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three-dimensional domain are considered. The PDE right-hand side belongs to

well defined. Using the two-operator approach and appropriate parametrix (Levi
function) each problem is reduced to different systems of boundary domain integral
equations (BDIEs). Equivalence of the BDIEs to the original BVP, BDIE solvability,
solution uniqueness/non- uniqueness, and as well as invertibility of the BDIE oper-
ators are analysed in appropriate Sobolev (Bessel potential) spaces. It is shown that
the BDIE operators for the Neumann BVP are not invertible, and appropriate finite-
dimensional perturbations are constructed leading to invertibility of the perturbed

operators.
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1 | INTRODUCTION

Partial Differential Equations (PDEs) with variable coefficients often arise in mathematical modelling of inhomogeneous media
(e.g. functionally graded materials or materials with damage induced inhomogeneity) in solid mechanics, electromagnetics,
thermo-conductivity, fluid flows trough porous media, and other areas of physics and engineering.

Generally, explicit fundamental solutions are not available if the PDE coefficients are not constant, preventing reduction of
boundary value problems (BVPs) for such PDEs to explicit boundary integral equations, which could be effectively solved
numerically. Nevertheless, for a rather wide class of variable-coefficient PDEs it is possible to use instead an explicit parametrix
(Levi function) associated with the fundamental solution of the corresponding frozen-coefficient PDEs, and reduce BVPs for
such PDEs to systems of boundary-domain integral equations (BDIEs) for further numerical solution of the latter, see e.g.
Mikhailov!234 and Mikhailov et al* as well as references therein. However this (one-operator) approach does not work when
the fundamental solution of the frozen-coefficient PDE is not known explicitly (as e.g. in the Lamé system of anisotropic
elasticity).

To overcome this difficulty, one can apply the so-called two-operator approach, formulated in Mikhailov™ for a certain non-
linear problem, that employs a parametrix of another (second) PDE, not related with the PDE in question, for reducing the BVP
to a BDIE system. Since the second PDE is rather arbitrary, one can always chose it in such a way, that its parametrix is known
explicitly. The simplest choice for the second PDE is the one with an explicit fundamental solution.
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The corresponding BVPs are well studied nowadays, see e.g., Lions and Magenes®, Grisvard® and McLean''?, but this is not
the case for the two-operator BDIEs associated with the BVPs. The BDIE analysis is useful for discretisation and numerical
solution of the BDIE and thus of the associated BVP. To analyze the two-operator approach, in Ayele and Mikhailov:112 one of
its linear versions is applied to the mixed (Dirichlet-Neumann) BVP for a linear second-order scalar elliptic variable-coefficient
PDE with square integrable right-hand side and reduced it to four different two-operator BDIE systems. The BDIE systems are
nonstandard systems of equations containing integral operators defined on the domain under consideration and potential type
and pseudo-differential operators defined on open sub-manifolds of the boundary. Using results of2, a rigorous analysis of the
two-operator BDIEs was given in appropriate Sobolev spaces.

For a function from the Sobolev space H !(Q), a classical co-normal derivative in the sense of traces may not exist. However,
when this function satisfies a second order PDE with a right-hand side from H~'(Q), the generalized co-normal derivative can
be defined in the weak sense, associated with the first Green identity and an extension of the PDE right-hand side to H Q)
(see34 10T emma 4.3, 15/ Definition 3.1). Since the extension is non-unique, the co-normal derivative appears to be a non-unique
operator, which is also non-linear in u unless a linear relation between u and the PDE right-hand side extension is enforced.
This creates some difficulties in formulating the boundary-domain integral equations. These difficulties are addressed in'13!4
presenting formulation and analysis of direct segregated BDIE systems equivalent to the Dirichlet and Neumann boundary value
problems for the divergent-type PDE with a variable scalar coefficient and a general right-hand side from H~'(Q) extended
when necessary to H-! (€2). This needed a non-trivial generalization of the third Green identity and its co-normal derivative for
such functions, which extends the approach implemented in>19746! for the PDE right-hand from L, (). In this paper, using the
two-operator approach in extended settings, different from the one in'112 and using the results in"3%, we derive generalization
of the two-operator third Green identity and its co-normal derivative and give a rigorous analysis of the two-operator BDIEs
for Dirichlet, Neumann and mixed (Dirichlet-Neumann) problems in the appropriate Sobolev-Slobodetski (Bessel-potential)
spaces. This paper extends our publication!®

2 | CO-NORMAL DERIVATIVES AND BOUNDARY VALUE PROBLEMS

Let Q be an open bounded three-dimensional region of R*. For ‘or simplicity, we assume that the boundary 0€ is simply connected,
closed, infinitely smooth surface. Moreover, 0Q2 = 0Q p U 0Qy where 0Qp and 0Q, are are open, non-empty, non-intersecting,
simply connected sub-manifolds of 0Q with an infinitely smooth boundary curve 0Q p[10Qy € C®.Leta € C*(Q), a(x) >0
for x € Q. Let also 6 =0, y, =9/ 6x (=123), 0, (axl, < d 3) We consider the scalar elliptic differential equation,
which for sufficiently smooth u has the following strong form,

3

9
Au(x) 1= AGx, o u(x) = Y > P ( ) ”(x)> = f(x), x€Q (1)

i=1

where u is unknown function and f is a given function in Q.

In what follows D(Q) = C°(Q), H*(Q2) = H,(Q), H*(0Q) = H;(0%2) are the Bessel potential spaces, where s € R is an
arbitrary real number (see, e.g.,51%). We recall that H* coincides with the Sobolev-Slobodetski spaces W' for any non-negative
s. We denote by H*(Q) the subspace of H*(R3),

H'(Q) :={g: g€ H'(R?), supp(g) C Q}
while H*(Q) denotes the space of restriction on  of distributions from H (R?3),
HY Q) = {rog : g € H'(R)}

where rg denotes the restriction operator on €. We will also use the notation g|g := rog. We denote by H, the following
subspace of H(R?) (and H(Q)),
H}, :={g: g€ HR), supp(g) C 0Q}. 2)

1
From the trace theorem (see, e.g.,"*1) for u € H'(Q), it follows that y*u € H(0Q), where y* = y7, are the trace operators
1
on 0Q from Q. Let also y‘l T H2(0Q) - H! (Q) denote a (non- umque) continuous rlght inverse to the trace operator y+,

ie. yagyag =y*y'w = wforany w € H2(0Q), and (y )" : H'(Q) - H~ 2(052) 1s continuous operator dual to
D H2(0Q) » HY(Q), ie., () Fw)yg = (f. 7 w)g forany f € H1(Q) andweHZ(aQ)



T.G. Ayele | 3

For u € H?(Q), we denote by T the corresponding canonical (strong) co-normal derivative operator on dQ in the sense of
traces,
3
du(x) du(x)
Tty = _ + — + ,
L u ; a(x)n;(x)y ox, a(x)y o)
where n(x) is the outward (to Q) unit normal vector at the point x € 0€2. However the classical co-normal derivative operator is
generally, not well defined if u € H'(Q), (see, e.g.12 Appendix A).

For u € H'(Q), the PDE Au in @ is understood in the sense of distributions,

(Au, v)g = —&,(u,v), Yv € D(Q), 3)

where
E,(u,v) :=/a(x)Vu(x).VU(x)dx

Q
and the duality brackets (g, -) denote the value of a linear functional (distribution) g, extending the usual L, inner product.

Since the set D(L2) is dense in H 1(Q), the above formula defines a continuous operator A : H'(Q) - H™/(Q) = [FI LQ)1*,
(Au,v)q 1= —&E,u,v), Yue H'(Q), Vv e H(Q).
Let us consider also the operator, A : H(Q) » H-1(Q) = [H(Q)]*,
(Au,v)g 1= —&,(u,v) = — / a(x)Vu(x).Vo(x)dx = — / E[aVul(x).VV (x)dx = (V.E[aVul,V )g: = (V.E[aVu],v)q,
Q R
VYue HY(Q), Vve H'(Q), which is evidently continuous and can be written as
Au = V.E[aVu]. %)

Here V € H'(R?) is such that roV = v and E denotes the operator of extension of the functions, defined in €2, by zero outside
Qin R3. For any u € H'(Q), the functional Au belongs to H~!(Q) and is the extension of the functional Au € H~'(Q), which
domain is thus extended from H'(Q) to the domain H'(Q) for Au.

Inspired by the first Green identity for smooth functions, we can define the generalized co-normal derivative (cf., for
example,? Definition 2.3Y Lemma 4.3,% Definition 3.1,%Y Lemma 2.2).

Definition 1. Letu € H'(Q) and Au = rq f inQ for some f € H ~1(Q). Then the generalized co-normal derivative Ta+( fou) e
1
H™2(0Q) is defined as

= ~ s X 1
(TH o w,w) o=y whg + Euy w) = (f = Au,y'w)g, Yw e H2(Q), (5)
that is, T(f,u) := (y")*(f — Au).
By'l% Lemma 4.3,5 Theorem 5.3, we have the estimate

||Ta+(f~» u)”H’%(aQ) < C1||u||H1(g) + C2”.f”ﬁ—l(g)a ©6)

and for u € H'(Q) such that Au = ro f in Q for some 7 € H~'(Q) the first Green identity holds in the following form,
(THFw,rto) = (fo)g + Ewv) =(f — Au,v)g,  Vve H'(Q). (7

As follows from Definition |1} the generalized co-normal derivative is nonlinear with respect to u for a fixed f , but linear with
respect to the couple ( f ,u), 1.e.,

alT:(fl, u)+ azT:(fz, u,) = T:(alfl, aquy) + T:(azfz, aU,y) = T:(alfl + oy fo, @ Uy + ayly) 8
for any complex numbers /|, a,.
Let us also define some subspaces of H*(Q), cf. 212U,
Definition 2. Let s € Rand A, : H*(Q) - D*(Q) be a linear operator. For ¢ > —% we introduce the space
HY (@A) i={g: g€ H'Q : Agla=fila, [, € H'Q)
endowed with the norm )

_ 2 712
[ REE T FAE VA
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and the inner product
(g7 h)HU(Q;A*) = (g7 h)HS(Q) + (f s fh)ﬁt(g)

We will mostly use the operator A or A as A, in the above definition. Note that since Au — aAu = Va.Vu € L,(Q), for
u e H'(Q), we have H'0(Q; A) = HO(Q; A).
Definition 3. Foru € H -3 (; A), we define the canonical co-normal derivative T:u e H -3 (0Q) as
(TFu,w) = (Auy ' w)g + &y~ w) = (Au— Auy ™ w)q ., Vw e H3(Q), )
thatis, Tu 1= (y~")*(Au — Au).
The canonical co-normal derivative Ta*u is independent of (non-unique) choice of the operator y~!, the operator T :
1 1
H'72(Q; A) > H2(dQ) is continuous, and the first Green identity holds in the following form,
(THu,y o) 1= (Au,v)q + E,(u,v) , VYo e H(Q). (10)
The operator T,V : H L@, A) - H ‘%(ag) in Deﬁnitionis continuous for ¢t > —%. The canonical co-normal derivative is
defined by the function u and the operator A and does not depend separately on the right-hand side f (i.e. its behavior on the
boundary), unlike the generalized co-normal derivative defined in (3)), and the operator T °* is linear. Note that the canonical
co-normal derivative coincides with classical co-normal derivative Ta+u = ag—: if the latter does exist in the trace sense, see, >
Corollary 3.14 and Theorem 3.16.

