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1 Introduction

We all know that obtaining solutions to partial differential equations is of great
importance in various fields. Some of these equations arise from different prob-
lems in fields such as physics, chemistry, engineering and others. These problems
are converted into mathematical models. The solutions to these equations are
divided into analytical solutions and numerical solutions [1-5]. Recently, re-
searchers have tended to use different methods to find these solutions, whether
analytical or numerical. With the existence of models for these equations that
have a degree of difficulty in finding solutions to them, especially if they are in
two dimensions or in three dimensions or more than that, serious work continued
on how to find these solutions. Over time, some researchers in this field found it
difficult to find analytical solutions with different dimensions for these models,
so some of them went to find numerical solutions to them. Several researchers
have used different numerical methods to find solutions to these equations with
different dimensions [6-16]. Now, we are continuing to work on developing a
different basis B-spline collocation method to find numerical solutions to partial
differential equations in two and three dimensions and so on. This work is a
continuation of the works in [17,18]. The collocation strategy began by Frazer et
al. [19] in 1937. Afterward, the collocation strategy at the side the least-squares
strategy and Galerkin strategy was utilized by Bickley [20] to ponder shaky heat
condition issues. Afterward on, in 1975, the collocation strategy beside B-splines
was connected to shaky warm conduction and boundary layer streams [21] and
it was found that the comes about gotten were superior when compared with
comes about gotten with limited contrast strategies. Since at that point, the



collocation strategy is being utilized over a wide extend of issues [22-29]. In
combination with the collocation strategy, there has been serious utilization of
polynomial B-splines for understanding halfway differential conditions. Cubic
B-splines, quasi B-splines, quartic B-splines, quintic B-splines, and so on are
utilized in combination with the collocation strategy in [22-27] for managing
with different straight and nonlinear boundary esteem issues. Strategies like
Haar wavelet collocation strategy [30], a slope replicating part collocation strat-
egy [31] and Newton premise capacities collocation strategy [32] are moreover
picking up ubiquity to illuminate differential conditions.

In this work, we presente the Extended cubic B-spline collocation algorithm
forms in n-dimensions. In addition, some numerical examples are proposed to
study the effectiveness and accuracy of this method.

This article is organized as follows: The second section introduces n-dimensions
Extended cubic B-spline formulations. The third section introduces numerical
examples. The error estimates are present in section four. Finally, show the
conclusion part.

2  Construct Extended cubic B-spline Formulas

The forms for n-dimensions Extended cubic B-splines were introduced in this
part.

2.1 One dimension Extended cubic B-spline [21]

Let = € [a,b] and ¢;(x) are those Extended cubic B-spline with knots at the
points z;. Then the set of Extended cubic B-splines ¢_1(x), ¢o(x), ..., dn_1(x),
on (), ¢n+1, forms a basis for functions defined over the interval. The approx-
imation U (z) to U(z) which uses these splines as :

N+1

UN(z) = Z Xi ¢i(), (1)

i=—1

. . 2 . .
where y; unknown term. The formulations of U; , dd(il, CilmU; are given by:

U; 1 (=N —=Dxic1 + 20+ 8)xi — (A —4)x411),

24
dU;  Xit1— Xi-1
— 2
d x 2h ’ (2)
d*U; _ (A+2) (xi—1 — 2xi + Xi+1)
dz? 2h2 '

2.2 Two dimensions Extended cubic B-spline

In this subsection, we show the formula of Extended cubic B-spline in two dimen-
sions on a rectangular grid divided into regular rectangular finite elements on
both sides. h = Az, k = Ay by the knots (z,, y,) where m =0,1,..., M, n =
0,1,..., N. The approximation UY (z,y) to U(z,y) given by:

M+1 N+1

UN(@, )= > > Xmn Bmn(@,9), (3)

m=—1n=-—1



where X, » are the amplitudes of the Extended cubic B-splines By, ,(z,y) given
by
B, n(2,y) = om(x) dn(y).

