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1 Introduction

In this paper, we study the following Dirichlet problem for a wave equation with strong damping
and nonlinear memory

2 t 2
s (s tu(o,0) + [ ot =955 (o5, o) ds

= f(x,t,u, ut, Ug, Upz), 0 < <1, 0<t < T, (1.1)

Ut — )\uth -

u(0,t) = u(1,t) =0,

u(z,0) = dg(z), w(x,0) = a1(z),

where A > 0 is given constant and f, g, u, i, Ug, U1 are given functions.



Prob. (1.1) is a type of viscoelastic problems, the Volterra integral in the first equation of (1.1) is
a memory term, so called viscoelastic term, responsible for viscoelastic damping. The wave equations
with memory terms are arised in studies about viscoelastic materials, which possess a capacity of
storage and dissipation of mechanical energy. The dynamic properties of viscoelastic materials are
great importance and interest as they appear in many applications to natural sciences, for literatures
on this topic, we can find in [9]-[12] and references therein.

The viscoelastic problem of the form (1.1) has been studied by many authors, for example, we
refer to [3], [17], [18], [22]-[24], [26] - [30], [32], [34]. By using different methods together with various
techniques in functional analysis, several results concerning the existence/global existence and the
properties of solutions of viscoelastic problems such as blow-up, decay, stability have been established.

For more details, there have been a lot of investigations dedicated to the following viscoelastic
wave equation

t
ug — Au + / g(t — s)Au(zx, s)ds — NAus + vh (up) = F(z,t,u). (1.2)
0

In general, the most common forms of the nonlinear damping h and the source F in Eq. (1.2) are
exponential types, especially h = ]ut\m_2 ur and F = \u|1”_2 w. In [3], Cavalcanti et al. proved that, as
A =0, vy=0, F =0 and together with nonlinear boundary damping, the energy of solutions of the
corresponding problem went uniformly to zero at infinity. In [29], Messaoudi considered Eq. (1.2) with
A=0,v=0,F = |ulf ~2 4, and showed that, for certain class of relaxation functions and certain initial
data, the solution energy decayed at a similar rate of decay of the relaxation function, which was not
necessarily decaying in a polynomial or exponential fashion. In [28], Messaoudi studied Eq. (1.2) in
caseof \=0,h=a ]ut|m_2 ug, F =5 \u|p_2 u, and proved a blow-up result for solutions with negative
initial energy if p > m and a global existence result for p < m. Latterly, Kafini and Messaoudi [22]
also obtained a blow-up result of a Cauchy problem for a nonlinear viscoelastic equation in the form
(1.2) with m = 2. In [27], Mesloub and Boulaaras studied a viscoelastic equation for more general
decaying kernels and established some general decay results, from which the usual exponential and
polynomial rates are only special cases. In the presence of the strong damping —Aw; and the linear
damping u; (m = 2), Li and He [24] proved the global existence of solutions and established a general
decay rate estimate for the corresponding problem given by

t
ug — Au + / g(t — s)Au(z, s)ds — Ay 4+ uy = u|ulP 2. (1.3)
0

On the other hand, the finite-time blow-up results of solutions with both negative initial energy
and positive initial energy were also obtained. In [23], with addition the dispersion —Auwuy, Kafini
and Mustafa also investigated Eq. (1.3) on whole space R", and the authors proved a blow up result
by imposing conditions on the kernel g. For more results related to Eq. (1.2) and Eq. (1.3) such as
general decay or blow up in finite time, we can see in [17], [18], [30], [34].

In [26], Long et al. studied a specific form of Eq. (1.2) with A=0,v=1, h = |u,5|m_2 ug, l.e., the
authors considered the following viscoelastic equation

t
Ut — Ugg + / g(t — 8$)uze(z, s)ds + « \ut|p_2 ug = F(x,t,u), (1.4)
0

associated with mixed nonhomogeneous conditions. Under a certain local Lipschitzian condition on
the source F and certain class of relaxation functions and suitable initial datum, a global existence
was proved and an asymptotic behavior of solutions as ¢t — oo was studied. Recently, Quynh et al.
[34] has considered Eq. (1.4), in which, an N-order recurrent sequence has been established and its
convergence to the unique solution of (1.4) satisfying an estimation of convergent rate in N order
has been proved. Furthermore, by using finite-difference approximation, the authors constructed an
algorithm to find numerical solutions via the 2-order iterative scheme (as N = 2).



However, to the best of our knowledge, there are relatively few works devoted to the study of
partial differential equations with nonlinear memory, for example, we can see [6], [7], [20], [21], [32],
[35]. In the paper published in 1985 [20], Hrusa considered a one-dimensional nonlinear viscoelastic
equation of the form

utt—cum—l—/g(t—s)( U (uy (. 8))), ds = f(,t), (1.5)
0

the author established several global existence results for large data and proved an exponential decay
result for strong solutions when g(s) = e™® and U satisfies some conditions. In [35], Shang and
Guo proved the existence, uniqueness, and regularity of the global strong solution and gave some
conditions of the nonexistence of global solution to the one-dimension pseudoparabolic equation with

t
the nonlinear memory term / g(t—s) (o (u(z,s),us(x,s))), ds. In [32], Ngoc et al. proved the local
0

existence of the wave equation with strong damping and nonlinear viscoelastic term as follows

0
it = Mtgat = = |1 (@, 0), @) e (8)]7) s

t
a 2 2 16
+Agu—@&jm(a&wa@mw@nww@w)%u»ﬂw (1.6)
= F (o, tyu, g, g, Ju(®)|? Jua(8)]?) , 0< 2 < 1,0 <t <T,

associated with Robin-Dirichlet boundary conditions and initial conditions, where A > 0 is a constant,
and pq, e, g, f are given functions which satisfy some certain conditions. Moreover, the authors
established an asymptotic expansion of solutions, i.e., the solutions of (1.6) can be approximated by a
N —order polynomial in small parameter. Recently, Kaddour and Reissig [21] have proved the global
(in time) well-posedness results for Sobolev solutions to the following Cauchy problem for a damped
wave equation with nonlinear memory on the right-hand side

t
it — A+ (14 )y = / (t =) |u(r, 2) P dr, (t,2) € (0,00) x RY,

0 (1.7)
u(0,z) = up(z), w(0,z) =ui(x), z € R",

where r € (—1,1) and v € (0,1). Moreover, for another investigation of (1.7) given in [21], they also
have proved a blow-up result for local (in time) Sobolev solutions.

On the other hand, it seems that there are no results relating to continuous dependence and
general decay of solutions of initial boundary value problems with nonlinear memory term. The topic
of continuous dependence on datum has received important attention since 1960, with the earlier works
of Douglis [8] and Fritz [12]. After that, P. Benilan and M.G. Crandall [1] discussed the continuous
dependence on the nonlinearities of solutions of the Cauchy problem for the equation

u(z,0) = uo(z), © € R™. (1.8)

{ u — Ag(u) = 0, in R” x R,
The authors defined the continuous dependence of solutions in sense (see [1], p. 162)

[[un(t) = too(t) | L1 (gn) — 05 88 &y — oo

where ¢,, : R — R are continuous and nondecreasing functions, ¢,,(0) = 0, and u,, are solutions of
the Cauchy problem (1.8). In [33], Pan proved the following estimation which showed the continuous
dependence of solutions for the parabolic equation with exponential nonlinearity

[e'e) 1
/'/“uWme—umemngcwm—nw,
0 0
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where u is solution of the proposed problem, 0 < m, mg < 1 and C* is a explicit constant. Recently,
Bayraktar and Giir [14] have studied the continuous dependence of solutions on dispersive § and r
and dissipative b coefficients of the damped improved Boussinesq equation

Uy — bAU — Ay — rAuy = A(_u ‘u|p—2)’

in which the effects of small perturbations of parameters on solutions have been obtained. For similar
results, we refer to [4], [13].

Motivated by the above-mentioned inspiring works, in this paper, we consider Prob. (1.1) and
we first prove existence, uniqueness of solutions for this problem (Theorem 3.5) by applying the
linearization method together with Faedo-Galerkin method and the weak compact method. Next,
we consider the continuous dependence of solutions on the nonlinearities of Prob. (1.1). Precisely, if
u=u(p, ii, f, g) and u; = u(u;, fi;, fj,g;) are the solutions of Prob. (1.1) respectively depending on
the datum (u, @i, f, g) and (u;, it;, fj,9;), such that

sup max !!Dﬂuj - Dﬂ/‘HCO(AM) — 0, as j — oo,

M>0 18I<3 5 5

sup max ||DPp; — DPji — 0, as 7 — o0,

M>0 IB\§3H H Flleogan (1.9)
sup max ||D*f; — D* i 0, as j — 00,

sup max Dy = D% fllen(ay) = 0 a8 5 =

lg; — 9||H1(0,T*) —0,as j — oo,

where T™ is fixed positive constant; Ay, Ay are compact sets depending on a positive constant M;
D f are partial derivatives with order less than or equal |a|, then u; converges to w in Wi(T), as
j — oo (Theorem 4.1).

Finally, we consider a specific case of Prob. (1.1) with u = p(t,u), o =u, f = —Aus + f(u) —

1
§D% p(t, u)u+F(z,t), and we prove the general decay of solutions of Prob. (1.1) in this case (Theorem

5.6). It is well known that, in order to assure the general decay of solutions, the essential assumption
for the relaxation function g usually satisfies a relation of the form

g'(t) < =€(t)g (1), (1.10)

where ¢ is a differentiable nonincreasing positive function, see [10], [17], [31]. Recently, the condition
(1.10) have been relaxed by Mesloub and Boulaaras [27], Boumaza and Boulaaras [2], Conti and Pata
[5], in which the kernel g haven’t been necessarily decreasing. In the present paper, the relaxation
function g also satisfies (1.10), however, it is necessary to set some assumptions for the nonlinear
quantity s, we shall give an example in which j satisfies a relatively wide class of C3-functions.

