4.10),

{M(l)} C {0—13(1,374)14—1} o {CM(l)A} C {B(1’3’4)}

& B*BOMWA = B* and CMWABB* = B*for all M3 (by (2.44))

< {B=0orr(B)=m}and {B=0or r(B)=n} (by Lemma 4.1(h))

& B=0orr(B)=m=n, (4.23)
establishing the equivalence the first and third terms in Result (7b). Combining this fact with Result (7a) leads
to the second equivalence in Result (7b).

Result (8) follows from (4.12).
Result (9a) follows from (2.19) and Result (1). By (4.10),

{M(I,Q)} ) {Cle(l)Afl}

e MV} D {Cc'BW A} and r(C1BWAY) = (M) for all BV (by (2.39))

& r(BW) = r(B) for all BU (by (4.1) and (4.12))

< r(B) = min{m, n} (by (2.28) and (2.29))

< r(B)=mor r(B) =n, (4.24)
establishing the equivalence the first and third terms in Result (9b). Combining this fact with Result (9a) leads

to the second equivalence in Result (9b).
By (4.1),

r(C' B A~ = (B4 = (B) (4.25)
holds for all B2, Combining this fact with Result (2a) leads to
{(ME2} D {c~tBL2 A1, (4.26)

On the other hand, both BOCM2AB = B and r(CMM2A) = r(M12)) = (M) = r(B) for all M(1:2)
hold by (4.12), which implies {CM (12 A} C {B(12)} by (2.39), so that {M (12} C {C~1B(12) A~1} by (4.10).
Combining this fact with (4.25) leads to the set equality in Result (10).

By (2.29), there exists a B13) such that 7(C~'B13) A1) = (BU13) = r(B) = r(M). Combining this
fact with (4.12), we see that the product satisfies C~'B(13) A= € {M (12} thus establishing Result (11a). By
(2.39),

{M(I,Q)} ) {Cle(l,S)Afl}

& MC'BYIATIM = M and r(C7'BE A =7
& (B = r(B) for all B3 (by (4.1) and (4.12))
< min{m, n} = r(B) (by (2.28) and (2.29))

< r(B)=mor r(B)=n, (4.27)

(M) for all B(1:3)
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thus establishing Result (11b). By (4.10),

{M(l,Q)} C {C_lB(l’B)A_l} o {CM(LQ)A} C {B(l,?))}

& B*BCMY2 A = B* for all M(12) (by (2.40))

< B =0or r(B)=m (by Lemma 4.1(h)), (4.28)
thus establishing Result (11c¢). Combining Results (11b) and (11c) leads to Result (11d).

Results (13a) follows from (4.7) and Result (10). By (4.10),

{M(1,2)} C {0_13(1’2’3)14_1} o {CM(1’2)A} C {B(1’2’3)}

& B*BOMYY A = B* and r(CMY? A) = r(B) for all M1:2) (by (2.42))

< B=0or r(B) =m (by Lemma 4.1(h)), (4.29)
establishing the equivalence the first and third terms in Result (13b). Combining this fact with Result (13a)
leads to the second equivalence in Result (13b).

By (2.29), there exists a B(1:34) such that r(C~'B13Y A1) = (B34 = 1(B) = r(M). Combining this
fact with (4.12), we see that the product satisfies C~1B134 A~ ¢ {M (12} thus establishing Result (15a).
By (2.39),

{M(1,2)} ) {0713(1,3,4)1471}

AN MC—IB(1,3,4)A—1M — M and T(C_lB(l’?)A)A_l) — T(M) for all B(1’3’4)

& r(B13Y) = p(B) for all B3 (by (4.1) and (4.12))

< r(B) = min{m, n} (by (2.28) and (2.29))

< r(B)=morr(B)=mn, (4.30)
thus establishing Result (15b). By (4.10),

{M(1’2)} C {0—13(1,374)14—1} o {C«M(LQ)A} C {B(1’3’4)}
& B*BOMYY A = B* and CMYY ABB* = B* for all M(1?) (by (2.44))
< {B=0orr(B)=m}and {B=0or r(B)=n} (by Lemma 4.1(h))
< B=0orr(B)=m=n, (4.31)
thus establishing Result (15¢). Combining Results (11b) and (15¢) leads to Result (15d).
Result (16) follows from (4.12), r(C~!BTA~1) = (B), and (2.39).
Result (17a) follows from (4.10) and (4.13). By (2.40),
(MO D {C'BWA Y & M*MC ' BW A~ = M* for all B
< B=0orr(B)=m (by Lemma 4.1(f)), (4.32)
thus establishing the equivalence the first and third terms in Result (17b). Combining this fact with Result
(17a) leads to the second equivalence in Result (17b).
Result (18a) follows from Lemma 4.1(e). By (2.40),
{MEIN ST BEDAY o M*MCT B A~ = M* for all B(1?)
< B =0or r(B)=m (by Lemma 4.1(f)), (4.33)

thus establishing Result (18b). By (4.10),

{M(l,B)} C {0713(1,2)/171} PN {OM(I,S)A} C {B(1,2)}

& BOMYAB = B and r(CM* A) = r(B)for all M(13)