Which peaks on the knot (2,,yn) and ¢, (), én(y) are identical in form
to the one dimension Extended cubic B-splines. Then the formulations of

U OUmn OUmin  2?Unn  9°Unim 9°Unmn iven by

m,n ox dy 52 9y2 ) dzdy are given by:
1

Un, n = 575

( -2 (>‘2 +4X — 32) Xm—1,n + >\2Xm71,n+1 - 2)\QXm,nfl

+ 4)‘2Xm,n - 2)‘2Xm,n+1 + )\2Xm+1,n71 - 2)\2Xm+1,n + )\2Xm+1,n+1
+ (>\ - 4)2Xm—1,n—1 - 8/\Xm—1,n+1 - 8>\Xm,n—1 + 64/\Xm,n - 8)\Xm,n+1
- 8)\Xm+l,nfl - 8)‘Xm+l,n - 8)\Xm+17n+1 + 16Xm71,n+1 + 64Xm,n71
+ 256X m,n + 64X mnt1 + 16X m+41,n—1 + 64X m41,n + 16Xm+1,n+1>~
(4)

U, n 1
ax’ = 13h (()\ —Dxm-1,0-1 = 2A 4+ 8)Xm—1,n + AXm—1,n41 — AXm+1,n-1

+ 2AXm+1,n - AX’rn-i—l,n-l—l - 4Xm—l,n+1 + 4Xm+1,n—1 + 16X’m+1,n

+ 4Xm+1,n+1),

au, 1
- ([(A—4 me1m—-1— (A=) Xm-1n+1 — 2AXm.n—
R (CET PR ORI
+ 2/\Xm,n+1 + /\Xm+1,n—1 - )\Xm+1,n+1 - 16Xm,n—1 + 16Xm,n+1

- 4Xm+l,n—1 + 4Xm+1,n+l) .

0?Upn, A+2

Ox2  48h2

(()‘ - 4)Xm71,n71 - 2()‘ + S)mel,n + )‘mel,n+1 - 2)‘Xm,n71 + 4)\Xm,n

- 2)‘Xm,n+l + )\Xerl,nfl - 2)\Xm+1,n + )\Xm+1,n+1 - 4Xm71,n+1
+ 8Xm,n—1 + 32Xm,n + 8Xm,n+1 - 4Xm+1,n—1 - 16Xm+1,n - 4Xm+1,n+1>a

PUpn  A+2
9y2  48Kk2 <(A = Dxm—1.n-1 = 2A = 4)Xm-1,n

+ )\Xm—l,n+1 - 2)\Xm,n—1 + 4/\Xm,n - 2>\Xm,n+1 + )\Xm+1,n—1
- 2>‘Xm+1,n + AX7n-|—1,n-‘,—1 - 4Xm—1,n+1 - 16Xm,n—1 + 32Xm,n - 16X’m,n+1

- 4Xm+1,n—1 + 8Xm+1,n - 4Xm+1,n+1> .

(6)



2
0 U’m,n _ Xm—1,n—1 — Xm—1,n+1 — Xm+1,n—1 + Xm+1,n+1

dz0y 4hk ’
PUnn  (A+2)
0x20y  4h2k

(mel,nfl — Xm—1,n+1 — 2Xm,n71 + 2Xm,n+1 + Xm4+1,n—-1 — Xm+1,n+1) ) (7)
P U (A +2)

dzdy?  4hk?

(Xm—l,n—l - 2Xm—1,n + Xm—-1,n+1 — Xm+1,n—1 T 2Xm+1,n - Xm+1,n+1) s

2.3 The three dimensions Extended cubic B-spline

Now, we obtain the Extended cubic B-spline in three measurements approxi-
mates on a framework subdivided into limited components of sides h = Az, k =
Ay ,q = Az by the knots (¢, yn, 2) wherem =0,1,.... M, n=0,1,.... N, r =
0,1,..., R can be interpolated in terms of piecewise Extended cubic B-splines.
If U(z, y, z) is a function of z, y and z, it can be shown there exists a unique
approximation U™ (x, y, z) as

M+1 N+1 R+1

UN(:E7 Y, Z) = Z Z Z Xm,n,r Bm,n,r(x7y7z)7 (8)

m=—1ln=—1r=-—1

where X, n,» are the amplitudes of the Extended cubic B-splines By, . »(z, v, 2)
given by
B, n, (2,9, 2) = dm(x) dn(y) ¢r(2).

