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India In this article, the truncated exponential-Gould-Hopper polynomials are taken
as base with the Appell polynomials to introduce a hybrid family of truncated
exponential-Gould-Hopper-Appell polynomials. These polynomials are framed
within the context of monomiality principle and their determinant definition and
properties are established. Further, we investigate some members belonging to
this family. In addition graphical representation and zeros of these members are

demonstrated using computer experiment..

KEYWORDS:

Truncated exponential-Gould-Hopper polynomials; Appell polynomials; Monomiality principle; Opera-

tional techniques

1 | INTRODUCTION AND PRELIMINARIES

Generalized and multivariable forms of the special functions of mathematical physics has, in its various forms, been an object
of speculation and application during the recent years. Most of the special functions of mathematical physics and their gen-
eralizations have been suggested by physical problems. Recently, a systematic study of certain new classes of mixed special
polynomials associated to the Appell polynomials sequences is introduced, see for example'"23, These mixed special polyno-
mials are important due to the fact that they posses important properties such as differential equations, generating functions,
series definitions, integral representations etc. We recall the 3-variable truncated exponential based Gould-Hopper polynomials
(3VTEGHP), denoted by Hf)(u, v, w), defined by means of the following generating function:

exp(ut + wr®) @ "
— 7 = 2w, W, w)— )]
1—uvrr en n!
n=0
and posses the following equivalent forms of series representation in terms of 2 variable truncated exponential polynomials

(2VTEP), denoted by e'”(u, v); Gould-Hopper polynomials (GHP)®, denoted by H®)(u, w); and in terms of u, v and w:

L)k e® (u, v)

HOWuv,w)=n! Yy —2=2k "~ 2
oo Hy "t 0, 10) ;) K\(n — 8K)! @
o B, w)
H®Wwo,w)=n! y — 2> 3
o HO (w0, w0) mZO Ty 3)
and shreme

Tm=n n—8k—xrm,m,,k
o H®(u, v, w) = n! Z L 4

e A K(n— 8k —tm)!

OAbbreviations: TEGHAP, truncated exponential-Gould-Hopper based Appell polynomials; 3VTEGHP, 3-variable truncated exponential based Gould-Hopper
polynomials; 2VTEP, 2 variable truncated exponential polynomials
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respectively.
Itis shown in®, that the SVTEGHP  H®(u, v, w) are quasimonomial * under the action of the following multiplicative and
derivative operators:
M e =u+ 100,00 + 8wd*! ()

(1)
and
13 H® = aw (6)

o(1)
respectively.
. (3) _ . . .. .. . .

Again since o Hy (u,v,w) = 1, so in view of monomiality principle the 3VTEGHP eer(f)(u, v, w) can be explicitly

constructed as:
o H W v.w) = M" (1) = (u+vwo,00," +8wdy™)" (1), ©)

which yields the series definition (@).

Identity (7) implies that the exponential generating function of the GHP Hf')(u, v) can be cast in the form:

A had ll’l
exp(M g D{1} = Z,O oo B0, 10) ®)
which yields generating function (TJ).
The operational representation of 3VTEGHP , H®(u, v, w) is given by:

H,,(g)(bh v, W) = exp (w@f + Uduv():‘) u". 9)

e(®)

The operational representation connecting the 3VTEGHP H®(u, v, w) with the 2VTEP e'(u, v) and GHP H®(u, v) is
given by:
o HE W, v,w) = exp (wa)) & (u, v) (10)

and
H®(u,v,w) = exp (vd,v0}) H®(u,w), (11)

e(®)

respectively.
The integral representation for the 3VTEGHP Hf')(u, v, w) in terms of 2-iterated Gould-Hopper polynomials (2IGHP)? is

given by:
o HE w,0,w) = / e o HE (u, vx, w)dx. (12)
0

Sequences of polynomials are a topic of interest in enumerative combinatorics, algebraic combinatorics and applied mathe-
matics. They play an important role in numerous branches of sciences. One of the important class of polynomial sequences is the
class of Appell polynomial sequences'’. They are very often found in different applications in pure and applied mathematics.
Properties of Appell sequences are naturally handled within the framework of modern classical umbral calculus by Roman'!.,
In 1880, Appell'? introduced and studied sequences of n-degree polynomials A, (), n = 0, 1,2, -+ satisfying the recurrence

relation
d

d—An(u)znAn_l(u), n=0,1,2,---. (13)
u
The generating function of the sequence of polynomials A, (u) is given as:
[so] tn
A(t) exp(ut) = Z;) A, (14)
where A(?) has (at least the formal) expansion:
o0 tn
A) = z_;) Ay (Ag#0). (15)
Series representation of Appell polynomials is given by:
A, ) =D "Ce A, (16)
k=0

The Appell polynomials constitute an important class of polynomials because of their remarkable applications in numerous
fields. The Bernoulli polynomials B, (1) and the Euler polynomials E,(u) are some of the important polynomials belonging to
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TABLE 1 Certain members belonging to the Appell family.

S. No. A(t) Name of the Special Polynomial Generating Function Series Definition

I - (t)’_ - Bernoulli polynomials‘? =2 Bn(u);—”! B,(w)=Y;_, [Z] B u"k
2 . 17 _ oo " _ n n n—k

I o Euler polynomials exp(t)+1 e(u) = 3,7 E, )= E,w) =2 _ [k]quu

the class of Appell sequences. These polynomials plays a fundamental job in different extensions and approximations formulae,
which are valuable both in classical and numerical analysis and in analytic theory of numbers. By selecting appropriate function
A(t), different members of Appell family can be obtained. Notations, names, generating functions and series definitions of
certain members belonging to the Appell family are listed in Table[T ]

In this article, a hybrid class of truncated exponential-Gould-Hopper based Appell polynomials is introduced and many
important properties of these polynomials are investigated. The generating function, series representation and determinant forms
for this hybrid class of polynomials are derived. Further, we study some members belonging to this newly introduced class of
special polynomials. In addition, shapes and zeros of this family are shown graphically.

