(w,c)-asymptotically periodic solutions to some fractional
integro-differential equation

Romario Gildas Foko Tiomela! and Gaston NGuerekatal

"Morgan State University

April 05, 2024

Abstract

In this paper, we establish a new composition theorem for (w,c)-asymptotically periodic functions. Then, we use the Banach
contraction principle to investigate the existence and uniqueness of (w,c)-asymptotically periodic mild solutions to the frac-
tional integro-differential equation u’(t)=\frac{1}{\Gamma(\alpha-1)}\int_{0} “{t}(t-\tau) "{\alpha-2} Au(\tau)d\tau+F(t,u_~-
t), t[?]0 and u_0=\phi \in \mathcal{B}(\mathbb{X}), where \mathcal{B}(\mathbb{X}) is a linear space of functions defined
from (-[?],0] \longrightarrow \mathbb{X} and A is a closed but not necessarily bounded linear operator of sectorial type
\varpi<O0.

Hosted file

Foko-3-Final.tex available at https://authorea.com/users/295600/articles/711256--%CF}89-c-
asymptotically-periodic-solutions-to-some-fractional-integro-differential-equation


https://authorea.com/users/295600/articles/711256--%CF%89-c-asymptotically-periodic-solutions-to-some-fractional-integro-differential-equation
https://authorea.com/users/295600/articles/711256--%CF%89-c-asymptotically-periodic-solutions-to-some-fractional-integro-differential-equation

(w, c)-asymptotically periodic solutions to some
fractional integro-differential equation

R. G. FOKO TIOMELA * G. M. NGUEREKATA f
July 30, 2021

Abstract

In this paper, we establish a new composition theorem for (w,c)-
asymptotically periodic functions. Then, we use the Banach contraction
principle to investigate the existence and uniqueness of (w, ¢)-asymptotically
periodic mild solutions to the fractional integro-differential equation u’(t) =

1 ¢ _

ﬁ/ (t — T)a 2AU(T)dT + F(t,'LLt), t 2 0 a,nd ug = d) € B(X),

@ — 0
where B(X) is a linear space of functions defined from (—oo,0] — X and
A is a closed but not necessarily bounded linear operator of sectorial type
w < 0.
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1 Introduction.

Let X be a Banach space with the norm ||-||x, and let A : D(A) C X — X be
a closed (not necessarily bounded) linear operator of sectorial type w < 0. We
consider the following semilinear fractional integro-differential equation:

! -t t — 1) 2 Au(7)dr U
W) = F(a_l)/o(t 102 Au(r)dr + F(t,u), >0 .

u = ¢,
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where 1 < a < 2, the Euler’s Gamma function is given by
T'(o) = / t"te~tdt for o >0,
0

¢ belongs to a space B(X) to be specified later, F': Rt x B(X) — X is a jointly
continuous function. For any w : R — X, the associated history function
t — uy for t > 0 is defined as

ug: (—00,0) — X
0 — g (0) = u(t+0).

One of the most attractive topics in qualitative theory is the study of the ex-
istence of periodic-type solutions to differential equations; this is due to the
mathematics interest of qualitative theory and applications in many scientific
fields, such as physics, biology and control theory. However, some phenomena
in real world are not necessarily periodic, but rather asymptotically periodic.

A periodic function is a function that repeats its values at regular intervals,

and is used throughout science to describe oscillations, waves, and other phe-

nomena that exhibit periodicity (see for example [10]). The concept of (w,c)-

asymptotically periodic functions was introduced in 2019 by Edgardo Alvarez

et al. [4]. The authors proved that the set of such functions, denoted AP,,.(X)

is a Banach space with the norm ||h|gwe := sup |||c|*(—=t)R(t)|lx. A continuous
teRT

function h is said to be (w,c)-asymptotically periodic if it can be written as
h = hi + he, where hy is an (w, ¢)-periodic function and hs is c-asymptotic.
Prior to this new theory, the authors introduced in 2018 the notion of (w,c)-
periodicity [5] and since then, it attracted many researchers.