Also, ¢m(x),dn(y) and ¢.(z) have the same form as the one dimension Ex-

tended cubic B-splines. The formulations of Uy, -, aUé”g’c"‘T, aUé”f”, aUé"Z’"”,

P Unminr PUnnr P Unnr P Umnnr 8 Ummnr
ox2 0y? ’ 022 7 Q9xzdy ' Oxzdz "
Xm,n,r by:

, are given in terms of the

13824
- /\3Xm—1,n—1,r+1 + 12)\2xm_1,n—1,r+1 — 48AXm—1,n—1,r+1
+ 64X m—1,n—1,r+1 + 2N Xin—1,n,r—1 — 6AXm—1,n,r—1
+ 256Xm—1,n,r—1 — 4)\3Xm—1,n,r - 48>\2Xm71,n,r + 1024 xm—1.n,r

1
Um,n,r = Tooon (2()\ + S)Xm—l,n—l,r()\ - 4)2 - (>\ - 4)3Xm—1,n—1,r—1

+ 22 X 11 — 96AXm— 141 + 256Xm—1mr41 — A2 Xim—1n41,r—1
+ 1222 X1t 1r—1 — A8NXm— 1t 11 + 64X m—1 04101

+ 223 X1t — 96AXm—1 s 1. + 256X m— 1110 — A2 X1t 141
+ 12031141 — 48AXm—1nt1,041 + 64Xm—1,n41,041

+ 2/\3Xm,n—1,r—1 =96 AXm,n—1,r—1 + 256X mmn—1,-1 — 4)\3Xm,n—1,r

— 48N X1, + 1024Xm 1,0 + 2N X n— 1,041 — 96AXmon—1,r41

+ 256 Xmn— 111 — A3 X1 — 480 Xmnr—1 + 1024X 1

+ 8N X + 192020 e+ 1536 A mnr + 4096 X nr — 4N X1



+ 256X m.nt 1,01 — AN Xm0 — 48N Xmns 1.0+ 1024Xm 0 1.0

+ 22 Xt 111 — 96X mnt 1041 + 256Xmont 141 — A2 Xmatn—1r—1

+ 122 %Xt 1,n—1,0—-1 — WA mt1n—1,r—1 + 64X m41n-1,r-1

+ 20t 1n—1 — 96AXmt1—1r + 256X m+1,n—1,r — )\3Xm+l,n—l,r+l

+ 12207 X 1141 — 48Nt tn—141 + 64X ma 11041

+ 20t 11 — 96A Xt 1nr—1 + 256X mt 1n—1 — AN X1

— 4802 Xt 1 + 1024X s 1+ 20 XLt — 96 At i1 (9)
+ 256X 1141 — ANt Lt 11 + 1222 X 1101

— A8\ X 1mt1—1 + 64X ma 111 + 223 Nt 11 — 96X ma 11

+ 256Xm+1,n+177‘ - )‘3Xm+1,n+1,r+1 + 12)\2Xm+1,n+177‘+1

— 48AXm+41,n+1,r+1 + 64Xm+1,n+1,r+1>~

OUnmny, 1
dx  1152h

+ 2>\2Xm—1,n,r—1 - 4)\2Xm—1,n,r + 2>\2Xm—1,n,7“+1 - )\QXm—l,n+1,7"—1

(2 (AQ + 4N — 32) Xm—1mn—1,r — >\2X’m—1,n—1,r+1

+ 22 Xm— 111, — A Xm—1m+ 1041 + A2 Xmatn—1,0-1 — 22X X411,
F A X111 — 222 Xmatmr—1 + AN X1 — 23 Xt L1

+ XM Xmt1nt1r—1 — 222 Xmt 1m0 1 + A2 X Ln 41

~ A=) X111+ 8AX 111+ 8AX 11

— 64 AXm—1,nr + 8ANXm—1,n,r+1 + 8AXm—1,n+1,r—1 T SAXm—1,n+1,r

+ 8AXm—1,n+1,r4+1 — SAXm+1,n—1,r—1 — 8AXm+1,n—1,r — SAXm+1,n—1,r+1
— 8AXm+t1,n,r—1 + 64AX m+1,n,r — 8AXm41,n,r+1 — SAXm+1,n41,r—1

= 8AXm+Lnt+1,r — 8AXm+Lnt+1,r41 — 16Xm—1,n—1,r+1 — 64Xm—1,n,r—1
— 256X m—1,n,r — 64Xm—1,n,r+1 — 16Xm—1,n+1,r—1 — 64Xm—1,n+1,r

