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Abstract

In this paper we are interested in two-dimensions fragmentation process that
describes the evolution of an object having a rectangular shape. We focus on the
non-homogenous fragmentation process where we break a rectangle according
to a distribution that depends on its dimensions. Via Integral equations tools,
we compute the mean and the variance of the distribution of the total number
of the sub-rectangles obtained at the end of the process.

1 Introduction

Random fragmentation applies in several fields, such as biology [17], physics [3],
computer sciences [7, 18], etc. The fragmentation process has been the interest of
many authors since the works of Brennan [6] and Sibuya [I§]. Afterwards, Janson
[20] focused on a non-homogenous fragmentation of an interval of length z, i.e the
fragmentation of the interval depends on x, he studied the case when the fragmen-
tation probability is p(z) = 1{;>1}, he gave the asymptotic behavior of the total
number of fragments obtained at the end of the process. More recently, Aguech [I]
studied the fragmentation of an interval, he considered the case when the fragmen-
tation probability is given by p(z) = 1 — e~ where z is length of the interval, he
described the asymptotic distribution of the total number of the obtained fragments.

In the literature, it is always common to consider an interval of length x at the
beginning. In this paper we study a fragmentation process in two dimensions. We
start with a rectangle of dimensions z and y. We suppose that with probability



p(z, y) = Lz>1, y>13 We decide to cut, independently and uniformly, = into b slides
and y into b’ slides where b and b’ are two nonnegative integers, with complementary

probability we decide to let them definitively stable. Let U = (Uy, ---, Up) and
V = (Wi, ---, VJ) be two independent random vectors such that the lengths of
the sub-pieces obtained by cutting x are respectively: Uiz, --- ,Upx and the lengths

of the sub-pieces obtained by cutting y are respectively: Viz,---, Viyx. We repeat
recursively and independently this procedure on all the sub-rectangles with new and
independent copies of U and V. The figure below illustrates an example of frag-
mentation of a rectangle when b = 3 and v’ = 2.
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Figure 1: A cut rectangle at step 1 when b =3, v/ = 2.

Note that the process stops almost surely after a finite number of steps and it leaves
a finite number of rectangles all stable, we note them by N(z,y). A fundamental
method to study the behavior of N(z,y) is the multivariate renewal theory. Such
a model has been studied by numerous authors, namely Mode, Hunter [10, 11],
Mallora, Omey and Santos [I12] and Omey [16]. Smith [I9] developed the renewal
theory, in particular the renewal density, for one dimension. Afterwards, these re-
sults have been extended by Mode [I3] who studied the case of a bi-dimensional
renewal process. Unfortunately, the previous results are not sufficient to compute
the second moment of a non-homogenous fragmentation process. In this note, we
prove a renewal theorem which is efficient for computing the variance.

The paper is organized as follows: In Section , we give the notations and the as-
sumptions that we need in all the paper, we prove that the mean of N(x,y) satisfies
a bi-renewal equation for all integers b, b > 2. In Section , we prove Theorem
which gives under some assumptions the asymptotic of the bi-renewal density
function. In Section (4)), we take b = b’ = 2 and we show that the variance of N(z, )
satisfies a bi-renewal equation, via Theorem we determine the approximations
of the mean and the variance of N(z,y).

2 Preliminaries

In this section, we describe the model of the fragmentation in the general case i.e.
b and V' are two arbitrary nonnegative integers. We define the notations and we
prove that the mean of the total number of the rectangles obtained at the end of
the process is solution of a bi-renewal equation.



2.1 Description of the model:

We consider a rectangle of sides of lengths z and y. We fix b and b’ two integers and

let U= (Uy---,Up) and V = (V4 --- , Vi) be two independent random vectors such
b b

that > U; =1 and ) V; = 1. The fragmentation process is described as follows:
i=1 j=1

e If x > 1 and y > 1, we cut the rectangle according to the random vectors
U = (Uy,---,Up) for the dimension z and V = (Vi,-- - , Vi) for the dimension

.
o If x <1 ory <1, we decide to leave the rectangle definitively stable.

e Recursively, we repeat independently at each step this procedure on all sub-
rectangles with independent copies of U and V.