In 2018, Mengmeng Li et al. [19] proved the existence of (w,c)-periodic so-
lutions for a nonhomogeneous linear impulsive system by constructing Green
functions and adjoint systems, respectively. In the same paper, they studied
the existence and uniqueness of (w, ¢)-periodic solutions for a semilinear impul-
sive system via fixed point approach. Recently in 2020, Gisele Mophou and
Gaston M. N’Guérékata [23] studied an existence result of (w, ¢)-periodic mild
solutions to some fractional differential equation with order 1 < o < 2. For
more results on the (w, ¢)-periodicity of solutions we refer to [1, 3, 4, 18, 20, 31]
and the references therein.

In 2013, Gisele Mophou et al. [24] studied the asymptotically anti-periodic mild
solutions to the fractional integro-differential equation (1) in Banach spaces.
For more results on the asymptotic behavior of solutions of some class of evo-
lutionary systems, see [2, 7, 8, 9, 13, 14, 15, 22, 25, 26, 27, 28, 32, 33]. The
main purpose of this paper is to study the existence and uniqueness of (w, c)-
asymptotically periodic mild solution for the system (1) where ¢ € C\{0} and
w > 0. When ¢ = 1, we talk about w-asymptotically periodicity and several



results have been obtained in this case (see [6, 21, 29]) whereas for ¢ = —1, we
have the asymptotically anti-periodicity, also widely studied (see [11, 17, 24]).

The rest of this paper is organized as follows. Section 2 is devoted to some
preliminary results. In particular, we formalize the (w, ¢)-asymptotically peri-
odic functions and give some important properties. In Section 3, we establish
some important propositions and use the Banach contraction principle to prove
that there exists a unique (w, ¢)-asymptotically periodic mild solution to the
integro-differential equation (1). Finally, Section 4 concludes this work.

2 Some Preliminary Results.

Throughout this paper, (X, |-||x) will denote a complex Banach space. We
denote by

C(R,X) :={h: R — X such that h is continuous}
the space of all X-valued continuous functions on R,
BC(R,X) := {h : R — X such that h is bounded and continuous}
the space of all X-valued bounded and continuous functions on R and we let

Co(X) := {h € BC(R,X) such that tlim h(t) = 0}.
—00

In order to describe the phase space, we follow the idea of G. Mophou et al.
in [24]. We denote by (B(X),|-|sx)) a seminormed linear space of functions
defined from (—o0,0] — X satisfying the following fundamental axioms due to
Kato and Hale:

(P1) If £ : (—o0,T] is continuous on [0,7] and zy € B(X), then for every
t € [0,T] the following conditions hold:
(a) z; € B(X)
() llz@®)llx < Lzt 5ex)

(©) lzellsex) < Ca(t) sup () llx + C2(t)]|zollBx)
T€|0,

where L > 0 is a constant, C7 : [0,00) — [0,00) is continuous, C5 :
[0,00) — [0,00) is locally bounded and L,C;,Cs are independent of

(P2) For the function z(-) in (Py), x¢ is a B(X)-valued continuous function on
[0, T7.

(P3) The space B(X) is complete.



Remark 2.1 Note that from (Py)-(b), we have that

[z(0)llx < Lllzollsex)- (2)

Definition 2.1 If x : R — X is a continuous function on [o,00) with x, €
B(X) for some o € R such that ||x(t)|x — 0 ast — oo, then ||z¢||gx) — 0
as t — oo. In this case, B(X) is called a fading memory.

We recall the following definitions and results from M. Pinto et al. [4, 5].

Definition 2.2 [5] A function h € C(R,X) is said to be (w, c)-periodic if there
exist ¢ € C\{0} and w > 0 such that

h(t+w) = ch(t) VteR. (3)

Remark 2.2 When (3) is satisfied, w is called the c-period of h and we denote
by P,c(X), the collection of all functions h € C(R,X) which are (w, c)-periodic.
Endowed with the norm

1Pl = Sup el (=) h()1x,

c0,w
P..(X) is a Banach space, where |c|(—t) = |c|7¥/* (see [5]).