We note more that the decay property is a form of asymptotic behavior/stability in which the
energy of solutions tends to zero at infinity. For topic on asymptotic behavior of solutions, there have
been many interesting results for models related to (1.1) with memory term, for example, we refer to
[16], [19], [24] and the references therein.

The paper consits of five sections. In Section 2, we present some preliminaries. In Section 3, we
state and prove the theorem of existence and uniqueness of Prob. (1.1). Sections 4 and 5 are devoted
to the continuous dependence and the general decay of solutions of Prob. (1.1). The results obtained
here may be considered as relative generalizations of those in [28] -[31], [34].

2 Preliminaries

In this section, we present some notations and materials in order to present main results. Let
Q=(0,1), Qr = (0,1) x (0,T) and we define the scalar product in L? by

1
(u,v) :/0 u(x)v(z)de,

4



and the corresponding norm ||-|, i.e., |ul|*> = (u,u). Let us denote the standard function spaces by
C™(Q), LY = LP(Q) and H™ = H™(Q) for 1 < p < oo and m € N. Also, we denote that |||y is
a norm in a Banach space X, and LP(0,7;X), 1 < p < oo, is the Banach space of real functions
u: (0,T) — X measurable with the corresponding norm ||-|| 1, 7, x defined by

T 1/p
Fll oz, = ( | wtol dt) <o for 1< p< s,

and
HUHLOO([LT;X) = esssup ||u(t)| y for p = oo.
0<t<T

On H!, we use the following norm

1/2
ol = (ol + loal®) (2.1)

The following lemma is known. -
Lemma 2.1. The imbeddings H' — C%(Q) and H} — C°(Q) are compact and

(i) ”UHCO q) = V2|[v|l 1 for all v € HY,

2.2
(i) ||U||(;o @ = |vz|| for all v € HE. (2.2)

Remark 2.2. By (2.1) and (2.2), it is easy to prove that, on H}, two norms v — |[v]|; and
v +— ||vg|| are equivalent.

Throughout this paper, we write u(t), u/(t) = w(t) = u(t), u”(t) = up(t) = u(t), ug(t) =
Ju(t), ug(t) = Au(t), to denote u(z,t), %—?(w,t), ‘?;Tg(:c,t), gg( t), (%2( t), respectively With
I € Ck([oa 1] x [07T*] X R4)7 [ = f(xvtayla"' ay4)7 we define Dy f = gia Dyf = Bt’ DQ—Hf = gga
i=1,-,4and D°f = D ---Dg°f; o = (a1, , ag) € ZE, |o| = a1 + - +a6<k:D O)f—
f. Similarly, with u € C*([0,1] x [0, T*] xR), u = u(z, t,y), we define Dyy = aw Doy = at’ D3y = 8y
and DBM:DlﬁlD§3Ma 6: (517"' 7ﬁ3) €Z37 |B| :Bl++63 §k7 -D(O ),U,:,U,

3 Local existence and uniqueness

In this section, we consider the local existence and uniqueness of Prob. (1.1). By using the
linearization method together with Faedo-Galerkin method, we prove that there exists a recurrent
sequence which converges to the weak solution of (1.1). Let 7 > 0, we make the following assumptions:

(H1) i, 1 € H? N H;
(Hs) p, i€ C3([0,1] x [0,T*] x R) and
Dsp(z,t,y) > p, > 0, for all (x,t,y) € [0,1] x [0,T*] x R;
) g€ H'(0,T%);
(Hy) feCY]0,1] x [0,T%] x R*), such that
3 £(0,£,0,0,y3,y4) = f(1,¢,0,0,%3,y4) = 0, for all (t,y3,y4) € [0,T%] x R?,

(ii) There exists a positive constant o such that
o< ﬁ*, with i, = min {1, u,, 2\} , and
3v/2

| D6fllgo(a,,) < 0. ¥M >0,

where Ay = [0,1] x [0,T*] x [-M, M]? x [—v/2M, /2M]?.
Concerning the function f satisfying the assumption (Hy), we take



2

o .
flz,tyyr, - ,ya) = fi(z by, - ,y3) + 1f;2 sinyg, (z,t,91, -+ ,va) € [0,1] x [0,T*] x R4
1

where f; € C1([0,1] x [0,T*] x R3), such that

fl(o’taoaoay?)) = fl(]-vtyoyovy?)) = 07 \V/(t, y7y3) € [O’T*] X Ra
Vi
3v2

One can easily verify that f € C1([0,1] x [0,T*] x R*) and ((Hy), (i)) is fulfilled.
By

and 0 < o <

, with i, = min {1, p,, A}.

2

(o ~
|D6f(x7t7y1a"' >y4)| = 1_3:;2 ‘C05y4‘ <o, V(xvtayla"' 73/4) € AM> VM > 07
1

it follows that HDGfHCO(AIM) < o, VM > 0. Then, the condition (Hy) — (7i) also holds.
A function wu is called a weak solution of the initial-boundary value problem (1.1) if

Y

uw€ Wr ={u€L®0,T; H*NH) : v/ € L0, T; H* N HY), v’ € L*(0,T; H}) N L>(0,T; L?)},

and u satisfies the variational equation

(" (t),v) + Muy(t), ve) + alt; u(t),v) = /0 g(t = s)a(s; u(s),v)ds + (flu](t),v) ,

for all v € H&, a.e. t € (0,T), together with the initial conditions

where

f[u](xvt) - f(:c,t,u(a:,t),u'(x,t),um(x,t),ug(a:,t)),

altyu(t),v) = @iwwmmx%>:wmwwm+waMWMMwa,

altiutt).o) = (55 (au(t) ox ) = (Dt ) + Dap(t ue)s (1) ).
Let T* > 0 be fixed. For M > 0, we put

Ky () = [[pllesa,,) = max HDBMHCO(AM)’

|8]<3
— _ — _ B,
IfM(M) = ”MHCS(AM) = fél‘ag’?f HD NHCO(AM)’
Eu(f) = fleran) = max 1D Fllco () -
lillcoa,y = sup  |p(z,t,y)],
) (x,t,y)EANM
HfHCO(AM) - sup _ ’f($7t7y17"' 7y4>‘7
\ ($7t7y17'“ ,y4)€AM

where Ay = [0,1] x [0, T*] x [-M, M] and Ap; = [0,1] x [0, T*] x [-M, M]? x [—v2M,/2M]>.
For any T' € (0,7*], we consider the set

Ve ={v e L®(0,T; H*N H}) : v € L>®(0,T; H* N HY), v" € L*(0,T; Hy)},

then Vr is a Banach space with respect to the norm (see Lions [25])

v

olly, = maxl[vll oo o zm2mg) » 0| oo o,strznsy + 1" | zago,rimn b

6

(3.1)

(3.2)



Also, we define the sets

{ W(M,T) ={v e Vr: ||, <M}, (3.3)
Wi (M,T) ={veW(M,T):v" € L*(0,T; L?)}. '

In the following, we shall establish a linear recurrent sequence {u,,} by choosing the first iteration

ug = Ug, and suppose that
Um—1 € Wl (M, T), (34)

then we shall find u,, in Wi (M, T) satisfing the following problem

(i (£), 0) 4 Aty (£), v2) + A (6 um (), v)

m

= /0 g(t — s)am(s;um(s),v)ds + (EFp(t),v), Yo € H&, (3.5)
um(O) = Z~L0, ulm(O) = ﬁl,
in which
Fm(ﬂj,t) = f[um 1]( ) f(x’taumfl(l‘?t)vulm—l(mvt)avumfl(:ﬁvt)vvulm—l(mvt))v
am(t;u,v) = (Dip(t, um—1(t)) + Dyp(t, um—1(t))ue, va)
am(t;u,v) = (Dyft, Um—1(t)) + D3ja(t, um—1(t))us, ve) , u,v € HY.

Note that a,(t;u,v), an(t;u,v) can be rewritten in form of

am(t;u,0) = At u,0) + (1, (1), 02)

am (L u,0) = A (tu,v) + iy, (1), ve) , u,v € HY,
where
Am(tu,v) = (pgn (t)us, vz) Am(t;uav) = (Hgm (H)uz, vz) , u,v € H(%?
fam(T,t) = Dap(z,t, um—1(2,1)), H1p(2,t) = Dip(,t, um—1(z,1)),
figm(z,t) = Dap(z,t, um—1(2,1)), fiy(2,t) = Diji(x,t, um—1(z,t)).

Then, Prob. (3.5) is equivalent to

(U (£),v) + Mg (), v2) + A (t; um(t), v)
= /0 g(t — 8) A (8;Uum(s),v)ds + <Fm(t), v> , Vv € H}, (3.6)

where F,,(t) : HY — R is a linear continuous functional on H{, which is defined by

(Pu(®).0) = (Fut).0) = Guin(®.0) + [ 9t = 5) (o)) s v (1)

The existence of u,, is assured by the following theorem.
Theorem 3.1. Under assumptions (H1) — (Hy), there exist positive constants M, T such that, for
ug = Uo, there exists a recurrent sequence {upy} C Wi(M,T) defined by (3.4), (3.6) and (3.7).

Proof of Theorem 3.1. The proof consists of several steps.
Step 1. The Galerkin approzimation. Consider a special orthonormal basis {w;} on H} : w;(z)

V2sin(jrx), j € N, formed by the eigenfunctions of the Laplacian —A = —88722. Put

D) =3" Doy,
j:

7



where the coefficients cgf; satisfy the following system of linear integrodifferential equations

G (6),103) + M (8), w0g0) + A (8010 (8), 05)
= [ gtt = 9 An(ssull(s),w)ds + (Fult) ;) 15 < I, (38)
uin’ (0) = ok, iin (0) = i,
in which

{ Uop = Z;‘}:l a§k)wj — g strongly in H?N H&, (3.9)

Ui = Z;?:l ﬁg-k)wj — 1y strongly in H? N H{.