& r(MI3) = r(B) for all M3 (by (4.1) and (4.13))

< r(B) =mor r(B) =n (by (2.28) and (2.29)), (4.34)

thus establishing Result (18¢). Combining Results (18b) and (18c) leads to Result (18d).
Result (19a) follows from Lemma 4.1(e). By (2.40),
(MO D {C'BIDAY o M*MC B3 A~ = M* for all B13)

< Z(A*AB) = Z(B) (by Lemma 4.1(g)). (4.35)
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Also by (4.10),
{M(l,B)} g {0713(1,3)1471} P {C«M(l,B)A} g {B(l,?))}
& B*BCMY3) A = B* for all M(1:3)
& B(A*AB) = Z(B) (by Lemma 4.1(i)), (4.36)

Combining (4.35) and (4.36) leads to Result (19b).
Result (20a) follows from Lemma 4.1(e). By (2.40),

{MEN ST BOY A o M*MCT'BED AT = M* for all B
< B =0or r(B)=m (by Lemma 4.1(f)), (4.37)
thus establishing Result (20b). By (4.10),
(MO} C {01 BOY A & [OMOD 4} € {BUY)
& CM"YABB* = B* for all M(13)
< B =0 or r(B) =n (by Lemma 4.1(f)), (4.38)

thus establishing Result (20c).
Combining (4.41) and (4.42) leads to Result (20c). Combining Results (20b) and (20c) leads to Result (20d).
By (2.40),

(MO {Cc'BE2VATY £ & M*MCT'BY2I AT = M* for a B1:23)
PN {M(I,S)} ) {Cle(l,Q,f})Afl}
& M MCT'BMAV AT = M* for all BU-2Y)
<= H(A*AB) = #Z(B) (by Lemma 4.1(g)). (4.39)
establishing Result (21a). By (4.10) and By (2.42),

{M(l,i})} C {Cle(l,Q,S)Afl} o {CM(l’g)A} C {B(I,Q,S)}

& B*BOCMY A = B* and r(CM*3) A) = r(B) for all M(1:3)

< H(A*AB) = Z(B) and r(B) = min{m, n} (by Lemma 4.1(i), (2.28) and (2.29)), (4.40)

establishing the equivalence the first and third terms in Result (21b). Combining this fact with Result (21a)
leads to the second equivalence in Result (21Db).
Result (22a) follows from Lemma 4.1(e). By (2.40),

(M} D {07BI2Y A o M*MCIBU2Y A~ = M* for all B(1:24)
< B=0or r(B) =m (by Lemma 4.1(f)), (4.41)
thus establishing Result (22b). By (4.10),
{M(1,3)} C {0_13(1’2’4)A_1} PN {CM(1,3)A} C {B(1,2,4)}
& OMYYABB* = B* and r(CM "3 A) = r(B) for all M)
< {B=0orr(B)=n} and r(B) = min{m, n} (by Lemma 4.1(f), (2.28) and (2.29))
< r(B) =n, (4.42)

thus establishing Result (22¢). Combining Results (22b) and (22c) leads to Result (22d).
By (2.40),

{M(1,3)} N {0713(1,3,4)1471} 7& @ = M*Mcle(l,&él)Afl = M* for a B(1’3’4)
{M(l,B)} D {0—13(1,374)14—1}
& M*MC'BUAY AT = M* for all BUSY)
& Z(A*AB) = %(B) (by Lemma 4.1(g)), (4.43)

thus establishing Result (23a).
Also by (4.10),

{M(1,3)} C {0—13(1,374)14—1} o {C«M(LB)A} C {B(1’3’4)}

& B*BOMY A = B* and CMY®) ABB* = B*for all M(1:3) (by (2.44))

<= H(A*AB) = Z(B) and {B =0 or r(B) = n} (by Lemma 4.1(h) and (i))

< B=0or {r(B)=nand Z(A*AB) = #Z(B)}. (4.44)
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establishing the equivalence the first and third terms in Result (23b). Combining this fact with Result (23a)
leads to the second equivalence in Result (23b).

Result (24) follows from (2.40) and Lemma 4.1(g).

Results (25a)—(32) are obtained from Lemma 2.1, Results (17a)—(24), and matrix replacements.