We have the following result which give a characterization of an (w, ¢)-periodic
function.

Proposition 2.1 [5] Let ¢ € C\{0} and w > 0. A function h € C(R,X) is
(w, ¢)-periodic if and only if

h(t) = " (t)v(t), (4)
where ¢\(t) = % and v € P,(X) is called the periodic part of h.

Before giving the definition of an (w,¢)-asymptotically periodic function, we
need to define the so-called c-asymptotic function.

Definition 2.3 [{] Let ¢ € C\{0}. A function h € C(R,X) is said to be c-
asymptotic if ¢"(—t)h(t) € Co(X); that is,
lim ¢"(—t)h(t) = 0.

t—00

The collection of those functions will be denoted by Cop (X).

Definition 2.4 [{] Let ¢ € C\{0} and w > 0. A function h € C(R,X) is
said to be (w,c)-asymptotically periodic if h = hy + hy where hy € P,.(X) and
he € Cp (X). The collection of those functions (with the same period w for the
first component) will be denoted by AP, (X).



Endowed with the norm

[1Pllawe := sup [||e]™ (=) (t)]lx, (5)
teERT

AP,.(X) is a Banach space, where |c|"(—t) = |c|7"/“ (See[4]).
As for the (w, ¢)-periodic function, we have the following characterization of an
(w, ¢)-asymptotically periodic function.

Proposition 2.2 [4] Let ¢ € C\{0} and w > 0. A function h € C(R,X) is said
to be (w, c)-asymptotically periodic if and only if

h(t) = " (t)v(t), (6)
where ¢N(t) = % and v € AP, (X).

We recall the following results on the Nemytskii’s superposition operator on
(w, ¢)- periodic functions obtained in [5].

Theorem 2.1 Let F : R x X — X be a continuous function and (w,c) €
R* x (C\{0}) given. For ¢ € P,.(X), if

denotes the Nemytskii’s superposition operator, then the following are equivalent:
(i) For every ¢ € P,.(X) we have that N(p) € P,(X);
(ii) F(t+w,cx) =cF(t,x) for all (t,z) € R x X.

Then, we state and prove the following result.

Theorem 2.2 Let F: R x B(X) — X be a continuous function such that

(H1) I(w,c) € RT x (C\{0}) such that F(t + w,cx) = cF(t,x) for all (t,z) €
R x B(X);

(H2) 3K > 0 such that |F(t,z) — F(t,y)|x < K|z — yllsx) for all (t,z,y) €
R x B(X) x B(X).
Then
N(AP,(B(X))) C AP,(X), (7)

where
N(p)() = F( ()

denotes the Nemytskii’s superposition operator.

Proof. Let ¢ € AP, (B(X)). Then there exist ¢1 € P,.(B(X)) and 2 €
Co,c(B(X)) such that ¢ = 1 + ¢2. We note that

N(@)() = N(e1)() + N (@) () = N(p)()- (8)



According to the hypothesis (Hs) we have:
e (=) W (@) (@) =N () D)llx =[O IIEFE e(t) — F(t, 1(8))lx

K" (=) le(t) = e1(t)llpx)

IN

= K| (-t)p2(D)llgxy —>0ast— oo

because o € Cp (B(X)). So, Jim N(—t) N(@)(t) = N(p1)(t)) = 0 and we
deduce that

N(@)(-) = N(p1)(-) € Co(X). (9)

In addition, according to Theorem 2.1 we have
N (1)) € Puc(X). (10)

Hence, from (8), (9) and (10) we deduce that N(p)(-) € AP, .(X) and this
concludes the proof of our theorem. m

Now, let’s recall some definitions of sectorial type operator and its generated
solution operator.