Obviously, our fragmentation process can be considered as a random tree where the
root is the first rectangle, the internal nodes are the unstable rectangles and the
leaves are the stable rectangles. Let N(x, y) be the total number of pieces in the
fragmentation tree. Note that if z < 1 or y < 1, N(z,y) = 1. We assume that
we start with a rectangle with dimensions greater than 1, then N(z, y) satisfies the
following equation:

b v
D
N(z, y) =1+ ZZNi,j(in, yV;),
i=1j=1

where for 1 <i<band 1< j <V, N; (.,.) are independent copies of N(.,.).
Let us define

m(m,y) = E[N(xa y)]a m*(x, y) = m(e:c’ ey)7 X = _ln(Ui)ﬂ YJ - —ln(‘/}),

b v
t, j is the joint distribution of the random vector (X;,Y;) and p = Z Z 1, -
i=1j=1

The bivariate function m.(t1,t2) satisfies the following equation:
ma(t1, t2) = 14+ (M *x p)(t1,t2).
Note that p is not a probability measure, we define so the probability measure v by
dv(ty, ts) = e~ B2 dqp ¢y ts). (1)

The function M, (t1,t5) = e~ (1Ht2)m, (1, t5) satisfies immediately the bivariate re-
newal equation:

M, (t1,t2) = f(t1, ta) + (M, * v)(t1, ta) where f(t1, tg) = e~ (1Ht2), (2)



2.2 The class of distributions J,
Let M >0 and k € {1, 2} we define
Ap = {t : [ts] < M} and AY its complementary set.

Let X be a random vector following some distribution w and let ¥ be its associated
characteristic function i.e

+oo  ptoo .
\If(tl, tg) :/ / 62t181+2t252dw(81,82),
—00 —00

we shall called that w belongs to the class Jo if W satisfies: for some nonnegative
reals a1, ao and ¢, the following conditions

o |U(t1,t2)| < far for all (t1,12) € A§ x As,

tl‘al

o |U(ty,t9)] < =S5 for all (t1,t2) € Ay x AS,

The sub-class J5 of Jo consists on all the distributions that belong to J» and having
finite mean vectors and definite-positive correlation matrices.

2.3 Notations:

For the rest the we will need the following notations

e ||.|| is an arbitrary norm on RZ,

bV
for all t1, to € Ry, ®(t1,t2) = > > E(UflI/}tQ),
i=1j=1

o 0= — S E[U;In(U))], 6= — 5 E[V; n(V})]

i=1 j=1
ey = £ SRR (n%) - )]
o« p= éjilE[Ugvjz(ln(vj) ~& ln(Ui))z].

For a random vector X = (XM, X)) with mean X = ()\1, )\2> and with definite

positive covariance matrix ¥ and with finite moment of order 3, we denote by:

e |X| the determinant of X and ¥ its inverse matrix,

o o2 =Var(X®), k=1,2 K= ——2____
27 [S|(AZ 1)



(k) _ 3
o for k=12 ap= XYW

Ok
o o= TR+ gt (a;?? N azgg)’
o o= e~ 1 Ry e gt ),
® = 2*2( -1+ 2>\')\2%*1A)

In particular, if the distribution of X is given by v , then A\ = 07 and \y = 6-.

e For all 4, j € {1,2}, v;; = —In(V;) + Z—f In(U;),

K Ko,
Ll(Ui, VJ) = —5 [(1 +c — 2672 + 22)%’]‘ + Civ%} and LQ(Ui, VJ) = 2 5037
203 0 b 02 03

2
K> Ui In(Us) 9
_ i=1 _
M Zap O

[\

2 2
1Uz‘VjL1(Ui,Vj), Ly = ‘21 ‘21 UiV;L2(Us, Vj),
i=1j=

o Ay =E|L}|, A, = E[LL,| and A3 = E|L]].

2.4 Remarks
e if min(¢1,t2) > 1 we have ®(1,t2) < 1,

e the characteristic function ¥ of a random vector with distribution v can
be written in terms of ® as follows: W(tq,ty) = ®(1 —ity, 1 — ite),

e the random variables U; and V} belong to the interval [0, 1] forall: € {1,--- ,b}, j €
{1,---,b'}, in other words v is defined on [0, 0o[x [0, col.