Using Banach’s contraction principle, it is not difficult to prove that the system (3.8) admits a

(k)

unique solution wuy,’ (t) on interval [0,77], so let us omit the details.
Step 2. A priori estimate. Put

s = o] + s + |Vism@uRo |+ |Vimaud o]
x[aa® o + 2A/0t (Hu;g;<s>H2 + HMg@(s)H?) ds + z/ot o) as.

then it follows from (3.8) that

_ _ 0 _ _
SO = S0+ 2 g OV Ation) + 2 5 (5 (0)0ns) At ) (3.10)

+

t 1 2 2
[t [ sinons) (Juttato o+ [0 0] ) o
0 0

t T
2 [Car [ 7 = 5) A (s (), ul (7)) s
0 0
t T o
2 [ " =9 (5 (Ran(u) Suld) () + A1) s
0 0 ox

2 (poma i), 8l 1))~ 2 1 (om0 0)) il
+2/Ut <Fm(s), u£,’§>(s)> ds + 2/[: <Fm(s), —Aug>(s)> ds + 2/(: <Fm(5), _ng(sw ds

14
N _ 0 _ _
= Sr(rlf)(o) +2 <,u3mm(0)u0kx, Au0k> +2 <6{IZ (,u3m(0)u0kx) ,Au1k> + ; J;.



We shall estimate the terms J; on the right-hand side of (3.10) as follows.
First, we need the following lemma whose proof is easy, hence we omit the details.
Lemma 3.2. Put

500 = [apof +[aro] + s +[do] + ol e

[ (] + o) as+ [ asreo] as

Then, the following estimations are admitted

() i (e )] < (L4 M)Kp(p), i = 1,3,

(i) i@ < A+ M)Kn(p), i =1,3,

(V) Npima (Ol < (X + M) Kn(p), i = 1,3,

(V) i ()] < (14 5M + 2M?) Ky (), i = 1,3,
(Vi) [ Higna (E )H S (1 +3M+M2)KM( ), i=1,3,

(

(

i) [ An(sult) (), 08 (0)] < Kar (@) [l o)
vii) [ auP @) + 2aaP )| < v21/5P (8),

t
®) (¢ H <9 Haokzuhzzr*/o 5 (s)ds

()| 2 (a0 | < 200+ M) Eas()y/ 580,
0

00) |5 (bamel0200) | < 2 700 + 2007 K000,

(xii) 525t <u3m( )umx H < 2(24+4M + M?)K (1) ‘7(7’;)(;5).

Moreover, the inequalities (i)-(xii) are also valid with replacing p by [.
By Lemma 3.2, the terms J; — Jg on the right-hand side of (3.10) are estimated as follows
Using the inequality

SW(t) > m S (),

where fi, = min {1, u,,2\} and

1
2ab < Ba® + BbQ, Va,b € R, with = 3, = %,

then the terms J; — Jg are respectively estimated by

/tds/l,ugm(x,s) ( uﬂf%(a:,s)f + ‘Au,(ﬁ)(a:,s)r) dx (3.12)

(1+ MKy (p /s s)ds = Cy (M /S

J1

IN

t
B = 2 / gt — ) A5 u® (), u®) (1)) ds
0
t t
< kol + (7% + 26345 912 0.4 / 58 (s)ds = |[Gogal® + Ca(M) / 58 (s)ds,
t a '
5= of g(t—s><a(n3m<s>u;’i;<s>),Au;€><t>+Au£ﬁ><t>>ds
0 X

. 8 ) t
< BSE) + 5+ MR Dol [ 50()ds
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= 800 + o) [ S5y
0
t
5= =200 [ (5 (ran(edfhe)) A (s) + AdD () ) s
< V304 MK 9] [ S = anan) [ 505y
0 0
5= 2000 [ An(osa6), 0060
[ 509 (s — "5 (s
< 2\g<o>\KM<u>/ 599 (s = C5(01) [ 59 (),
Jg = —2/ dT/ (1 — ) Ay (530l (5), uP) (7)) ds
< 2K (VT ||| /S s)ds = Co(M) [ 5 ),
Jr = —2/ dT/ (tr—s < (ugm( )uﬁ,’f%(s)),Augj)(T)—i—Au%)(T)>ds
< 20+ MEu(VT 9|20 /thf>(s)ds _ 07(M)/t§§,lf)(s)ds
0 0

5= 2 [ (5 (hanao1) 20 ) s

t t
< 224+ TM + 2M?) K (1) / S®)(s)ds = Cg(M) / S (s)ds,
0 0

n=2f <£8 (onnith(s)) il () s

< 4(2+4M + MQ)KM(M)/tgg“)(s)ds = C’g(M)/tS,gf)(s)ds
0 0

In order to estimate the terms Jig, J11, we use the following lemma whose proof is easy, so we
omit the details.

Lemma 3.3. The following estimations are valid

(i
(i)
(iii)

t
A0 < 1ol + [ y/5s)as
t
3 (VU E) | < 13 (O)oke | + (2 TM + 20M2) K g (1) / Siv) (s)ds,

0 22+ 4AM + M) Ky ( /\/ W (s

o (Ham (i ®) || <

= (m O)iore)

Using Lemma 3.3 and the inequality (a + b)? < 2a? + 2b2, for all a, b € R, the terms Jig, Ji; are
estimated as follows

J1o

J11

= =2 (e (Hulfh(6), AuP (1)) (3.13)

t
2 (It OV [+ | A ) + 2 [1+ (2 TV + 207205 )] |50 s)as

IN

t
= 2 (s Ol + 1 800]) + Cao(0) [ 50 51

= 2 (ran u0)) 20l 1)
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2

t
+ 68(2 +4M + M2)2K]2\4(N)T*/ S (s)ds
* 0

t
+ (M) / S09) (s)ds.
0

_ 0
< 8800+ 3| 57 ranOiaw)

2
_ 354 2
BSi (t) + 3

55 (om0

The terms Jy2 — Ji14 are also estimated as below. By the fact that

(Fu(®).3800) = (a0, 0)) = (pim(e). 8200 + [ 0t = 3) (um(s), 820 ) s,

we have
(B, 5B ®)] < (Ba(h) + Knr(w) + Kns@) lgll oy ) VSR @)
= V(M) S @)
Then

Jip =2 /O t <Fm(s),u£,’§>(s)> ds < TCyo(M) + /U tgff)(s)ds. (3.14)

We also have

= (Fn(0), -5 0)) ~ )+ /Otg (o), ~2idf)0) ) ds
= (Fn(0), D 0)) ~ (pann(0), AP 1)) + /O 00t = ) (A (5), AP 0)) s
SO
[SZXORINION
< [||F<>||+||mm Bl + / 196 = )| (s |ds} |acie|
< [&u 1+M< W)+ K (7) 9l 1 o)) | VS0
- m\/ 5 (0)
Then : .
Jis =2 / (Fins), ~Aild) (5)) ds < TCvs(M) + | 58 (s)ds. (3.15)
0 0
Similarly

(Fn(®), =26 (0) = (Fun(), =2 0) = (i (8), ~2i1(0)
[ o= ) (o).~ 280 ds
= (P00 ~ % (110, 8500 ) + (b, i) (1))
(

2 [ 90t = 8) (e (5), D@D () ) ds = 9(0) (Firne (£), A (1))



thus

t A
Ju = 2 / <Fm(s), —Aag?(s)> ds
0
¢
= 2 (e (0), Adiny) +2 /0 (Funa(5),i8)(5) ) ds = 2 iy (1), A0 (1))
t t
42 (tha(s), Mgg><s>> ds +2 / g(t = 5) (s (s), M) (1)) ds
0
¢
~2000) [ (s (5): 3006 s =2 [ tr [/ =) (), 2000 ) s
0
= 2 <:ulmx(0)7 Aalk) +aq+--+ge-
In order to estimate ¢, - - - , gg, we use the following inequalities

1Frma(s) < (1+4M)Kn(f),

t
[1ma O] < 117 (0)]] +/0 | #1ma ()| ds < 111z (O] + T (L + 3M + M?) Kar (1)

Then

44

g5

g6

q1

q2

q3

_ 2/0t (Fone(s).8)(5) ) ds

=< FT(1+4M) K3 () + B.5%)(8) = Tau (M) + 8,53 (1),

= =2 (puiye (), A0 (1))

< BEBE) + 2 a0 + ;Tm L 3M + M22K3, ()

* *

. 2
= B0 ) + -l p1ma (O) + T2(M),

*

= 2 [ (el 2005 ) s

t
< T(1+3M+M2)2K12\4(u)+/ S,S’Lf)(s)ds:qu(M)Jr/ S() (5)ds,
0 0

2 (gt =s) <nm<s>, INTUONE
8580 + T (1+ MK () gl = B.5%)(0) + Taa(),
~20(0) [ (o). 205 (9) s

t, t _
T19(0)] (1 + M)* K2, (1) + / 5®)(s)ds = Tags(M) + /0 () (s)ds,

—2/d7/ (r = ) {Fama (), 2 () ) dis

/S T)dT + TT*(1 +M) KM Hg HL2(0T* /S T)dT + T'gs(M).

Thus, J14 is estimated by

J1a <2 (py(0), Atigg)

2 _ t_
+ 2 e (O + (M) +38,50) + 3 / 50 (5)ds
* 0

12

(3.16)



where C14(M) = é i (M).
12

Combining (3.12)—(3.16), it implies from (3.10) and (3.11) that

t
59 (t) < 8% 4 7Dy (M) + Da(M) / S (5)ds, (3.17)
0
where
_ 2 4 N - N
Sie = p — 5 (0) + o L3 0ok, Mdiok) + (11015(0), Aias)] (3.18)

4 0 - 5
+* <8a¢ (1430m (0) ok ) 7AU11€>

_ 4 _ _
okl 2 (1t (O + | A )

* *

40
-2 (' T uumm)uZ) ,

2 2
SU0) = Nl + el ® + || itz Oore |+ || Vitam @) Aok ||+ X Aa]1,
2
Dy(M) = — [C12(M) + C13(M) + C14(M) |,

Dy(M) = ,i(“z;ll Ci(a).