Letu € H l’_%(Q; A). Then Definitions |1| and [3| imply that the generalized co-normal derivative for arbitrary extension
f € H™1(Q) of the distribution Au can be expressed as

(T (f,w), w)

Let us consider the auxiliary linear elliptic partial differential operator B defined by

= (T, W) + (f = Auy~'w)y,  Vwe HI(Q). (11)

0Q

3
e .\ 9
Bu(x) := B(x, 0 )u(x) := Z‘ oy

ou(x) >’ (12)

ox;

1

(b(x)

where b € C®(Q), b(x) > 0 for x € Q.
Note that since foru € H'(Q), Au—Bu = (a—b)Au+V(a—b)Vu € L,(Q), we have, H'0(Q; A) = H'0(Q; A) = H''(Q; B).
Letu € H'(Q) and v € H'Y(Q; B). Then we write the first Green identity for operator B in the form

Ey(u,v) + / u(x)Bu(x)dx = (T, v, y"u) (13)
Q
with
Ew,v) = / b(x)Vu(x).Vu(x)dx.
Q
If, in addition, Au = f in Q, where / € H~!(Q), then according to the definition of TS (f.w), in (), the two-operator second
Green identity can be written as

(f,0)g — / u(x)Bu(x)dx + / la(x) = b(O)IVu(x) - Vo(x)dx = (T (f,u), 77 0) 90 = (T, 0, 7 udgq. (14)
Q Q
If, moreover u, v € H'(Q; A) = H'0(Q; B) then (T4) becomes
/[U(x)Au(x) —u(x)Bu(x)]dx + /[a(x) — b(x)]Vu(x) - Vo(x)dx = (T:u, Y 0)on — (T;U, Y u) oo (15)
Q Q

3 | PARAMETRIX AND POTENTIAL TYPE OPERATORS

3.1 | Parametrix

Definition 4. A function P,(x, y) of two variables x, y € Q is a parametrix (Levi function) for the operator B(x;d,) in R? if
(see, e.g., 222310
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B(x,0,)Py(x,y) = 6(x — y) + Ry(x, y), (16)
where 6(.) is the Dirac distribution and R, (x, y) possesses a weak (integrable) singularity at x = y, i.e.,
Ry(x,y) =0O(x —y|™) withx < 3. 7

It is easy to see that for the operator B(x; d,) defined by the right-hand side of (I2), the function
1 -1
Py(x,y) = @PA(X, V)= m,
is a parametrix, while the corresponding remainder function is
Vb(x).V,PA(x,y)  (x — y).Vb(x)
b(y) ~Amb(y)lx =y
which satisfies estimate with = 2, due to smoothness of the function b(x). Here the function P,(x,y) = —(4z|x — y|)~!

is the fundamental solution of the Laplace operator. Evidently, the parametrix P,(x, y) given by is the fundamental solution
to the operator B(y,d,) := b(y)A(d,) with “frozen" coefficient b(x) = b(y), and

B(y.,0,)P,(x,y) = 6(x - y).

x,y € R’ (18)

Ry(x,y) = Vb(x).V Py(x,y) = — x,y € R, (19)

3.2 | Volume potentials

Let b € C*(R?) and b(x) > 0 a.e. in R3. For some scalar function g the parametrix-based Newtonian and the remainder volume
potential operators, corresponding to the parametrix (I8 and the remainder (T9) are given by

Pyg(y) i= / Py(x, y)g(x)dx (20)
R3

Ppg(y) i= / Py(x, y)g(x)dx @n
Q

Ryg(y) 1= / Ry(x, y)g(x)dx. (22)
Q

For g € H*(Q), s € R, (20) is understood as P, g = %PAg, where the Newtonian potential operator P, for Laplacian A is well

defined in terms of the Fourier transform (i.e., as pseudo-differential operator), on any space H*(R?). For g € H (Q), and any
s € R, definitions in (ZI)) and 22) can be understood as

1 1 1
Pg = ZrQPAg, Pg = ZrQPAg and R,g = _E"QV'PA(ng)’ 23)

while for g € H“(Q),—% <s< % as (23) with g replaced by Eg, where E : H(Q) — I?‘Y(Q), —% <5< % is the unique
extension operator related with the operator E of extension by zero, cf.'> Theorem 16. For y & 0Q, the single layer and the
double layer surface potential operators, corresponding to the parametrix (L8] are defined as

Vpg(y) i=— / Py(x,y)g(x)dS, = %VAg(Y), (24)

0Q
Wyeg(y) i=— / [Ty (x, n(x), 0,) Py(x, y)]g(x)d S, = %WA(bg)(y), (25)
0Q

where g is some scalar density function, and the integrals are understood in the distributional sense if g is not integrable. The
corresponding boundary integral (pseudo-differential) operators of direct surface values of the single layer potential V, and the
double layer potentials W, for y € 0Q are,

Vpg(y) == / Py(x,y)g(x)dS, = %VAg(Y), (26)
0Q
Wyg(y) 1= — / Ty(x, n(x), 0,) Py(x, y)g(x)d S, = %WA(bg)(y) @7

0Q
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We can also calculate at y € dQ the co-normal derivatives, associated with the operator A, of the single layer potential and of
the double layer potential:

+ _ 9O e
TV,8(y) = b(y)Tb Vy8(¥)s (28)
£ o0p) = T _ 9O e _. 9O s
L&) :=T;W,gy) = b(y)T,, Wyg(y) =: b0y) L£7g(y) (29)
The direct value operators associated with (28] are

W ey = - / [T, (y,n(¥), 0,) Py(x, »)]g(x)d S, = %W;g(y), (30)

oQ
Wig(y) = - / (T, (y, n(¥), 9,) Py(x, y)1g(x)d S, 3D

oQ

From equations (20)-(31)) we deduce representations of the parametrix-based surface potential boundary operators in terms
of their counterparts for b = 1, that is, associated with the fundamental solution P, (x, y) of the Laplace operator A.

Pg = éPAg, Pyg = %PAg, P.g = éPAg, Pyg = %PAg- (32)
g =Vig = s I (E) = g = 1w, 0w, ()
g =V = e () = W = 1w 00, G4
W o8 = %W’bg = %{W’A (bg) + [baa—ne ]VAg}, 35)
£hg = Sere = A Lo+ b= (1) ] wate) ). (36)
It is taken into account that b and its derivatives are continuous in R3 and
L(bg) := L} (bg) = L (bg)
by the Liapunov-Tauber theorem. Hence,
A(bV,g) =0, A(BW,g)=0 in Q, Vge H'(0Q) (Vs€R), 37)
A(bPg) =g inQ, Vge H'(Q) (VseR). (38)
Theorem 1. For g, € H ‘%(ag), and g, € H %(ag), there hold the following relations on 0€2,
r<Vs8 = V81 (39)
W = T8+ Wit (40)
T*V,g, = i%%gl +W 8- (41)

For a = b, the jump relations (39)-(&T) are stated and proved in® Theorem 3.3 , and* Theorem A.3. For a # b the proof
follows from relations (20)-(31)). The mapping properties of the volume and surface potentials are summarized in Appendix [A]
see also'X Theorem A.6.

4 | THE TWO-OPERATOR THIRD GREEN IDENTITY AND INTEGRAL RELATIONS

In this section applying some limiting procedures (cf.2%,1 S.3.8), we obtain the parametrix based third Green identities.
Theorem 2. (i) Ifu € H'(Q), then the following third Green identity holds,
u+Zu+Ru+Wyytu=PAu in Q (42)
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where the operator A is defined in @), and foru € C 1(ﬁ),

P, Au(y) := (Au, Py(,y))g = —E,(u, P,(.,y)) = — / a(x)Vu(x).V, Py(x, y)dx (43)
Q

() If Au = rg f in Q, where f € H ~1(Q), then recalling the definition of Ta+( f,u), in @), we arrive at the generalised
two-operator third Green identity in the following form,

u+ Zyu+Ryu— VbT:(f, w+Wytu=P,f in Q, (44)
where it was taken into account that
(THF w), Py, Moo = =ViTH(fow) s (F Py(x, »))g = Py S (45)
and
| 3
Zpu =~ /[a(x) = b))V, Py(x,y) - Vu(x)dx = @ Z 0, Py [(a - b)aju] in Q. (46)
Q j=1

Proof. (i) Letfirstu € D(ﬁ). Lety e Q,_Be( ¥) C Qbe aball centered at y with sufficiently small radius €, and Q. := Q\E( y).
For the fixed y, evidently, P,(.,y) € D(Q,) C H 10(4; €.) and has the coinciding classical and canonical co-normal derivatives
on dQ,. Then from (I8) and the first Green identity (I3]) employed for Q, with v = P,(., y) we obtain

- / T:Pb(x,y)y‘Lu(x)dsx—/Tbe(x,y)y+u(x)dsx =—/b(x)Vu(x).Vbe(x, y)dx,

0B, (y) 0Q Q

€

which we rewrite as

- / T;Pb(x, y)y+u(x)dsx - / T, P,(x, y)y+u(x)dsx - / [a(x) — b(x)] Vu(x)V, P,(x, y)dx

9B, (») 0Q Q, (47 )

—/a(x)Vu(x).Vbe(x,y)dx.

Q

‘e

Taking the limit as ¢ — 0, equation @7)) reduces to the third Green identity @#2)~@3) for any u € D(Q). Taking into account
the density of D(Q) in H'(Q), and the mapping properties of the integral potentials, see Appendix, we obtain that (42)-(@3)
hold true also for any u € H'(Q).

(ii) Let { £} € D(Q) be a sequence of covering to fin H ~1(Q) as k — co. Then, according to'3 Theorem B.1 there exists
a sequence {u, } € D(Q) converging to u in H'(Q) such that Au, = r,f, and Trw) = T (fiu,) converge to TH(f,u) in
H_%(aQ). For such u, by @3) and (5), we have

P, Au,(y) = %Vy. / a(x)Py(x, ) Vu, (x)dx = — li_l)la/a(x)Vuk(x)PA(x, »dx = —li_l:% Eq, (g, Py(., y))

- 48)
=— hm / P,(x,y)dx — / Py(x, y)TaJ'uk(x)dS(x) — / Py(x, y)T;uk(x)dS(x)] = bek + VbTa+uk(y).
Q, 0B, () oQ
Taking the limits as k — co, we obtain P,Au(y) = P, f + V,T(f,u), which substitution to @2) gives [@4). O
Using the Gauss divergence theorem, we can rewrite Z,u(y) in the form that does not involve derivatives of u,
a A
Zuy) = [@ - 1] u(y) + Z (), (49)
b(y)
N a
23) 1= SEW.u5) = Wy ) + SER ) = Ry, (50)

which allows to call Z, integral operator in spite of its integro-differential representation (@6). Note that the operator Z, does
not vanish unless operators A and B are equal. Substituting equation (@9)) and (50) into equations (@2)) and (@4)), we obtain Egs.
(4.1) and (4.3) in'¥ (and also for s = 1 in'#) respectively.
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For some functions f, ¥, ® let us consider a more general “indirect" integral relation, associated with (@4).
u+Zu+Ru—-V,¥+W,®=P,f in Q (51

For the case a = b, the following lemma is stated and proved in'? Lemma 4.2 (also in"* Lemmas 4.2 and 4.4 for s = 1), and
in’® Lemma 1 for a # b.

Lemmal. Letu e H'(Q),¥ € H™:(0Q),® € H:(0Q) and f € H-'(), satisfy (5T). Then

Au=rof in Q, (52)
ro V(¥ — T:(f, w)—roWy(@—y*u) =0 in Q, (53)
YUyt Zou 4y Ry — V¥ — %@ L WO =1 P,f  on oQ, (54)
THfou)+ T Zyu+ T Ryu — zibllf ~W P+ L0 =THf + ER'F,P,f) on 0Q, (55)
where
3
R F(y) i== ) 0,[(0,b)P,f]. (56)

j=I

Proof. Subtracting (31)) from identity (2)), we obtain
Vi¥) = Wy(®@ =y () = PylAu(y) - Fl»), vy e Q. (57)

Multiplying equality (57) by b(y), applying the Laplace operator A and taking into account Egs. (37) and (38), we get rq f=
ro(Au) = Au in Q. This means £ is an extension of the distribution Au € H~'(Q) to H~'(Q), and u satisfies (52). Then (3)
implies

PylAu = f10) = (Au = [, Py, ))q = —(T, (o), Py (W) = VT (fow), yeQ (58)

Substituting (38) into (37) leads to (33). Equation (54) follows from (51)) and jump relations in (39) and @0) in Theorem T}
To prove (53), let us first remark that for u € H'(Q), we have H'(Q; A) = H'(Q; A) = H'(Q; B) and

BP,f=f+R!f inQ, (59)

due to (52), which implies B(P, f —u) = R? f in Q, with R? / given by (56) and thus R® / € L,(Q). Then B(P,f — u) can be
canonically extended (by zero) to B(P, f —u) = E Ri f € H°(Q) c H'(Q). Thus there exists a canonical co-normal derivative
T, (P,f — u) written as (see, e.g.,¥ Eq. (4.14), ¥ Eq. (4.23).)