2 | APPELL CONVOLUTION

In this section, a new hybrid class of truncated exponential-Gould-Hopper based Appell polynomials (TEGHAP) denoted by
A(t ) (u, v, w) is introduced by convoluting the 3VTEGHP and Appell polynomials by means of generating function.
In view of replacement and operational techmques replacing u by the multiplicative operator M ,ue of the SVTEGHP
o0 r(l"?’)(u v, w) in the generating function (14) and using equatlons and i and thereafter denotlng A,(u+rvo,vo;~ Ty
8wa~") by eHAEI"?’)(u, v, w), that is

AM o) = A,(u+ 100,00 " + 8wod™") = a AP W, 0,w), (17)
we define the truncated exponential-Gould-Hopper based Appell polynomials as:

Definition 1. The truncated exponential-Gould-Hopper based Appell polynomials are defined by means of the generating

function:
exp(ut + wt®)

A1) o

(o] tn

> a A v, w)— (18)
n=0 :

Remark 2.1. We remark that equation lh gives the operational correspondence between the 3VTEGHP o H,(f’)(u, v, w) and
TEGHAP ,; A%™9(u, v, w).

Next, replacing u by M , ne 1n the series definition (16) and utilizing equations (7) and li we obtain the following series
definition of the TEGHAP gAY (u, v, w):

Definition 2. The truncated exponential-Gould-Hopper based Appell polynomials are defined by the series:
AT, v, w) = n! Z "Cp Ay o HE (1,0, ). (19)
k=0

Also, we can find the following equivalent forms of the series representation of TEGHAP . HAEI"?’)(u, v, W):

k+§m<nA wh e (r)

(u,v)

(r,8) — 2: Cn—k—sm
Ay 0 w) = ! e kiml(n =k —8m)! 20)
k+rm<n (3)
A V" H (u, w)
(r.8) — nl n—k—rm
AT W, 0,w) = n! kmzzo K=kl 1)
tm+38p<n ™ wP An— . ()
AW v, w)=nl Y —— (22)

om0 (n—1tm—3p)!
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TABLE 2 Certain members belonging to convoluted Appell family.

S. No. A1) Notation and Name of Generating Function Series Definition
the Resultan Member
_ t (v,8) . texp(ut+wt®) (1,8)
I At) = pr EHBn (u,v,w) := T ) eHBn (u, v, w)
Truncated exponential-Gould = 37 1 B&¥ (u, v, w)% =n!' Y _"Ci By H® (u,0,w)
-Hopper-Bernoulli polynomials
(TEGHBP)
_ 2 (v,8) . 2 exp(ut+wt®) (t.8)
II A(t) = v eHEn (u,v,w) := i) ) eHEn (u, v, w)
Truncated exponential-Gould = ¥ | yE9w,v,w)s  =nl ¥ "C By H® (u,0,w)
-Hopper-Euler polynomials
(TEGHEP)
and
k+rm+38p<n A un—k—rm—é’»p oM P
1 AT (U, v, w) = n! Z k . (23)
e Py klp!(n—k —tm — 3p)!

Few members of Appell family are listed in Table[I ]| On appropriate selection of function A(?) in generating function (I8)), we
obtain different members belonging to convoluted Appell family. Notations, names, generating functions and series definitions
of these members are mentioned in Table 2~}

Over the last few years, there has been increasing interest in a new approach related to special polynomials, that is, determi-
nant approach. Costabile et al.¥ have established a new definition to Bernoulli polynomials based on a determinant approach.
Further, this approach has been extended to provide determinant definitions of the Appell polynomials!®, Recently, Keleshteri

and Mahmudov“~ introduce the determinant form of g-Appell polynomials. Because of the importance of determinant forms for
applied and computational purposes, the determinant representation of the TEGHAP HA;‘*Q)(u, v, w) along with few members
belonging to this class are obtained.

By following the methodology presented in and in view of equations and , the following determinant form for
. g AT (u, v, w) is obtained:

Definition 3. The TEGHAP . HAff’g) (u, v, w) of degree n are defined by

3 1
EHAE; )(u’ v, w) = -,

Bo
1 e(r)Hl(g)(u, v, W) E(UH;S)(M, v, W) - emH'(:)l(u, v, W) eme')(u, v, W)
ﬂl] ﬂ] zﬁz ﬂlnfl ﬁn
(=" |0 p ()8 ("B (") B
AT, 1, 1) = 0 | 1 I 24
H 0 (u v w) (ﬂ())nH 0 0 ﬂ() (nzl)ﬂn_3 (;)ﬂn—z ( )
0 0 o - 4 (" )h
where n = 1,2, ---, and e(t)Hff’)(u, v,w) (n=1,2, - are the 3VTEGHP; f, # 0 and
1
ﬁ() = -
A
g =—L Z "VA,.p n=1,2 (25)
n A() P k kFn—k | > > < .

