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Abstract

In this paper we investigate the size of a bi-dimensional fragmentation pro-
cess. A rectangle of dimensions z and y is considered, it is split into four
sub-rectangles with some probability that depends on = and y, we iterate until
the stop of the process. The total number of the all the obtained rectangles at
the end of the process satisfies some equality in distribution which is resolved ,
using some tools on integral equations, via the contraction method.

Keywords: Fragmentation process, contraction method, Zolotarev metric, Integral
equations.

1 Introduction

Fragmentation process is a process that describes the evolution of an object which
is break over the time according some distribution, it applies in a wide range of
fields such that biology [10], physics [3], computer sciences [5], 9] etc. There are two
major types of fragmentation process, the first is the homogenous fragmentation
where a piece is cut independently on its mass, the second is the inhomogeneous
fragmentation where the fragmentation of the object depends on its mass. Several
authors studied the fragmentation process of an interval z, namely Janson [8] who
gave when the probability of dislocation is p(z) = 1f,>1} the mean, the variance and
the asymptotic distribution of the total number of the intervals. Afterwards, Aguech
[2] studied the fragmentation of the interval = when the fragmentation probability is
p(x) = 1—e*, he obtained the behavior of the size of the fragmentation process. A



generalization of this model in the bi-dimensional case is introduced by Aguech and
1lji [1], they consider a rectangle of dimensions z and y at the beginning. At time n =
1, with probability p(z,y) = 1{z>1,>1} the rectangle is cut into four sub-rectangles
according to a vector (Uy, Ua) for the side z and (V1, V3) for the side y in such a way
we obtain four sub-rectangles with dimensions (zUy,yVi), (zUi,yVa), (zUsa,yVi)
and (xUs,yVa), if x < 1 or y < 1 the rectangle remains stable for ever. This
procedure is repeated in all the sub-rectangles with new and independent copies of
(U1,Usy) and (V4, V). The process stops almost surely after a finite number of steps,
it leaves a finite number of rectangles denoted by N(z,y). Basing on the bivariate
renewal theory, Aguech and Ilji [I] give the expectation and the variance of N(z,y).
The purpose of this paper is to give the asymptotic distribution of N(z,y) via a
contraction Theorem that underlines such equality in distribution. The contraction
Theorem can also be proved using Integral equations techniques. Integral equations
tools and applications can be found on [4]

2 Description of the model, notations and assumptions

Let U = (U1,U2) and V = (V1,V2) be two independent random vectors such
that Uy + Us = 1 and Vi + Vo = 1 almost surely. We start with a rectangle
with dimensions = and y larger than one (x > 1 and y > 1). At discrete time
n = 1, we break the rectangle into four rectangles as the following: x (respectively
y) is divided according to U (respectively V) into two intervals of lengths xU;
and zUy (respectively yV; and yVa). We obtain four sub-rectangles of dimensions
(xUy,yV1), (xUr,yV2), (xUs2,yV1) and (zUs, yVa). We repeat on each rectangle with
dimensions larger than one (each of the dimensions is larger than one) this proce-
dure with independent copies of (U, V). The process stops almost surely leaving a
finite number of rectangles denoted by N (z,y). By definition we have the following
equality in distribution ,
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1, ifr<lory<l;
1

2 2
N(:r,y) -+ Z Z Ni,j(in,ij), if not,
i=1j=1
where N ;(.,.), i,j € {1,2} are independent copies of N(.,.).
For all (i, j) € {1,2}?, let X; = —In(U;), Y; = —In(V}), ps; the joint distribution
of (X;,Y;) and we define on [0, +00[X [0, +00[ the probability measure v by

2 2
du(ty, ta) = e M3 N dp;;. (1)

i=1j=1

Let M be a positif number, for i = 1,2 let A; = {t;, |t/ < M} and AS its com-
plementary set on Ry x R;. The measure v is said to belong to the class Jo if
its characteristic function W satisfies the following conditions: There exist some
nonnegative numbers a1, as and c¢ such that

° |\I/(t17t2)| < |t1‘ca1 for all (t17t2) € A(lf X Ao,

° |\I/(t1,t2)| < —%— for all (tl,tz) € A x Ag,

— |t2‘o¢2




® |\I’(t1,t2)| S W for all (tl,tQ) € A? X Ag

If furthermore, v has a finite mean and a definite positive matrix, v is called to
belong to the set J3.
Let us define the function ® on R, x Ry as follows:

2 2
t17t2 Z ZE Utl Vt2
i=1j=1
and let
2 0P
6, = S EUn) = ar, (tt2)i(e,2)=(11)
=1 !
and
2 0P
b = =D E(V;In(V) = -t t2) ) =10-
j=1

Remark: It is not difficult to see that the mean of the measure v is given by
0 = (61,67).