— 16Xm—1,n+1,r+1 + L16Xm+1,n—1,r—1 + 64Xm+1,n-1,r + L6Xm+1,n—1,r+1
+ 64X m+1,n,r—1 + 256X m+1,n,r + 64X m+1,n,r+1 + 16Xm+1,n+1,r—1

+ 64X mt1, 41,0 + 16Xm+1,n+1,'r+l>a

aUm,n,r o 1
dy 1152k
+ AZmel,nJrl,rfl - 2)\2Xm71,n+1,'r + )\Qmel,n+1,r+1 + 2)\2Xm,n71,'r71

- 4)\2Xm,n—1,r + 2)\2Xm,n—1,r+1 - 2)\2Xm,n+1,r—1 + 4A2Xm,n+1,r

(2 ()\2 + 4)\ — 32) mel,nfl"r‘ - >\2me1,7’7,71,7“+1

— 22 g 11 — A Xt 111 F 220Xt 11 — A2 Xl 141
F AN 1mi1r—1 = 22 X ma 1t e F A Xt L1t

— (A=) Xm-1n-1,r—1 + 8AXm—1,n—1,r+1 — 8AXm—1,n41,r—1

= 8AXm—1,n4+1,r — SAXm—1,n41,r+1 + 8AXm,n—1,,—1 — 64 \Xm,n—1,r

+ 8AXm.n—1,7+1 — SAXmnt1,r—1 + 64XXm n+1,r — 8AXm,n+1,r+1

+ 8AXm+1,n—1,r—1 + 8AXmt1.n—1,r + SAXm+1,n—1,r+1 — SAXm+1,n+1,r—1



— 8AXm+1,n+1,r — 8AXm+41,n41,r41 — 16Xm—1,n—1,r+1 + 16Xm—1,n+1,r—1
+ 64X m—1,n+1,r T 16Xm—1n+1,r+1 — 64Xm n—1,r—1 — 256X m n—1r

— 64X mn—1,r+1 + 64X mnt1,0—1 + 256X m n+1,r + 64Xm nt1,r+1

— 16X m+1.n—1,r-1 — 64Xm+1,n—-1,r — 16Xm+1,n—-1,r+1 + 16Xm+1,n+1,r—1

+ 64X7n+1,n+1,r + 16Xm+1,n+1,7’+1> ,

8Um,n,r _ 1
dz  1152q

+ >‘2Xm—1,n+1,7‘+1 + 2A2Xm,n—17r—1 - 2)\2Xm,n—l,r+1 - 4)\2X’m,n,r—1

2 2 2
(2)‘ mel,n,rfl - 2)\ X’I’I’L*l,’nﬂ‘Jrl - )\ mel,nJrerl

+ AN Xom i1 + 22 Xt 11 — 22 2 Xt 11 — A Xma i 11

A Xt 1 1r41 F 220 11 — 22 X 11 — A2 Xt 11
+ A X111+ A= DX 11041 — A= 4 Xm—1n-1—1

+ 8AXm—1,nr—1 = 8AXm—1n,r+1 T SAXm—1,n41,r—1 — SAXm—1,n+1,r+1
+ 8AXmn—1,r—1 — 8AXm.n—1,r+1 — 64AXm.nr—1 + 64AXm.n r+1

+ 8 Xmnt1,r—1 — 8AXmont 1041 + 8AXm+1m—1.r—1 — SAXm+1,n—1,r+1
+ 8AXmt1nr—1 — SAXmt1,mr+1 F 8AXmt1n+1,r—1 — SAXm+1,n41,r+1
—64Xm—1,n,r—1 +64Xm—1,nr+1 — 16Xm—1,n4+1,,—1 + 16Xmn—1,n+1,r+1