Remark 2.2. Since the TEGHBP 1B (u, v, w) and TEGHEP . g E¥(u, v, w) given in Table 2 |are particular members
of TEGHAP HA;”’Q')(u, v, w). Thus, by making appropriate selection for the coefficients f, and f; (i = 1,2,---,n) in deter-
minant represeentation of TEGHAP # AT (u, v, w), the determinant definition of TEGHBP H B (u, v, w) and TEGHEP
. HEr(f’é)(u, v, w) can be obtained. For instance, taking f, = 1 and g, = i-I—Ll’ (i = 1,2, ,n) in equation , the following
determinant definition of TEGHBP 1B (u, v, w) is obtained:
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Definition 4. The TEGHBP . HB,(f*g)(u, v, w) of degree n are defined by
B o,w) =1, (26)
1 emH:g)(u, vw f’(u v, w) - EUH,(‘%)] (u, v, w) ,Hff)(u, v, W)
1 ] 1
- 0 TR TR
B vw) = (1) e a7 e @n
" o0 R S T B
o0 o - (/)2

where H®(u,v,w) (n=1,2, ) are the 3VTEGHP o H®)(u, v, w) defined by equation li

Further, it has been shown in'# that for fo=1and g, = %, (i=1,2,-,n) the determinant definition of Appell polynomials
A, (u) reduces to determinant definition of Euler polynomials E,(u). Therefore, taking f, = 1 and g, = %, (i=1,2,3,---,n)in
equations , gives the following determinant form of the TEGHEP . HEff’Q’)(u, v, W):

Definition 5. The TEGHEP 1 E®)(u, v, w) of degree n are defined by

EHE(()r’g)(u, v,w) =1, 28)
1 EmHig)(u, v, W) (]Hf)(u L) H'(f_)l(u, v, W) UH}S"” (u v, W)
1 1
, ST 2
ES,0,w) = (-1 [0 U )3 G (29)
0 0 1 ( 2 )E (2)5
0 0 0 1 ()3

where  H, O, v,w) (n=1,2, ) are the 3VTEGHP © H®(u, v, w) defined by equation H

3 | PROPERTIES

In order to frame the TEGHAP HASf’g)(u, v, w) within the context of monomiality principle, we first determine multiplicative
and derivative operators:

Theorem 1. The TEGHAP HA;‘*Q')(u, v, w) are quasi-monomial under the action of the following multiplicative and derivative
operators:

M =u+ rvd,vd* ! + 8wa*! + M (30)
AT v “ 7A@,
and
IA:HA(;,Q) = au N (31)
respectively.
Proof. Consider the identity
A(t t+ wt’ Alt t+wt’
o, (1) exp (ut + wt*) _ (1) exp (ut + wr*) _ (32)
1 —orr 1 —orr
Replacing u by the multiplicative operator M (H® in the generating function , we get
AW exp(M |, o 1) = Z A, (M me) (33)
n=0
Next, differentiating equation (33)) partially with respect to t, we find
N /( ) n—l
<Mem o+ 7 ) A exp(M o 1) = Z AM ) (34)
n=0 :
Using equation (33)) on Lh.s. and then using relation (T7) on both sides of equation (34)), we obtain
. Al(t) (1; 3 " 00 ) tn—l
(MMH() T30 ) 2, A 0w = X AT 0 ) (35)
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Now, putting the value of multiplicative operator of 3VTEGHP |

H®(u, v, w) from (5)) and using generating function of
TEGHAP ;A" (u, v, w) in the Lh.s. of above equation, we get

_ o A\ A@) exp(ut + wt®) -1
-1 3—1 (r.8)
<u +100,00" " + 8wd*! + a0 ) T Z AT, v, w)( 5 (36)
which on using identity and then using generating function of TEGHAP HA(”’Q)(u, v, w) in the Lh.s. gives

u+rod,vo" ! 4+ 8wot ! + A0, i A% (u, v, w)— Z A (u, v, w) - (37)

07"y u A(()u) o H ( 1)|
Equating coefficients of the same powers of t gives
r—1 81 A/(au) (r.8) (r 8)
u+rvd,vd,” +3wd + m HAT o, w) = g A (w0, w) (38)

which in view of monomiality principle yields assertion (30).
In order to prove assertion , we use generating function of TEGHAP A;t,é)(u’ v, W) in both sides of the identity
(32) and then equating coefficients of the same powers of t in both sides of the resultant equation, we find

0, { n AT w0, w)} =n 4 A (u, v, w), (39)

which in view of monomiality principle yields assertion (3T). O

Remark 3.1. We remark that equations and are the differential recurrence relations satisfied by the TEGHAP
ATy, v, w).
eH n ]

To derive the differential equation for the TEGHAP . HAff’Q’)(u, v, w), we prove the following result:

Theorem 2. The TEGHAP j; A" (u, v, w) satisfy the following differential equation:

A0
(uau + 100, L0} + 8wd? + 0, A((du)) - n) H AT (u, v, w) = 0. (40)
Proof. Using expressions (30) and (31)) and in view of monomiality principle, we get assertion {0). O

Now, we derive some operational representations for TEGHAP Aff’g)(u, v, w). First we will prove the following operational
rule:

Theorem 3. The following operational representation connecting TEGHAP HAl(f’g)(u, v, w) and Appell polynomials A, (u)
holds true:
HA;‘ﬁ)(u, v,w) = exp (wod? + vo,vA}) A, (u). 41)

Proof. Using operational representation @) of 3VTEGHP  H (5)(14 v, w) in the r.h.s of the series deﬁnition 9) of TEGHAP
a AT (u, v, w), we get

AT (v, w) = n! z "C, Ay exp (wd® + vo,vdr) u"*. (42)
k=0
which on using the series representation of Appell polynomials A,(u) on the r.h.s, gives assertion ¢ I). O

Theorem 4. The following operational representation connecting TEGHAP HAElr*g)(u, v,w) and 2-variable truncated
exponential-Appell polynomials (2VTEAP)2 denoted by ,« A, (u, v) holds true:

HAE'r,é)(u’ v, w) = exp (wa;) e(‘)An(u’ U). (43)