Definition 2.5 [12, 24] A closed linear operator A with domain D(A) dense in
a Banach space (X,||-||x) is said to be sectorial of type w and angle 0 if there

7r
exist constants w, M > 0 and an angle 6 € (07 5) such that its resolvent exists

outside the sector

w + Sp :={\+ w such that A € C and |arg(—\)| < 6}, (11)

M

A=A e < —
0= 4)7 e € =

, AN w+ Sy, (12)
Definition 2.6 [12, 24] Let a > 0 and A be a closed linear operator densely
defined in X. Let p(A) be the resolvent set of A. Then A is called the generator
of a solution operator if there exists w € R and a strongly continuous function
E, :RY — B(X) such that {\*: ReA > w} C p(A) and
AT — Al = / e ME,(t)zdt, Rel>w, z € X. (13)
0

In this case, E, is called the solution operator generated by A.
If we assume that A is sectorial with 0 < 0 < (1 — %) , then A is the generator

of the following solution operator:
Eu(t) = / AN — A)7laN, t >0, (14)
¥

where v is a suitable path outside the sector w + Sy.



Proposition 2.3 [12, 24] Let 1 < o < 2 and let A: D(A) € X — X be a
sectorial operator in a complex Banach space (X, ||-||x), satisfying (11) and (12)

for some M >0, w<0and0 <0 <7 (1 — %) Then there exists A(6,a) > 0
depending only on 6 and o such that

A, )M
E.(t < ——— t>0. 15
IEatt)leco < T (15)
To prove the existence and uniqueness of (w, ¢)-asymptotically periodic solution

to (1), we use the following fixed-point theorem.

Theorem 2.3 [16, 30] (Banach contraction principle) Assume (U,d) to be a
non-empty complete metric space, let 0 < K < 1 and let the mapping F : U —
U satisfy the inequality

d(Fu, Fv) < Kd(u,v) for every u,v € U.

Then, F has a unique fized point; that is, there exists a unique u* € U such that
Fu* = u*. Furthermore, for any ug € U, the sequence (Fjuo);il converges to
the fized point u*.

3 Existence and Uniqueness Result.

In this section, we give the definition of a mild solution to (1) and prove under
suitable assumptions via the Banach contraction principle that (1) has a unique
(w, ¢)-asymptotically periodic solution.

Definition 3.1 [2/] A function u € BC(R,X) is said to be a mild solution to
problem (1) if it satisfies the following:

t

u(t) = E,(t)$(0) +/ Eo(t —7)F(r,u,)dr, t€RT,

0 (16)
o(t), te (—o0,0].
Proposition 3.1 Let u € P,.(X). Then the function
t
u(t) = / E.(t — m)u(r)dr
belongs to P,.(X).
Proof. Let w > 0 be given. We have
t+w
v(t+w) = Eu(t+w— 7)u(r)dr.
— 00
By the change of variable z = 7 — w we have
t
v(t+w) = / Ey(t — z)u(z + w)dz. (17)



Since w is an (w,c)-periodic function, then there exists ¢ € C\{0} such that
u(z +w) = cu(z). So, (17) becomes

v(t + w)

c/_too E.(t — z)u(z)dz
)

= cvu(t).
Therefore v € P.(X). m
Proposition 3.2 Let v € AP,,.(X). Then the function

u(t) ::/O E.(t — m)u(r)dr

belongs to AP,.(X) if |c| > 1.