— 64xXmn—1,r—1 + 64Xm.n—1,r+1 — 256Xm.n.r—1 + 256X m nr+1

— 64Xmnt1,0-1 + 64Xm nt1,041 — L6Xm41,n—1,r—1 + 16Xm41,n—1,r+1

- 64Xm+1,n,r—1 + 64Xm+1,n,r+1 - 16Xm+1,n+1,r—1 + 16Xm+1,n+1,r+1)-

0? Upp v 1

= - —4)Xm-1,n-1,-1— 2 m—1,n—1,r
axay 96hk <()\ )X 1, 1,r—1 ()\ + S)X 1, 1,

+ AX’H’L*].JL*].,T*F]. - )\meLnJrl,rfl + 2)‘Xm71,n+177‘ - )‘mel,n+1,r+1

- >\Xm+1,n71,r71 + 2)\Xm+1,n71,r - )\Xm+1,n71,r+1 + )\Xm+1,n+1,r71
- 2AXm+1,n+1,r + >\Xm+1,n+1,r+1 - 4Xm—l,n—1,r+l + 4Xm—1,n+l,r—1
+ 16Xm—1,n+1,7‘ + 4Xm—1,n+1,7'+1 + 4Xm+1,n—1,7'—1 + 16Xm+1,n—1,7'

+ 4Xm+1,n—1,r+1 - 4Xm+1,n+l,r—1 - 16Xm+1,n+1,r - 4Xm+1,n+1,r+1>a
PUppr 1
0xdz  96hs

+ 2)\Xm,fl,n,rfl - 2)\Xm71,n,r+1 - )\mel,nJrl,rfl + Amel,nJrl,rJrl
+ >\Xm+1,n—1,r—1 - >\Xm+1,n—1,r+1 - 2>\Xm+1,n,r—1 + 2)\Xm+1,n,r+1

( - (>‘ - 4)Xm—l,n—1,r—1 + (>\ - 4)Xm—1,n—1,r+1

+ AXrn-i-l,n-‘rl,r—l - )‘Xm-‘rl,n-i-l,r-i-l + 16X’m—1,n,7‘—1 - 16Xm—l,n,r+1
+ 4Xm71,n+1,r71 - 4Xm71,n+1,r+1 - 4Xm+1,n71,'r71 + 4-Xm+1,n71,7‘+1
- 16Xm+1,n,7‘—1 + 16Xm+1,n,r+l - 4X’m+l,n+1,r—l + 4X’m+l,n+1,r+1>7

O? Upp 1
dydz  96kq
+ >\Xm—1,n+1,r—1 - >\Xm—1,n+1,r+1 + 2)\Xm,n—1,7"—1 - 2>\Xm,n—1,r+1

( — (A =Dxm-1n-1,r—1 + (A =4 Xm—1,n—1,r+1

- 2)‘Xm7n+1,7"71 + 2)\Xm,n+1,r+l - )\Xerl,nfl,rfl + )\Xerl,nfl,rJrl

(10)



+ >‘Xm+1,n+1,r71 - )‘Xm+1,n+1,r+1 - 4Xm71,n+1,r71 + 4Xm71,n+1,r+1
+ 16Xm,n—1,7"—1 - 16Xm,n—1,r+1 - 16Xm,n+1,r—1 + 16Xm,n+1,r+1

+ 4Xm+1,n71,7‘71 - 4Xm+1,n71,r+1 - 4Xm+1,n+1,r71 + 4Xm+1,n+1,r+1> )

PUppr 1

920 yaz = 8hkq < — Xm—-1,n—1,r—1 + Xm—1,n—1,r+1 + Xm—1,n+1,r—1 (11)

— Xm—1,n+1,7+1 + Xm+1,n—1,7—1 — Xm+1,n—1,r+1

— Xm4+1,n+1,r—1 + XnH—l,n—&-l,r—i—l)a

PUpny  A+2
A2  1152h2

Xm—1n—1r + )\Zmel,nfl,erl - 8)\Xm717n71,r+1 + 16Xm71,n71,r+1
- 2)\2Xm—1,n,r—1 - 8)\Xm—l,n,r—l + 64Xm—1,n,r—1 + 4)\2Xm—1,n,r
+ 64)\X’m—1,n,7‘ + 256Xm—1,n,r - 2/\2Xm—1,n,r+1 - 8)‘Xm—1,n7r+l

(Xml,nl,rl()\ - 4)2 -2 ()\2 44X\ — 32)

+ 64Xm—1mr+1 + A Xm— 1t 11 — SMXm—1nt 11 + 16Xm—1.n410—1
= 20X m— 1t 1 — 8AXm—1nt1,r + 64X m—1,n+1.0 + A2 Xm—1n41,r4+1