On the other hand, :u'lm:p(x’ 0) = D%M(.T, 0, 1]0(33))—1—D3D1,u(x, 0, ﬂo(iﬁ))ﬂox(m’), :U‘3m($? O) = D3M(xa 0, 110(1’)),
Usma(2,0) = D1Dau(x,0,19(x)) + D3p(x, 0,7 (x))io.(z), are independent of m, so it implies from
(3.18)1 2 that S,(rlf)(O) and Sélfn) are also independent of m.

The convergences given by (3.18) show that there exists a positive constant M independent of k
and m such that

2

o (b 0)on)

M2
Sék) < <5 for all m, k € N. (3.19)

The local existence is obtained by choosing T small enough as in the following lemma.
Lemma 3.4. Suppose that there exists a positive constant M satisfying (3.19). For any T €

(0, T*], put
kp = 3y/D(M, T) exp (T D3(M)), (3.20)
where
DIOLT) = = (o +2VTRu()) + g (14 M (Kl + K3 @) ol )
(0 302 (1900 + VI o) s )
D) = - [1 (14 MK () + 4 (1000) VT |y ) K ()]

*

12 _

Then, T can be chosen small enough such that

M? T Do (M) 2
- 2
( 5 +TD1(M)> e < M2, (3.21)

kr < 1.

13



Vi
32

TILI&kT = TIL%+3\/D1(M7 T)exp (T'D5(M)) = 34/ P o<1,

*

Proof. By the assumption 0 < o < , it is easy to get that

and

M? M?
lim | —— 4+ TDy(M) ) eTP2M) = —_ < M2 [0
T—04 2 2

It follows from (3.17) and (3.21) that
t
SW) < M0 1 Dyu) [ 5P (s)ds,
0

By using Gronwall’s Lemma, we deduce from the above inequality that
for all t € [0,T], for all m, k € N. Therefore, we have

ul® e Wi(M,T), for all m and k € N. (3.22)

Step 3. Limiting process. By (3.22), there exists a subsequence of {ugs)} with the same symbol,

such that
W s, in  L°°(0,T; H? N H}) weak*,
) ul, in  L®°(0,T; H?N HE) weak™, (3.23)
ik ul, in  L2(0,T; H}) weak, '
um € W(M,T).
Passing to limit in (3.8) and (3.9), we have u,, satisfying (3.6) and (3.7) in L?(0,T).
On the other hand, we deduce from (3.6); and (3.23)4 that

0 t 0
W = Nt 2 )+ B 0) = [0~ 5) - Gi(5) + (5 (5)) s +
T 0 T
= £, € L™0,T;L?).

Thus, uy, € W1(M,T). Theorem 3.1 is proved. [
By using Theorem 3.1 and the compact imbedding theorems, we shall prove the existence and
uniqueness of weak local solutions to Prob. (1.1). We first introduce the Banach space (see Lions [25])

as follows
WA(T) = {u € CO(0,T); HY) N CM([0,T]; L2) : /€ L2(0,T: H{)}

with respect to the norm
HUHW1(T) = ”uHCO([O,T};Hé) + Hu/HC'O(O,T;Lz) + H“/HB(O,T;Hg) :

Then we have the following theorem.

Theorem 3.5. Suppose that the assumptions (Hy)— (Hy) hold. Then the recurrent sequence {u, }
defined by (3.8)-(3.9) strongly converges to w in Wi(T'). Furthermore, u is a unique weak solution of
Prob. (1.1) and w € Wi (M,T). On the other hand, the following estimation is valid

[um = ully, (1) < Crky', for all m €N,

where kp € [0,1) is defined as in (3.20) and Cr is a constant depending only on T, f, g, u, i, g, G1.

14



Proof of Theorem 3.5. First, we prove the local existence of Prob. (1.1). We begin by proving that
{tm} (in Theorem 3.1) is a Cauchy sequence in Wy (T'). Let wy, = 41 — Um. Then wy, satisfies the
variational problem

(win (£),0) + Mg (£), V) + B, v)

= g(t - S)Bm(37v)d8 + <Fm+1(t) - Fm(t)7v> ’ Vv e H&a (3'24>

where

Br(t,v) = amy1(tumsa(t),v) — am(t;um(t), v),
Bi(t,v) = Gmet (t;tmr1(£),0) — @G (t; um(t),v), v € Hy.

Taking v = w/,(¢) in (3.24); and then integrating in ¢, we get
¢ t 1
poSn(®) < 2 [ (Fua(s) = Fuls)hui(s)) s+ [ ds [ sy (@ s)udloo)ds (325)
0 0 0

/

_2/0 <[M3m+1(s) - MSm(S)] umﬂ?(s) + Him+1 (S) - :U’lm(s)’ wmx(5)> ds
2 /0 4(t — ) Bn(5, win (£))ds — 29(0) /0 B3, wm(5))ds

_2/0th/079,(7 — §) By (8, wpn(7))ds = Zj:1 I,

where fi, = min{1, p,, A} and

Son(t) = ot ®)|* + s ()] + /0 [ (5)]] ds. (3.26)

Next, the integrals on right-hand side of (3.25) are estimated as follows.
By the following inequalities

VFmir(t) — En® < 2Rr(F) [|Vetmar ()] + w1 (9] + 0 Vet 1 (2)]
< QKM(f) ||wm—1||W1(T) t+o va;n—l(t)H )
t 1/2 ~ t ) 1/2
( [ 1Fniato) - Fm<s>u2ds) < VTR lmtllyry + < IR ds)
< (VTKwu(f)+o0) [wm—1llw, 1y

| Him1 (2, 8) = i (2, )| < K (1) (w1 (2, 0)] < K (1) [fwm—1llywy 7y > 0= 1,3,
the terms Iy, I, I3 are estimated by

L = 2/0 (Frng1(s) — Fi(s), wy,(s)) ds (3.27)

IN

~ t_
VTR (f) +0) fwm 11, o + / 5 (s)ds,

t 1 t
o= [ ds [ (oo < (14 M)Kar() [ Sn(o)ds,
0 0 0

I; = —2/0 ([13m11(8) = 11300, (8) ] e (8) + B () = pm (8), Wi (5)) ds
< 2(1+ M)Kn(p) ’wm—l“Wl(T)/O [whne (5) | ds
< Eeg )+ 20+ MR () Jwm 1 I, oy

6 Pos

15



For the integral Iy, I5, I, we note that

Bm(s,wm(t)) = Gms1(s;ums1(s); win(t)) — Gm(s; tm(s), wm(t))
= <ﬂ3m+1(3>wmw(3)a wmm(t>>
+ ([3ms1(5) = Bigm (5)] Uma (8) + Firmi1(8) = Biim (), Wma (1))

hence

| Bin(s, wm ()| < K () [ Sm(s) + (1 + M) me—l\wl(:r)} Sm(t)-

I = 2 /0 gt — ) Bon (5, won (£))ds (3.29)
< 2Ku@) [ 1ot = )] y/5n(s)/ult)ds
201+ MK [l [ latt =) /S0

Py & 6 -
S Sm() + —T(1+ MK () 91 72(07+) lwm—1 [, )

IA

/’L*
+ 2 K30 ol /S
Is = —29(0 /B S, W (s
< 21g(0)] Knr() /U [Sm(>+<1+M>||wm-1||Wl(T> 50(0)|

= 49O Kns() | Sin(5)ds + 5T o) Kas (1 + M) s v,

t T
Iy = —2/d7’/g'r—sBms,wm ds < 2Ky (p /dT/ g(r—s
a7 | g7 = 5)Bu(s, wn(r)) [9/(m = )|/ Sm(s)y/ S
t T
201+ M) [y [ 0 [ 1 = )] y/Sutr)as
t
= 5 1 N~
< 4KM(H) T* HQIHLQ(QT*) A Sm(S)dS + QT(l + M)2KM(/"L) T HgIHLZ(O,T*) ||wm_1H%V1(T) ’
Combining the estimations (3.27) and (3.28), we deduce from (3.26) that
t
$(t) < DT )+ 20500) [ S

where D} (M, T), D5(M) are defined as in Lemma 3.4.
Using Gronwall’s lemma, we get from (3.26) that

Sm(t) < TDF(M) w1y, (1) exp (2T D3 (M), (3.29)

hence, it leads to
meHW1(T) < kr me_l”W1(T) , Ym € N,

where the constant k7 € [0, 1) is defined as in (3.20), which implies that

M
[ mtp — UmHWI(T)_ 1~ kr ——k7, Vm, pe N.
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It follows that {u,,} is a Cauchy sequence in Wy (T'). Then there exists u € Wy (T') such that
U, — u strongly in Wy (T'). (3.30)
Note that u,, € W(M,T), then there exists a subsequence {um j} of {u,} such that

U, — U in  L>®(0,T; H* N H}) weak*,
u . — in  L°°(0,T; H? N H}) weak*,

u’/nj — u in  L?%(0,T; H}) weak, (3.31)
ue W(M,T).
Since )
1En(®) — Flad(8) 20y < (0 + 2B0r(0) N1 — lhyay (3.32)
hence, by (3.30) and (3.32), we have
Fy, — flu] strongly in L*(Qr). (3.33)

On the other hand, using the equality

(85 U (1), 0) — a(t;u(t),v) = (pgm (O)uma(t) = palul (@)ue(t) + papn(t) = pa[ul(t), ve)
= {pam(t) [uma(t) — ue ()] + (13 (1) — p3lu] ()] ua (), va)
+ {am(t) = pa[u](t), v)

and the inequality
| i1 (2,8) = pri (2, 0)| < Kar () w1 (2, 8)] < K () [lwm—1llw, oy » @ = 1,3,

we get
@t wn(8),0) = alt; u(t), )| < Knr (1) [om =l ry + (14 M) s = gy | el

Hence
A (t; U (1), v) — a(t;u(t),v) in L (0,T) weak*, for all v € Hj. (3.34)
Similarly
t t
/ g(t — 8)am(s;um(s),v)ds — / g(t — 8)am(s; um(s),v)ds, (3.35)
0 0

in L>® (0, T) weak*, for all v € H}.