Proof. By definition, v € AP,.(X) means that there exists u; € P,.(X) and
uz € Cp.(X) such that u = uy + ug. Then,

o(t) = /0 E,(t —7)(ui(7) + ua(7))dr

/o E,(t — T)uy(7)dr + /o E,(t — T)us(T)dr

[m Eo(t — 7)uy (1)d7 — /O Eo(t — T)ui(7)dr + /Ot Eul(t — )us(7)dr

= wui(t) +v2(t),

where

(%1 (t)

/_ too Ea(t — 7)us (r)dr,
/O "Bt — r)us(r)dr — /_ OOO Eult — 7)u (7)dr-

(%) (t)

By Proposition 3.1 we have clearly v; € P,.(X). Now, we need to prove that
Vg € CO7C(X).
Let t > 0 and € > 0 be given. Since us € Cp (X),

IT > 0: V7 > T, || (—7)ua(7)|x < e (18)

Actually, to prove that ve € Cp (X), we need to consider two cases: ¢t > T and
t < —T. We will give the proof for ¢ > T since the second case (t < —T') can
be obtained by using similar arguments.

So, for t > T we have

T t 0
va(t) = /0 Eo(t — T)us(T)dr + /T Eo(t — T)ug(1)dr — /_Oo E.(t— T)ul(T()dT)
19



and

3
[ (—=t)v2 ()]l < Zh(tL (20)
where .
L) = |[M-1) E.(t — Tus(T)dr|| ;
J X
L) = c/\(ft)/T E,(t —1)us(7)dr|| ;
0
I = |~ Eo(t — Tui(r)dr| .
() 0 [ Balt—rpmin|
Now, we have:
' —(t—=7)/ -7/
IL(t) = /0 c E,(t—71)c ug(7)dT )

T
< / |0 | Balt = 7l gy |6 ua()|
0 X

We note that t > T, if |¢| > 1 and 0 < 7 < T implies that ’c_(t_T)/“” < 1. So,
taking into account (15) we obtain

n < suwp {

ciT/wUQ(T)HX} /OT A0, )M dr

0<r<T 1+ [w@|(t —7)*
< o (e } [ A,
= MO sy {Je ]} [
= Aw(a(’aazﬂf) [(t - ;)CH - tall} OSSBET{H(T/W“W)HX}'
Thus,
L) = Aw(e(;a)]\f) {(t f;)afl B t“ll} oEBET{HC_T/%(T)HX}'

Observing on the one hand that,

sup HC_T/“’UQ(T)H < 00
0<r<T X



(because ug € Cp (X)), and on the other hand that,

. 1 1
o | e o

we deduce that

t—o00

Using (15), we have also

t
L) = ’/ B (t— 7)™ Cug (T)dr
T

X

t

< /]c*t*ﬂ/w 1Balt = Dl o ua(r)| dr
T X
! A0, a) M

< / e o ¢ uy(r)|, dr
T 1L+ [oo|(t =) X

which in view of (18) and the fact that 1+ |w|(t — 7)* > 1, gives

/ ‘ —(t—7)/w A0, )M _ Al

L2(t) 1+ [w|(t — 7)o

IN

IN

t
A9, )M / e[~ g,
T

Observing that on the one hand that |¢|~(¢~7)/« = e= el and on the other
hand that,

t
/e%ﬂnUcndT _ v (e Stin(lel) _ tln(\c\))
T In(|c])
w T—t
- 1— Tlnucn)
In |c\)( ¢
< w
= In(le])’

we deduce that for any ¢ > 0,

t
L) < eA®,a)M / e[ ~t="w g
T

< A6, a)
In(|c])
Consequently,
lim Ir(t) =0
t—o0



if |e| > 1.
Finally, making the change of variable s = ¢ — 7 and using (15), we have:

L) = H /_ OOO Bty ()|
= ‘/too By (s)uy (t — s)ds )
<

| 1B 9l [ (e = ) as

A M e
AG, )M sup Hc_(t_s)/“’ul(t - S)HX> / le| =5/« s~ ds.
t

|| s€[t,00]

Observing on the one hand that, for |¢[ > 1, we have |¢[=*/“ < 1, and on the
other hand that,

sup Hc_(t_s)/“’ul(t - s)H < 00
SE[t,00] X

because u; € P,.(X); we deduce that

A, )M
B Dy (

1
—(t—s)/w
S:[ltl,poo] HC e ul(ts)”x) to—1"

Hence,
tliglo Ig(t) =0.