Notations:

These notations will be useful in the paper: Let X = (X(l), X(Z)) be a random
vector with distribution v that belongs to J3, we denote by

e ¥ the covariance matrix of X, |¥| the determinant of ¥ and 7! its inverse

matrix,
0
[ 0'2 (O'%, 0'2) (VCLT( (1)),VCLT(X(2))>, K: m
E[(X(#)—g,)3
o For k=1,2, a; = w,
k
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e For all (i, ) € {1,2}? we denote by

7]
wij = —1n<vj)+9fj1n<m>,
K
M) =[2G 2 + g
2622 1 2 2
and
coKw;;
LQ(U'“‘/J) = 2 5 jv
03

2
B K> Ui In(Us)
— =1
*Li=—%m — X

1=

2

M
KMI\J

UV;L1(U;, V), Ly =

U;ViLa(Us, V)
7j=1 % 1

1j5=

—_

o 4y =E[L3], A = B[L1L,] and A3 = E[L3],

—

||z|| the Euclidean norm of x,

for a number x such that n < z < n+1 where n € N we denote by [z] = n+1.

Assumptions:

We need these assumptions in the paper

e (A): The random variables U; and V; are two absolutely continuous, such that

2
SOE[Un(U) [P + Vil n(V)F] < oo.
=1

e (B): The probability measure v belongs to the set J3,

3 Contraction Theorem

We prove in this section a contraction Theorem that allows to obtain the size of our
fragmentation process. Let M¢ be the space of the measures on R? alnd let 45 be
the metric defined on the sub-space M% := {y € M?: ||ulls = E(||u]|*)s < oo} by

Co(pyv) = inf{|| X = YN 0(X) = p, £Y) = v} for all y,v € M2
We define the sub-spaces of M? by:
Mgﬁ if0<s<1;

M0, Id) ={ {pe M3 :E(n) =0}, if1<s<2

{pe M4 :E(u) =0, Cov(p) =Id}, if2<s<3.



3.1 Zolotarev metric: Definition and properties

Definition: For s > 0, the Zolotarev metric &s, is defined by

(X, Y) = sup {| E(f(X) = F(Y)) [}
fEFs

where
Fo={f €C"®R.R) : |[f™(z) — f™ ()| <l z -y ||}

withm = [s] =1 >0, a = s —m, f™ the m derivative of f and C™(R%, R) denotes
the set of functions m times continuously differentiable.

Properties: Let’s recall some properties of £ (more details can be found in [6), [7)
11, 12]).

e The convergence according to & implies the weak convergence.

e For all ¢ # 0, &(cX,cY) =| ¢ |? £&(X,Y) (we say that £ is homogeneous of
order s)

e For X and Y linear combinations of independent random vectors (X;)i<i<p

P P
and (Yj)i<j<p ;that is X = 3~ ¢, X; and Y = )~ ¢;Y; we have
i=1 i=1

p
EXY) <) e | &(XLY)
=1

o L(X+Z)Y+7Z)<&(X,Y) for all Z independent of (X,Y) and

§s(AX, AY) < [|A][5,€5(X,Y) where [|A[|op = sup. || Aul].

Jull=

o &(X,Y) < FES (B(IX|1) + E(Y]F)).

o 7iS(JIX|], [IY]]) € C&(X,Y) where C' > 0 and 7 is the Prohorov metric

e If all the mixed moments of X and Y up to order m are zero and the moments
of order s are finite, then we have:

—

(1+a
(1+s)

—

0 |

£(X,Y) < T [, (X, V) 4 (26 (X, V)™ (min (E(|X])%, (Y1)

—

where,

Ro(X,Y) = sup {[E(/(X) = (V)] : [F(@) = F()] < |[[l2l]*""2 = |lyl*"=]|}.



3.2 Contraction Theorem:

Let o > 0, Bo(0,70) = {(t1,t2) € B2 ¢ [ (t1, 2)]] < o} and BE(0,70) = R2\ B (0, ).
Let (Y'(t1,t2))t,,t,>0 be a d—dimensional process satisfying the recursion

K1 K

Y (t1,12) z Z ZAij(tlatZ)}/ij(ﬂj(tl7t2)) +b(t1,t2), (t1,t2) € BL(0,70),  (2)
i=1j=1

where

K, and Ky are two nonnegative integers,

(Y11 (¢4, t2))t17t2207 ooy (Vi i (t1, t2))t

b(ty, tg),T(tl,t2)>t s e independent,
2

W2

o0’ (A11(t1,t2), s AR K, (T, T),

1,022

A;j(t1,t2) is a random d x d matrix for all (4,5) € {1,--- , K1} x {1---, Ky}
and T(t1,t2) = (Tu(tl,tg), TR K (tl,tg)> is a vector of random indices
such that Tij(tl,tg) € [O,tl] X [0,752],

for (u,v) € [0,t1] x [0,t2] and (¢,7) € {1,--- K1} x {1,--- K3}, Y;j(u,v) is an
independent copy of Y (u,v) .