Result (33a) follows from (4.10) and (4.13). By (2.42),

{M(1,2,3)} ) {C—lB(l)A—l}

& M MC'BWA™ = M* and r(C"*BWA™Y) = r(M) for all BY)

< {B=0orr(B)=m} and r(B) = min{m, n} (by Lemma 4.1(f), (2.28) and (2.29))

< r(B) =m, (4.45)

thus establishing the equivalence the first and third terms in Result (33b). Combining this fact with Result
(33a) leads to the second equivalence in Result (33b).
Result (34a) follows from (4.10), (4.13) and r(M(123)) = (M) = r(B). By (2.42),

{M(I,Z,S)} ») {C—IB(I,Q)A—l}
& M MC B A~ = M* and #(C ' B AY) = (M) for all B(?)
< B=0or r(B) =m (by Lemma 4.1(f)), (4.46)

thus establishing the equivalence the first and third terms in Result (34b). Combining this fact with Result
(34a) leads to the second equivalence in Result (34b).
By (2.42),

(M2 N {CBADAY £ ) o M*MC'BE AL = M* for a BO®)
= H(A*AB) = #(B) (by Lemma 4.1(g)), (4.47)
and by (4.10),
(M2} C (C'BUD A & (oM129) A} € (B3
& B*BCM*3) A = B* for all M(1:23)
< Z(A*AB) = Z(B) (by Lemma 4.1(i)), (4.48)
Combining (4.47) and (4.48) leads to Result (35a). By (2.42),
(MO23) 5 (c-1 B3 A-1)
M*MC B A=Y = M* and #(C7' B3 AY) = (M) for all B3
& Z(A*AB) = Z(B) and r(B) = min{m, n} (by Lemma 4.1(g), (2.28) and (2.29)). (4.49)

thus establishing the equivalence the first and third terms in Result (35b). Combining this fact with Result
(35a) leads to the second equivalence in Result (35b).
Result (36a) follows from (4.10) and Lemma 4.1(e). By (2.42),

(M2} 5 (1B 41
& M MCBEYA™Y = M* and +(C' B A™Y) = r(M)for all B
o M MC'BEYA™Y = M* and #(BYY) = r(B)for all B™*  (by Lemma 4.1(g))
< {B=0or r(B)=m} and 7(B) = min{m, n} (by Lemma 4.1(f), (2.28) and (2.29))
< r(B) =m, (4.50)
thus establishing Result (36b). Also by (4.10),
(MI23) C (1IN A1) & (oM123) 4} C {BIY)
& CMY2)ABB* = B* for all M(1:23)
< B=0orr(B)=n (by Lemma 4.1(h)), (4.51)

thus establishing Result (36c). Combining Results (36b) and (36¢) leads to Result (36d).
By (4.10),

{M(1,2,3)} n {0713(1,2,3)1471} 7& @

o M*MC_lB(1’2’3)A_1 — M* and T(C_IB(1’2’3)A_1) _ r(M) for a B(1’273)

o {M(1’2’3)} ) {0713(1’2’3)1471}

o M*MCO-1B123) A= — M* and T,(C—IB(I,Q,?))A—I) _ r(M) for all B(1:2:3)

o M*MC B2 A1 = M+

& #(A*AB) = Z(B) (by Lemma 4.1(g)), (4.52)

20



and by (4.10),

{M(1’2’3)} C {C_lB(1’2’3)A_1} PN {CM(1’2’3)A} C {B(1,2,3)}
& B*BCMY23) A = B* for all M(1:23)
< #(A*AB) = Z(B) (by Lemma 4.1(i)), (4.53)
Combining (4.52) and (4.53) leads to Result (37).
Result (38a) follows from (4.10) and Lemma 4.1(e). By (2.42),

(M2} D {C'BUAY A & M MCT'BUAY AT = M* for all B12Y
< B=0orr(B)=m (by Lemma 4.1(h)),

(4.54)
thus establishing Result (38b). By (4.10),
{M(LQ,B)} C {0—13(17274)14—1} o {C’M(l’Q’?’)A} C {B(1’2’4)}
& OMY2I ABB* = B* for all M1:23) (by (2.43))
< B=0or r(B)=n (by Lemma 4.1(h)), (4.55)
thus establishing Result (38c). Combining Results (38b) and (38c) leads to Result (38d).
By (2.42),
{M(LZ,B)} N {C«le(l,374)A71} 7& @
o M*MCO-1BL34 A1 — pr* and r(C_lB(1’3’4)A_1) _ T(M)for 4 B(13.9)
< H(A*AB) = Z(B) (by Lemma 4.1(g)), (4.56)
thus establishing Result (39a). Also by (2.42),
{M(1,2,3)} ) {0_13(1’3’4)A_1}
o M*MCO-1BA3Y A=1 — M* and r(C_lB(1’3’4)A_1) = (M) for all B13.4)
< H(A*AB) = Z(B) and r(B) = min{m, n} (by Lemma 4.1(g), (2.28) and (2.29)), (4.57)
thus establishing Result (39b). and by (4.10),

{M(1’2’3)} C {0_13(1’3’4)A_1} o {CM(I,Q,S)A} C {B(1’3’4)}
& B*BOMY23 A = B* and CMM23) ABB* = B* for all M(1:23) (by (2.44))

S H(A*AB) = Z(B) and {B =0 or r(B) = n} (by Lemma 4.1(h) and (i)), (4.58)
thus establishing Result (39¢).
Result (40) follows from (2.42) and Lemma 4.1(g).