Proof. Using operational representation of 3VTEGHP  H, (g)(u v, w) in the r.h.s of the series definition of TEGHAP
a AT (u, v, w), we get

eHAif'g)(u, v, w) = n! Z "Cy, Ay exp (wd?) e®(u,v). (44)

k=0
As 2VTEP e;”)(u, v) is quasi-monomial, so by using monomiality principle and series representation of Appell
polynomials A, (u) on the r.h.s, gives assertion (43). O
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Theorem 5. The following operational representation connecting TEGHAP HAff’Q’)(u, v, w) and Gould-Hopper-Appell poly-
nomials (GHAP)! denoted by A, (u, v) holds true:

CHA;””@’)(u, v, w) = exp (00,00} yw A, U, w). (45)

Proof. Using operational representation of SVTEGHP , H(®(u, v, w) in the r.h.s of the series definition of TEGHAP
AT, v,w), we get

AT, v,w) =n! Y "C, Ay exp (v0,007) HO(u,w). (46)

k=0
As GHP Hr(f)(u, w) is quasi-monomial, so by using monomiality principle and series representation of Appell
polynomials A, (u) on the r.h.s, gives assertion (@3] O

Recall that 2-iterated Gould-Hopper polynomials (2IGHP) ¢« H ,(’5) (u, v, w)? is defined by the following generating function:

©
exp(ut + vt* + wt*) = Y ;o H(u, v, w);—"'. 7
n=0 :
It is shown in”, that 2IGHP H® H,(f’)(u, v, w) are quasimonomial under the action of the following multiplicative and derivative
operators:
MHmH“> = u + 100, + 8wo*™! (48)
and

N

Pu(c) H® = a“ ’ (49)

respectively.
From monomiality principle, the exponential generating function of the 2IGHP .« H f’)(u, v, w) can be cast in the form:

A & ["
exp(M g D{1} = ZO o B, 0,10 (50)

Replacing u by the multiplicative operator M wn of the 2IGHP o H, ®)(u, v, w) in the generating function of Appell
polynomials A, (u), we get

N d N "
AP, o D)= D AM | o). (51)
H poar H n!
Now using equation (50) in 1.h.s. and denoting the resultant in the r.h.s. b @A (u,v,w), we find
geq g Y o H®An

(o] tn (o] tn
AD Y, o B o.0) = = 3o Ay 0, w0)—, (52)
n=0 . n=0 :

which on using generating function of 2IGHP ;v H ,(,é")(u, v, w), in the Lh.s. gives the generating function for the new family
of polynomials called 2-iterated Gould-Hopper-Appell polynomials (2IGHAP), denoted by o oA, WU, v,w):

(s

A explut + o + wi) = Y A, w)%. (53)
n=0 :

Now, we will establish an integral representation for the TEGHAP . HAff’Q’)(u, v, w) in terms of 2IGHAP o oA, v,w):
Theorem 6. The following integral representation for the TEGHAP HAff’é)(u, v, w) in terms of 2IGHAP holds true:

o)

EHA;r,é)(u, v, W) = /e—xH(I)H(g)An(u, vx, w)dx. 54)
0

Proof. First, we recall the following integral representation of 3VTEGHP eme’)(u, v, w):

o HE w,0,w) = / e o HE (u, vx, w)dx. (55)
0
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Using generating function (1) of 3VTEGHP H®(u, v, w) in the generating function of TEGHAP | gAY, 0,w) ,
we obtain

Y w A =40 Y L HOw 0w (56)
=0 n:. =0 n.

which on using integral representation of 3VTEGHP woH, f’)(u, v, w) gives

o0 tn [e0] tn
ZQHAir,é)(u, v, w)m = A(1) 2 / H(,)H )(u, vx, w)dx T 57)
n=0 . n=0 0 :
Making use of generating function of 2IGHP ;o H® (u, v, w), we get
Z AT (u, v, w)— = / A1) exp(=x + ut + vxt* + wi*)dx. (58)

n=0 0

Finally, using generating function @ of 2IGHAP o e A, W, v, w) gives

[s9)

0 ) m [+ m
: o —x L
> A, v, w)— = D / € o Aglit X, w)dx |, (59)
n=0 n=o
0
which on equating the coefficients of the same powers of 7 yields assertion (54). O

Further, corresponding results for the above properties established for members belonging to the truncated exponential Gould
Hopper Appell family are derived and mentioned in Table[3 ]

Where, ,« B,(u,v) is truncated exponential-Bernoulli polynomials®, ;e B, (u, w) is Gould-Hopper-Bernoulli polynomi-
alslt Table2 (M apnd o1 By, v, w) is 2-iterated Gould-Hopper-Bernoulli polynomials which can be obtained by reducing
Appell polynomials to Bernoulli polynomials by taking A(t) = er%I in the generating function definition of 2IGHAP
o HO A,(u,v,w).

Further in Table[3 | ,« E, (4, v) is truncated exponential-Euler polynomials?, ,« E,(u, w) is Gould-Hopper-Euler polynomi-
alst T2 and o E,(u, v, w) is 2-iterated Gould-Hopper-Euler polynomials which can be obtained by reducing Appell
polynomials to Euler polynomials by taking A(t) = ﬁ in the generating function definition li of 2IGHAP . goA, W, v,w).