Assume that there exists 71 > 79 such that the covariance matrix of Y (¢1, t2) denoted
by Cov (Y (t1,t2)) is a definite positive matrix for all (¢1,t2) € BL(0,71). Consider
the rescaled process defining by:

1
X(t1,t2) = Ci§(t1,t2)(y(f1,t2) - M(t17t2))7 (t1,t2) € R, (3)
where C(t1,t2) is a definite symmetric positive matrix and M (t1,t2) € R? satisfying:

M(ty,t9) = E{Y(tl,tg)] for 1<s<3,

Id if (t1,t2) € B+(0,71)
and C(ty,t2) = for 2<s<3.
COV(Y(tl,tQ)) if (tl,tg) € Bi(O,Tl)
Thus

E(X(t1,t2)) = 0 for 1<s<3 andfor 2<s<3,
COV(Y(tl,tQ)) if (tl,tQ) € B+(0,7’1)

Cov(X(t1,t2)) =
Id if (tl,tg) GBi(O,Tl).



Furthermore, (X (t1, tg)) satisfies the following recursion:

t1,t2>0
K1 Ko _
X(ty,t2) = ZZAU t1,t2) X ( zy(tlatQ)) + b(t1,t2) for (t1,t2) € Bi(O,Tl) (4)
i=17=1

where X;;(u,v) is an independent copy of X (u,v) for all¢ =1,---, K

and j =1,---, Ko, Ayj(tr,t2) = C73(t1, 12) Ay (thtz)CQ( T;j(t1,t2))

and b(ty,ts) = Ci%(tl,b){b(tl,h) — M(t1,t2) + Z Z Az](tl,t2)Mij(Ej(t1,t2))}-
i=1j=1

Clearly the two sequences (All(tl, [Z) AK1K2 (t1,t2), b(tl, ta), T(tq, t2)>

and (Xll(tly t2))t1 1,50 SN (XK1K2 (tl, t2))t1 10 are independent.

t1,t2>0
Proposition 1. Let T the map defined on M%(0, Id) by

K1 K>

Topes £(30D Ay Zij + )

i=17=1
such that (Afy, -+, A% k,:0"), 211, , ZKy K, are dd.d and L(Z;;) = p for all
(i,7) € {1,--- , K1} x {1, -+, K3}. If the following assumptions are satisfied

o for0<s<3, Z Z E(|l A7 15,) <1 (the Lipschitz property),
i=1j=1

o E(b*) =0 foralll <s<2,
o for2<s<3
K1 Ko
E@b) + 3 E(A} AT = 1d, (5)

i=1j=1
then T admits a unique fived point in MZ(0, Id).

Proof. For all u € M%(0,1d), Tp € ME(0,1d) for 0 < s < 3, in addition

K1 KQ Kl K2

&(Tu, Tyv) = §S(ZZA Zij + b, ZZA z;+b*)
=1 1 =1 1
K1 KZ ”
< (X XE A5 15))8 (1 )-
i=17=1

Then T is a strict contraction in M%(0, Id) who is a complete space (by Svante
Janson [8]) so by the fixed point Theorem , T" has a unique solution in M%(0, Id). [

Theorem 1. Let (Y (t1,t2))s, 1,50 be an s—integrable (0 < s < 3) process sat-
isfying @) and (X (t1,t2))t1,to>0 its rescaled process defined by (@) and satisfying



. Assume that An(tl,tg), . ,AK1K2 (t1,t2), E(tl,tg) are s—integrables and that

sup | X (u,v)||s < 0o for all (t1,t2) € RE and as ||(t1,t2)| goes to infinity
(u,v)€[0,t1]%[0,t2]

(All(tbtz)w“ ,A11(t1,t2)75(t1,t2)>£>( Ak Ky b*) (6)
Ky Ko
> E(lIAG1E) <1 (7)
i=1j=1

E(HAij(tlvt2)||f)p1{Tij(t1,tz)EB+(0,T)}) ™ tW—H-oo 0 forallt >0, 1 <i< K, 1<j<Ko.
(8)

Then (X (t1,t2)), t,) converges in distribution in M(0,1d) to a random variable
X where L(X) is the unique solution of the map

K1 K>

T:urﬁﬁ(ZZAijij—l-b*) 9)

i=1j=1

and (Afy, -, Af k> 0%), Z11, -, ZK Kk, are independent and L(Z;;) = p for all
1<i< Ky and 1< j < Ks. Furthermore, we have,

E(X)=0 forl<s<3
Cov(X)=1Id for2<s<3.