Results (41a)—(48) are obtained from Lemma 2.1, Results (33a)—(40), and matrix replacements.
Result (49a) follows from (2.38), (4.10), and (4.13). By (2.44),

{M(1,3,4)} ) {Cle(l)Afl}

o M*MCO'BMAY = M* and C'BW AT MM* = M* for all BY)

< {B=0orr(B)=m}and {B=0orr(B)=n} (by Lemma 4.1(f))
< B=0orr(B)=m=n, (4.59)

thus establishing the equivalence the first and third terms in Result (49b). Combining this fact with Result
(49a) leads to the second equivalence in Result (49Db).

Result (50a) follows from (4.8) and (4.13). By (2.44),
{M(1’3’4)} ) {0713(1,2)1471}

o M*MCO B A = M* and OB A M M* = M* for all B2

< {B=0orr(B)=m}and {B=0orr(B)=n} (by Lemma 4.1(f))
< B=0orr(B)=m=n,

(4.60)
thus establishing Result (50b). By (4.10),

{M(1’3’4)} C {0—13(1,2)A—1} PN {CM(1’3’4)A} > {B(1’2)}
& BCMY3YAB = B and r(CMY3YAB) = r(B) for all M(1:3:4)

< r(B) = min{m, n} (by (4.13), (2.28) and (2.29))
< r(B)=mor r(B) =n, (4.61)
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thus establishing Result (50c). Combining Results (50b) and (50c) leads to Result (50d).
By (2.44),
{M(1’3’4)} N {0—13(1,3)A—1} 7& 0
& M*MC'BBY A = M* and OB AT MM* = M*for a B3
< #(A*AB) = Z(B) (by Lemma 4.1(e) and (g)), (4.62)
and by (4.10),

{M(1’3’4)} g {Cle(l,S)Afl} AN {OM(1’3’4)A} g {B(I,S)}
& B*BCMY3Y A = B* for all M(1:34)
< #(A*AB) = Z(B) (by Lemma 4.1(i)). (4.63)
Combining (4.62) and (4.63) leads to Result (51a). by (4.10),

{M(1’3’4)} ) {0—13(1,3)A—1}
& M*MCT'BYY AT = M* and 7' BUA AT MM = M* for all B
< H(A*AB) = Z(B) and {B =0 or r(B) = n} (by Lemma 4.1(f) and (g))
< B=0or {r(B)=nand Z(A*AB) = #Z(B)}, (4.64)
thus establishing Result (51b).
Results (52a) and (52b) are obtained from Lemma 2.1(e), Results (51a) and (51), and matrix replacements.
By (2.44),
{M(1’3’4)} N {0—13(1,273)14—1} # @
& M*MCT'BI2H AT = M* and 7' B AT MM* = M*for a B(1:23)
< Z(A*AB) = #Z(B) (by Lemma 4.1(e) and (g)), (4.65)
thus establishing Result (53a). By (4.10),

{M(1’3’4)} ) {Cle(l,Z,S)Afl}

= M*MC_lB(l’Q’S)A_l = M* and C—lB(1,2,3)A—1MM* = M* for all B(1’2’3)

& #(A*AB) = #(B) and {B =0 or r(B) = n} (by Lemma 4.1(f) and (g))

& B=0or {r(B)=nand Z(A*AB) = #(B)}, (4.66)
thus establishing Result (53b). By (4.10),

{M(1’3’4)} C {0_13(1’2’3)A_1} o {CM(1’3’4)A} C {B(I,Q,S)}
& B*BCM39 A = B* and r(CM3Y A) = ¢(B) for all M(1:349)
< Z(A*AB) = Z(B) and r(B) = min{m, n} (by Lemma 4.1(g), (2.28) and (2.29)), (4.67)
thus establishing Result (53c). Combining Results (53b) and (53c) leads to Result (53d).
Results (54a)—(54d) are obtained from Lemma 2.1(e), Results (53a)—(53d), and matrix replacements.
By (2.44),
{M(1’3’4)} N0 {C_lB(1’3’4)A_1} # 0
& M*MC !B AT = M* and CT'BUAY AT MM = M* for a B1:34)
{M(1’3’4)} ) {0_13(1’3’4)A_1}
& M*MC'BBY A = M* and C'BMY AT MM* = M* for all B33
& H(A*AB) = Z(B) and Z(CC*B*) = Z(B*) (by Lemma 4.1(g)), (4.68)
and by (4.10),

{M(1’374)} C {C—IB(I,SA)A—I} PN {CM(1’3’4)A} C {B(173’4)}
& B*BCMY3Y A = B* and CM 34 ABB* = B* for all M(1:34)
& H(A*AB) = Z(B) and Z(CC*B*) = #(B*) (by Lemma 4.1(i)). (4.69)