TP f —w) =T, (f + ERLf. P, /) - T} (f.w). (60)
and hence
THPyf —u) = %T;(be —u) = %[T;(f“ +ERC I, P, ) =T (fow)| = TH(f + ERY A, P, f) = TH(fow  (61)

From (1) it follows that P, f —u = Z,u + R,u — V,¥ + W,® in Q. Substituting this on the left-hand side of and taking
into account (36) and the jump relation (@I}, we arrive at (33). O

Remark 1. 1t f € H™3(Q) ¢ H-'(Q), then f + ER? f € H™3(Q) as well, which implies / + ER® f = AP, f and

T+ ERLF P ) = T (BP, [, Py f) = T, P, f. (62)
Furthermore, if the hypotheses of Lemmaare satisfied, then (52)) implies u € H 1’_%(9; A) and T:( fou) = T:(AL:, u) = Ta+u.
Henceforth (53), takes the familiar form, cf.!!' equation (3.23),

Tru+TFZyu+ T Ryu— 2ibl11 W, ¥+ LEO=TP,f on 9Q.
Remark 2. Let f € H™'(Q) and a sequence {¢,} € H~'(Q) converge to f in H~!(Q). By the continuity of operators™ C.1
and C.2, estimate (6) and relation (62)) for ¢;, we obtain that
T} (f + ER)[.P,f) = im T} (§; + ER} ;. Pyp) = lim T Pygb.

in H_%(()Q), cf. also'® Theorem B.1.

Lemma|T]and the third Green identity (@4) imply, the following assertion.



T. G. Ayele 9

Corollary 1. Ifu € H'(Q) and f € H~(Q) are such that Au = ro, f in Q, then

%fru +7 Zu+y " Ru=V,T (f.w)+ Wyrtu=y"P,f on 09Q, (63)
(1 - ﬂ> THFou) + T 2+ T Ry — W TH(fou) + Loy u=TH(f + ERYf,P,f) on 0Q. (64)

Lemma 2.
) If¥* e H_%(aQ) and roV,W* =01in Q, then ¥ = 0.
(i) Ifd* H%(aQ) and roW,®* = 01in L, then ® = 0.

(iii) Let 0Q = El U 52, where S| and S, are nonintersecting simply connected sub-manifolds of Q2 with infinitely smooth
~ 1 ~1
boundaries and S| is nonempty. Let ¥* € H™2(S)), ®* € H2(S,). If rqaV,¥* — rgW,®@* = 0, in Q, then ¥* = 0 and
®* = (0 on 9L2.
Proof. For the case a = b, items (i) and (ii) are proved in'¥ Lemma 4.6. Due to relations in (33), they hold true for a # b as

well. From'"' Lemma 3.2 (iii) follows the proof of item (iii). O

Theorem 3. Let f € H™'(Q). A function u € H'(Q) is a solution of PDE Au = rof in Q if and only if it is a solution of
BDIDE (@).

Proof. 1If u € H'(Q) solves PDE Au = r f in Q, then it satisfies (@4). On the other hand, if u solves BDIDE (@4)), then using
Lemmafor ¥ =T f,u), ® = y*u completes the proof. O

S | THE DIRICHLET PROBLEM AND TWO-OPERATOR BDIE SYSTEMS

In this section, we shall derive and investigate the two-operator BDIE systems for the following Dirichlet problem: Find a
function u € H'(Q) satisfying equations
Au=f in Q, (65)
rtu= g, on 09Q, (66)
where o € H?(0Q) and f € H™Y(Q).

Equation (63) is understood in the distributional sense (3) and the Dirichlet boundary condition (66)) in the trace sense. The
following assertion is well-known and can be proved e.g. using variational settings and the Lax-Milgram lemma.

Theorem 4. The Dirichlet problem (63)-(66) is uniquely solvable in H'(Q). The solution is u = (AP)~( f @), where the
inverse operator, (AP)™! : H 2(09) x H™1(Q) - H'(Q), to the left-hand side operator, AP : H'(Q) - H 2(()9) x H-Y(Q),
of the Dirichlet problem @]) (66), is continuous.

Following Mikhailov,? for u € H'(Q), we shall reduce the Dirichlet problem (63)-(66) with f € H~'(Q) in to two different
segregated two-operator BDIE systems.
Let f € H- 1(Q) be an extension of f € H™'(Q) (i.e., f = rg £), which always exists, see, Lemma 2.15 and Theorem 2.16
in Mikhailov'?. We represent in (@4)), (63)) and (64) the generalized co-normal derivative and the trace of the function u as
T*(fiw =y, rfu=g

respectively, and will regard the new unknown functiony € H™ : 2(0€2) as formally segregated of u. Thus we will look for the
couple (u,y) € H'(Q) x H _'(09)

5.1 | BDIE system (D1)

To reduce BVP (63))-(66) to one of BDIE systems we will use equation (@4) in Q and equation (63)) on dQ. Then we arrive at
the system of BDIEs (D1),

u+ Zyu+Ryu—Vyy =FP! in Q, (67)
yrZu+y Ry -V =FpP! on 0Q, (68)
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where

D1 D
7?l FO

)
=

|

I

o - and F) :=P,f — W,q,. (69)
2 rfy —

For o, € H ; (0L2), we have the inclusions FOD e H\(Q)if f € H ~1(Q) an due to the mapping properties of operators involved
in (69), we have the inclusion F2? € H!(Q) x H%(aQ).

5.2 | BDIE system (D2)

To obtain a segregated BDIE system of the second kind, we will use equation (@4)) in Q and equation (64) on 0Q. Then we arrive
at the system, (D2), of BDIEs,

u+ Zu+Ru—-Vyw =P f —W,p, in Q (70)
<1 - %> WA+ T Zu+ T Ru—W oy =THF + ERYf, P f) = Loy on 0Q, 1)
where
FP2 be— W00
=] = . (72)

FP2 |\ TH(f+ ERYF, P, f) - L]0

Due to the mapping properties of operators involved in (72)), we have the inclusion FP2 € H'(Q) x H -3 (092).

| EQUIVALENCE AND INVERTIBILITY OF BOUNDARY DOMAIN INTEGRAL
EQUATION SYSTEMS

Theorem 5. Let ¢, € H3(0Q), f € H'(Q)and f € H'(Q) is such that ro / = f. Then

(i) Ifu € H'(Q) solves the BVP (63)-(66), then the couple (u, ) € H'(Q) x H -3 (Q), where
= T:(f, u), on 04, (73)
solves the BDIE systems (D1) and (D2).

(ii) If a couple (u,yw) € H'(Q) x H ‘%(GQ) solves one of the BDIE systems, (D1) or (D2), then this solution is unique and
solves the other system, while u solves the Dirichlet BVP, and y satisfies .

Proof. (1) Letu € H'(Q) be a solution to BVP (63)-(66). Due to Theoremllt is unique. Setting y by (73) evidently implies,
w € H- 2((39) From Theorem |3 I and relations (63)—(64) follows that the couple (u, ) satisfies the BDIE systems (D1) and
(D2), with the right-hand sides (69) and (72] respectlvely, which completes the proof of item (i).

(ii) Let now a couple (u,w) € H'(Q) x H _5(69) solve BDIE system (67)—(68). Taking trace of equation (67) on 02 and
subtracting equation (68) from it we obtain

yru= g, on 092, 74)
i.e. u satisfies the Dirichlet condition (66).

Equation (67) and Lemmal[T|with ¥ = y, ® = ¢, imply that u is a solution of PDE (63)) and V,¥* — W,®* = 0, in Q, where
Y* =y — T;(f,u) and ®* = ¢, — y*u. Due to equation (74), ®* = 0. Then Lemma @)(i) implies ¥* = 0, which proves
condition (73)). Thus u obtained from the solution of BDIE system (D1) solves the Dirichlet problem and hence, by item (i) of
the theorem, (u, y) solve also BDIE system (D2).

Due to (69), the BDIE system (67)-(68) with zero right-hand side can be considered as obtained for f = 0, ¢, = 0, implying
that its solution is given by a solution of the homogeneous problem (65)-(66), which is zero by Theorem[d] This implies unique-
ness of the solution of the the inhomogeneous BDIE system )-(68). Similar arguments work if we suppose that instead of the
BDIE system (D1), the couple (v, ) € H'(Q) x H _5(69) solves BDIE system (70)-(71). O
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BDIE systems (D1) and (D2) can be written as
D'UPL =FP and DUP =FP,

respectively.
Here U := (u,y)" € H(Q) x H™2(0Q),

I1+2Z,+R, -V,

D' = , (75)
y+Zb + y+Rb Vb

I+Z,+R -V

@2 c— . b . b . b , ’ (76)

T:Z,+ TR, (1-%)1-W,

while 72! and FP? are given by (69) and (72) respectively.
Due to the mapping properties of the operators participating in the definitions of the operators D' and D? as well as the
1 1
right-hand sides 7P! and 22 (see, e.g.,”, we have FP! € H!(Q) x H2(0Q), F? € H'(Q) x H™2(0Q), while the operators

D' 1 H(Q) x H31(0Q) —» H'(Q) x H(0Q) 77)
D . H(Q)x H3(0Q) —» H'(Q) x H™1(0Q) (78)
are continuous. Due to Theorem [3(ii), operators (77) and (78) are injective.

Lemma 3. For any couple (F,,F,) € H'(Q)x H 3 (0Q), there exists a unique couple (f,,, ®,) € H “QxH 3 (0Q2) such that

Fi=Pyf.. — W,0, (79)

Fy =T (fout ERL [0 P f) = L0, (80)

Moreover, (f,,,®,) = C,.(F, Fy) with C,,, : H'(Q) x H_% (0Q2) — ﬁ‘l(g) X H% (0R2) a linear continuous operator given by
[ = BOF) + 7" (F, + y*F))a,b) 81

®, = %( - %I + WA>_IJ/+{ — bF, + Py [A0F) + y*(%f’z + G o) | (82)

where A(bF,) = V - EV(bF)).