Passing to limit in (3.8) and (3.9) as m = m; — oo, it implies from (3.33), (3.34) and (3.35) that
there exists u € W (M, T) satisfying (3.1), (3.2).

On the other hand, we derive from (3.1) and (3.31)4 that

2 t 2
oz utu(®)) = [ a6 =) 575 (s u) ds + 7l

= feL>®0,T;L%.

"o /
= Ay, +

Thus u € W1 (M, T').The proof of existence is completed.
Finally, we need to prove the uniqueness of solutions. Let ui, ug € W1(M,T') be two weak solutions
of Prob. (1.1). Then u = uj — uy satisfies the variational problem

(u(t), v) + Mug (), va) + B(t, v)
g(t — s)B(s,v)ds + (Fi(t) — Fa(t),v), Vv € Hg, (3.36)
u(0) = u/(0) =0,

o
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where

s
—~
S

<
SN—

|

Q

(t;ur(t),v) — a(t;ua(t),v)
= (us[ua](t)ua(t ) [ug[ul](t) prglue] ()] uoy (t), va) + (p [un](t) — pa[ue](t), va),

= (afua](t)ua(t) + [us[ul] t) = iglua] (8)] uze (£), va) + (i [ua] (8) — fua[u2] (t), va), v € Hy,
t

pilu(z,t) = Dz, t,u(z,t)), f;lul(z,t) = Difi(x,t,u(z,t)), i = 1,3,
Fi(t) = flult), j=1,2

Taking v = «/(¢) in (3.36); and integrating in time from 0 to ¢, we get
/ds/ s [u](z, 8)u2(x, s)dx (3.37)
—2/ (lalum](s) — paluz](s )]uzx(S),ué(SDdS—?/ (pa[un] () = poa [u2] (5), 15, (s) ) ds
0 0
+2/ g(t — s)B(s,u(t))ds — 2g(0 /B s,u(s))ds
—2/dT/ (r—5) ())ds+2/0 (Fi(s) — Fy(s),u/(s)) ds,

where .
2 2
2() = o' @)|]* + lua()]? +/0 i (s)] ds. (3.39)
Through similar calculations in Theorem 3.1, we obtain from (3.37), (3.38) that
— t —
(1. ~ 20 = 29) 2(0) < n(0,7) [ Z(5)ds, (3.39)
0
for all v > 0, where
n(M,y) = 1+16K3(f) + (1+ M) K (u)

+22 + M) K (7) (I9(0) + VT |9/ o o 1)
o [ PEE ) + 2+ M ER ) a0

N

3v2’ B

and using Gronwall lemma, we deduce from (3.39) that Z (¢) =0, i.e., u = u3 —uz = 0.
Therefore, uniqueness is proved. The proof of Theorem 3.5 is done. [J

Since 0 < 0 < it follows that fi,—202 > 0. Then, by choosing v > 0 such that i, —202—2y > 0

4 Continuous dependence

In this section, we assume that A > 0 and 4o, % € H2N Hg. By Theorem 3.5, Prob. (1.1) admits
a unique solution v depending on the datum u, g, f, g

u = u(/”’?ﬂu fag)a

where p, i1, f, g satisfy the assumptions (Ha) — (Hy).
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First, we note that if the datum (u, i, f, 9), (145, b5, f5, g5) satisty (Ha) — (Hy) and in addition, the
following condition is fulfilled

Ay, p) = HDﬁ _pP ’ 0, 41
15, 1) sup max || D7 Mooy (4.1)
Ay, ) = HDB ~ D ‘ 0,

1(1, 1) sup max || D74 Mleoany ~

d(fj, f) = ]?/[u>p0 ‘max | D f; — D* f”CO(AM) — 0,

lg; — gHHl(O,T*) — 0,
as j — 00, then there exists jo € N (independent of M) such that

D% 1l coga,y < 1+ D%kl cogayy - V8 € Z3, 181 < 3, M >0, V5 > jo,
17 cogayy < 1+ 1D Elloa,,y - V8 € 22, 18] < 3, VM >0, V) = jo,
1D fillco(a,) < H 1D Flleo(a,,) - Yo € 28, ol <1, VM >0, ¥j > jo,
ngHHl(o,T*) <1+ HQHHI(O,T*) , Vj 2 Jo-

By setting the constants Ky (1), Kar(fi), Kar(f) and (Hs), we deduce from the above estimation

that
KM(NJ <1+KM( ), VM >0, Vj>j0,

)
K (f5) <1 +KM(f)7 VM > 0, i > jo,
(N

ngHHl *) <1+ ”g”Hl(o,T*) » Vi = Jo.

Therefore, the Galerkin approximation sequence {u,gf)} corresponding to (u, i, f, g) = (1), ij, £, 95),
j > jo also satisfies the priori estimates as in Theorem 3.1 and

ul®) € Wy (M, T), for all m and k € N,

where M, T are constants independent of j. Indeed, in the process, we can choose the positive
constants M and T as in (3.19) and (3.21) with replacing Kns(p), Ky (1), K (), 19O, [p1me (0],
|13 (0)] by 1+ Kar(p), 1+ Knr(R), 1+ Knr(f), 1+19(0)] 5 1+ (11702 (0)], 1+ [143,0(0)] , respectively.

Hence, the limitation u; of {uﬁ,’f)}, as k — +o0o and m — +o0 later, is the unique weak solution of
Prob. (1.1) corresponding to (u, it, f) = (i, /15, f;), J = jo satisfying

u; € Wi(M,T), for all j > jo.

Moreover, by the same argument used in Theorem 3.5, we can prove that the limitation u of {u;}
as j — +o00, is the unique weak solution of Prob. (1.1) and w € W1 (M, T).

Consequently, we have the following theorem.

Theorem 4.1. For any X\ > 0, g, @ € H?> N H}, suppose that (Hs) — (Hy4) and the condition
(4.1) hold. Then, there exists a positive constant T such that the solution of Prob. (1.1) is continuous

dependence on the datum p, p, f, g, i-e., if (u, i, f,g) and (p;, ij, fj,9;) satisfy (Hz) — (H4) and
(4.1), then
uj = u(f;, oy, fj, g5) — w strongly in Wi (T), as j — oo.

Moreover, we have the estimation

||uj - UHWI(T) < CT (dl(ﬂjaﬂ) + dl(ﬁ]aﬁ) +d(fjaf) + ”gJ - g||H1(()7T*)) ; V] > jUa

where Cr is a constant only depending on T, f, g, u, i, %o and .
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Proof of Theorem 4.1. Setting

9= 99
Fi(z,t) = filul(z,t) — flul(x, ),
filuil(z,t) = fi(z,t,u(w,t), w2, t), uja (2, t) Lo(@,1)),

flul(zt) = fla,t,ulz,t), v (z,t), ue (@, 1), u (x t)),

then w; = u; — u, satisfies the variational problem
(wj (1), v) + Mwj, (1), vz) + aj;e(t; uj(t),v) — a(t;u(t),v)
= [l = 9aytssy(5).0) a6 = atssuls). 0] ds

(4.2)
+ <Fj(t),v> , Yo € HY,

where

(Daitg (£, 3 1))z (8), 02) + (Dagis (15 (1)), 02
= (Dspu(t, ut))ue(t), va) + (D1p(t, ult)), va) ,
<D3M] (t, u;(t Ujm(t):”m> + <D1/~L](t u;(t)),v >7
altiu(),v) = (Dafilt.u(t))us(t),v) + (Dift, u(t)), va)
On the other hand, by the following equalities
aj(t4;(8),v) — alt; u(t), v)
= (Dot () (0, v2) + {[Dy (1, 05(8)) — Doa(t,u(t))] s (0). )
+ (D (1, 05(6) — Dagat u(t)) ),
aj(s;uj(s),v) —a(s;u(s), v)
= <D3ﬁj(57uj( ))wja(s) Um> + <[D3,U] s,u;(s)) — Dgﬁ(s,u(s))] ux(s),vm>
+<D1ﬁj(s>uj( )) — D1j(s, u(s)), Ux>7
9i(t — 8)a;(s:5(s),0) — g(t — s)a(s; u(s), v)
— lgi(t—s) — glt — 5)]as(s5(5), v) + g(¢ — ) [a5(5: w5 (), v) — als; u(s), V)]
= lgj(t —s) = g(t — s)] [(Daf;(s,uj(s))uju(s), vz) + (D1fij (s, u;(s)), vz)]
(Dajt (s, 5 (3)wja(s), v2)
([Dafis (3 115(5)) — Dai(s, u(s))] 1 (5), v2)
(D1f;(s,uj(s)) — Difi(s, u(s)), vz) ,

~—

+g(t —s
+g(t—s
+g(t—s

~— ~— ~—

we rewrite (4.2) by
)

b
(- (W (8),0) + Muje (8), v + (D (t, w5 (1)) wia(t), ve )

/g (t—s) D3,U,] $,1;(8))wjz(s), vy ) ds
0

t
—|—/ gj(t —s) —g(t —s)] [<D3ﬂj(s,uj( ))uja(s) vx> + <D1,uj s,u5(s)),v >] ds
+/ g(t — s) ([D3p;(s,ui(s)) — D3pa(s, u(s))] ug(s), va) ds (4.3)
/ g(t—s) Dl,uj s,u;(s)) — Diji(s, u(s)), vg) ds

([Dspj(t,u(t)) — Dap(t, u(t))] ua(t), va) — (D (t,u;(t)) — Diplt, ut)), vz)

< (,v> VUGHO,
w (0)=0

[e=]

o

+
o

m+ |

( w;(0)
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Taking v = w}(t) in (4.4); and then integrating in ¢, we get
t 1 o 9
S;(t) < /Ods/o 95 Dg,uj(m,s uj(z, s))] wi,(z, 8)dx

+2/0 dT/Tg (1 —s) DSMJ 8, uj(8))wjz (8), Wiy (T 7)) ds

0

l9;(7 = 8) = g(7 — $)] (D1fi; (s, ui(5)) + Dsfi(s,u;(s))uja(s), w;

I
dr /0 "g(r — 5) (Dafi;(s,u5(s)) — Dals, u(s)), wly (7)) ds
/0 o(r — ) {[Dafis (5, u5(s)) — Dsji(s, u(s))] wn(s), o (7)) ds

_2/0 <[D3uj(s,uj(s)) — Dgu(s,u(s))] ux(s),w9x(5)> ds
<2 [ (Duns.15(9) ~ Dupls, (). (o)) ds+2 [ (o) i) s

- ZIJ"

where i, = min{1, \, p,. } and

850 = s O + e )1 + [ [ (6)|P .