Combining (4.68) and (4.69) leads to Result (55).
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By (4.10),
{(MA3DY 5 01BtA™ & M*MC'BYA™ = M* and CT'BTA'MM* = M*
& R(A*AB) = Z(B) and Z(CC*B*) = #(B*) (by Lemma 4.1(g)), (4.70)

establishing Result (56).
Finally, we leave the verifications of Results (57)—(64) to the reader. O

We have presented a classification analysis to (1.5) using the elementary matrix range and rank method
and established hundreds of necessary and sufficient conditions for (1.5) to hold for the eight commonly-used
types of generalized inverses of matrices. With doubt, we can use the previous results to solve many calculation
problems on generalized inverses of matrix products, for example, when both A and C are unitary matrices,
that is, If AA* = A*A = [, and CC* = C*C = I,,, then Theorem 4.2 reduces to a family of trivial results. If
A, B, and C happen to be square matrices of the same size, and C' = A=, then (1.5) can be written as

(ABA—l)(l,,j) — AB(k’,...,l)A—l’ (471)

which are covariance equalities for generalized inverses of matrices. The special case (ABA™Y)T = ABTA~! was
approached by several authors; see, e.g., [1,16,20-22], and the relevant literature quoted there.

Corollary 4.3. Let A, B € C™ ™ and assume that A is nonsingular. Also denote M = ABA~'. Then
(a) The following results hold

{MMW} = {ABMW A1},

{MM} D {ABM3 A1}
{M(l)} 2 {AB(1,2,3)A71}’
(MM} > {ABI3D ALY
(M2} € {ABD A1,
{MO2YN{ABOLA A1) £ (),
{M(l,z)} 2 {AB(1,2,3)A—1}7
(M2} {ABI3D A1} £ ),
(M3} C {ABWA-1},

(M N {ABBH AT} 0,
(MY N {ABI2H A1) £,
(MO N {ABOE2 ALY £ ),
(MO} {ABID A=} £,
{M123} € {ABD ALY,
{M239} N {ABUD AT} #£0,
{M(1’2’4)} C {AB(I)A_l},
{MI2D} N {ABIS A} £ 0,
(M3} C {ABD A1},

Mt e {ABM A1},

{MMW} D {ABM2 A1

(MM} D (4B A1,

{M(l)} 2 {AB(1,2,4)A71}’
{MMY 5 ABT AT

{MO2) = {ABO2 471},
(MO} N {ABED AT} £ 0,
{M(1,2)} ) {AB(1’2’4)A_1},
{MO2} 5 ABTATY,

(M3} N {ABM2D A1) #£ 0,
{ME3Y N {ABOD A1) £ 0,
M09} C (ABD A,
[MOD}N{ABAD AT} 2,
(MO0} 0 {ABI2D A1} £,
{M(I,Z,S)} C {AB(I,Z)Afl}’
{M(1’2’3)} ) {AB(1,2,4)A71} 7& @7
{M(1,2,4)} C {AB(l,Q)A—l}7
{M(1,2,4)} N {AB(l,Q,S)A—l} 7& @7
{ME39Y N {ABLD AT} £ 0,
Mt e {ABO:2 A1)