Let us first assume that there exist (f,,, ®,) € H~1(Q)x H ; (0Q) satisfying equations (79)-(80) and find their expression in
terms of 7, and F,. Let us re write (79) as

Fi=Pyfu = -W,®, inQ. (83)
Multiplying (3) by b and applying Laplacian to it, we obtain,
AT, = Ppf) = AOF) = [, = AW, (0®,) =0 inQ, (84)
which means
ABF) =rof,, inQ, (85)

and bF, — P, f., € H''(Q, A) and hence F; — P, f,, € H''(Q, B) = H'O(Q, A). The latter imply that the canonical co-
normal derivatives Tb+(7[’1 -P, f..) and T:(JE’1 -P, f..) are well defined and can be also written in terms of their generalized
co-normal derivatives

ST:(E —Pyfu) =T, (Fy = Pyfo) =T} (BF) = Py f). Fi = Py fo) = T:(EV “(OV(Fy = Py fo))s Fi = Py fon)
= TJ(EAGF, = Pyfo) = EV - (F) = P fL)VD). F = Py f) = T (—EV - (F\Vb) = ERY [, F) = Py L)
and therefore,
THF, = Pyfo) = TH=EV - (F\Vb) = ER'f,.. F| = P, [..) (86)

where (59) and (85) were taken into account. Applying the co-normal derivative operator T'F to both sides of equation (83,
substituting their (86), taking into account (8)), we obtain,

TH(fo. — EV-(F\Vb), F) = TH(f,, + ER f,,. P, f..) = —L],®,, on 0Q. (87)
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Subtracting this from (80), we get,

Fo=T(fo - EV - (F,Vb), Fi) onQ. (88)
Due to @, we can represent
e = BOF) + f1, = V- EVOF) = ¥, (89)
where f, € Ha_é is defined by (@) and hence, due to e.g.™3 Theorem 2.10 can be in turn represented as f;, = —y*¥,,, with
some ¥, € H 2(0Q). Then (83) is satisfied and
ST:(f** — EA-(F\Vb),F)) =T} (f.. — EA - (F,Vb), F,)
=)o = EV-(FiV0) = BF\1 = ¢ [fo = EV - (FV) = V - EGVF))]
= )V EVOF) = V- EGVF) ~ 'Y, - EV - (F|Vb)]
IV - E(FIVO) = y*Y,, — EV - (FVB)] = =¥,, — (/" F1),b
for which
T (for = EA-(FVBLF) = £ [-¥. = (7F)0,b) (90)
because
(GYV - EFyVb) — ™, — EV - (F{VD)], w)s0 = [V - E(F\Vb) — y*¥,, — EV - (F,VD)], 7™ w)q
= (V- EF\ V). r ™ w)gs =y Y. = (EV - (FVD)Lyw)g oD
= —(LE(F\VD), V(™ ) = r* Wy + (FIVB), VG w0))g = (n -y (F1VD), 7y w)g
= —~((r"(F)Vb), w)yg — V...
Hence (88) reduces to
V.. = =2F, = (FF0,b =T, Fy = F)0,b ©2)
and (89 to &T).
Now (B3)) can be written in the form
W,(b®,)=F, in Q, (93)
where
Fy 1= =bF) + Paf., = —bF) + Py | B@F) + y*(%?z + G T0,b)] 94)
is harmonic function in Q due to (84). The trace of equation (94) gives
—%bcb* + W, (bD,) =y F, on Q. (95)
Since the operator —%I +W, ' H %(09) - H -3 (0Q) is an isomorphism (see e.g.'® Ch.XI, Part B, §2, Remark 8 this implies
@, = 1( s WA>_1y+FA
b 2
- %( _ %1 + WA)_I}/+{ — b, + Py B0 + }/*(g?z + oo,

which is Eq.(82). Relations (8T), (82) can be written as (£,,, ®,) = C,.(F;, F,), where C,, : H'(Q)X HY 0Q) > H™1(Q)x
H %(ag) is a linear continuous operator, as required. We still have to check that the functions f,, and ®,, given by (&T) and
(82), satisfy equations (79) and (80). Indeed, @, given by (82) satisfies equation (93) and thus y* W, (a®,) = y*F,. Since both
W, (a®,) and F, are harmonic functions, this implies (93)-(94) and by (81) also (79). Finally, (8T) implies by (90) that (88) is
satisfied, and adding (87) to it leads to (80).

Let us prove that the operator C,, is unique. Indeed, let a couple (£,,, ®,) € H™! (QxH ; (02) be a solution of linear system
[9)-(80) with 7, = 0 and 7, = 0. Then (83) implies that rq, f,,, = 0in Q, that is 7,, € H;} ¢ H~'(Q). Hence (88) reduces to

0=T(f,,.0) on 0. (96)
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By the first Green identity (7)), this gives,
0= <Ta+(f;*’ O)’ j/+l)>ag = <f;>k’ U>Q’ Vo € HI(Q)’ (97)

which implies f,, = 0 in R>. Finally, (82) gives @, = 0. Hence any solution of non-homogeneous linear system (79) — (80)
has only one solution, which implies the uniqueness of the operator C,, . The following assertion is® Lemma 19 generalized to
a wider space.

Lemma 4. For any couple (f‘l, 7’2) e H(QxH 3 (0Q), there exists a unique couple ( f;*, D,) e H-! Qx H : (0Q) such that
Py =Ppfon = W0, (98)
Fy=y*(Pyfon = Wy ®,) (99)
D)= C;*(i’] R f‘z) with C~** T HY(Q)x H_% (0Q) —» H! Q)x H% (0Q2) alinear continuous operator is given by

fow = BOF) + y* (T Fy + Fy0,b) (100)
1
b

Moreover, (£,

kk?

b, =

ES

( - %1 + WA>_1< — bF, + yPAIRGT) + y (T F, + i*zanb)]) (101)
where A(bF,) = V - EV(bF)).
Proof. Let us first assume that there exist (f,,, ®,) € H ' (QxH : (0Q) satisfying equations (98)-(@9) and find their expression
in terms of 7, and F,. Let us re write (O8) as
Fi=Pyfu =W, @, inQ. (102)
Multiplying (I02) by b and applying Laplacian to it, we obtain,
AGF, = Pyfo) = AOF) = f.. = —AW,(00,)) =0 inQ, (103)
which means
AGBF) =rof,. inQ, (104)
and bF, — P, f.. € HYY(Q, A), while 7, — P, f,, € H'(Q, B) = H'(Q, A). The latter imply that the canonical co-normal
derivatives TN (F) — P, f,,) and TH(F| — P, f,,) are well defined and TH(F, — P, f,,) = gTbJ“(f“1 — Py fur)-
Due to (T04) and using f;, = —y*¥,, with some ¥, € H (0Q) as in (O2)), we can represent
fuu = BOF) + [, = V- EVOF) - 1"¥,, (105)
where f}, € Ha_s;' Then (104) is satisfied. Replacing F, by T;(Tt'1 ,u) in Lemma Eq. (92) yields,

W, = 2T~ Ppa,b = —TIF, - Fod b (106)
a

sk

and (T03)) reduces to (T00).

Now (T02) can be written in the form
Wy(bd,) =09, in Q, (107)
where
Q, 1= —bF, + Py f., = —bF, + Po[AQGF) + y* (T} F) + (" F)o,b)] (108)

is harmonic function in Q due to (T03). The trace of equation (TO8) gives

—%b(b* FW,(bD,) =770, on 0Q. (109)
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By similar argument as in Lemmathe operator —%1 +W, ' H ; (0Q) - H - (0€2) is an isomorphism this implies

1/ 1 -1
1

b

1
- E( _
which is Eq.(T0T).
Relations (T00), (TOT) can be written as (£,,, ®,) = C,,(F,, F,), where C,,, : H'(Q) x H_%(GQ) - H Q) x H%(OQ) is
a linear continuous operator, as required. We still have to check that the functions f,, and ®,, given by (TO0) and (IOT)), satisfy
equations (98) and (99). Indeed, @, given by (T0T) satisfies equation (IT09) and thus y* W, (a®,) = y*Q,. Since both W, (a®,)
and Q, are harmonic functions, this implies (I07)-(T08) and by (T00) also (98) while (@9) follows from Esg. (TO0) and (107).
Let us prove that the operator C is unique. Indeed, let a couple ( f**, D,) € H- Q) x H 2(0Q) be a solution of linear
system @) @9) with F, =0and 7?2 0. Then (T04) implies that g, f,, = 0in Q, thatis f,, € H,] C H™'(Q). in Q, that is
fuw€HC H='(Q). Hence (88) reduces to

1 -1 _ o

_ _( 3T+ WA> yH{(=bF, + PyIAGE) + v (T} F, + (P F)O,b)1)
1
2

—1 B . _ B
I+ WA) (=bF, + v PA[AGF) + Y (T F + (r*F1)o,b)])

=T'(f,..0)  onoQ. (110)

By the first Green identity (7), this gives relation (97), which implies f,, = 0 in R2. Finally, (T0T) gives ®, = 0. Hence any
solution of non-homogeneous linear system (98) — ([@9) has only one solution, which implies the uniqueness of the operator
¢ O

*k "
Theorem 6. Operators (77) and (78) are continuous and continuously invertible.

Proof. The continuity of operators (77) and (78) is proved above. To prove the invertibility of operator (77), let us consider the
BDIE system (D1) with arbitrary right-hand side

FP = (FRL RN € H'(Q) x H:(0Q).

*1 7
Take 7, = FO' and @, = y*F2! — FDlin Lemma to obtain the representation of F°! as
Fhl=F,  FOl =y'F -0,
where the couple
~ ~ ~ ~ ~ 1
(f.. @) = C.(F1. Fy) € HH(Q) x H2(0Q) (11
is unique and the operator
~ 1 ~ 1
C,.: H(Q)x H2(0Q) - H™'(Q) x H2(0Q) (112)
is linear and continuous. Applying Theorem with f = f,, ®, = @,, we obtain that BDIE system (D1) is uniquely solvable
and its solution is: ]
U, = (AP (rof, 007, U, = y*U, — @,, where the inverse operator, (AP)™! : H-'(Q) x H>(0Q) - H'(Q), to the
1
left-hand side operator, AP : H'(Q) > H~'(Q) X H(dQ), of the Dirichlet problem (63)—(66)), is continuous. Representation
(ITT) and continuity of the operator (I12) imply invertibility of (77).
To prove the invertibility of operator (78), let us consider the BDIE system (D2) with arbitrary right-hand side

FP2 = (FP2, FOIT € H'(Q) x H™2(0Q).

%] °

Take ) = F0? and F) = T} (Fj,u) = FO2 in Lemmalwhlch is the version of¥ Lemma 6.6, to represent 72 as

FPr=F  FR=T'FLu=F

#1
and the couple
(o ®) = C.u(F1 Fy) € H7(Q) x H2(00)
is unique and the operator
C..: H(Q)x H3(0Q) —» H'(Q) x H>(0Q) (113)
is linear and continuous. Applying Theoremwith f = f.., ®, = @,, we obtain that BDIE system (D2) is umquely solvable
and its solution is: U} = (A?)™ (ro /. @))T, U, =T (rof. U}), where the inverse operator, (A?)™! : H-(Q)x H> ; 0Q) —
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H'(Q), to the left-hand side operator, AP : H'(Q) - H'(Q) x H ; (0Q), of the Dirichlet problem (63)-(66), is continuous.
Representation (TT1)) and continuity of the operator (T13)) imply invertibility of (78). O

7 | TWO-OPERATOR BDIE SYSTEMS FOR NEUMANN PROBLEM

In this section we shall derive and investigate the two-operator BDIE systems for the following Neumann problem: Find a
function u € H'(Q) satisfying equations
Au=rof in Q (114)
T (f.u) = w on 9Q. (115)
where wy € H™3(0Q) and f € H™'(Q).

Equation (TT4) is understood in the distributional sense (3) and the Neumann boundary condition (TT3)) in the weak sense
(7). The following assertion is well-known and can be proved e.g. using variational settings and the Lax-Milgram lemma.

Theorem 7.
(i) The homogeneous Neumann problem (TT14)-(T13)) admits only linearly independent solution u” = 1 in H'(Q).

(ii) The non-homogeneous Neumann problem (IT4)-(TI3) is solvable if and only if the following solvability condition is
satisfied.

(fou®)g = (w7 )00 =0 (116)

We explore different possibilities of reducing the Neumann problem (IT4)~(I13) with 7 € H-1(Q), foru € H(Q), to two
different segregated Boundary-Domain Integral Equation (BDIE) systems. Corresponding formulations for the mixed problem
foru € HY(Q,A) with f € L,(Q) were introduced and analysed in"1251U0%, T et us represent in @), (63) and (64) the
generalised co-normal derivative and the trace of the function u as

T:(f9 H) = W()? y+u = (P’

and will regz}rd the new unknown function ¢ € H ; (0€2) as formally segregated of u. Thus we will look for the couple (u, @) €
HY(Q)x H2(0Q).