We have just proved that for t > T, vy € Cp (X). As mentioned above, similar
arguments can be made if ¢ < —T'. Hence, if |c| > 1, we have vy € Cp (X) and
therefore, v € AP,.(X). m

Proposition 3.3 Let u € AP,.(X). Then the function

v(t) == /_ E,(t —1)u(r)dr

belongs to AP,(X) if |c| > 1.

Proof. By definition, u € AP,,.(X) means that there exists u; € P,.(X) and
uz € Cp,(X) such that u = uy + ug. Then,

o(t) = / Eq(t —7)(ur(7) + ua(7))dr

—0o0

= /t E,(t — T)uy(7)dT + / t Eu(t — T)ua(7)dr

— 00 — 00

= ui(t) +v2(t),

11



where

v (t) = / E,(t — T)ui(7)dT,

— 00

va(t) = / Ey(t — T)uz(T)dT.

By Proposition 3.1, we have clearly v; € P,,.(X). Now, we need to prove that
Vg € CO7C(X).
Using (15) and the fact that 1 + |@w|(t —7)* > 1, we have:

t
=00l = || [ B = re (e
t
[ e
t
< sup HC—T/WUQ(T)H A(G,Q)M/ ‘C|7(t—7)/wd7'
T€(—o00,t] X —00
t T—t
_ sup C_T/wug(T)H A(e,a)M/ o5t In(le]) g
re(—o0,t] X —0o0
Since .
Tnlehgy = Y (55 (e _  TF (e
e T = € ¢
/ e )
_ w T=t1n(|c])
= 1—-e@
ey (¢ )
< w
= In(le])’

we deduce that

IA

It then follows that

e (el < ( sup | ua()|

TE(—00,t]

< [ sup
TE(—00,t]



Consequently,
. A(_ _
Jim [[¢ (~0)u (1) e = 0.

because ug being in Cp .(X) means that

lim  sup HC_T/‘“ug(T)H =0.
t_H)oTE(—oo,t] X

Therefore, v € AP,.(X). =

Lemma 3.1 Let B(X) be a fading memory and u € AP,.(X) such that uy €
B(X). Let also ¢ € C\{0} and w > 0. Then the function RT — B(X), t — uy
is also in AP,.(X).

Proof. Let u € AP,,.(X). Then there exists x € P,.(X) and y € Cy (X) such
that u =2z 4+ y. fix t > 0. Then for any 6 < 0,

u(0) = x4(0) + ye(0) = x(0 +t) + y(0 + ).
We then have
2w+ =zx(t+w+0)=cx(t+0)=cxs

This means that z; € P,.(X).
Now, if we set §:(0) = ¢ (—0)y:(0), then

§(0) = " (=0)y0+1)
= cvyH+1t)

= cft/“’cf(eﬂ)/wy(e +1).
But y € Cp,(X) means that

lim ¢ +/@y0 4 1) = 0.
60— —o0
Consequently,
lim ¢:(0) = lim ¢"(—0)y:(8) =0
6——o0 6——o0

This implies that y; € Cp (X) and since z; € P,(X), we conclude that u; €
AP,.(X). m

The following result gives us sufficient conditions to obtain a unique (w,c)-
asymptotically periodic mild solution to the fractional integro-differential equa-
tion (1).

Theorem 3.1 Under the assumptions (Hy) and (Hs) of Theorem 2.2, suppose

also that Cy := sup Cy(t) < oo and |c| > 1. If
0<t<0

]

K|w| %A MO, —a <1 21
|w‘ (9,0[) Clsin(g) <1, ( )

then Problem (1) has a unique (w, ¢)-asymptotically periodic mild solution.

13



Proof. We apply the Banach contraction principle.