(b) The following equivalent statements hold
(MW} C {ABID A o (MW} = {ABGDA™Y o (MW} € {ABD2D 471}
o {M(l)} _ {AB(1’2’3)A’1} N {M(l)} C {AB(1’2’4)A’1} PN {M(l)} _ {AB(1’2’4)A’1}
& {(MID} D {ABWA™} & {(MED} = (ABY A} & (M1} D {ABED A1)
& {MID} = {ABIV A & (MEDY D {ABIY A} o (MY} = (ABLY A}
N {M(1,2)} ) {AB(1,3,4)A—1} N {M(1,2)} _ {AB(1,3,4)A—1} o {M(l’?’)} _ {AB(l,Q)A—l}
o {M(l,s)} C {AB(1’274)A_1} PN {M(l’?’)} _ {AB(1,2,4)A—1} o {M(1’4)} C {AB(l,z)A—l}
N {M(1,4)} _ {AB(LQ)AA} o {M(1,4)} C {AB(LQ’P’)A*l} N {M(1,4)} _ {AB(1,2,3)A71}
o {M(1,2,3)} ) {AB(I)A—I} = {M(1,2,3)} _ {AB(I)A—I} = {M(1,2,3)} ) {AB(1’4)A_1}
PN {M(1’2’3)} — {AB(1,4)A71} = {M(1,2,3)} 2 {AB(1,3,4)A71} = {M(1,2,3)} g {AB(1,3,4)A71}
o {M(1’2’4)} ;) {AB(l)A—l} o {M(1’2’4)} — {AB(l)A—l} o {M(1’2’4)} 2 {AB(LS)A—l}
P {M(1’2’4)} — {AB(l,B)Afl} PR {M(1’2’4)} 2 {AB(1,3,4)A71} PE {M(1’2’4)} — {AB(1,3,4)A71}
o {M(1’3’4)} g {AB(l,Q)A—l} o {M(1’3’4)} — {AB(I,Z)A—I} o {M(1’3’4)} g {AB(1’2’3)A_1}
PE {M(1’3’4)} — {AB(1,2,3)A71} PR {M(1’3’4)} g {AB(1,2,4)A71} PR {M(1’3’4)} — {AB(1,2,4)A71}
< r(B) =m.
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(¢) The following equivalent statements hold
(MW} C {ABODAY o (MWD} = {ABED A & (MWD} € {ABBH A}
e (MY} = {ABEYA} & (MWD} C {ABI3Y A o (MWD} = {ABI3D 471}
o {M(“)} c {AB(LS)A*} N {M(1’2)} c {AB(L“)A”} N {M(1’2)} c {AB(1’2’3)A*1}
= {M(l,z)} _ {AB(1,2,3)A—1} = {M(1,2)} C {AB(1,2,4)A—1} = {M(l,z)} _ {AB(1,2,4)A—1}
o (MU} C {ABI3DA o (MU} D {ABVA™} & (M3} = (ABW AT
N {M(1,3)} ) {AB(l,Q)A—l} N {M(l’?’)} ) {AB(1’4)A_1} N {M(l,s)} c {AB(1,4)A—1}
N {M(l’?’)} _ {AB(1>4)A*1} o {M(l’?’)} ) {AB“’Q"‘)A*} o {M(l"*)} ) {AB“)A*}
S (MY ={ABW A} & {(MID} D {ABIPV A o (MED) D {ABED A1)
o {M(1’4)} C {AB(LS)A’l} o {M(1’4)} _ {AB(1’3)A’1} N {M(1,4)} ) {AB(1’2’3)A’1}
N {M(1,2,3)} ) {AB(l,Q)A—l} N {M(1,2,3)} _ {AB(l,Z)A—l} N {M(Lz,s)} c {AB(1’4)A_1}
o {M(Lz,s)} ») {AB(1’2’4)A’1} o {M(1,2,3)} C {AB(1’2’4)A’1} o {M(1,2,3)} _ {AB(1’2’4)A’1}
N {M(Lz,s)} c {AB(1,3,4)A—1} N {M(1,2,4)} ) {AB(1’2)A_1} N {M(1,2,4)} _ {AB(l,z)A—l}
o {M(1,2,4)} c {AB(LS)AA} PN {M(1,2,4)} ) {AB(I’Q’?’)A’l} PN {M(1,2,4)} c {AB(1’2’3)A’1}
N {M(1,2,4)} _ {AB(l,z,s)A—l} N {M(1,2,4)} C {AB(1,3,4)A—1} N {M(1,3,4)} ) {AB(l)A—l}
o {M(1,3,4)} _ {AB(I)Afl} N {M(1,3,4)} ) {AB(1,2)A71} PN {M(1,3,4)} ») {AB(1’3)A’1}
N {M(1,3,4)} _ {AB(l’?’)A_l} N {M(1,3,4)} ) {AB(1’4)A_1} N {M(1,3,4)} _ {AB(M)A_l}
S (M3} D (ABI2I AT o (M9} D (ABU2Y A o B =0 or r(B) =m.

(d) The following equivalent statements hold
{M(1’3)} ) {AB(1*3)A*1} N {M(1’3)} c {AB(1’3)A*1} N {M(1’3)} _ {AB(L?’)A*}
N {M(1,3)} N {AB(1,2,3)A—1} £ & {M(l,g)} _ {AB(1,2,3)A—1} N {M(1,3)} N {AB(1,3,4)A—1} oY)
e (M3} = {ABI3DA o (MU} 5 ABTA™ & {(MI2)} N {ABMD AT} £ ()
N {M(1,2,3)} _ {AB(L?’)A_I} N {M(1,2,3)} N {AB(1,2,3)A—1} £ & {M(Lz,s)} _ {AB(1,2,3)A—1}
o {M(1,2,3)} n {AB(1’3’4)A’1} 40 {M(I’Q’S)} 5 ABTA ' & {M(1,3,4)} N {AB(LS)A’I} £
e {MI3Y) C {ABGI A} o (MI3DY N {ABI2D A" £ ) o MT e {ABTD A1)
o Mt e {ABO2I A o 2(A*AB) = Z(B).