7.1 | BDIE system (N1)

To reduce BVP (I14)-(T13) to a BDIE system in this section we will use equation (44) in Q and equation (64) on 0Q2. Then we
arrive at the following system, (N1), of two boundary-domain integral equations for the couple of unknowns,(u, @),

u+ Zu+Ru+wWo=*F\' in Q 117)
T Zu+T/Ru+Lo=F" on 0Q (118)
where
X M Pof + Vo
FNI . - S : (119)
FN! Ty(f +ER}f.Pyf) —wo + 5:w0 + Wi,

Due to the mapping properties of operators involved in (TT9) we have FN! € H'(Q) x H -3 (0Q).

7.2 | BDIE system (N2)

To obtain a segregated BDIE system of the second kind, we will use equation (@4)) in Q and equation (63) on 0Q. Then we arrive
at the following system, (D2), of boundary-domain integral equation systems,

u+ Zu+Ru+Wyp =P, f +Vyy, in Q, (120)

%(p + 7 2y R+ Wy =y P+ Vy, on 0Q, azh
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where

F? N AT

FN? = = ) ) (122)
F2Nz Y Py f + Vo

Due to the mapping properties of operators involved in (T22), we have the inclusion FN2 € H'(Q) x H ; (09Q).

8 | EQUIVALENCE OF BOUNDARY-DOMAIN INTEGRAL EQUATION SYSTEMS AND THE
NEUMANN PROBLEM

Theorem 8. Let y, € H™:(0Q) and f € H'(Q).

(i) If a function u € H'(Q) solves the BVP (TT4)-(TT3) , then the couple (u, @), with @ = yTu solves the BDIE systems (N1)
and (N2).

(ii) Vice versa, if a couple (u, ¢) € H'(Q) x H ; (0Q2) solves one of the BDIE systems, (N1) or (N2), then the couple solves
the other one BDIE system and u solves the Neumann problem (T14)-(T13) and y*u = ¢.

(iii) The homogeneous BDIE systems (N1) and (N2) have unique linearly independent solution U}, = (°, °)" in H'(Q) x
1
H2(09). Condition is necessary and sufficient for solvability of the nonhomogeneous BDIE systems (N1) and (N2)
1
in H'(Q) x H:(0Q).

Proof. (i) Letu € H'() be a solution to the Neumann BVP (TT4)—(TT5). It immediately follows from Theorem [3|and relations
(63)—(64) that the couple (u, @) with ¢ = y*u satisfies the BDIE systems (N1) and (N2), which proves item (i).

(ii) Let now a couple (u, @) € H'(Q) x H %(()Q) solve BDIE system (N1). Lemma |l| for equation implies that u is a
solution of equation (T), and equations (53)-(53) hold for ¥ = y;, and @ = . Subtracting (53) from (IT8) gives T.*(f,u) =
on 0Q. Further, from (53)) we derive W, (y*u — ¢) = 0in Q*, where ytu = ¢ on 0Q by Lemmacompleting item (ii) for BDIE
system (N1).

Let now couple (u, ) € H'(Q)x H ; (0€2) solve BDIE system (N2). Further, taking the trace of (I20) on 02 and comparing
the results with (121}, we easily derive that y*u = @ on 0Q. Lemma [I] for equation (I20) implies that u is a solution of (T)),
while equations (53)-(53)) hold for ¥ = y, and ® = ¢. Further, from (53)) we derive

Vy(wo — T,(f,u) =0 in QF,

whence T Yu = y;, on 0Q by Lemma i.e., u solves Neumann problem (I14)-(115)) which completes the proof of item (ii) for
BDIE system (N2). (iii) Theorem([7|along with items (i) and (ii) imply the claims of item (iii) for BDIE system (N2) and (N1). [J

9 | PROPERTIES OF BDIE SYSTEM OPERATORS FOR THE NEUMANN PROBLEM

BDIE systems (N1) and (N2) can be written respectively, as
mlUN — FNI mZUN — FNZ
where UN = (u, )T € H'(Q) x H?(0Q,),

m] P

I+Z,+R, w, R = I+Z,+R, w,
CTrZ,4TIR, L£h | -

rtZy+r*tR, % +W, |-
Due to the mapping properties of potentials in (IT9) and (I22)), the right-hand sides of BDIE systems (N1)and (N2) are such
that PN € H'(Q) x H™3(0Q) and FN? € H'(Q) x H:(3Q).
Theorem 9. The operators
R H'(Q)x H2(0Q) - H'(Q) x H™3(0Q), (123)
R2 . H'(Q)x H2(0Q) — H'(Q) x H(0Q), (124)
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are continuous. They have one-dimensional null spaces, ker R! = ker R?, in H'(Q) x H %(052), spanned over the element
@, ") = (1, 1).

Proof. The mapping properties of the potentials imply continuity of the operators (123) and (T24)). The claims that ker R!
and ker R? are one-dimensional and the couple (u’, °) = (1, 1) belong to ker R' = ker R? directly follows from Theorem
iBiii). 0

To describe in more details the range of operators (123)) and (124), i.e., to give more information about the co-kernels of these

operators, we will need several auxiliary assertions. First of all, let us remark that forany v € H =3 0Q), s < %, the single layer
potential can be defined as follows:

V,0(3) 1= =7 Py( 1), U)go = —(Py(, 1), 7 Vs = =Py v(y), vy € R?\ 0Q. (125)

where y* : H S_%(()Q) - H 562, s < % is the operator adjoined to the trace operator y : H>5(R3) - H 3“‘(09), and the space
H}, is defined by ().

Lemma 5. Let f € H2(Q), s > It
roP, /=0 inQ (126)
then f = 0 in R3.

Proof. Multiplying (T26)) by b, taking into account the first relation in (32)) and applying the Laplace operator, we obtain r f = 0,
which means f € H ;52. Ifs > %, then f = 0 by!® Theorem 2.10. If % < s < 2, then by the same theorem there exists

v e H*3(0Q) such that f = y*v. This gives P, f = P,y*v = —V,v in R3. Then (126) reduces to V,v = 0 in €, which implies

v=0o0n0dL (seee.g., Lemmai) for s = 1, which can be generalized to % <s< *5) and thus f = 0in R3. O]
Theorem 10. Let % <s< % The operator
P, : H Q) > H'(Q) (127)
and its inverse
P H Q) - H Q) (128)
are continuous and
Py g = [AET —rgV, Vi'y ) =7V 'y (b)) in R’, Vge H'(Q). (129)

Proof. The continuity of equation (T127)) follows from> Theorem 3.8. By Lemma operator (127) is injective. Let us prove its
surjectivity. To this end, for arbitrary g € H*(Q) let us consider the following equation with respect to f € H*"2(Q),

P,f=g in Q (130)
Let g, € H*(Q) be the (unique) solution of the following Dirichlet problem:
Ag=0inQ, r'g =r'g,

which due to*" or'® Lemma 2.6 can be particularly presented as g; = V,V;'y*g. Letg, := g—g,. Then€ H*(Q)and y*g, =0
and thus g, can be uniquely extended to E gy € H*(Q), where E is the operator of extension by zero outside € . Thus by (125),
equation (130) takes form

roPAlf + 7V lyT gl =g, in Q (131)
Any solution f € H%(Q) of the corresponding equation on R?
P.[f +7Vi'y" gl = Eg, inR’ (132)
solves (T3T)). If £ solves (T32) then acting with the Laplace operator on (T32)), we obtain
f=0g:=AEgy—r'Vy'r'g=AE( - roVaVi'r ) — v Vi'r'se (133)

in R3. On the other hand, substituting f given by to and taking into account that P,Ah = hiforany i € HY(Q), s €
R, we obtain that Qg is indeed a solution of equation and thus . By Lemmathe solution of is unique, which
means that the operator Q is inverse to operator (1=, i.e., 0 = (roP,)~!. Since A is a continuous operator from H Q) to
H 5=2(Q), equation (8T)) implies that operator (rQP)b_1 =0 : H'Q) — H 5=2(Q) is continuous. The relations P, = %P A and
b(x) > 0 then imply invertibility of operator and anstatz (129). O
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Theorem 11. The co-kernel of operator (123) is spanned over the functional
g = o,b 1) (134)
in H-(Q) x H2(0Q), i.e., g (F|, Fy) = ((7*F)d,b + Fy, y*u) 5, where u® = 1.

Proof. The proof follows from the proof of L3 Theorem 6.7 and Lemma Indeed, let us consider the equation RV = F, FZ)T,
i. e. system the system (N1)
u+Zu+Ru+Wyp=7, in Q, (135)
THZu+T Ru+Lho=F, on 0Q, (136)
with arbitrary right-hand side (F;, F,)T € H'(Q)x H 3 (0R), for (u, p) € H' (Q)x H ; (0Q). By Lemmathe right-hand side
of the system has the form (79)-(80), i.e., system (T33)-(136) reduces to
u+Zbu+Rbu+VVb((p+(I)*)=be** in Q, (137)
TrZu+T Ryu+ L (9 +®,)=THf,, + ER.f,,.P,[.,) on 09, (138)
where the couple (f,,,®,) € H(Q) x H2(0Q) is given by (79)-(@0). Up to the notations (T37)-(I38) is the same as in (TT9)
with y, = 0. Then Theorems [§{iii) and [I0]imply that the BDIE system (137)-(I38) and hence (I35)-(T36) is solvable if and
only if
(fooru®)q = (RF) + v*(Fy + (7 F)9,0),u)g = ((V - EV(F)) + 1*(Fy + (r F1)0,b), u’)gs (139)
= (V- EVOF, Vi )gs +((Fy + 7 F0,b), v u0) s = (Fy + (T F)0,0), 7 1)y = 0

where we took into account that Vu® = 0 in R?. Thus the functional g*! defined by (T34) generates the necessary and sufficient
solvability condition of equation R!V" = (F,, F,)". Hence g*! is basis of the cokernel of R'. O

Theorem 12. The co-kernel of operator (124) is spanned over

e ( by G WOVl (140)
_b(E - WA)V;I}/JruO

in H-(Q)x H™1(0Q), i.e.,
(1 1
2 _ * —1 4,0 “1,+0
g4 (F, Fy) = < — byt (5 + WL)VA rtu ,PI>Q + < - b<§ - W;)VA rtu ,T’2>m

where u® = 1.
Proof. The proof follows from the proof of ¥ Theorem 6.8 and Lemmal3] Indeed, let us consider the equation R>*V" = (Fy, F»)",
i. e. system the system (N2)

U+ Zyu+Ryu+W,p=F, in Q (141)

%(p +y*Zu+ry Ru+W,p=F, on 0Q, (142)

with arbitrary (F,, F,)T € H'(Q) x H™(9), for (u, ) € H'(Q) x H?(0Q).
Introducing the new variable , ¢’ = ¢ — (F, — y*F,), BDIE system (I41)-(142) takes the form
U+ Zu+Ru+Wyp=F in Q (143)

%(p’ +y Zu+yTRu+ W' =F, on 0Q, (144)

where

T‘{ =F - Wy(F,—y"F) € H'(Q).
Let us recall that P, = roP, : H"2(Q) - H*(®Q) and then by Theorem |10} the operator P; =@, 1 H(Q) - H(Q)
is continuous for % <s< % Hence we always represent 7| = P, f,, with

fo = [AEU = rgV Vv — V107 € HY(Q).
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For F| = P,f,. the right-hand side of BDIE system (T43)-(144) is the same as in (122) with f = f, and y; = 0. Then
Theorems [§](iii) implies that the BDIE system (143))-(T44) and hence (141)-(T42) is solvable if and only if

(fort®)g = ([AEUT = rgV,V'r ) =y V1 10F), 1 )gs
= (E(I = oV, V3 'y HOF)), Au)gs — (V3 yHOF), 1)
_ 1 _
= —(r DY a0 = (317 OF) + GF)] = Wylb(F = FOLV; ')
__+*l ! -1,4+,0 > <_ 1 ! -1,,+,0 > —
—< by <2+WA>VAyu,F1 Q+ b(2+WA>VAyu,T'2 oQ—O.