We estimate the terms I; on the right-hand side of (4.4) as follows.
Estimate of I;. By the estimation

0
‘ [Dapj(z, s,uj(z,5))]| = ‘Dnguj(a:,s,uj(x,s))—|—Dg,uj(a:,s,uj(x,s))u;-(x,s)‘

ds

< Kar(py) (1+ |uf(z,9)]) < 1+ Kp(p) (1+ M),

we have
L = /ds/ 55 [Dapij(x, s, uj(x s))] - (x, s)dx

< Ku0) (4 00) [ usalo) s < (1 Kar) (14 00) [ 55
Estimate of Is. By the estimation

| Dsjij(@, s,uj(z,5))| < Kar(iyy) <1+ K (),

we obtain

b= 2 [ [ ot = ) (a0, 037

< 201+ Ku(@) / [t (7)]| dr / "ot — )] lwials)]| ds

1/2
< 21+ Kni(7) /55 F|gr|L20T></ e (5)]? ds)
< B0+ 5 L+ Karln)* T° gl / lwja(s) |2 ds
< P80+ 5 (4 Kut@) T gl /0 )(s)ds

21
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(7’)> ds

(4.5)

(4.6)



Estimate of Is. Note that

| D1 (s, u(s)) + Dafij(s, wi(s))uje(s

hence

Iy =

t T
Q/dr/ ng
0

2(14+ Ku(p

—S—

) (1+ M) / e

s)|| < K (i) (1 + lluja(s)]) < (1 + Kne(m)) (1+ M),

HdT/ lgj(T —s) —g(T — s)|ds

(1+KM 1+M \/ V ng 9HL20T

1
BS;(t) + 0T K () (L+ M)*T* g5 = 97200 7+ -

Estimate of Iy. Using the estimation

we get,

Estimate of I5. By the following inequality

we obtain

IN

IN

IN

<

<

’Dlﬂ](l‘a S,’U;j(l' 3)

IN

IN

sup
(z,ty)EANM

di (g, )

IN

‘Dlﬂ](‘ra S,Uj(l' S)
+ ’Dlﬂ(‘rv

~— —

}Dlﬂ] xz,s, )

+ Kn()y/S5(s),

— Dy, s, u(z, s )}
Daji(a,,u;(z, )|

s,uj(x,s)) — Diji(z, s, u(x, s))|

Dip(x, s,y ’ + Kp (i) luj(z, s) — u(z, s)|

2/0 dT/OTg(T —35) <D1ﬂj(3,uj(5)) — D1ji(s,u(s)), w ]a: >d8

2 /0 dr /0 l9(r = )| | D11 (s, u5(s)) = Dajas, u(s)) | [|w, (7)]| ds

- t 1/2
2/ SiOVT* gz (/0 [ D1t (5, w5(3)) = Dajts, u(s))| ds)

_ 1 t
83,(0) + 5" Igla0r /0 | Dafiy (s, u5(s)) — Dupls, u(s))|* ds

B3;(1) + 2

‘Dlﬁ](l‘a
’Dlﬂ](l‘a

IN

+ ’Dlﬂ(fﬁ, S,’UJ]'(SIT S)) -

IN

sup
(Q?,t,y) EAM

dl (ﬂja ﬂ)

IN

[[Dsfij (s, u;(s))

t
2 gl / (g,

- 2
85,(0)+ 5 (T lalliaurm) dis

s, u;(x,s)) —
) —

s, u;(z, s)

}Dlﬂ] xz,s, )

+ K ()y/ Si(s),

— Dsfi(s, u(s))] ua(s

i) + K3y (1) Sj(s)] ds

0+ 57 (Il Knm)” ['8,(610s.

Dip(x, s,u(x, s )}
Dy, .05, )|

Dij(z, s,u(x, s))|

Dyji(w, s,y)| + Knr(R) uj (@, 5) — u(z, )]

)H<M<d1(uj, ) + K (i) 5]@)_

22

(v — )] (Duty (5.5 (5)) + Dafi (5, 15(8) o), wl (7)) ds (4.7)



<

<

2/0 dT/OTg(T — 5) ([Dafij(s,u;(s)) — Dafi(s, u(s))] ux(s),w;x(7)> ds (4.9)

2 /0 dr /0 "lg(r — )] | (D3 (s, w5 () — DafiCs, u(s))] ua(s)| [ wia(7)]| ds

_ 2 /. 2 2, .
5850 + 5 (T*M gl a0r)) Gy 1) + 5T (M llglpare) Kae (i / 55

B

Estimate of Ig. Similarly, we verify that

SO

Estimate of I.

so it follows

IN A

IN

J[Daty 156D = D o)) )] < 3 (i) + Ko/ 3505).

2/0 ([Dsp;(s,u;(s)) — Dap(s, u(s))] ua(s), wj,(s)) ds (4.10)

6/ Hw]x(s H ds + / H Dg,uj s,u;(s)) — Dap(s,u(s)) ]ux(s)”st

BS;(t) +

2 2 _
BT M2}, 1) + BM2KM 1% /0 Sj(s)ds

Repeating the estimation similarly to Is, we obtain

‘Dl,uj(x, s,uj(x,s)) — Dip(x, s, u(z, s))}
‘Dluj(x, s,uj(x,s)) — Dip(x, s, uj(z, s))! + [Dip(z, s,ui(x, s)) — Dip(x, s, u(z, s))|

sup

(z,t,y)EANM

d(pj, 1) + Kar(p)4/ S5 (s),

<

<

<

| Dupsy(a,5,y) — Dupla, s,9)| + K () [y (@, 5) — (e, s)|

—2/0 <D1uj(s,uj(s)) - Dl,u,(s,u(s)),w;ac(s» ds (4.11)
¢ t
6/ s+ 5 [ 1Dy 00) = Duts o) ds

85t / (¢ (a0 1) + K24(1)55(5)) ds

ﬁ

5,
B,(0) + 57 s ) + S K /S

B

Estimate of Ig. We note that

Since

<

| filug](z,t) —

Fj(t) = Fj(.’E,t)IFj(x,t)—F(ZE,t)

= fj[Uj](.fU,t) - f[Uj](."I:,t) + f[Uj](ZE,t) - f[u](x,t)

flugl(z, t)]

|f] x,t,uj(x, t), u)(x,t), Vuj(z,t), Vuj(z,t) — f(2,t,ui(z, ), ui(z, 1), Vui(z, ), Vui(z, t))’
”f] f”cO(AM) < d(f] f)
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it follows

1)) = FEd@ < Rar(f) [l @)+ [f @ + e O] + Ras (1) [}

< 2Ku(f) [[Jwi@)] + lwja @] + Kar(f) [l (0]
< 2V2EM(NSi(0) + Ku(f) [[win(0)]) -

Then

5| = 156 = Sl @+ 1) - )

< d(fy, 1)+ 2R () S5(0) + Kar () ||l 0]

Hence

Iy = 2/0 (Fy(s), ) ds<2/ | B3| 1w ()] s (4.12)

IA

Q/Ot[ () + 2V2ZR i (£)y/55(5) + K (f) ijxsﬂ\/;ds

&5, f) /s (s)ds + ARy (f /s ds—i—B/ ()] ds + KM(f)/OtS()ds

IN

IN

T*8(f;, f) /s (s)ds + 4V2 K (f /S Vs + B5;(t) + KM /S
= T*dQ(fj,f)-FﬁSj()—F|:1+4fKM( )+EKM }/Sjs s
0

Finally, by choosing 8 = ﬂ’ we get from (4.5)-(4.10) that

Sj(t) < Rj(M) +DM/O Sj(s)ds

where
Ry(M) — ;T*J%fj,fw?2(1+KM@>>2<1+M>2T* g5 = 911200,
+5fT* (14 M) {d (1) + (T lall o)) . ‘)]
Dy = <1+4\/KM +(1+ Kp(p ))(1+M)+M*f<§4(f)>
+225 (1 4+ Kas(@)* T ol -

56 5 ~
(1 M) (K3 + T ) 320,00y K3 (7) )

*

Using Gronwall’s lemma, we have

Sj (t) < RJ(M) exp(TDM).

This derive that

IN

3 eXp(TDM)RJ‘(M)

Cr (dl(ﬂjaﬂ) + di(py, ) + J(fj, )+ g — 9||H1(0,T*)) , V3 = Jos

l|u; — u”Wl(T)

IA
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where

Cr = 3\/exp(TDM)max{,/jT*, 2¢(HKM(M))(1+M),

*

2v/14 2v/14
W ram, 22 i \gumm} .
oy Ho

Theorem 4.1 is proved. [

Remark 4.2. We give here an example, in which the condition (4.1) is satisfied.