(e) The following equivalent statements hold
(M9} 5 {ABIY A1) & (M) C {ABIY A} & (MY} = {ABLY A1}
o (MOD} A {ABA2D A £ 0 o (MOD) = (ABO2D A1) o (MDY A {ABL3D 4-1) £ ¢
(MUY} = {ABMADAT} o (MY} 5 ABTA™ & (MUY} 0 {ABUIY AT} £ 9
o (M129) = (ABOD A & (MO29) A [ABO2D A1) £ (o (MI29) = (4B1:24 A-1)
o (MO} A {ABIBD A1) £ 0 o (MO29) 5 ABTA~L & (MO39} A {ABOD A1) £ ¢
o M3V} c {ABOY A} o (MUY N {ABI2Y A £ o MT € {ABEY AL}
o Mt e {ABO2D AN o 2(A*AB*) = %(B).
(f) The following equivalent statements hold
(M3} A LABA3D A1) £ ) & (ME3D) = (ABI3D A1) o (M3} 5 ARt A~!
o Mt e {ABU3D AN o MT = ABTA™! © #(A*AB) = #(B) and #(A*AB*) = %(B*).
(g) Under A*A = I, the following equalities hold
{(ABA")W} = {ABW A"}, {(ABA")12} = {ABU2) A7),
{((ABAYIDY = (ABUDAY), {(ABA")OD} = (4B A%},
{(ABA*)(123) = (AB(123) A%}, (M2} = (AB(1:2: g%},
{(ABA*)1:38} = [AB(13D A*} - (ABA*)T = ABTA*.
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Finally, we give two consequences. Let A, B € C"™*"™. Then it is easy to verify

1

B A B][r,] 1 i 1[Iy p_ 1

2 V2 V2

Corollary 4.4. Let A, B € C™*" and N be as given in (4.72). Then the following seven set equalities and a
matriz equality hold

(s By = {50, nve (] (s m2y = {3, e (]}
(@m0 = {5, e [ gm0y = {3, e (]
(s meey =L pwess [ s ey {om, nivoes [in]
@+ misoy =, nvess il @ my = g, Lt 7).

Substituting concrete expressions of generalized inverse of NV into the above equalities will yield various
formulas for calculating generalized inverses of A+ B. Some previous results on this topic can be found in [31].
Another pair of examples are given below. It is easy to verify that following two identities

(Im + @A + BB) = (Im + aA)[L, — (aB8)(1 + )~ (1 + 8) ' AB|(I,, + 8B), (4.73)
(Im + aA+ BB) = (I, + BB) I, — (aB)(1 4+ ) (1 + B) ' BA|(I,, + aA) (4.74)

hold for two idempotents A and B, where o # —1,0 and 8 # —1,0; see [39]. In this case, I,, +aA and I,,, + 5B
are nonsingular, and thus two families of reverse order laws for generalized inverses associated with (4.73) and
(4.74) are given by

(L = AAB) 3 = (L + BB) (I + @A + BB) (I, + aA),
(Iy — ABA)9) = (I, + aA) (I, + aA + BB)*~-I(I,,, + BB),
where A = (af8)(1+ «)~(1 + B)~!. Applying Theorem 4.2 to (4.73), we obtain the following consequence.

Corollary 4.5. Let A, B € C™*™ be two idempotent matrices, assume o = —1,0 and 8 # —1,0, and denote
A=aB(l —a) (1 —B)~L. Then the following matriz set equality

{(In = AAB)V} = {(Ln + BB)(Inn + aA + BB)V (L, + aA)}
holds. In particular, the reverse order law
(Im — MAB)' = (I, + BB)(I,, + @A + BB)T(I,,, + aA)

holds if and only if Z[(Im + BB)(Ln + B)*(Im + aA + B)] = Z(1,, + A+ BB) and Z[(Ln + a«A)* (L, +
aA)(I, + aA+ B)*] = Z[(I, + A+ BB)*].

5 Cancellation Laws for Generalized Inverses of a Triple Matrix
Product

Let P € C™*" A € C"*P, and Q € CP*9. Then the product PAQ is defined. In particular, if P and Q
satisfy the orthogonality conditions P*P = I,, and QQ* = I,, which may occur in decompositions of matrices
involving orthogonal matrices, then it is easy to verify by definition that the following two reverse order laws
and cancellation laws

(PAQ)T = Q*ATP*, Q(PAQ)'P = Al (5.1)
hold. In addition, the following matrix identities

PAQ(PAQ)" = PAATP*, (PAQ)T(PAQ) = Q*ATAQ, (5.2)
AQ(PAQ)TP = AAT, Q(PAQ)'PA=ATA (5.3)

hold as well. In this section, we consider the following several equalities
(PAQ)Y = Q* AW p*, QPAQ)VP = AW, (5.4)
PAQ(PAQ)Y = PAAV P* (PAQ)VPAQ = Q* AW AQ, (5.5)
AQ(PAQ)VP = AAW), QPAQ)VPA=AMA (5.6)
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under the assumptions P*P = I,, and QQ* = I,,, which are the extensions of (5.1)—(5.3) to {1}-inverse situations.
Since g-inverses of a singular matrix are not unique, we need to describe the relationships between the matrix
sets composed by both sides of (5.4)—(5.6), and derive necessary and sufficient conditions for the set inclusions
and set equalities to hold.

Lemma 5.1 ( [37]). Let X € C™*" N € C**! S € C"*! and T € C**™ be given with r(S) = n and r(T) = m.
Then the set inclusion
{X(l)} C {SN(I)T}

holds if and only if Z(N)N2Z(T) = {0}, or Z(N*) N % (S*) = {0}, or
r(N-TXS) :r{g] +7r[N, T] —r(N)+r(X)—m—n.