2.5 Assumptions

We will need these assumptions later:

e (A): Each U; and V; is an absolutely continuous random variable such that

b b
> E[Ui n(Uy)[P] < o and 30 E[V; (V)] < o0,
i=1 i=1

e (B): the probability measure v given by belongs to the set J3.



3 Bi-renewal Theory

The one dimension renewal theory is well studied by Feller [9], Blackwell [4, 5] and
Asmussen [2]. The next Lemma (1) gives an extension of the renewal Theorem
(Theorem 2.4 of [2]) for two dimensions. For a measure w we denote by w*" the
n-fold convolution of w with itself. A very useful tool to study renewal theory can
be found on [§].

Lemma 1. Let w be a finite measure and g be a bounded function on the compacts
of Ry x Ry. Consider the bi-dimensional renewal equation

F(tl,tg) = g(tl,tg) + (F * w)(tl,tg). (3)

[&.°]
Then the function h(ty,ta) == > w*™(t1,t2) is well defined, furthermore Equation
n=0

(@) admits a unique solution, boZmded on the compacts of Ri given by (h* g).

Proof. Let & be the Laplace transform of w i.e

‘oo ptoo
W(ty,t2) = /0 /0 e~ (hstt252) oy (51 | s9).

As lim  @(t1,t2) = 0, there exist a €]0, 1] and a, b € Ry such that ©(a,b) < a.
[[(t1,82) || =00

Then for all t; > 0 and t9 > 0 we have

t1 to t1 t2
w*n(tlytZ) — /O \ dw*"(sl,SQ) < /0 /0 ea(tl751)+b(t2752)dw*n(81782)

eat1+bt2w*”(a, b) — €at1—i-bt‘2&\)n(a7 b) S eat1+bt2an

)

eat1+bto

therefore h(t1,t2) < S5—
constant M we conclude

< 00. Since the function g is bounded by some positive

oo t1 to
(g h)(t, )] < MY /0 /0 du™ (51, 59)
n=0

eatl +bto

< M

l—a

This means that g * h is well defined and bounded on all the compacts of R%_. On
the other hand, g * h satisfies Equation , therefore to prove that is the unique
solution of Equation we assume that there exist such two solutions F; and Fy
bounded on the compacts of Ri. In other words, we suppose that

Fi(ti,t2) = g(ti,t2) + (F1*w)(ta, t2) (4)
and
Fg(tl,tg) = g(tl,tQ) + (F2 * w)(tl,tg). (5)

The difference function G = F; — Iy satisfies

G = (Gxw).



Then for all n > 1, we have G = (G * w*™). This implies that, for all n > 1,

11 to
‘G(tl,tz)’ = ‘ /0 0 G(tl — 81,t2 — SQ)dw*n(Sl, 82)‘
< (Isup Gljo,,1x[0,t2] )0 ™" (t1, t2) (G is bounded on [0, 1] x [0, %2])

< (‘ sup G‘[0,t1]><[0,t2}>eat1+bt2a"7 o G]O, 1['
As a consequence, we have G(t1,ta) = li_>m (G * w*™)(t1,t2) = 0. O
n o0

Remarks:

1. If w is a probability measure, Equation ({3)) is called proper bi-renewal equation.

2. By Lemma , the solution of the proper renewal Equation is given by

(0.@) o 00 00
M (t1, t2) = Z(f * V) (t, to) = Z/o /0 e~ himsitta=s2) g4 (51 g0),
n n=0

=0

where v is the probability measure given by Equation ().

Under different assumptions, Hunter [11], Mode [13], Mallor, Omey and Santos [16]
o0
described the asymptotic behavior of H := > v*"*. Namely, there principal results

n=0
are:

) t£+moo M = min(g, 4 ) for all z, y € R (Theorem (4.1) of [16]).

e If we consider a vector X following the bivariate exponential distribution, in
other words the probability density function of X is given by

o't + 92‘1752)10(2(901_1951151&)1/2)

1
ti,te) = ———— -
u( 1, 2) exp( 1_0 1_9

~ 6102(1 — )

where g € [0, 1] and I is the modified Bessel function of the first kind of order
zero, then as t goes to infinity [11]

t(1—o)

H(01t, Oot) =t — +o(V1).

e Hunter [I1] proved that in the case of the bivariate exponential distribution
we have as ¢1 and ¢ tend to +o0o with % tends to some constant K:

L(tl’ t2) — min (\/E o )
Viits 0 " O,VK/

Unfortunately, all the previous results are insufficient to give the behavior of N(z,y)
for our model. In fact, they give the approximation of H along the line {(tz,ty), t €
R} where z and y are two constants, but they don’t give any information about the
asymptotic behavior of the renewal density. For this reason, we give in the next
Lemma a refined version of Mode’s Theorem [I3].