Thus the functional g**> defined by (T40) generates the necessary and sufficient solvability condition of equation R*U" =
(F,, F,)". Hence g*? is basis of the cokernel of R2. O

(145)

9.1 | Perterbed segregated BDIE systems for Neumann problem

Theorem(§]implies, that even when the solvability condition (IT6) is satisfied, the solutions of both BDIE systems, (N1) and (N2),
are not unique. By Theorem @ in turn, the BDIE left-hand side operators, R! and R2, have non-zero kernels and thus are not
invertible. To find a solution (u, @) from uniquely solvable BDIE system with continuously invertible left-hand side operators,
let us consider, following?#, some BDIE systems obtained form (N1) and (N2) by finite-dimensional operator perturbations,
cf. 1 for the three-dimensional case. Below we use the notations " = (u, @) and [0Q| := [, dS.

9.1.1 | Perturbation of BDIE system (N1)
Let us introduce the perturbed counterparts of the BDIE system (N1),

e = (146)
where —
A oS 5 3 1 0
=R 49 and RV 1= £ OG0 = o / pLods ( 1 > ’
[0Q]
that is,
| 0
UMy = —/ ds, Gy :=
gWw) ) @(x) G 1
o0

For the functional g*! given by (T34) in Theorem|[11] g*'(G") = [0Q| , while g°(1"°) = 1. Hence'l® Theorem D.1,# Theorem
6.14 imply the following assertion.

Theorem 13. (i) The operator R' : H'(Q)x H %(()Q) - H(Q)x H 3 (0Q) is continuous and continuously invertable.

(ii) If condition g*!(FN') = 0 or condition (116) for V' in form (T23) is satisfied, then the unique solution of perturbed
BDIDE system (146) gives a solution of original BDIE system (N1) such that

0 1 / + 1 /
V)= — dS = —— dsS = 0.
sW=5ar /7Y oo | ¢
0Q oQ

9.1.2 | Perturbation of BDIE system (N2)
Let us introduce the perturbed counterparts of the BDIE system (N2)

RV = FN?, (147)

where

82 . _ 2 g2 22 . 0 YR b7'(y)
R =R"+R" and RV(y) =g V)G = Iagl,dé (p(x)d5<y+b—1(y)>,

that is,
Q) = L / p(x)ds, GXy) :=
09| ’ ’

[0Q]

b~ () (y) >
rr Ny )
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For the functional g*? given by (T40) in Theorem since the operator V;l L H3 (0Q) - H _%(0Q) is positive definite and
u®(x) = 1, there exists a positive constant C such that

* «1 - - 1 _ _
£ = (o (Wt o) e (=65 - Wt (67)
1 _ 1 _ _
= —<(§ + WOyt + (5 =WV ) gq = =Vl g (148)
<-Cly*dl*,  <-Cly*°|I?, =-CloQf* <0.
HZ(0Q) H?2(0Q)

Due to (148) and g°(U"°) = 1,13 Theorem D.1,14 Theorem 6.14 imply the following assertion.
Theorem 14. (i) The operator R? : H'(Q) x H %(69) - H@QxH ; (0Q) is continuous and continuously invertable.

(i) If condition g*2(F2) = 0 or condition (TT6) for 7V? in form (124) is satisfied, then the unique solution of perturbed
BDIDE system gives a solution of original BDIE system (N2) such that

0 N 1 / + 1 /
sW=r5ar /7 o) | ¢
0Q oQ

10 | THE TWO-OPERATOR BOUNDARY-DOMAIN INTEGRAL EQUATION SYSTEMS FOR
THE MIXED BOUNDARY VALUE PROBLEM

We shall derive and investigate BDIEs for the following mixed BVP: Find a function u € H'(Q) satisfying conditions

Au = rof in , (149)
rtu = @, on 9Q, (150)
T (f,u) = v, on 0Qy, (151)

1 1 ~ ~
where @, € H2(0Q),w, € H 2(0Qy), f € H~1(Q)are given functions. Equation (T49) is understood in distributional sense,
Eq.(I50) is understood in trace sense and Eq.(I31) is understood in functional sense. The following assertion is well-known and
can be proved e.g. using variational settings and the Lax-Milgram lemma.

Theorem 15. The homogeneous version of BVP (I49) — (I31), i.e., with (f, @y, wy) = (0,0, 0) has only the trivial solution.
Hence the nonhomogeneous problem (I49)—(I51)) may posses at most one solution.

Proof. The proof follows from Green’s formula (7)) with v = u as a solution of the homogeneous mixed BVP (cf.” Theorem
2.1).

Theorem 16. The mixed problem @—@ is uniquely solvable in H'(). The solution is u = (AM)~'(f, @y, w,)", where
1 ~
the inverse operator, (AM)~! : H™2(0Qy) x H2(0Qp) X H™1(Q) - H'(Q), to the left-hand side operator, AM : H!(Q) —
1 1 ~
H™2(0Qy) X H2(0Qp) X H™1(Q), of the mixed problem (T49)—(T51), is continuous.

11 | TWO-OPERATOR BOUNDARY-DOMAIN INTEGRAL EQUATIONS

Let ®, € H %(dQ) and ¥, € H '%(09) be some extensions of the given data ¢, € H 3(69 p) from 0Q ), to 0Q and y, €
1
H ™ 2(0Qy) from 0Q to 0Q, respectively. Let us also denote

Fy =P, f+V,¥,-W,®, in Q

Due to the mapping properties of the Newtonian (volume) and layer potentials (cf. Theorems 3.1 and 3.10 in”), we have the
~ ~ ~ 1 1
inclusion F, € H'(Q), for f € H™'(Q), ¥, € H2(0Q) and ®, € H>(9Q). We shall use the following notations for product
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spaces.
X := H(Q) x H3(0Qp) x H?(0Qy),
Y= HY(Q) x H2(09Qp) x H™2(0Q),
Y2 = HY(Q)x H™3(0Q,) x H(0Qy),
Y2 = HY(Q) x H?(0Q),
V2= HY(Q) x H™2(0Q).

To reduce BVP(T49)—(151) to one or another two-operator BDIE system, we shall use equation #@4) in Q, and restrictions of
Eq.(63) or (64) to appropriate parts of the boundary. We shall always substitute @+ ¢ for y+ u and ¥, +y for T ¥ ( f u), cf SHIL2]
where @, € H 2(0Q)and ¥y € H =3 (0QQ) are considered as known, while y belongs to H- : 2(0Q2p) and @ to H 2(0Q ) due to
the boundary conditions (T30)- (T3T)) and are to be found along with u € H'(Q). This will lead us to segregated BDIE systems
with respect to the unknown triple

=lww,ol" €X.

11.1 | BDIE system (M11)

Let us use Eq. (44) in Q, the restriction of Eq. (63) on 0Q,, and the restriction of Eq. (64) on 0Q,. Then we arrive at the
following two-operator segregated system of BDIEs:

u+ Zyu+Ryu—Vyy +Wyp=F, in Q, (152)
YPZu+r Ru-Vyw + W =y"EFy—@, on 0Qp, (153)
T Zu+T I Ru—-W w+Lho=TF-y, on 0Qy, (154)

which we call BDIE system M11, where M stands for the mixed problem and 11 hints that the integral equations on the Dirichlet
and Neumann parts of the boundary are of the first kind. System (152)-(I54) can be written in the form

Ay =7l
where
Fl .= [Fo.r,, v Fy = @00 1 THFy — ", (155)
I1+Z,+R, -V, w,
Al = o YHZ, + Ryl o v, rmDWb . (156)

r Ta+[Zb + Rb] —-r Q W;b r E:b

QN oQy oy

11.2 | BDIE system (M12)

To obtain another system, we use Eq.([@4) in € and Eq.(63)) on the whole boundary 0Q, and arrive at the two-operator segregated
BDIE system M12:

u+ Zu+Ryu—Vyw+W,e=F, in Q, (157)
%(p+y+2bu+y+7€bu—vbw+wbqo=y+I-“0—d>0 on 0Q. (158)
System (I57)-(T58) can be written in the form
A2y = P2,
where
P12 1= [Fy, y*Fy— @, (159)

I+Z,+R, =V, W,
12 . _ b b b b
AR = 2 R v ew, | (160)
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11.3 | BDIE system (M21)
To obtain one more system, we use Eq.([@4) in Q and Eq.(64) on 0Q and arrive at the two-operator segregated BDIE system M21:

u+ Zyu+Ryu—Vyy + W, =F, in Q, (161)
(1= 35 ) w+ T 2+ TRy = Wy + L0 =T} Fy =¥, on 09, (162)

System (T61)-(T62)) can be written in the form

A21U — PZI
where
F2 = [F,, T Fy—¥,1", (163)
IR PG (164)
TAZ,+ Ryl (1= =W, LY,

11.4 | BDIE system (M22)

To reduce BVP (149)-(I51) to a BDIE system of almost the second kind (up to the spaces), we use Eq.@#4) in Q, the restriction
of Eq.(64)) to 0Q2, and the restriction of Eq.(63)) to 0Q, . Then we arrive at the following two-operator segregated BDIE system
M22:

u+Zyu+Ryu—Vyw+We=F in Q, (165)
(1- 2%) WA+ TIZu+ T Ru—-W oy +Lho =T —¥, on 0Q, (166)
%(p+y+2bu+y+Rbu—V0w+Wa(p =yt Fy—®, on 0Qy. (167)

System (I63)-(T67) can be rewritten in the form

A2 = F2,
where
F2 = [F, Tsap (T} Fy = ¥y), Ty HF -l (168)
I+2Z,+R, -V, W,

A = |, THZ 4R (=gl =r, Wi, £ | (169)

+ 1
Fan? [Z,+R,] ~Fan v, s+ i~ w,

12 | EQUIVALENCE AND INVERTIBILITY

Now let us prove the equivalence of BVP (149)-(T51) with the BDIE systems M11, M12, M21 and M22.

Theorem 17. Let f € H “1(Q) and let ®, € H %(69) and ¥y € H _%(OQ) be some fixed extensions of ¢, € H %(dQ p) and
1
v, € H 2(0Qy), respectively.

(i) If some u € H'(Q) solves the mixed BVP (T49)-(T51) in €, then the solution is unique and the triplet (u,y, ) € X,
where
v = Ta+(f, u —Y,, o=7"u—@, on 0%, (170)
solves the BDIE systems M11, M12, M21 and M22.

(i1) Vise versa, if a triplet (u, v, @) € X solves BDIE system M11 or M12 or M21 or M22, then the solution is unique, the
function u solves BVP (I49)-(I31), and relations in (T70) hold.

Proof. Letu € H'(Q) be a solution to BVP (T49)-(T51). Then due to Theoremit isunique. Sety :=T(f,u)-¥,, ¢ :=
~ 1 ~ 1
y*u — @,. Evidently, y € H 2(0Qp) and ¢ € H2(0Qy). Then from Theorem [3| and relations (I52)-(I54) follows that the
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triplet (u, w, @) satisfies the BDIE systems M11, M12, M21 and M22 with the right-hand sides (I33), (I39), (I63) and (T68)
respectively, which completes the proof of item (i).
We give below proofs of item (ii) for the four BDIE systems M11, M12, M21 and M22 one by one.