The main results are given below.

Theorem 5.2. Let P € C™*" A € C"*P and ) € CP*9 be given with P*P = I,, and QQ* = I,. Also denote
M = PAQ. Then the following results hold.

(a) {MMD} D {Q*AV P*} always holds.

(b) (MW} C{Q"AWP*} & (MW} ={Q"AVP} & m=n andp=q.

(¢) {MM®MY D> {PAAD P*} always holds.

(d) {MMD} C{PAAVP*} & (MMWV} = {PAVAP*} & A=0 orm =n.
(e) { MMM} D{Q*AMAQ} always holds.

() {MOM} C{Q*AMAQ} & (MM} = {Q*"ANAQ} & A=0o0rp=q.

Proof. By definition, MQ* AV P*M = PAQQR*AV P*PAQ = PAAM AQ = PAQ = M holds for all A, thus
establishing (a).

Applying Lemma 5.1 to { MM} C {Q*AM) P*} and simplifying leads to the equivalence of the first term and
last term in (b). Combining this fact with (a) leads to the second equivalence in (b).

Pre- and post-multiplying the set inclusion in (a) with M yields (c) and (e), respectively.

By Lemma 2.1(b),

{PAAV P*} = [PAATP* + PAU,E4P*}, (5.7)
{Q"AMAQ} = {Q"ATAQ + Q" FAU,AQ}, (5.8)
(MMM = (MM + MV, Ey ), (5.9)
{(MOM} = (MM + Fy,VaM}, (5.10)

where Uy, Uy € CP*™ and Vi, Vo € C9*™ are arbitrary. In these cases, applying Lemma 4.2 to (5.7)—(5.10) and
simplifying by Lemma 2.1 leads to (d) and (f), respectively. O

Theorem 5.3. Let P € C™*" A € C"*P  and ) € CP*9 be given with P*P = I,, and QQ* = I,. Also denote
M = PAQ. Then the following three set equalities

{QMWP} = {AD},  {AQMWP} = {4AD}, {QMMPA} = {AV A} (5.11)
always hold.

Proof. Pre- and post-multiplying the set inclusion in Theorem 5.2(a) with Q and P yields {QM ™ P} D {AM}.
By definition, AQM MW PA = P*PAQMMY PAQQR* = P*PAQM Y PAQQ* = P*MQ* = A holds for all M1,
thus {QMM P} € {AM} holds. Combining the two facts leads to the first set equality in (5.11). Pre- and
post-multiplying first set equality in (5.11) with A yields the second and third set equalities in (5.11). O

6 Final Remarks

We have formulated some general research problems on equalities and reverse order laws for generalized inverses
of matrices, approached many specified reverse order laws for the products of two and triple matrices the
definitions of generalized inverses, the BMRM, and the MRM; obtained various identifying conditions for the
reverse order laws to hold under various assumptions; and featured several examples that involve generalized
inverses of matrices. We believe all the preceding results and facts can be used in the computations of various
matrix expressions that involve products of matrices and their generalized inverses.
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As a direct extension of the Moore—Penrose inverse, the weighted Moore-Penrose inverse of a matrix A €
C™*™ with respect to two Hermitian positive semi-definite matrices M € C™*™ and N € C™"*™ is defined to
be the solution X satisfying the following four equations

(i) MAXA=MA, (i) NXAX = NX, (i) (MAX)* = MAX, (iv) (NXA)* = NXA,

see page 118, Exercise 33 in [4]. A matrix X is called a weighted {4, ..., j}-generalized inverse of A, denoted
by AE\Z/[’;}\',’]), if it satisfies the ith,. .., jth equations in (1.1). The collection of all weighted {i,. .., j}-generalized

inverses of A is denoted by {A%N] )}. There are also 15 types of weighted {i, ..., j}-generalized inverses of A
by definitions. In this situation, it would be of interest to consider the extensions of the preceding results to
various reverse order laws for weighted generalized inverses of a matrix product. In addition to (5.1)—(5.6), it
would also be of interest to consider the following reasonable matrix equalities

(pAQ)(i,...,j) _ Q*A(i,...,j)P*, Q(PAQ)(i,...,j)P _ A(i,...,j)7
PAQ(PAQ)(9) = PAACD P, (PAQ)+D}PAQ = Q* Al AQ,
AQ(PAQ)I P = AAW-9), Q(PAQ)D pA = Alid) A

for other types of generalized inverses of the matrices under the conditions P*P = I,, and QQ* = I,. Both
sides of these equalities are all linear or multilinear matrix-valued functions that involve one or two variables.
Thus more matrix analysis tools are needed to characterize these equalities that involve variable matrices.

Recall moreover that generalized inverses of elements can be defined in many other algebraic structures in
the same manner as in matrix case. Thus it would be of interest to consider the equality problems for generalized
inverses of elements in other algebraic structures.
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