Proof. As A}; and b* are s-integrable then || X||, is finite. Moreover E(X (t1,t2)) =0

for 1 < s < 3 then E(b(ty, £2)) = 0 but b(t1,t2) —= b* thus E(b*) = 0. In addition,
for 2 < s <3 and (t1,t2) € B$(0,71)

Id = Cov(X(t1,t2)) = B(X(t1, t2) X (t1,12)"")

K1y Ko - ~
= Z Z E [Aij (tl, tQ)Aij (tl, tQ)Trl{Tij (tl,tg)eBSr (0,7’1)}] + E[b(tly t2)b(t17 tQ)TT}
i=1j=1
Ki Ko ~ ~
+> Y E [Aij(tb ta)Cov [V (Tij(t1, t2))] Aij (t1, t2) " Ly (11 1), (0,7’1)}} :
i=1j=1

Using we obtain: E[E(tl,tQﬂ;(tl,tg)Tr} ” tW—)—l—OO E(b*b*TT) in fact, by the
1,2

Holder inequality we have:

IE[b(t1, t2)b(t1,t2)T" — " b* ") = |E[b(ty, t2)(b(t1, t2)™" — b*T7) + (b(t1, t2) — b*)b*T7]|

1 s s—1

S}EE[b*TT 571} s
s—1

S] E[\g(tl,tz)Tqﬁ} T

lim Egt,t gt,t Tr _ T s (.
||(t1,t2)||—>+oo‘ [b(t1,t2)b(t1,t2) I

< E[|(b(tr, 12) — b°)

0 |=

—I—EH(E(% ta) — b*)""

therefore



Similarly, we prove that ]E(AZ] (t1, tg)ﬁij(tl, tg)T’") — E(AZA;}TT) then

Ko

K,
Id=E®b7) + > Y E(A}AT) for 2 < 5 < 3,
i=1j=1

then by proposition , T admits a unique fixed point X. Proving now that
£(X(t1,t2), X) — 0, for this define the process @ by: for (t1,t2) € B{(0,71)

K1 K

t17t2 ZZAZ] t17t2 |: i (ﬂj(t17tQ))]‘{Tij(tl,t2)€B+(0,T1)}
=1 j=1

+Xij x 1{Tij(t1,t2)er(0,7—1)}} + b(t1,t2)

where (gn(thtz),"' aAKlKQ(tlyt2),g(t1at2)aT(tlat2)) >0,X11, oy XK Ko

t1,t2>
: D
(Xn(t17t2)>t1,t220’ cee (XK1K2 (tl,tg))t are independent, X;; = X,
Xij(u,v) L X (u,v), for (i,7) € {1,--+ , K1} x{1,--- , Ko} and for (u,v) € B+(0,71).

1,t2>0

Clearly, ||Q(t1,t2)||s < oo for all 0 < s < 3 and E[Q(t1,¢2)] = 0 for 1 < s < 3.
For 2 <s<3

Ki Ko

Cov(Q(t1,t2)) = ZZE[gij(tlat2)COV[X7?j(Tij(t17t2))]gij(t17t2>TT1{Tij(t1,t2)€B+(0,71)}]
i=1j=1
Ki Ko

+Y Y E {Aij(tl, t2)Cov[Xi;] Ayj(t1, t2) " 1yz, (tl,tz)eBi(o,ﬁ)}]
i=1j=1

+E[b(t1, t2)b(t1, t2) "]
= Cov(Xjj(t1,t2)) (since Cov(X;j) =Idfor2 <s < 3)
= Id.

By the triangular inequality we have

Es(X (t1,t2), X) < (X (t1,t2), Q(t1,t2)) + &s(Q(t1, t2), X).