Lemma 2. Let (X,,)pen = (XT(Ll), 722)) N be a sequence of independent and iden-
ne

tically distributed (i.i.d) centered random vectors whose distribution function belongs
to J3 such that Cov(X) = Id, E[||X1|[3] < 4+oc. Let h, be the probability density

n
function of the random vector Z, = ﬁz; X, then we have for all (z1,z2) € Ri,
as n goes to infinity
e~ 3 (@i+a8)

2

67%(154*3?%) 3
} =15 [xl(a:% — 3)E(X(1) )+ 9:2(:1;3 —3)

(2)3 L
x E(X )} +o( \/ﬁ)
Proof. The techniques used to prove this lemma are similar used in the case of one

dimension, for the convenience of the reader we refer to Theorem 1 of [I9] and
Lemma 2.1 of [13]. O

\/ﬁ[hn(ﬂﬁl,m) -

Theorem 1. Let (X,)nen = (Xr(Ll), ,(12)> N be a sequence of i.i.d and abso-
ne

lutely continuous random vectors in Ry with mean A = (A1, \2), covariance matrix

2
Y= ( %1 002 ) and with common distribution w. Let h, be the probability den-
2

n oo

sity function of the random vector T,, = > X; and let h(x1,x2) = Y hnp(x1,22).
i=1 n=1

Assume that w € J5 and that

3

lim afhyp(z1,22) =0 foralln>1 and k=1,2. (6)

Tp—r+00

Then for an arbitrary nonnegative constant B we have as x1, T9 — 00 such that

B2 1<
C(x1, 1
Vash(zy,x2) = K + Clay, z) +o(—)
1 x1
where 78}
_ 1 1 T2 L1 Z2y9
C(x1,x2) = 5 [Co-l-cl()\l )\2)4-02(/\1 )\2) } (7)

and K and c;, 1 =0,1,2 are given in paragraph .

Proof. We denote by x = (z1,z2) and by

F(x)z%—i—j (8)

Let Y = (Y(l),Y(Q)) where V%) = %}:)‘k for k=1, 2 and let Yy,---,Y, be a
sequence of i.i.d random vectors following the same distribution as Y. The random
vector Y is centered and its covariance matrix Cov(Y) = Id, then by Lemma
the probability density function f, of the random vector

n

. S x0 a3 x®
RS Y= (k:l k=1
Vn = Vnoi ’ Vo




satisfies:

j6ted),  jetd) 3 3
o | = o 2123 =3)E(Y D) +aa (a3 -3) B(Y ).

e

lim v/n fu(x)—

n—oo

Moreover, we have:

9)

T1 — N\ Xo — n)\g)

nooaha(x) = fo (=S =

L (x—nA)'s71(x—n) Vnoy,

Let K, (x) = nhy,(x)— <22

k=1

_ 2
efﬁ(xan)/E 1(x7n)\) Z ak(xk*n)\k) [( Tl —nAg )273}

1 1
2m|X|2 127n|X|2
we conclude then that

lim K,(x)=0.

n—-+00

For k=1, 2 and r € [0, 2], define the functions

T — NAE\T

V) = (=) o) (10)
T — NAE\T 1 1 P

Wax) = ( k\/ﬁgkk) QW\/WeXp[—%(X—nA)Z fx—nN)]. @y

By Theorem 2.1 of Mode [13], we have for all r € [0,2] and k£ = 1,2

lim [V,(x) = Wa(x)| = 0.

n——+oo

We conclude that for » = 2, k = 1 there exist a positive constant D and a nonneg-
ative integer ng > 1 such that for all n > ng

D

hin(x) < ORI

(12)