BDIE system M11.
Let a triplet (u, , ») € H'(Q) x X solves BDIE system (I52)-(1534). Let us consider the trace of Eq.(I52) on 0€2,,, taking into
account the jump properties (see, Theorem|[I)), and subtract Eq.(I33) to obtain

yiu= g, on 0Qj, 71

i.e., u satisfies the Dirichlet condition (I50). Taking the co-normal derivative 7" of Eq. (I52) on 0Qy, again with account of
the jump properties, and subtracting Eq. (I54), we obtain

TH(f.u)=w,  on 0Qy, (172)

i.e. u satisfies the Neumann condition (I51). Taking into account that ¢ = 0, ®; = ¢, on 0Q, and y = 0, ¥, = y,, on IQy,,
equations (I71)) and (T72) imply that the first equation of (T70) is satisfied on dQ and the second equation of (I70) is satisfied
on 082,.

Eq.(152) and Lemma(T|with ¥ = y + ¥, ® = ¢ + @, imply that u is a solution to (32)) and due to (53)

I‘QVb\P* - I‘QVVb(I)* == O, ln Q,

where ¥* = W +y — TH( f,u) and ®* = @, + @ — y*u. Since first equation in (T70) on 0Q, and the second equation in (T70)
~ 1 ~1

on 0Qp,, already proved, we have ¥* € H 2(0Qp), ®* € H2(0Qy). Then Lemma (iii) with S| = 0Qp, S, = 0Q,, implies

¥ = @ = 0, which completes the the proof of conditions (T70).

BDIE system M12.
Let the triplet (u, y, ) € X solve BDIE system (I57)-(T38). Let us consider the trace of equation (I57) on 0, taking into
account the jump properties, and subtract it from (I38)) to obtain,

yru=dy+¢ on 0Q. (173)

This means that the second equation in (T70) holds. Since ¢ = 0, ®, = ¢, on dQ,, we see that the Dirichlet condition (I30) is
satisfied.
Equation (T37) and Lemma[l|with ¥ = y + ¥;, @ = @ + @, imply that u is a solution to Eq. (32) and

raVy(Po +y = THFow) = rqWy( @ + 9 —y"w) =0 in Q. (174)
Due to (T73)), the second term in (T74) vanishes, and by Lemma[2] (i) we obtain
Yo+yw —T (f,uy=0 on 0Q, (175)

i.e., the first equation in (I70) is satisfied as well. Since y = 0, ¥, = y,, on 0Q equation (I753) implies that u satisfies the
Neumann boundary condition (T51).

BDIE system M21.

Let now a triplet (u,y, @) € X solve BDIE system (I61)-(T62). Taking the co-normal derivative of Eq.(I6I) on dQ and
subtracting it from equation (T62)), we obtain

w+¥ -T (f,uy=0  on 0Q. (176)

which proves the first equation in (T70). Since w = 0 on 0Qy and ¥, = y, on dQ,, we see that u satisfies the Neumann
condition (I5T). Equation (T61) and Lemma (I)) with ¥ = y + ¥, ® = ¢ + @, imply that u is a solution to equation (52) and

roV,(Po+w — T:(f, u)) — roWy( @y + @ —yu)y=0 in Q. 177)
Due to Eq.(I76) the first term vanishes in (I77)), and by Lemma 2] (ii) we obtain,
O +p—ytu=0 on 09Q,

which means the second condition in (T70) holds as well. Taking into account ¢ = 0 on 0Q, and @, = @ on dQ,, , we conclude
that u satisfies the Dirichlet condition (T30).
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BDIE system M22.

Let now a triplet (u,y, ¢) € X solve BDIE system (I63)-(I67). Taking the co-normal derivative of Eq. (I70) on 0Q, and
subtracting it from Eq. (I66), we obtain

w=T/(f,u)-¥, on 09;. (178)
Further, take the trace of Eq. (I63) on 0€2, and subtract it from Eq. (I67). We get
p=y"u—9@, on 0Qy. (179)

Equations and imply that the first equation (T70) is satisfied on 0Q, and the second equation in (T70) is satisfied on
0Qy . Eq. (163) and Lemma[T|with ¥ = y + ¥, ® = ¢ + @, imply that u is a solution to Eq. (52) and roVp ¥ — rW, ¥ =
0 in Q, where ¥* =%, +y — T;(f, u) and ®* = @, + @ — y*u. Due to (I70) and (I79), we have ¥* € H 2(0Qy), P* €
Hz(00 D)- Lemma(iii) with S| = 0Qy and S, = 0Q, implies ¥* = ®* = 0 which completes the proof of conditions (T70)
on the whole boundary 0Q. Taking into account that ¢ = 0 on 0Q [, and @, = ¢, on 0L2j,, and y = 0 on dQ, and ¥, = y;, on

0Qy, Eq. (T70) imply the boundary conditions (T50) and (T3T).
Unique solvability of the BDIE systems M11, M12, M12 and M22 then follows from the already proved relations (T70) and
the unique solvability of BVP (149)-(131) stated in item (i). O

The mapping properties of operators in (I56), (T60), (I64) and (I69) described in Appendix [A]and Theorem [I7]imply the
following statement.

Corollary 2. The following operators are continuous and injective

M X - Y (180)
M? X 5 Y2, (181)
M X - Y2, (182)
M*P X > Y2 (183)

Now we are in the position to analyse the invertibility of Now we are in the position to analyse the invertibility of the operators
M MP, MPrand M2

Theorem 18. Operators (I80)-(T83) are continuously invertible.

Proof. To prove the invertibility of operator (I80), let us consider BDIE system M11 with an arbitrary right-hand side F!! =
{T’H,T’:;,T’i; 1T e X Taking S; = 0Qy, S, = 0Q,, and

_ pll _ +pll 11 _ +pll 11
F=F,, ¥= rmNTa Fo—-Fs @= "o Fo-Fo,
in® Lemma 5.13, presented as Lemma|§| in the Appendix, we obtain that Fjl can be represented as
Fl=P, /. +V,¥,-W,®, in Q
1 _ +pll
7:*2 - ranb [7 F*l - CD*] ’
1 _ +pll
7:'*3 - rgQN [Ta 7:‘*1 - lP*] ?

where the triple

(¥, @) = Cog_ o, FI' € H'(Q) x H™2(0Q) x H>(0Q) (184)
is unique and the operator
Conan, X~ H7Q)x HT3(00) x H:(0Q) (185)
is linear and continuous.
Applying Theorem[I7] with
f=Fe Y=Y, Q=0 y;= "oy Yoo @0 =7, Do, (186)

we obtain that the system M11 is uniquely solvable and its solution is

U, = (ADN)‘I(f*,rthb*, . v nL=TIU-Y,., Ui=yU-0, (187)
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whiler U, =0,r Us=0.Here (APN)~1is the continuous inverse operator to the left-hand side operator of the mixed BVP
N D

([39)-(T3T), APN : HY(Q) —» H'(Q) x H%(aDQ) X H™3 (0yQ), cf.” Corollary 5.16. Representation (T84)), and continuity of
operator (I83)) complete the proof for M!!.
To prove invertibility of operator (I83]), we apply similar arguments. Let us consider the BDIE system M22 with an arbitrary

right-hand side 722 = {F2}, 72, F2}T € X. Taking now S, = 0Q),, S, = 0Qy,

F=F%}

, lP =r T+7:~22 }‘0227 ® =r 7/+7_"22 _ F22
1 oy a *2 QN 1 3

in® Lemma 5.13, i.e., Lemma@in the Appendix, we obtain that F22 can be represented as

FZ _be +V,¥, - W,®, in Q,
FRer, [1TFE -
PR, (PR -0,
where the triple
~ ~ 1 1
(f. ¥, )" = Coa, 00, F2 e H ' (Q) x H2(0Q) x H2(0Q) (188)
is unique and the operator 1 1
Coay 00, - X = H Q) x H2(0Q) X H2(Q) (189)

is linear and continuous.

Applying now Theorem [T7] with the same substitutions (I86), we obtain that the system M22 is uniquely solvable and its
solution is given by (I87). Representation (I88)), and continuity of operator (T89) complete the proof for M?2.

To prove invertibility of operator (I8T)), let us consider the BDIE system M12 with an arbitrary right-hand side 7-’*12 =
{(FILFEYT € HY(Q) x H%(OQ). Taking F = F12, ® = y*F} — F[> on 0Q in Corol]aryin the Appendix, we obtain the
representatlon

F=P, f,+V,¥,-W,®, in Q
12 _ 12
F,=7"F,—®, on 0Q,

where the triple
(fo ¥, @) = Cp, F, € H(Q) x H™3(0Q) X H>(0Q) (190)
is unique and the operator
Co, © H'(Q)x H3(0Q) » H™'(Q) x H™:(0Q) x H?(0Q) (191)
is linear and continuous.
Applying Theorem [I'7] with substitutions (I86)), we obtain that the system M12 is uniquely solvable and its solution is given
by (187). Representation (T90), and continuity of operator (I91)) complete the proof for M12.
Flnally to prove 1nvert1b111ty of operator (I82)), let us consider the BDIE system M21 with an arbitrary right-hand side FZI =

{(F2LF2Y e H'(Q) x H _'(09) Taking F = F2/,¥ =T F2 — F2) on 0Qin Corollarylln the Appendix, we obtain that
Fl=P,f,+V,¥,-W,®, in Q
F2 = T}FX -V, on oQ.

where the triple

(f ¥, @) = Cy, F, € H'(Q) x H™2(0Q) x H3(0Q) (192)

is unique and the operator
Copo © H'(Q)x H3(0Q) » H™'(Q) x H™:(0Q) x H?(0Q) (193)
is linear and continuous. Applying Theorem [I7] with substitutions (I86)), we obtain that the system M21 is uniquely solvable
and its solution is given by (I87). Representation (192)), and continuity of operator (I93) complete the proof for M21. O
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APPENDIX

A MAPPING AND JUMP PROPERTIES OF THE VOLUME AND SURFACE POTENTIALS

The mapping properties of the parametrix-based volume and surface potentials formulated in Appendix [A| are proved or
immediately follow from>H12 (see also®).
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Theorem 19. Let Q be a bounded open three-dimensional region of R* with a simply connected, closed, infinitely smooth
boundary d€2. The operators

P, 1 H(Q) - H**Q), seR (A1)
D HY(Q) » H(Q), s> —%, (A2)
C HY(Q) —» H0(Q; L,), s>0, (A3)
Ry, RY : HY Q) —» H*'(Q), seR, (A4)
CH(Q) — HY(Q), s> —%, (A5)
D HY(Q) - HTYQ: L), s>1, (A6)
yP, L HY(Q) - H™(0Q), s> —%, (A7)
D HYQ) » HY(0Q), s> —%, (A8)
VR, o HY(Q) — HY5(0Q), s> —%, (A9)
L HY(Q) = H™1(0Q), s> —%, (A10)
TP, : H'(Q) — H*1(0Q), s> —%, (A11)
L H(Q) > HY0Q), s> —%, (A12)
TR, : H'(Q) — H™30Q), s> % (A13)
L HY(Q) = H3(0Q), s> % (A14)
are continuous and the operators
R, : H'(Q) - H'Q), s> —%, (A15)
D HY(Q) » H(Q; A), s> 1, (A16)
YR, 1 HY(Q) - H™30Q), s> —%, (A17)
T R, : H'(Q) — H™30Q), s> % (A18)

are compact for any non-empty, open sub-manifold .S; of d€2 with an infinitely smooth boundary.

Proof. For a = b, the mapping properties are stated and proved in Theorem 3.8 in” and Corollary B.3 in*. The case a # b then

follows by taking into account the relation 7" = %T;, for (ATI)-(AT4) and (ATS). O
Theorem 20. The following operators are continuous
v, H'(0Q) - H™:(Q), seR, (A19)
W, : H'0Q) —» H3(Q),  seR, (A20)
V, : H'OQ) —» H%Q, 4), s> —%, (A21)
W, : HOQ) —» H'F%Q, 4), s> % (A22)
Theorem 21. The operators
2, H'(Q) — H'Q), s>1 (A23)
2,  H'Q) — H 3 B), s> —% (A24)

are continuous.