Furthermore, for 1 < s < 3, E{Q(thtg)] =E(X) =0, then

6(QU112), X) < D o QU1 1), X) (24 (01, 12), X)) (min (1001 2l 1))

As ks and /g are topological equivalent, then to get xs(Q(t1,t2),X) — 0, it is
sufficient to prove that Ag(t1,t2) := l5(Q(t1,t2), X) — 0. On the other hand

Kl Kg Kl KQ

Astryta) < DD [ Ayt t2) = AGIIXs + D0 D7 || L, tg)eBOn)}||A1J(t1,t2)||0p
i=1j=1 1=1j=1
x( sup [1X ()| [1X[[5) + B¢, 2) = b7l

(u,v)€[0,t1]x[0,t2]



Thus by (6) and (8), As(t1,t2) — 0, it follows that &(Q(t1,t2),X) — 0. On the
other hand, there exists some positive real ¢ such that

(X (t,t), X) < e(|[X (11, ) [SHIX]3) < sup (X (u,v)[[3H]X]]3) < oo
('U‘/U)G[O»tl] X [Oth]

The last inequality means that (fS(X (t1,t2), X )) is bounded.
t

1,t2

Let a(tr,t2) = &(X(t1,t2), Q(t1,t2)) and L = limsup & (X (t1,t2), X) thus for all
€ > 0 there exists 79 > 0, such that:

V(t1,t2) € BL(0,72), §s(X(t1,t2), X) < L+,

we have
K1 Ko
a(tiyt) < 30D B[4 (1, )56 (X (T (b1, t2), X)Lz, o1 ey 000
i=1j=1
K1 Ka
< ZZE[HAU t1, 12 Hopés( ij ( Zj(t17t2) )1{Tij(tl,tZ)EBi(OvTI)mB-F(O’TQ)}}
i=17=1
K1 Ko
+ZZE[|’AU tlat2)||op£8( ij ( U(t17t2) X)1{Tij(tl7t2)€Bi(0’Tl)mBi(0’m)}}
i=1j=1
K1 Ko N
S Z ZE[‘|Aij(t17tQ)Hzp]'{Tij(tlth)eB(‘ (0,71)NB4 (0, TQ)}] sup gs(X(u7'U)7 X)
i=1j=1 Bi0m)
K1 Ky N
L+ SB[yt )5,
i=1j=1

When ||(t1,t2)||] — oo, we get L < (L + ¢€) Z Z E(HA Hop) for all € > 0. In

i=1j5=1
Ky Kp
(-5 s 5y ii,)
particular, if we choose € = =] , necessarily L = 0. O
3% 5% 8135
i=1j=

4 Limit in distribution

Let m(z,y) and o2(z,y) be respectively the mean and the variance of the total
number N(z,y) of the rectangles. Aguech and Ilji [I] prove that for all positif
number a we have

Kaxfito2 ( ) 014602 201402
01 02y _
m(x”t, ax = + +o0 )
3 x I P
22(01+62) 2(601+62)
20,01 02y _ 7(In a)a®
o (z™, ax”?) 3 ( . )
where 1 and 7 are given for all &« € R by:
K (1—a) ca. el —a)?
= 2 14e —272
n(e) 2\@[co 61+02+ 92+ g (ta—25)+ 5 ]

10



Al + 2A20¢ + A3042 2(A2 =+ OéAg)’)/ + Agp Ag’yZ
1- <I>(27 2) [1 - (I)(2> 2)]2 [1 - CI)(2¢ 2)]3

T(a) =

Theorem 2. Let N(x,y) be the total number of rectangles obtained at the end of
the fragmentation process such that

Azy? < Alll — @(2,2)]%. (10)

Then under conditions (A )and (B), the normalized random variable N* (2, 2%2) =

01 292)— 01 202 . L . .
N \72) GT(sz 272) converges in distribution when x — oo to the only solution of
ag xX

the equation

N*DZZA*N* 4+ B*  where
i=17=1

$ ~(In(V;) — % In(U,))
(0)

AL = UV and B* =

7(0)’

Proof. N*(z%, 2%2) satisfies the following equation in distribution

N*($01,1‘02)2 Z Z Ayj(2%, 2P N* (21 U;, 2%2V)) + B2, 2%2)

1—m(z,y) + Ei:lzi: m(zU;, yVj)
Voi(z,y) '

UQ(inv yV])
o?(z,y)

Using Theorem 2 of [1], we have:

where A;j(x,y) = and B(z,y) =

Aij(a®,2%) = A3, + o(1) and B(2",2%) = B* + o(1).
The random vector

(An(%el,?cez% Apa (2, 2%2), Aoy (2P, 2%2), Age(a?, 2%2), B($917$92)>

converges in ¢ to the random vector (A’{l, Alq, Ady, Al B*). Furthermore,

the assumption 1} ensures that Z Z E(|| A} 112,) < 1, thus it suffices to apply

i=1j5=1
Theorem we conclude the requested result. O
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