Let u € AP,,.(X). According to Lemma 3.1 and Theorem 2.2, it is clear that

for any 7 > 0, F(7,u,) € AP,.(X). In addition, by Proposition 3.2 we deduce
t

that / Ey(t —7)F(7,ur;)dr € AP,(X). Moreover, we note that
0

A, )M

— 0 as t — .
< (1+ [wlte)

(=) Ea()0(0)]lx < ||¢(0)||X\ct/
This means that E,(t)$(0) € Cp(X) C AP, (X) and hence E,(t)¢(0) €
AP,.(X). Therefore, we have proved that for all ¢t > 0 and u € AP,.(X),

¢
E,(t)p(0) + / Ey(t — 7)F(7r,u;)dr € AP,.(X). To prove the uniqueness, it

suffices to consider the part of the solution on ¢t > 0. To achieve this, let us
define the operator

G: AP, (X) — AP,(X)

u s (Gu)(t) = Ba()6(0) + /0 Ea(t — ) F(r,us)dr, >0,

(22)
From the above calculations, it is clear that the operator G is well defined.
Now, let u,v € AP,.(X) be solutions of system (1). We have ug = vg = ¢ and
by the hypothesis (H3) and the condition (P;)-(c) one has:

el (=8) (Gu)(t) = (Gu)())lIx

t
= H/ |c|*(t77)/“’|c|77/‘”Ea(t —7)(F(1,u,) — F(r,v;)) dr
0

X

t
< K/O ||~ TN Ea(t = )l ceolel ™ llur = vrllpeo dr
t
< K/ ORI E (8 — 7)l| 2oy~ Co(r) sup [u(n) — v(n)||xdr
0 0<n<r
t
< K/ 1Ea(t =)l ceoCa(r) sup el (u(n) — v(n))|lxdr
0 0<n<rT

because |c¢| > 1 implies that el=(=n)/w)In(le) < 1 and n < 7 implies that
le| =7/« < ||/« So, taking into account (15) we obtain
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Il (=1) ((Gu)(t) = (Gu) (1)) lIx

IN

S AN—n)(u — v t; T
KA, 0)MCy sup el (=m)(u(n) - vlm)]x / T

KA, a)MC|lu — dr.

¢ 1
vl| /—
o 1+ |w|(t —7)e

By the change of variable z = |w|(t — 7)?, the above inequality gives:

el (=) (Gu)(t) = (G)(B))llx

L i =l 3
< —Klw| A M — .
< KRG MO e [ T
1 1 ~ o Zé_l
< Ko FAG QM u - e [ s
@ o (1+z)atl-=a
1 ~ 1 1
= —Kl|w| “A6,0)MCy||u — 0| aweB (, 1-— )
a a a
1 1 ~ 1 1
= —Klow| A, 0)MC1|lu —v|gwl | = )T [1——
a a a
= Klo|"%A0,a)MC; —2 — V|| awe-
||~ = A6, ) 1sin(g)Hu gl
Consequently,

1Gu = Gvllawe = sup [[c]" (=) (Gu)(t) = (Gv)(®)) ]I«
teRt

< K|TD|7%A(9,OL)MC§1 " a Huf'UHawc-

sin(Z)

s

Hence when K ||~ = A6, ) MC, ﬁ < 1, we deduce by the Banach contrac-
in(Z

tion principle that G has a unique mild solution u € AP,,.(X). In other words,

Problem (1) has a unique (w, ¢)-asymptotically periodic mild solution. m

4 Conclusion.

This paper presents a fractional integro-differential equation with parameter
1 < @ < 2 and a closed (but not necessarily bounded) operator of sectorial type

15



w < 0. We have applied the concept of (w, ¢)-asymptotically periodic functions
and have established some important propositions and lemmas. In our study,
we used the latter results and the Banach contraction principle to prove, under
some (sufficient) conditions which we have clearly specified, that there exists a
unique (w, ¢)-asymptotically periodic mild solution to the system (1) provided
that |¢| > 1. For the fractional integro-differential equation (1), more existence
results can be further developed using various fixed point theorems.
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