(i) Considering {f;} defined by

224202 .
fj(x7tayla"' 7y4) = f<$7t7y17"' 7y4) + %7 (337?5’3/1,"' ay4) € [07 1] x [O7T ] X R47
7 (1+9i)

where f € C1([0,1] x [0, T*] x R?) satisfies (Hy).
It is easy to check that f; € C1([0,1] x [0, 7] x R?*) also satisfies (Hy) and

dN(fJ,f) = J\s/[u>p0 <|I£E?i |Df; — DO‘chO(AM)> — 0.

Indeed, for all (z,t,y1,---,y1) € Ay = [0,1] x [0,T*] x [=M, M]? x [—v/2M,+/2M]?, we can
estimate that o o
()" M
- <
||f] f”C’O(AM) = ](1 + MQ)

T*)?
< ( ) , VM > 0.
Similarly, we have

2(T*)* M? _ 2(T*)?

| D1f; — D1f||co(;1M) < o , VM >0,
27* M? 27*

1D2fj = D2fllco(a,) < e <= VM >0,
T™)?

| Ds f; —D3f\|co(;1M) < ( j> , VM >0,

|\Dif; — DifHCO(AM) = 0, 1=4,5,6,

then

~ 2
d(fj, f) = sup max||D*f; — DO‘fHCO(A ) < f_max{(T*)2,T*} — 0, as j — 0.
M>0 |e<1 Ml

(ii) Considering {u,} defined by
xty2

,u~m,t,y :,u:r,t,y T ey $7tvy € 071 X OaT* XR)
i@ ty) = wlz b y) + s (@ ty) € 0,11 (0,17

where u € C3([0,1] x [0, T*] x R) satisfies (Hz).
It is easy to check that p; € C3([0,1] x [0,T*] x R) also satisfies (H2) and

di(p;, ) = sup <maxHDﬂ . —DP ‘
(k2 1) M>0 \IB|<3 H :

1
> < —-max{5,187T*} — 0, as j — 0.
CO(An) J

(iii) It is similar to give {fi;} and {g;}, we omit here. (J
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5 Global existence and general decay

In this section, we investigate the general decay of solutions to Prob. (1.1) in the specific case
1
w=p(tu), plu) =u, f=—- u,+ f(u) — §D§,u(t,u)ug26 + F(x,t). Precisely, we shall consider the
following problem

( 82 t
Ut + MUt — Ntggy — @M(t,u(az,t)) + / g(t — s)uze(x, s))ds
0

1
= f(u) — §D§u(t, wul+ F(z,t),0<z<1,0<t<T, (5.1)
u(0,t) = u(1,t) =0,

| w(=,0) = do(z), u(z,0) =t (),
where A > 0, Ay > 0 are given constants and u, g, f, F, 4g, @1 are given functions satisfying the
following assumptions.

We first note that, by Theorem 3.5, under the assumptions corresponding to this special case,
Prob. (5.1) has a unique local weak solution u such that
w € C(0,T]; H? 0 HY) N G ([0, T]; HY) 1 L®(0,T; H2 1 HY),
' € C([0,T]; H}) N L*°(0,T; H? N HY),
u" € L2(0,T; HY) N L>(0,T; L?),

for T chosen small enough. Furthermore, using the standard arguments of density, we can propose
the assumptions to get the local existence and uniqueness of a weak solution for Prob. (5.1) with less

smoothness as follows.
(Hy) (fo,11) € HY x L%

(Hy) pe C3(Ry x R) and there exists the positive constant s, such that
(i) Dap(t, z) > py > 0, for all (¢,2) € Ry x R,
(ii) D1Dap(t, z) <0, for all (¢,z) € Ry x R;
() geC'(R,);
(Hy) f € C(R), such that f(0) =0 and yf(y) > 0, for all y € R;
(Hs) FeL?((0,1) xRy).
We then obtain the following theorem.
Theorem 5.1. Let (H,), (Hs), (Hs), (Hy), (Hs) hold. Then, there exist T > 0 and a unique
solution of Prob. (5.1) such that

u € CO[0,T]; HY) nCY([0,T]; L*), «/ € L*(0,T; Hy). (5.2)

We now prove the existence of global solution and the energy of the solution decays as t — +4oc0.
For this purpose, we strengthen the following assumptions.

(Hy) (ao,1) € Hy x L?;
(HY) pe€ C3(Ry x R) and there exist the positive constants pi,, fiq,, fig. such that
(i) Dop(t,z) > p, >0, for all (¢,2) € Ry x R,
(ii) Dng,u(t z) <0, for all (t,2) € Ry xR,
(iii) szgp(t 2) + Dop(t, z) > py, > 0, for all (¢,2) € Ry X R,
(iv) zD%u(t Z) > —liy,, for all (¢, 2) € Ry x R;
(HY) gect (R+) N L' (R,) such that
(i) L —g(00) >0,
(ii) there ex1sts a function ¢ € C(R) such that
E(t) <0< &(t), for all t >0, / € (s)ds = oo, and

0
g (t) < =&(t)g(t) <0, for all t > 0,
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where 5(0) = [ g()ds, 3(0) = [ “g(s)ds

HY) feC'(R), f(0)=0, yf(y) >0, forally € R
4 i
and there exist the constants «, 3, do, do > 0, with a > 2, 8 > 2, such that

()
myﬂwS@Af@mmxmyeK

Y _
@) [ £ <@ (1l + )  for all y €
0

(Hf) FeL (R+S L2) NL! (R+; L2) , and there exist two positive constants Cp, v, such that
IF(t)]|? < Coexp (—ot) , for all £ > 0;
p

2o,

1 1 g ()
We next prove that if/ Do (0, ﬂo(x))ﬂ%x(x)dm—p/ da:/ f(2)dz > 0, and if the initial energy
0

(1) 9> max (2} > it (14
2

and ||F'(¢)|| are small enough, then the solution is globally extended in time and its energy decays to
zero, as t tends to infinity. To achieve this goal, we first construct the Lyapunov functional in the
form

L(t) = E(t) + 0v(t), (5.3)
where J is a positive constant suitably chosen and
B () =5 | )] + (; - ;) (9+) () + N (w)] + 1(0), (5.4)
/ A1 2 A 2

¥(t) = (w(@),u(t)) + S u@l” + Sllua (I, (5.5)

with (g xu) () = /0 g (t —8) [Juz(t) — uz(s)||* ds and

1

It) = (g*u)(t)+ N(u)— p/o F(u(z,t))dx, (5.6)

1
NW)=(ADw@um®M%%Wm—M0MAMV
)
Fly) = Af@ﬂ&

Lemma 5.2. If (Hy), (HY)— (H) hold and w is the solution of (5.1), then the energy functional
E(t) satisfies

0 E0) < SIF@I+5IF@O [« 0], (57)
(i) E'(1) < —Qy—?)MKMF—MWHMF—;UNWWMw+£HW@M3

for all e1 > 0.
Proof. Multiplying (5.1) by «/(z,t) and integrating over [0, 1], we get

B ) = M @ A OF + 5 (5« u) ()~ 3000) e (9] (58

1 1
s / Dy Dapu(t, ule, )i (. t)de + (F(t), o (2)).
0
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Using the assumptions (HY), (HY), (HY), we obtain

IN

1
2/ D1 Dap(t, u(z, t))u?(z, t)dx 0, (5.9)
0
1
2

(9% u) (1) < —5E0)(g+w) (),

S0)
1 1 2
E' () <(F@),w/'®) < S IFO1+ 5 1F Ol [[v @
This assures (5.7)-(i).
By applying Cauchy-Schwartz inequality, we have
’ 1 2 €1 ’ 2
(F(t),u'(t) < 2 IlF1 (B)])° + 5 v @)]|", for all &1 > 0. (5.10)
1
Then, by using (5.8), (5.9) and (5.10), it is easy to see (5.7)-(ii) holds. Lemma 5.2 is proved. [J
Lemma 5.3. If (HY) — (HY) hold and (iio,@1) € Hg x L? such that 1(0) >0 and
* = — _ 7 a—2 6—2 L 2_
" = pe — g(o0) — pdy (R* + R ) > 9g,t2e + 3,9(%0), (5.11)
WwE, \? 1 o0 .
where Ry = | ——=—| , E.= | E0)+5p1 ) exp(p1), pr= | [F@)Idt, Ly = p,—g(oo) > 0.
- 2L 2 g

Then I(t) >0, for all t > 0.

We note more that the condition (5.11) holds if g (c0), E, are chosen small enough and p, > 0 is
suitably large.

Proof. By the continuity of I(t) and I(0) > 0, there exists T > 0 such that

I(t) = I(u(t)) >0, Vt € [0,T].

From (5.4) and (5.6), we get

B = 5@ + (5 ) o @)+ M) (5.12)
> S0P+ (5-3) [0 O+ Lol
> IO + 22 e 0+ P2 @ vee 0.7

Combining (5.7)-(i) and (5.12) and using Gronwall’s inequality, we obtain

Jus O + g [ O + = (9 #) () (5.13)
2E() 2B _ pe 0,7,

(p—2)L. = (p—2)L«
Then, it follows from (H)-(ii) and (5.13) that

IN

1
p[ Fu@oyd < pd (luoli + )

pds (lue @ + ox(8)]17) < pda (RS2 4+ BE2) Jua (®)]

IN

Thus -
I(t)> (g u) (t) + 0" |luz(t)|* > 0, ¥t € [0, 7, (5.14)
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where the positive constant n* is defined as in (5.11).

Next, we prove that I (¢) > 0, ¥Vt > 0. Put T, = sup {T >0:1I(t)>0, Vte [O,T]}, we have to
show that Tox = +o00. Indeed, if Tt < 400 then, by the continuity of I(t), we have I(Tw) > 0.