Proof. The proof follows from Theorems[I9]and [20] O
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Theorem 22. Let s € R. The following pseudodifferential operators are continuous
Y, : HY(0Q) —» H**'(0Q)
W, : H*(0Q) - H**'(0Q)
W H(0Q) - H*'(0Q)
£E : H'(0Q) — H*'(0Q).
Due to the Rellich compact embedding theorem, Theorem [22]implies the following assertion.
Theorem 23. Let s € R. Let S| and S, with 45}, 0, € C* be nonempty open submanifolds of dQ. The operators
PV H*(0Q) » H*(0Q)
r Wy H*(0Q) — H*(0Q)
r We © H'(0Q) > H'(0Q)
are compact.

Theorems 21} 22] [T} 23] and the Rellich embedding theorem imply the following assertion.

Theorem 24. The operator
Y, : H1(0Q) - H*(0Q)
is continuously invertible for all s € R.

B REPRESENTATION LEMMAS

To prove invertibility of the BDIE operators we need the following representation statements.

Lemma 6 (°, Lemma 5.13). Let 0Q = S, U.S,, where .S, and S, are nonintersecting simply connected nonempty sub-manifolds
of 0Q with infinitely smooth boundaries. For any triplet

F,=(F.9,®)" € H(Q)x H™:(S,) x H3(S,)

there exists a unique triplet 1 1
(f. P, @) = Cs,.s5,Fs € H Q) x H2(0Q) x H2(0Q)
such that

Pof.+ V¥, -W, &, =F in Q,
r Y.,=Y%,
S1
r ®, = .
S, A
Moreover, the operator
Cs.s, t H QX H3(S)x H1(S,) » H'(Q) x H™>(0Q) x H3(9Q)
is linear and continuous.

The cases when S| = @ or .S, = @ need to be considered separately. The following assertion is® Lemma 19 generalized to a
wider space.

Lemma 7. For any function ¥y, € H 1(Q) there exists a unique couple ( f;, ®,)=CoFy, € H QxH %(09) such that

Fo, =Ppf. - W,@, inQ, (B25)
T Fo =T (f, = EV - (Fy Vb).Fy ) onoQ. (B26)
Moreover, (f,,®,) = Cop Fp andCy : H Q) - H Q) x H : (0Q) is a linear and bounded operator given by
[o=AWFe) + 7" (T, Fo_ — (" Fy )0,b) (B27)
®, = %( - %I + WA)_IW{ — bFy, + Po[A(bFs) + 1 (T Fo. = (r*Fo)0,b)] } (B28)
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where A(bFy, ) = V - EV(bF,).

Proof. Let us first assume that there exist (f,, ®,) € H Q) xH ; (0Q) satisfying equation (B27) and find their expression
in terms of F, . Let us rewrite (B27) as

Fo, — Py f. = -W,®, inQ. (B29)
Multiplying (B29) by b and applying Laplacian to it, we obtain,
A(bFy, — Ppf.) = AbFe ) — fo = —AW,(b®,)) =0 inQ, (B30)
which means
A(bFy) =rof. inQ, (B31)

and bFg_ — Pyf. € HY(Q, A) and hence Fo. — P, f. € HO(Q, B) = H'Y(Q, A). The latter imply that the canonical co-
normal derivatives T, (Fg_— P, f.) and T (Fy — P, f.) are well defined and can be also written in terms of their generalized
co-normal derivatives
b ~ ~ - ~ ~
ZT;(F‘D* =P f) =T, Fo, = Ppf) =T, (B(Fo, = Pyf). Fo_ — Ppf.)
=T (EV - (bV(Fg — P,f.). Fo. — Ppf.)
=T (EA(bFy, — Pof) = EV - (Fg, = P, f)VD), Fo, — Py f)
=T, (—=EV - (Fy Vb) = ER f,. Fyy —P,f.)

where (39) and (B31)) were taken into account. Hence,

TH(Fo, = Pof) =TH—EV - (Fo Vb) — ERYf,. Fo = P, 1), (B32)
and using (8) Eq.(B32) can be written as
TH(Fo = Pof) =T, — EV - (Fg Vb).Fy ) = TS (f, + ER'f,. P, f)). (B33)
Indeed,
TH(Fo, — Pyf) =TH—EV - (Fo Vb)— ER"f,, Fo — P, f.)
=T/ (f.— EV-(Fp Vb) - f, — ER’f.. Fo = P,f.)
=TH(f, — EV - (Fp Vb).Fo) =T (f, + ER"f,. P, 1)
which is (B33).
Applying the co-normal derivative operator T'* to both sides of equation (B29) and substituting their (B33), we obtain,
TH(f, = EV - (F Vb), Fo ) =TS (f, + ER'f,.P,f) = —-L®,, onoQ, (B34)
and
TiFe, =T (fuFo) =T (f.— EV. (Fe Vb),Fp ) onoQ, (B35)
which is (B26)). Due to (B3T), we can represent
fo=A0Fp) + f1. =V EV(bF4) - r"Y,, (B36)
where f}, € H;& defined in (Z) and hence, due to e.g. Theorem 2.10 can be in turn represented as f;, = —y*¥,,, with some
¥, € H™3(9Q). Then (B3T) is satisfied and hence (B33) reduces to
b
V.. = _;T;Fd)* - (7+F¢*)anb = Tb+F¢* - (7+Fq>*)anb, (B37)
and (B36) to (BZ7).
Now Eq. (B29) can be written in the form
W, (b®,) =G, in Q, (B38)

where

Cp 1= =bFo +Ppf, = —bF +Pr[AMFy) + 7" (T Fo — (rFy )0,b)] (B39)
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is harmonic function in Q due to (B30). The trace of equation (B38) gives
1

_qu)* + W, (bD,) =y*G, on 0Q. (B40)
Since the operator —%I +W, ' H %(09) - H -3 (0Q) is an isomorphism (see e.g.'® Ch.XI, Part B, §2, Remark 8 this implies
o, =2(=21+W )_1 +G
*= 7 ) A) YV Ya
1 1 -1 < .
= Z< - EI + WA> vH{ = bFp + Pr|AbFe) + 7" (T} Fo, — (v Fs,)0,b)] }»

Considering a couple (F,¥)" € H'(Q)x H _%(09) and employing Lemma(7|for Fy, = F — V,¥ € H'(Q), we arrive at the
following statement.

which is Eq. (B27). Evidently £, and @, chosen in this manner satisfy Egs. and (B26).

Corollary 3. For any couple
(F.9)T =F, € H\(Q)x H™3(0Q)
there exists a unique triplet
(Jo ¥, ®,)" = Cp, T, € H™(Q) x H™2(0Q) X H3(0Q)
such that

P fi+V,¥,-W,®,=F in Q ¥, =¥ onoQ.
Moreover, the operator CNW* c H(Q)x H -3 (0Q) — H Q) x H -3 (0Q)xX H ; (0Q) is linear and continuous.
Let us first present a generalized version of Lemma 5.5 in to a wider space.
Lemma 8. For any function Fy, € H'(Q), there exists a couple (f,, ¥,) = Cy Fy, € H ' QxH E (0€2) such that
Fo. =P fu+V,¥,, in Q (B41)
T Fy =T (f..Fy) =T} (f,— EV-(Fy Vb),Fy ) onoQ. (B42)
Moreover, (f,,®,) = Cy Fy, and Cy, 1 H Q) - H! Q)x H %(052) is a linear and bounded operator given by
[o=AWFy) + 7" (T, Fy, — (r*Fy )0,b) (B43)
¥, =V v { - bFy +Py{AGFy ) +71* (T, Fy — (" Fy )o,b)}  onoQ, (B44)
where A(bFy ) = V - EV(bFy ).

Proof. Letus first assume that there exist (f,, ¥,) € H ' (Q)xH -3 (0Q) satisfying Eq. (B41)) and find their expression in terms
of Fy_. Let us rewrite (B4T) as

Fo, —Pyf.=V,¥, inQ. (B45)
Multiplying (B43)) by b and applying Laplacian to it, we obtain,
A(bFy —Ppf) = AGFy) — f. = AV, ¥,) =0 inQ, (B46)
which means
A(bFy) =rof, inQ, (B47)

and bFy — Py f, € H'(Q,A) and hence Fy_— P,f, € H'(Q, B) = H'Y(Q, A). The latter imply that the canonical co-
normal derivatives T;(F\Y* - P, £.) and T:(F\P* - P, £.) are well defined and can be also written in terms of their generalized

co-normal derivatives
ST:(R{'* —-P,f) = T (Fy — Pyf.) = T:(E(R{g —Ppfos Fy — Pyf.)
=TJ(EV - 0V (Fy_ = P f)). Fy = Pyf.)
=T, (EA(bFy, — Pof) = EV - (Fy, — P,f)Vb). Fy, = P,f.)

=T (—EV - (Fy Vb) = ER' . Fy =P, f.)
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where (39) and (B47) were taken into account. Hence,
TH(Fy = Pof.) =TH(—EV - (Fy Vb)— ERf,. Fy — P, 1), (B48)
and using (8) Eq.(B48) can be written as
TH(Fy —P,f) =TH(f. — EV - (Fy Vb).Fy ) = TH(f, + ER' £, P, f,). (B49)
Indeed,
TH(Fy = Pof.) =TH(—EV - (Fy Vb)— ER'f,. Fy —P,f.)
=T, (f. = EV - (Fy Vb) = f. = ER\f.. Py =P, 1)
=T (f, - EV-(Fy Vb).Fy )~ TH(f, + ER[.. P, f.)

which is (B49).

Applying the co-normal derivative operator T'* to both sides of equation and substituting their (B49), we obtain,

T/ (fo= EV - (Fy Vb). Fy ) =T/ (fo+ ERV.P ) = ¥, + W, ¥, onoQ, (B50)
and
TiFy =T ([ Fe)=T}(f. - EV. (Fy Vb),Fy ) onoQ, (B51)
which is (B42). Due to (B47), we can represent
fo=BOFy )+ 1, =V - EVOFy ) = 1Y, (B52)
where f;, € Ho_gi defined in (Z) and hence, due to e.g.1¥ Theorem 2.10 can be in turn represented as f;, = —y*¥,,, with some
¥Y.€H -3 (0Q). Then (B47) is satisfied and hence due to Lemma Eq. (B3])) reduces to
v, = —%T:F.,,* — (V" Py )0,b =T, Fy_— (y"Fy ),b (B53)
and (B32) to (B4T1). Now Eq. (B45) can be written in the form
V\W,=H, in Q, (B54)
where
Hy 1= —bFy +Pyf.=—bFy +Py[AGFy) +7* (T Fy, — (r* Fy )o,b)] (B55)

is harmonic function in Q due to (B46)). The trace of equation (B54) gives
VW, = y*H, on 0Q. (B56)
Since V, is an isomorphism in H_%(aQ),
\P* = ;17/+HA
=V, 'r{- bFy, + PA{A(bF‘P*) +7r* (T;F.},* - (7/+7D\p*)0,,b)} on 0Q,
which is (B44). Now we have to prove that P, given by (B44) with 7, in (B33) and £, by (B43) do satisfy (B4T). The potential
V, ¥, with P, given by (B44) is a harmonic function, and one can check that H, given by (B33) is also harmonic. Since (B36))

implies that they coincide on the boundary, the two harmonic functions should coincide also in the domain, i.e. (B54) holds
true, which implies (B4T). O

Considering a couple (F,®)" € H'(Q)x H ; (02) and employing Lemmafor Fy, = F + W,® € H'(Q), we arrive at the
following statement.

Corollary 4. For any couple
(F,®)T = F, € H'(Q) x H:(0Q)
there exists a triple
(F 0,07 =Cp, F, € H'(Q)x H™2(0Q) x H?(0Q)
such that

P f.+V,¥,—W,®, =F in QFY, ® =& on Q.
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Moreover, the operator Cg,

© HY(Q) X H3(0Q) — H1(Q) x H™:(dQ) X H3(3Q) is linear and continuous.
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