Under assumption @, for all € = €(n) > 0 there exists a constant A > 0 such that
3

for all |z1]| > A, we have: z}h,(x) < e. Furthemore, as |f (x)| < B (where F (x) is
given by ), ,/% is increased by some constant M, accordingly

no—1 nog—1 ng—1 /
1 [zo M €'(no)
To hp(x) < — ]/ — e < — €:= .
Hence, when ||z|| tends to infinity with the condition |F (x)| < B, we have
no—1 1
VT2 Z hn(x) = O(;l)' (13)
n=1

For z1 positif and zo positif, we define two real numbers z; and zo by:

Zkzwﬁ(n)\k—l’k), k=1, 2. (14)
Tk

9

)



Equation implies that

3
A2 3 [x] A22
Z2 ()\1)2 x221+ \/@F(X)7
1 V1 Z2 \/.1’2 ,/

1+F() (15)

Take r = 0 in and and denote, respectively by V(zl,x) and W(z1,x) the
functions obtained by replacing n by in and , we obtain

_3 _3
V(z,x) = \/x1A;1 + 21/T1 A 2 ﬁgxgl + VT 221 + F (%) (x)

x1, . T
{n:%—i—zl \/g}’

A 2
1 1 2 N8I
W(z,x) = 5 ﬁexp[— —3 { 1 1/\3 +)\%F(X)
Q | | 2(x1AIJ'+—21‘/x1A1 2) 1
2 121
(4 F(].
)\2
We define the following functions
2 1
Ty
V¥(z1,x) = [V(z1,x) — W(z1,x H k —
k=1 xk)\ + zp/T )\ 2

xkAEI

EER
kagl+-mm/$kAk2
Using Equations , V* and W* can be expressed as:

2
W*(z1,x) = W(zl,x)HJ
k

« l‘lAl—l

Vi(z1,x) = [V(21,%x) = W(z1,%)] 3

oI + 21T

-1
x 2ty , (16)
2oy + 21y /TIA 2 A+ F (%)
)\—1
W*(z1,x) = W(2,x) aa —3 X
oI+ 21T

ToA
1 2 : (17)
T2y + 21y/T1A 2+ F (%)

Let a be a nonnegative number such that N := 2a ’\;—1\2 + 1 € N, define the regular
subdivision of the interval [—a,a) by

N-1 Ao
U wj, wjt1) such thatV1 <j <N —1, wjy —wj = .

z1

10



Let f and g be two functions defined on [—a,a) x RZ by:

N-1

F,x) = > VE(Y%) 40 (0), (18)
j=1
N—-1

g(y,X) = W* [wj,wj+1}(y) (19)
j=1

where V* and W* are respectively given by and . Recall that for all
.76{17 7N_]-}7

i
Y € [wj, wj11) implies that n = % + y\/; € {ij(ﬁﬂl),ﬂj(ﬂﬁl)) NN¥,

1 )\12
where «j(z1) = oy w;~ fl and fj(z1) = oy wj+1—"fl
A1 A2 A1 A2
i i
Let nd(z1) and nd(z1) be respectively the smallest and the largest nonnegative in-
teger in the interval {ozj(xl),ﬂj(xl)), then we conclude that for j=1,--- ,N — 1,
x x . .
€ g wi) i and only itn = 21y Y0 € @), ml@)) (20)
1 )\5
i
Summing and we obtain
way N
,X) + ,X) = h,(x)1 23 1y ws
fy,x) + g(y, %) oy Z n(X) PR A fwj i 1[(Y)
T1T7 v (@)
[T1T2
A A2 Z h 1[w3,w]+1[( )
J=1 p= n (z1)

with the convention that the empty sum is equal to zero. By integrating we get

a a aay Vol n(w1) w1
fly,x)dy+ | gly,x)dy = ] > ha(x / dy
—a —a A1A2 S w;
n=n7(x1)
Ty N m()
[T122
A1A2 = Z 1 = i)
n= "1 1)

ny " (z1)
= 2 Z h(z).

n=ni(z1)
In the rest of the proof we denote by n(z1, a) = ni(z1) and by na(z1,a) = nd ! (z;)
and we conclude that

na(z1,a) a a

VI Y ha(x) = | fwxdy+ [ gy x)dy. (21)

n=n1(z1,a) -

11



Moreover, as ||x|| tends to infinity, such that |F (x)| < B where [ is given by (g),
we have :