4 | RECURRENCE RELATIONS, SHIFT OPERATORS AND DIFFERENTIAL EQUATIONS

In this section, we derive the recurrence relations and shift operators for the TEGHAP HA;"Q)(u, v, w). Then using shift operators
we derive the differential, integro-differential and partial differential equations for the TEGHAP H Aff’f’)(u, v, w). First we derive
the recurrence relation for the TEGHAP | HAff’g)(u, v, w) by proving the following result:

Theorem 7. The TEGHAP . HAEf"f’)(u, v, w) satisfy the following recurrence relations:

n—1

A(t D, v, w) = (u+ ) g ATV (u, v, w) + Z "Ckan_kUHAE:’Q')(u, v, w) + 3w HA(r # (u, v, w)

n!
—3+1)!

n+1 n—38+1
+ = ( +
n—t—1
n! ® )
+ 0, A s Uy ’ 60
kzs K=tk D17 ke O 0 AT (0 0. 0) (60)
where the coefficients {a; } ey, are given by the expansions
A o1
D-Yal 61)
Ay & "n!

and eff)(u, v) are the truncated exponential polynomials defined by the generating function:

oo

1_W Z D (u, u)— (62)
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TABLE 3 Results for the TEGHBP ;; B"®)(u, v, w) and TEGHEP , E{*¥(u, v, w).
S.No Special Results Expressions
Polynomials
o - _ _ (9,)(1-,)—1
Multiplicative and MEH pes = U+ rvauzjd‘f Ly 8wo? Ly %}W
derivative operators P LB = d,
Differential equation (uau + 100, vd" + 8wo? + (exap ijif(la )a )1)1 ) )
I TEGHBP B, 0,w) =0
B3 (u, v, w) Operational rules B (u, v, w) = exp (wo? + vo,vo}) B, (u)
QHBff’g)(u, v, w) = exp (wo?) o B,(u, v)
. BI¥u, v, w) = exp (v0,V0%) po B, (u, w)
Integral aBEDw,0,w) = [T e o 19 By, vx, w)dx
representation
Multiplicative and MeH pes = U+ rvi)vval’f‘l + 8wos~! — %
derivative operators P pes = 0,
Differential equation (u()u + 100,00" + 8wo* — (%) a9, — n)
II TEGHEP g EX®u,0,w) =0
nEEOu, v, w) Operational rules aEO(u, v, w) = exp (wo? + vo,vo}) E,(u)
E™)(u, v, w) = exp (w0?) o E,(u, v)
E<r (u, v, w) = exp (v0,00") e E,(u)
Integral HES9(u,0,w) = fooo e neE,(u vx, w)dx
representation
Proof. Differentiating both sides of generating function (I8) with respect to 7, we have
S " A'(1) _ exp(ut + wt?)
A(tg) ,OL,W)— = + +w§t§1+vt”1 A(t —. 63
,,2_:1 e e T Tz O R (63)
Using equation (I8)), (61) and (62) in the right hand side of the above equation we get
Z y A% ?’)(u v, w)— = (Za +u+ wsr*! + orrt! Z eM(0, )= > Z oA (v, w)t—'- (64)
n=0 n=0 n=0
Applying Cauchy product rule and comparing the coefficients of similar powers of ¢ gives assertion (60). O
Now, we proceed to explore the shift operators for the TEGHAP HAE,”’Q)(u, v, w) by proving following two results:
Theorem 8. The lowering operators for the TEGHAP HAE,”’Q’)(u, v, W) are given by:
L, =1D,. 65)
n
1 D;*'D,
= - (66)

Ly =——/——,
nexp(DF vD,v)
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1 D;(é—l) D, 67)
where

=9 p, =2 p = gnap =
D, i=— D, ==, D, = ——and D, /f(é)dé-

Proof. Differentiating generating function (I8) with respect to u and then equating the coefficients of similar powers of ¢ on
both sides of the resultant equation gives

D, { g A" v.w)} =n ;A (v, w). (68)
Consequently, we have
1
L, { yA™u,v,w)} = =D, { A" w0, w)} = 1A (U, v, w), 69
n {L,H N (uvw)} p “{eH . (uvw)} mA, W v,w) (69)

hence, assertion (63]) follows.
Differentiating generating function (I8)) with respect to v and then equating the coefficients of similar powers of ¢ on both
sides of the resultant equation, it follows that

n!
D, { gAY, v,w)} = o1 S, D) AT w0, w), (70)
which in view of (68) can be rewritten as
D, { y A", v,w)} = nexp(D} vD,w) D' LA™Y (u,0,w). (71)
which finally gives
D
L, { yAT W, v,w)} = v { AT v, w0)} = 4 A v, w). (72)

nexp(Dt vD,v)Dr!

Thus assertion (66) is proved.
Again, differentiating generating function (I8) with respect to w and then equating the coefficients of similar powers of 7 on
both sides of the resultant equation yields

D, { yA% Du,v,w)} = g)' A a)(u v, W), (73)
which in view of can be rewritten as
D, { A", v,w)} =nD¥" A, v, w). (74)
Consequently, we have
L, { uAy . o.w)} = Dg A AT w0 w)) = 4 A w,v,w), (75)
which proves assertion (67)). O

Theorem 9. The raising operators for the TEGHAP HAff’é)(u, v, w) are given by

n—1 n—r—1 (r) (0 U)
R, :=u+ay+3wD*" + D' * + 1o nokor] Dk, 76
utn 0 Z(—k)' u Z(n— k—t+ 1) ¢ (76)
D =DE=D ps-1 n=1 a,, Dbk prk n—r-1 () (0,v) D =Dk prk

. (77)

R, =utay+3w + +1v nkr+1 ’
T [exp(D: vD,v)]*~! &4 (n — k)! [exp(DE vD,v)]"* kg() (n—k —x+ 1! [exp(Dt vD,v)]"-*

v n

n—-t—1 (r) 0, 0)
—(8—-1)> -1 —(8—1)(n—k) pyn—k L —(8-1)(n—k) pyn—k
WwRy = u+ay+8wD TV D 4 Z —(n_k)'Du D v kz_o ok _Hl)!Du D, (78)

where

D,:=—,D,:=—, D, := 9 4nd D :=/f(§)df-
ow "
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Proof. In order to derive the expression for raising operator (76)), the following relation is used:

HA?Q)(”’ 0, W) = Loy Liga = WL n {EHAﬁ,r’g)(u, v, w)}, (79)

u~n—1u

which in view of (69) can be simplified as

'
a AT (w0, w) = k—;D""‘eHA;t’g’)(u, v, W). (80)
Making use of equation (80) in recurrence relation (60), we find

n—t—1 (1) (0, v)
Dt e 3 e ) A . 8D
k=0 :

A(”’)(u v, W) = <u+oco+§wD5 1+Z( ey

which yields expression of raising operator ,R .
Next, to obtain the raising operator ,R,,, the following relation is used:

HAYP 0, w) = Ly Loy e L { AP W, 0, W)}, (82)

oLt oLy
which in view of (72)) can be simplified as
k1 Dy prk
n! [exp(Dt vD )]k «
Making use of equation (83) in recurrence relation (60), we find

AT w0, w) = 2 AT (U, v, w). (83)

D—(r—l)(%—l)Dé—l n—1 a D—(r—l)(n—k)Dn—k
HA;ﬁ)(u, v, W) = <u + ap + 8w—- Ug—l + Z nk ' “ . Un_k
¢ [exp(DE vD,v)] = (n—k)! [exp(D; vD,v)]

n—t—1 (17) (0, v) Du—(r— 1 )(n—k)DZ—k

n k— t+1
+rv
1;1 (n—k —x+ 1! [exp(DE vD,v)]"-*

which yields expression (77) of raising operator ,R,,.
Further, to obtain the raising operator , R, the following relation is used:

>2HAEI”’5)(u, v, w), (84)

EHAE:’?’)(% 0, W) = Lyt wliva  wla-t whn {eHAff’f')(u, v, w)} ) (85)
which in view of can be simplified as
k! a1y n—k) yn—

y A;:,é)(u’ v, W) = EDM (8-1D)(n k)an kgH Aglr,ﬁ)(u’ v, w). (86)

Making use of equation (86) in recurrence relation (60), we find

(r.8) — (8-1)* p3-1 (8—D)(n—k) pyn—k
e An+1(u,v,w)—<u+a0+§wD D, +Z(n_k)'1) D
n—-t—1 (r) (0, )
Cnk—rt1 —@-1)(n—k) pyn—k )

+rv 2 Ty D" >9HAn (u, v, w), (87)
which yields expression of raising operator an. O

Next, the differential and integro-differential equations for the TEGHAP HAﬁl"g)(u, v, w) are derived by proving the following
results.

Theorem 10. The TEGHAP HA(”Q)(u, v, w) satisfy the following differential equation:

n—r—1 (r) (0 )

<(u+aO)D +8wD? + Z (n_k)| D'k 4 rp 2 (n"_" ”_“H 1)'Dg—’c+1 —(n+ 1)>EHA;”’§)(u, v,w)=0.  (88)

Proof. Consider the following factorization relation:

Lot Ry { gAY w0,0)} = 5 AY (u, 0, w). (89)

u

which on using expressions (65) and (76)) of the shift operators in the above equation, we get assertion (88)). O
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Theorem 11. The TEGHAP HAff*g)(u, v, w) satisfy the following integro-differential equations:

D—(r—l)(é—l)Dé n—1 a D—(r—l)(n—k) Dn—k+1
U+ ap) z + 8w—= R nok £ z
< 0 exp(Dt vD,v) [exp(Dt vD,v)]? szo (n—k)! [exp(Dr vD,v)]"~k+1

n—r—1 (I) —(x=1)(n—k) pn—k+1
0, v) D—(=Dn=k) pn—k+
o z k- r+l u v —(n+ 1D LA w0, w) =0, 90)
~ (n—k—1+1! [exp(D} vD,v)]"-*+! weojenon
—(8-12 3 _Fnk  —(8-1)(n=k) pyn—k+1
((u+a0)D +8wD; "’ D Z e k)'Du D’
n—r—1 (f) (0 )
2 ket e — (o 1>D5_1>8HAEZ’§)<u, 0.10) =0, o1
<(u+a0)D +§LUD (8-1)% DS lD +ZWDM(§ D(n— k)Dn kD
n—
n—r—1 (17) (0, v)
+rv Y (nn_k t_+1r+ 1)|D;(g_”("‘k)DkaDv — (n+ 1)exp(D? UDUU)D;_1>2HAS’§)(”’ v, w) =0, ©2)
k=0 :

D—(t—l)(ﬁ—l)Dﬁ—lD n—1 a D—(r—l)(n—k)Dn—kD
u 1) w

+ay)D,, + 8w~ 2~ 4 nk +
<(u %) D, + Sw [exp(DE vD,v)]*~! Zo (n—k)! [exp(Dr vD,v)]"-*

n—r—1 ('C) n— n—
@'Y SO0 Do (=00l ik,
~ (n—k—-r+ D! [exp(D: vD,v)]"™ k

—(n+ 1)D¥" 1>EHA2"§)(L¢, v, w) = 0. (93)

Proof. Use of expressions (66) and of the shift operators in the following factorization relation:

Lost Ry { g ATV w,0,w)} = AT, v, w), (94)
yields assertion (90).
Use of expressions (67) and (78) of the shift operators in the following factorization relation:
WLt wRa g AT W 0,0) ) = g AT, 0,w), 95)
yields assertion (OT.
Use of expressions (66) and of the shift operators in the following factorization relation:
oLost Ry { gAY 0,0} = 5 AT W, 0,w), (96)
yields assertion (92)).
Use of expressions (67) and of the shift operators in the following factorization relation:
WLt R { g AT W 0,w0)} = 5 AT (w, 0,w), 97)
yields assertion (93). 0

Remark 4.1. The partial differential equations for the TEGHAP HA;t’g)(u, v, w) is deduced as the following consequence of
Theorem [Tk

Corollary 1. The TEGHAP j; A™¥(u, v, w) satisfy the following partial differential equations:

Dn(r—l)D D(n—§+l)(r—l)Dé n—1 a Dk(t—l)Dn—k+l
u v + 8w u v + Z n—k u v
exp(D: vD,v) [exp(D} vD,V)I* & (n— k)! [exp(D% vD,v)]"~*+

<(u + ap)

—r—1 (t) — n—. 1
+w"i P (UY) D=V Dyt
(11— k=t + D! [exp(DF vD,v)]"F<+1

- (n+ 1)Dfl"+1)(”‘1)>GHAff’é)(u, v,w) =0, (98)

n(3—1) (n—38+1)(8—1) n3 k(3—1) myn—k+1
((u+a)D D, +3wD" D +2—(n_k)'Du D"
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n—r—1 (t) ( )
e <n—"_k T DD = 1>Di"+1)(§_l)>eHA£”§)<u, 0,w) =0, (99)
n—1 n—xr—1
n(3—1) (n—38+1)(8—1) ns8—1 k(3—1) myn—k
<(u+a)D D, + 3wD! D¥ D+Z—(n_k)'Du D’ D+1:UkZO
(r) (O )
—" il k(8=1) pyn—k (8=1+(-1) ®9) -
7 —k—t1 D D7D "D, — (n+ 1)exp(D; vD,v)D;, f >Q,L,Ant (u,v,w) =0, (100)
(n—3+1)(x—1) ps-1 n—1 k(t—1) pyn—k n—t—1
(u+ay)D"VD,, + §wD"n ~ b D + Z Tk 2 Do Do +1r0 Z
u w lexp(DE vD,v)|*"! & (n—k)! [exp(DE vD,v)]"* P

e k(x—1) yn—k
n k— r+](0 U) Du(t )D:l) Dw

(n—k—x+ D! [exp(D} vD,v)]"*

-(n+ 1)DZ(”‘1)+(§‘1)>6HA§”’§)(u, v,w) = 0. (101)

Proof. Differentiating integro-differential equation n(r — 1) times with respect to u, we get the partial differential equation
(98). Similarly, by taking the derivatives of the integro-differential equation n(8 — 1) times with respect to u, we get the
partial differential equation (99). In the same way the partial differential equation (I00) can be obtained by taking the derivatives
of the integro-differential equation (92) n(8 — 1) times with respect to u and the partial differential equation (I0T)) can be obtained
by taking the derivatives of the integro-differential equation n(r — 1) times with respect to u. [

Remark 4.2. For A(t) = e(t)’_l ,
equation (61)), corresponding results for the differential, integro-differential and partial differential equations derived above can
be obtained for TEGHBP , B (u, v, w) by putting

B, (1) 1
a, = —n++—1 and a = -3 (102)

Remark 4.3. For A(t) = ——, TEGHAP . 1 A" (u, v, w) reduces to TEGHEP ) 1 EX® (u, v, w) (Table 2 |(I)). So in view of

e(n+1
equation (61)), corresponding results for the differential, integro-differential and partial differential equations derived above can

be obtained for TEGHEP , E(*(u, v, w) by putting
E,(1) 1

a, = - and q, = —5 (103)

S | CONCLUDING REMARKS

Over the years, there has been rise in interest in solving physical and mathematical problems with the help of computers. By using
computers, we can understand concepts much more easily and in less time than in the past. The ability to manipulate and create
figures on the screen of computer enables us to produce and visualize several problems, demonstrate the properties of figures
and examine the patterns. This section aims to demonstrate the benefit of using numerical investigation to support theoretical
prediction and to discover new interesting pattern of the zeros of the TEGHAP 1A% (u, v, w). The TEGHBP . 1B (u, v, w)
can be determined explicitly. A few of them for r = 8 = 1 are:

B w o, w) =1,
eHBEt’g)(u, v,w)=—-1/2)+u+v+w,
o BY P v, w) =2(1/2(1/6 — u+ 1) + (—=(1/2) + wv + v* + (=(1/2) + wyw + vw + w?),
BP0, w) = 6(1/6(u/2 = BuP)/2+ 1) + 1/2(1/6 — u+ u?)v + (—(1/2) + wo” + v*
+1/2(1/6 —u+uP)w + (—=(1/2) + wyow + v*w + (—=(1/2) + wyw? + vw? + w?).
We display the shapes of the TEGHBP HBff*é)(u, v,w) and investigate its zeros. We plot the graph of TEGHBP
1B (u, v,w) forn=1,2,3, -, 10 combined together. The shape of TEGHBP EHBff’S)(u, v,w)fortr=1,8=2, v=1, w=

—land —6 < u < 6 are displayed in Figure[T |
The surface plot of TEGHBP p; B{"¥(u, v, w) for v = 16, 8 = 24 and n = 20 are displayed in Figure
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FIGURE 1 Curve of TEGHBP | g B (u, v, w).

FIGURE 2 Surface plot of TEGHBP _ 1B, v, w).