In case of I(Ts) > 0, byNthe same arguments as above, we can reduce that there exists T, > T
such that I(¢t) > 0, Vt € [0, Too]. This is contrary to the definition of Tt.

In case of I(T) = 0, it implies from (5.14) that

0=1(T) = (g% u) (Too) + 7" [Jua(To0)||* = 0.

Therefore
[u(Too)|| = (g% u) (Ts) = 0.
Due to the function s — g (The — ) ||t (Tho) — 1z (s)||? is continuous on [0, Tho] and g (T — ) >
0, Vs € [0,T], we have

Too
<wwaw=é 9 (Too — 5) lus(s)|ds = 0,

it follows that ||uz(s)]|* = 0, Vs € [0, Ts] . Thus, « (0) = 0. This is contrary to I(0) > 0.
Consequently, T, = +o0, i.e. I(t) > 0, Vt > 0. Lemma 5.3 is proved. O
It is clear to see that Lemmas 5.2, 5.3 assure a global existence of the solution for Prob. (5.1).
Next, we put
Er(t) = [[W/@)]]* + [ua @I + N(w) + (g% w) () + 1(2). (5.15)
In order to discuss general decay, we need more the following lemmas.
Lemma 5.4. If the assumptions of Lemma 5.3 hold, there exist the positive constants By, 31, Ba,
By such that

(i) B1E1(t) < L(t) < ByEr(t), forall t >0, (5.16)
(ii) BiE1(t) < E(t) < ByFEi(t), for all t >0,
for 0 is small enough.
Proof. It is easy to see that
1 —2 —2 1
L) = 5l OIF + 55,7 (o) () + 55 =N + 1)

o
o' () 0(8) + 5 (M ()12 + A e (1))
Using Cauchy-Schwartz inequality, we get the estimations

WD) < 3 WO+ 5 )]

N = L lu ().
Then
L) > %H ’(t)HQ—i—p2p(g*u)(t)+p2_2N( )+]1)I(t) 5(”““”"2;"“%(”"2)
> 5l @ + 52 0 0+ 22 [eoN ) + (L= 20 e fua(0)I] + 2100
_5wawﬁymamﬁ>
= P+ I e 0+ BN+ | 2RO
1
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where

1;57 (p;j)s*7 ]1)7 [(p—Q)(le_g*)L* g”

and § > 0 are chosen small enough such that

0<ey <1, 51:min{

0<d< min{l; (r=2)(1 _E*)L*}.
p
On the other hand
£@) = 5w @I + 27 g 0+ 22N + 1)
- 2 2p g 2p D
' ()11 + [Jua (8)]1 2
+6 ( : 9 (M e O + A s (0]?)
1406, 2 — p—2 1
< =0 p—2 P2 N() + =T
< 5 WO+ =55 () () + =5 =Nw) + ZI()
5
5 (L A+ ) s (DI < BoBa(2),
where 5 = max 1%6, 1)272 g I+ X+ )\1)} . Thus, the estimation (5.16)-(i) holds. Similarly, we
p

verify that (5.16)-(ii) also holds.

Lemma 5.4 is proved completely. [

Lemma 5.5. If the assumptions of Lemma 5.3 hold, then the functional (t) defined by (5.5)
satisfies the following estimation

vo < O + o PG+ <d2 +1) (g% ) (1) (5.17)
01ds do
22 1) - (1—p—6>N()
[+ s~ 50 = 5 — Z = (142) 9(09)] st

for all e2 >0, 04, 61 € (0,1).
Proof. Multiplying (5. )1 by u(z,t) and integrating over [0, 1], we obtain

W) = @) - B <D%M(t7u(t))u§(t%u(t>> — (Dap(t, u(t))ue (t), ua(t)) + (F(t), u(t))
+/0 g (t = s) (ua (), ua (t)) ds + (f (u(t)), u(t))
= [l @) + (F (1), ut) +/ g (t = s)(ua (s), uq (t)) ds
0
—0y / [ u(z, t)D3p(t, u(z,t)) +D2,u(t,u(x,t))] ul(z,t)dx

~(1=0) [ [ute. 003utt.ute. 1) + Danttate. 1) a2 e+ (7 (a0 )

Using Cauchy-Schwartz inequality, we have

F@um) < 2 Ju®l + 5 IFOP, (5.19
[ot=stw @i < (14F) a0l OF + 5= @ @),
16 2 7l



for all e9 > 0.
By asumption (H$)-(iii) and (H$)-(iv), we get

. / [ (e, ) D2u(t, (e, t>>+D2u<t,u<:c,t>>} Rty < b, 2, (5.19)

1
—(1— 5*)/0 [;u(w,t)Dg,u(t,u(m,t)) + Dgu(t,u(x,t))] u?(x,t)dx (5.20)

— _%(1 _ 5*)/0 w(z, t) D3p(t, u(z, t)u(z,t) — (1 — 8,) / Doplt, u(w, t))uz(x, t)dw

1
= —%(1 — 6*)/0 w(z, ) D2p(t, u(z, t)u(z, t) — (1 — 0,) [N(u) +9(t) [lua (t)”z]

1

S = by s ()] = (1 = 6.)N ().

On the other hand, by asumption (H{)-(i) and definition of I(t) given by (5.6), we obtain

IA

(f(u(t)),u(t)) < dz/}" (x,1)) (5.21)
= Z{(geu) )+ Nw) - 510 - (1= 810
< 2 ru) O+ Nw - 510 - (1= 57" [0

Then, it follows from (5.18)-(5.21) that the inequality (5.17) is valid.

Lemma 5.5 is proved completely. [J

Using Lemmas 5.2 - 5.5, we state and prove our main result in this section as follows.

Theorem 5.6. If (HY) — (HY) hold and (o, w1) € Hy x L? satisfy I1(0) > 0 and (5.11). Then,
there exist positive constants C, 4 such that

Hu'(t)H2 + |luz(8)||* < Cexp (—”y/o £(s) ds) , for all t > 0. (5.22)

Proof of Theorem 5.6.
First, due to the definition of £(t) and the inequalities (5.7)-(ii), (5.17), we deduce that

' €1 / 2 1 1/1 6
< —(M-=- — = — = :
£ < - (-5 -9) vl 25<t><g*u><t>+2(61 ) IE@IF 5:23)
ds 1 0d1do 2
— - I(t) — 601N (u) — OIS
£ (2 4 50 ) o) 0 = 2210 - 60,V (0) — 082 s 0]
where
da
0, = 0,(0)=1-2_35,,
1 1(04) )
_ _ & . Ll €2 _ (1,82
Oy = 02(6*?51a52)_ p(1—51)77 +6*M1* 2(1 6):“’2* 2 (1+ 2)g<OO)
Clearly
. B do
5*15%+01(6*) = 1—?>O,
lim 0s (5.,01,29) = 2= L G() >0
5*~>0+,61~>0+,€2—>0+ 2 * 1762 o pn 2“2* g > '
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Then, we can choose d, 01 € (0,1) and g2 > 0 small enough such that
01 =061 (5*) > 0, 0 = 05 (5*,51,62) > 0.

Moreover, we also choose €1 > 0, § > 0 small enough and satisfying

91:>\1—%1—6>0, 0<5<min{1; (pQ)(le*)L*}_

p
Putting
0, = min {91,591,592, 001d; } , 03=4¢ <d2 + 1) : (5.24)
p p o 2e
we get from (5.23) and (5.24) that

L'w < -0, [Hu' O + e + I(t) + N(u)} (5.25)

_ 1/1 & )

0 t - —+ — F(t
Hagrw @+ (24 2)Ir)

= BB+ 040 @0+ 5 (5 2)IFOP.

€1 g9

Combining (5.7)-(ii) and (5.25), we obtain

EOC() < BEORD+ 0.+ 0) e gx 0 O+ (2 + 2O IF 0P (5.26)
< O£ () +2 (0 +Bs) [—E' 0+ 5 1P QO] +3 (2 + 2) o IF O
= LN 20, +0) B () + [“9%; (2 +2)]corrwr
< —0.E(1) — 20« + 03) E' (t) + Coe™ ",
where Cpy = 9*;—03 +3 (611 + 32 ] £(0)Cy

Setting the functional
L(t) = E(t)L(t) + 2 (6« + 03) E(1),
then we have B o R
L(t) < [€(0)By + 2 (0 + 03) By] E1(t) = BoEr(t),
and

L) = ML) +EOL (1) +2 (0 +03) E'(1)

< —0.£@)E1(t) + Coe 0t < —&g(t)L(t) + Coe~ 0k,
2

0+
52 5( )},Weget

L'(t) + 7€) L(t) < Coe 0.

Integrating the above inequality, we deduce

L(t)<<L(O)+ C_g >eXp( / £(r d7> (5.27)
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By choosing 0 < 4 < min {



On the other hand

L(t) = E@B)L®E)+2 (0. +03) E(t) >2 (0, +63) B1Ex () (5.28)
2 (8. +03) By ([ @I + e 0)]?)

v

Then, by (5.27) and (5.28), we get (5.22). Theorem 5.6 is proved completely. [
Remark 5.7. We also give here an example, in which y satisfies the assumption (HY). We shall

consider the function

p(t,2) = oz + e 2" 2,

where p, > 0, g, > 0, k > 3 are constants. By the direct computations, we have

= ke |2 > >0

-DQ/J“(tv Z)
D1Dop(t, z) —kp,e 2P <0,
D3t z) = k(k—1)a,e " 2" > 0> —pg,;
1 1
§ZD%:U’(t7 Z) + DQM(ta Z) = i(k - 1) [DQM(t7 Z) - M*] + DQIU’(tv Z)

v

DQIU’(tv Z) > Py = Py > 0.

This claims that (Hg) holds. O
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