Ao M -3
Pl +o(z ?).
Let R(y,x) = exp | — L (el 2 4 B ()M + F (%)},
2(e1A v, ?) ! A
251 2 2y/5—1 2,2
-y s A AXTA 1 ALA
R = I 1o (R PE Y g i
VLN 03V AL 2)2 Z1 P
Ny F NF INTTIA A3F GAE7IN)2
2y2 (X)(1+ 2 (2X)>_Z/ : (1+ 2 2(X)>+y( - ) }
1
— 22
Fo( ). (22)

T1A] - TaAg — 1 \/yT+ 1 {g/]\i B %F(X)]
AT+ yyTiA 2\ Ay +yyEi 2+ (x) A zlh

(23)
Multiplying Equation (22|) by Equation (23), we get
7y2>\’2*21>\
2 Pl (ya X) P2(?/7 X) 1
X)) = 1+ + +o(—),
Fo%) 2 /5] [ Ne = )
where
2y/y—1 2
y NI ASF (%)
P, = - -1
1(y,X) \/Tl( 2)\% O'% )a
ME(x) MNFA(x) P AF (x) ASF (%)
P = - - 7 (1 2
2(y: %) 2 205 + )\1( * O'% (2+ 20% ))
AN ASF (x 6(N2Z71IN)2
N op 8A7

This means that when ||x|| tends to infinity, we have

2A'n—1a

{xley 2)\% f(y’x)

[ 1+ Py, x )\/ﬂ+P2(y,X)”1{\F(x)|gB} — 0. (24)

2/ |2
Thus, for all € > 0, there exists a constant A > 0 such that for ||x|| > A we have

2A's—1a

Yy
‘me 2 fy,x) - z1+ Pi(y, x)v/z1 + Pa(y, x Hl{\F )<By <€ (29)

1
27 |E|[

12



_o2Amm1a

2
Let F(y,X) = {$1f(yvx) — € 2
(25) we deduce that for ||x|| > A,

= [-Tl + Py, x) /71 + Pa(y, X)} }1{|F<x)\§B}v by

2A/=—1a

-y
|F(y,x)| <ee i

Denote that if ||x|| < A, the function F(y,x) is bounded. Then F' is dominated by
an integrable function on [—a, a) independent of x. Furthermore by we have as
I = o,

F(y,x) — 0.

We conclude by the dominated convergence Theorem if ||x|| — +oo we have,
[, F(y,x)dz1 = o(1), which means that when z; and x> tends to infinity with
|F (x)| < B we have

a 1 o XN Pi(y,x) P(y,x) 1
,x)dy = 211+ >+ L ldy + o(—).
el = | e R G
By choosing a large enough, we obtain:
a A MF (%) 1 1A\
dy=K |1+ —< — 1 — -4+ —=
—a f(y7x) Yy + 2:1:1{ F(X)( + O'% ) + )\,271)\[ 4 + O_%F(X)
(26)
x (1+ )\%F(x))} —i—o(i)
O'% I '
By similar steps and using @D , we get
a MK A1 1 )\%F(X) Ao 1
dy=—"—4qA N
|9, x)dy =5 { 202F (%) — sty |1 (5 + 2 ) Tay GF
)\%F(X) /\if 1 )\%F(X) a1 )\%CLQ 1
9 - 21 il
(27)
where a; and ag are given in paragraph (2.3]). Summing up and , we obtain:
C(z1, 1
Vm Y meg=k+ Sl (29

n=ng
n1(z1,a)<n<na(z1,a)
where K is given in paragraph ([2.3) and C(x1,x2) is given by .
It remains now to approximate the sum ,/xs > hn(x), for this purpose let
n>ng
o= +a\/§1, using we get:
A

n>ng(z1,a) or
n<ni(xi,a)

1
v hn, < 2D,/ —_—
T2 >Z (x) < T ) (N1 — 21)2
n>ng n>ngq
n>na(z1,a) or n>na(z1,a)

n<ni (z1,a)

VAN

@
e I e B

13



as a is arbitrarily chosen we can assume that a > x1. Consequently,

Vi Y ha(x) =o(—). (29)

n>ng
n>na(x1,a) or
n<ni(x1,a)