Our numerical results for number of real and complex zeros of the TEGHBP . HBff’g)(u, v,w)forr =1, 8 =2, v=1and
w = —1 are listed in Table d_]

Next, we have calculated an approximate solution satisfying the TEGHBP . HBEI”Q')(u, v,w)y=0forr=1,8=2, v=1and
w = —1. The results are given in Table[5 |

Further, we investigate the beautiful zeros of the TEGHBP HB;"Q’)(u, v, w) = 0 by using computer. The zeros of the TEGHBP
GHBE,"Q)(L:, v,w)y=0forrt=1,8=2, v=1, w=—1andu € C are plotted in Figure

In Figure we choose n = 10 (top-left), n = 20 (top-right), n = 30 (bottom-left) and n = 40 (bottom-right).

Using computers it has been checked for several values of n that for b, d € Randu € C, H Bff’g’)(u, b,d) has Im(u) = 0
reflection symmetry. However, H Bff’g)(u, b,d) has not Re(u) = a reflection symmetry (see Figure EI) But, it still remains
unknown whether this is true or not for all values n.

Next, we plot the real zeros of the TEGHBP ZHB;”"@’)(u, v,wy=0fort=1,8=2,v=1, w=-1,ue€Rand1 <n <20
in Figure[5 |
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TABLE 4 Numbers of real and complex zeros of g B, v,w) =0.

Degree n  Number of Real Zeros Number of Complex Zeros

1 1
2 2
3 3
4 2
5 1
6 2
7 3

0

TABLE 5 Approximate solutions of y B&# (u, v, w) = 0

Degree n Real Roots Complex Roots

1 -0.5 -

2 —1.5408, 0.5408 -

3 —2.5551, 0.8149, 0.24014 -

4 —-3.0015, —1.9976 1.4996 — 1.3223 i, 1.4996 + 1.3223 i

5 -0.5218 —3.3166 — 0.8748 i, —3.31662 + 0.8748 i,
2.3275 -2.0808 i, 2.3275 4 2.0808 i

6 —1.7873, 0.5408 —3.9641 — 1.4325i, —3.9641+ 143251,
3.0873 —2.8173i, 3.0873+2.8173i

7 —3.3141, 0.2401, 0.8149  —4.4455-2.0174i, —4.4455+2.01741,

3.8250 — 3.5428 i, 3.8250 + 3.5428 i

Stacks of zeros of TEGHBP HBff”?’)(u, v,w)=0fort=1,8=2 v=1, w=—1and 1 < n <20 form a 3-D structure and

are presented in Figure[6 |

We expect that the research in this direction will be a new approach using numerical computations for the study of the
TEGHAP HAff’g)(u, v, w). The figures presented here gives an unrestricted ability to carry out visual mathematical examinations
of the behaviour of TEGHAP HAﬁf*g)(u, v, w). The methodology presented in this research work is general and opens new
prospect to deal with other convoluted class of special polynomials. The results established in this research work may find
several applications in solving the existing as well as new emerging problems of certain branches of mathematics, physics and

engineering.
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18

| YASMIN ET AL

References

10.
11.

12.

13.

14.

15.

Khan Subuhi, Raza Nusrat. General-Appell polynomials within the context of monomiality principle. International Journal
of Analysis. 2013;2013:1-11.

Khan Subuhi, Yasmin Ghazala, Ahmad Naeem. A Note on Truncated Exponential-Based Appell Polynomials. Bulletin of
the Malaysian Mathematical Sciences Society. 2017;40(1):373-388.

Yasmin Ghazala, Muhyi Abdulghani. Determinantal approach to truncated-Appell polynomials. In: :427—430IEEE; 2017.
Yasmin Ghazala, Islahi Hibah. On amalgamation of truncated exponential and Gould-Hopper Polynomials. preprint. ;.

Dattoli G, Migliorati M, Srivastava H M. A class of Bessel summation formulas and associated operational methods.
Fractional Calculus and Applied Analysis. 2004;7(2):169-176.

Gould Henry W, Hopper A T. Operational formulas connected with two generalizations of Hermite polynomials. Duke
Mathematical Journal. 1962;29(1):51-63.

Dattoli G. Hermite-Bessel and Laguerre-Bessel functions: A by-product of the monomiality principle. Advanced Special
Functions and Applications, Proceedings of the Melfi School on Advanced Topics in Mathematics and Physics (Melfi, 1999).
2000;:147-164.

Steffensen J F. The poweroid, an extension of the mathematical notion of power. Acta Mathematica. 1941;73(1):333-366.

Yasmin Ghazala, Islahi Hibah. Finding mixed families of special polynomials associated with Gould-Hopper matrix
polynomials. preprint. ;.

Appell Paul. Sur une classe de polynomes. Gauthier-Villars; 1880.
Roman Steven. The umbral calculus. Springer; 2005.

Erdélyi Arthur, Magnus Wilhelm, Oberhettinger Fritz, Tricomi Francesco G, Bateman Harry. Higher transcendental
functions. New York; 1955.

Costabile F, Dell’Accio F, Gualtieri M 1. A new approach to Bernoulli polynomials. Rend. Mat. Appl.. 2006;26(1):1-12.

Costabile Francesco A, Longo E. A determinantal approach to Appell polynomials. Journal of computational and applied
mathematics. 2010;234(5):1528-1542.

Keleshteri Marzieh Eini, Mahmudov Nazim I. A study on g-Appell polynomials from determinantal point of view. Appl.
Math. Comput.. 2015;260:351-3609.

How to cite this article: Yasmin G. and Islahi H. (2020), Finding Appell convolution of certain special polynomials., Math
Meth Appl Sci., Volume.




	Finding Appell convolution of certain special polynomials.
	Abstract
	Introduction and preliminaries
	Appell convolution
	Properties
	Recurrence relations, shift operators and differential equations
	Concluding remarks
	References