Furthermore, we have

no—1

S )= et Y e+ Y ),
n=1 n=1

n>ng n>ng
n>na(x1,a) or ni(z1,a)<n<na(z1,a)
n<ni(r1,a)

thus by Equations , and , we obtain the requested result. ]

4 Mean and Variance of the total number of pieces

Theorem 2. Let a be a positive number, under assumptions (A) and (B), the mean
and the variance of N(z%, ax%) are given as x — +o0o by:

Ka$91+92 an(ln a)x91+92 1’91+92
ar T omie
b Inx Inz x (ln2x)

) (30)

m(z%, az?) =

and
9, 9, T(In a)a2x2(91+92) z2(01+02)
g ({L‘ l,a[L‘ 2) = 1n3a:, +O<W) (31)
where for all o € R,
K c1 C 2 (1—a) cy ca(1 — a)2
= Jop— L 424922 1o —22)+ 221 (32
n(a) 2\/@ |:CO 01 + 93 + 9% + 02 ( + C1 01) + 03 :|7 ( )
T(a) . Al + 2450+ A3()é2 2(A2 + OzAg)’)/ + Agp A3’72 (33)
O 1-9(2,2) [1—®(2,2)]2 [1—®(2,2)]3

and the constants c;, i = 0,1,2 and A;, j =1,2,3 are all given in paragraph .

To prove this Theorem we need the following Lemma:

Lemma 3. Let £ be an integrable function on R and G be an uniformly bounded
function such that G(t1,t2) — g as t1, ta go to infinity with |t; — ta] < B where B
is an arbitrary positive constant. For allt € R+ and a € R, we denote by

t rtta
L(t) = / / f(Sl,Sg)G(t—81,t+06—82)d81d32.
0 Jo

We have

t—-+o0

lim L(t) = g/ / f(Sl,Sg)dsldSQ.
0 0

This Lemma is an immediate consequence of Lemma (3.1) in [13].
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Proof. of Theorem : The function M, (t1,t3) := e~ "1H2)m, (1, t5) satisfies Equa-
tion ([2)), its solution is given by

M*(tl,tg) = (f * h)(tl,tg) where h tl,tg Z dl/*n tl,tg
Let E(tl,tz) = h(01t1,92t2) and CN’(tth) = C’(Gltl, 92t2), we have for all « € R

01t Oct+a
M*(Qlt, 02t + Oé) = / / 6_(81+82)h(91t — 851, 92t + o — 82)d81d82

= 9192/ / e~ Orut020)py gy b 4 Hg — v)dudv.
2

Then we conclude that the expression of

M) =t /(t + HE)M*(elt, Ost + ) (34)

2
can be written as the following
t4 X 95 91u+92v
M(t) = L(t)+ Io(t) + 0Kt/ + a/ / dudv

e~ Orut0) O — oyt 4 2 5 — V)

Vit g —v
where
t g K(t —
L) = 0102,/t+3// "= Rt~ ) - (v
62 Jo Jo 02 O2(t + g — v)

B C(t —u,t+ % — U)}e_wl“*e?”)dudv
04 92(t + % — 7))

dudv,

t ot
—I—V@zt—i—a/ / o2
0o Jo

and
tort+g ~ K
t) =010, /t + 2 / / 72 e (Orutoov) [h(t—u,t%—g—v)— }dudv.
02 Jo Jo 02 O2(t + 3 —v)
As t goes to infinity we have I;(t) = o(1), in fact let
= Kt; Oty t
Gi(t1,t2) = Viatih(ty, ta) — ——= — (i, 2), E1(tr,tg) = e (111¥0282)

VO 010

and
Kt;  Clti,ty)
Vata  01y/0ats’

Using the fact that for all v € [0, 4 £ \/t + 5 < \/t + §; — v+ /v we obtain,

Gal(ty, t2) = t1h(t1, t2) — Ea(t1,tg) = Vige  (itatbata)

+
L) < 9192// "Gyt )€1 (u, v)dudv
+92
10105 / / Galt — ) |€a(u, v)dudo.
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In view of Theorem (I}, as ¢; and ¢y tend to infinity such that [¢t; — ¢2| < B we
have G1(t1,t2) — 0 and Ga(t1,t2) — 0. Furthermore, & and &, are integrable on
R, x Ry, we conclude by Lemma that as as t goes to infinity, I1(t) — 0. By
similar argument, we prove that as t — +o00, I2(t) = o(1). Thus

. t ot 9181+92825'
M(t) = +bat+ ae_(61+92)t_0‘/ / ¢ (51, s2)d51d32
0 Jo /82

+2tK, [t + — 7 ( — e " Daw(v/0at + o) + o(1),
2

where Daw is the Dawson’s integral given by

t
Daw(t) = e_tz/ e* du.
0

As t — 400, we have

1 1 3 1
Daw(v/6a2t + ) = + + + o(—=
(Vort+a) 2V0st + o A(fyt + )2 8Byt + )? G
1 N -« +3(a2—2a+2)+0(i)
2V0st  4(051)3 16(9275)% ¢

thus 2¢, /t + 5~ (1 — e~ Daw (vt + o) = \ﬁ —l— = + o(1) which leads to:

2

_ t ot 9131+92825'
M(t) = me_(01+02)t_a/ / 2 (81’ 82)d51d82
0 JO

NG
tK
+—=+ —5 +to(l),
Vo g1 T
we get, by writing explicitly C and integrating,
— a aa  (1-a) 29 | 0
M(t) = - — -2 — 35
0 = gt gle- g g e RS
ca(a—1)2 tKk K
+ —5 +o(1).
03 | V02 993
We conclude by and that as t goes to infinity
1
M, (011,02t + o) = + () +o(=),

AV 02t t% t%
where 7 is given by .
To compute the variance, let F = o(Uy, Us, V1, V3)

2 2
E[(N(.) ~m(x.y)? | F] = E[(1+ X3 NaliyVy) - me.y) |7]

i=1j=1

2 2
ZZV@T‘ (Ui, yVj)) +

=1 j5=1

2 2
(1 —m(z,y)+ Y. > m(=U;, ?JVj)>2
i1 =1

=
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By integrating we show that o2(t1,t3) := o2(e!t, ef?) satisfies the renewal equation
given by
o2 (tr,t2) = (03 * p)(t1, ta) + k(t1, ta) (36)

where k(t1,t5) = E[(1 - il ilm(tl — Xty — V) + m*(tl,tQ))2]. The function
V(ty,tg) == e~ (1tt2) g2 (tl,lt;)JSZLtisﬁes the bivariate renewal equation
V(ti,t2) = (V*v)(tr, t2) + k1t t2)
where ki (t1,t2) = e_(t1+t2)k(t1,t2). It follows that,
V(0it, 02+ ) = (h=*ki)(01t,02t + )

= i E[k;l (01t — SW ot + a — S

/ ) L5 <0,,52 <0540}
n=

where ( 7(11), 7(12)) is the sum of n-iid random vectors with common distribution v.
For i and j € {1, 2}, let T = ¢ — g—f and S = g—in —Y; + o, using the refined
expression of m, we get:

m*(GlT, 0T + S) = m*(Glt — X, 0t + a0 — Y])

(01+62)T+S (61+62)T+S (61+62)T+S
_ i€ n n(S)e i Lol € : )
SQT T2 T2
(Or1402)t+ar v/, In(U;) 1
e n
= K LRy - ! — Li(U;,V;
T gy ol ) + LU V)
UiV'6(91+92)t+a 6(01+92)t+a
—aLg(UZ',Vj)] J 3 +O( 3 )
t2 t2
Thus,
2.2 - ~  eO1+02)t+a
m*(elt,02t+a) — ZZm*(Hlt—Xi,92t+a—Yj) = (Ll —|—Ong) t§
i=1j=1 2
(91+92)t+a
e
+o(7t% )
Consequently,
6(91+02)t+a 6(01+92)t+a

k1 (61t, 02t + o) = (Al + 2450 + A3a2) + O(T).

3
We obtain, by a similar computation
01+02)t+a—(SSV+55)

t3

(
k(018 — SO 0t + 0 — 8@y = &

{(Al + 2450+ A3a2)

0
+2(A5 + aAg)(e—?S,gl) —5@) 4 43 x

0y ) (212 e(01+62)t+a
(558 =88 +o(—%—).
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Finally, we get

6(91+€2)t+o¢ 6(91+02)t+a
V(01t, 02t + ) = 3 T(o) + O(T)
where 7 is given by . O
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