— 8AXm—1,n41,r41 + 16Xm—t 1,41 — 2N Xmn—1,r—1 + 16AXmn—1,r—1
—32Xm,n—1,r—1 + 4>\2Xm,n—1,r + 16AXm,n—1,r — 128Xm.n—1,r

= 220 Xmn—141 + 16AXmn—1r4+1 = 32Xmn—1,r+1 + 4N Xomonr—1

+ 16AXmnr—1 — 128Xmnr—1 — 8N Ximnr — 128 X e — 512X m e

+ AN X1+ 16AXm 41 — 128Xmonrt1 — 233 Xmon4 1,01

+ 16AXm,nt1,r—1 — 32Xm,nt+1,r—1 + 4)\2Xm,n+1,r + 16X m nt1,r

— 128X m 41, — 22X Xt 1,41 + 16AXmn41r41 — 32Xmon41,r41

F A X111 — 8AXmat 11+ 16Xmt1n—1—1 — 22 %Xt 11,1
— 8AXm+t1n—1,r + 64Xmt+1n—1,r + )\QXm+l,n—1,r+l — 8AXm+1,n—1,r+1
+ 16Xm41,0—1,r+1 — 22 Xt 1nr—1 — 8AXmt 1nr—1 + 64Xm41,n0—1

+ AN X1+ 64Nt 1 + 256X 1 — 222 Xomt i1

— 8AXmt1 i1 + 64X mr1nrt1 + A Xmt Lt 11 — SAXmt Lt lr—1

+ 16Xm+1,n+1,r71 - 2)‘2Xm+1,n+1,r - 8)‘Xm+1,n+1,r + 64Xm+1,n+1,r

2
+ A XLt = 8AXmtLnttr1 + 16Xm+1,n+1,7‘+1>3

o Unnr A+2
R metn1r—1( AN =42 =2 (A2 + 4\ — 32
942 Tragpe (Xmmtntrt A= 7 =2 (04 )
Xm—1,n—1,r T )\QXm—l,n—l,r—&-I - 8/\Xm—1,n—1,r+1 + 16Xm—1,n—1,r+1
- 2>\2Xm71,n,7‘71 + 16)\Xm71,n,r71 - 32Xm71,n,r71 + 4)\2Xm71,n,7’

+ 16)\Xm—1,n,r - 128Xm—1,n,r - 2)\2Xm—1,n,r+1 + 16)\Xm—1,n,r+1

- 32Xm—1,n77‘+1 + )\QXm—l,n+l7r—1 - 8)\Xm—1,n+17r—1 + 16Xm—1,n+1,7‘—1



— 220 1t — 8AXm— 1t 1+ 64X m 1 i1+ AR X1 L1

— 8A\Xm—1,nt 141 + 16Xm—1n+1.r41 — 2202 Xemn—1,r—1 — 8AXemn—1,r—1
+ 64X mn—1r—1 + 4N Xmn—1.0 + 64N m 1. + 256X mn—1.r

- 2/\2Xm,n—l,r+l — 8XXmn—1,r4+1 + 64Xm n—1,r4+1 + 4/\2Xm,n,r—1

+ 16AXm,nr—1 — 128X nr—1 — 8N X ne — 128 \Xm,nr — 512Xm n,r
+ AN X1+ 16AXm 41 — 128Xmomrt1 — 203 Xmont 101

— 8\ Xmnt1r—1 F 64X mont1,0—1 + AN Xmont 1,0 + 64AXm nt1,r

+ 256X m,n+ 1.0 — 222 Xmont 141 — SAXmont 1,r+1 + 64X mnt 1,041

+ A Xt 111 — 8MXmtt 1.1 + 16Xma 1101

— 220 11— 8AXmat 1+ 64Xma 1 -1 + A2 X1 n— 111

— 8 X111+ 16Xmi1n 11 — 222Xt 11 + 16X Xt 11
= 32Xmt1nr—1 + AN X1 + 16X mt 1 — 128Xom 1m0

— 220%X ot 11 F 16A Xt 11 — 32Xmt L1 + A2 Xomt1nt1,r—1

- 8AXm+1,n+1,r—1 + 16Xm+1,n+1,r—1 - 2/\2Xm+1,n+1,r - 8>\Xm+1,n+1,r
+ 64Xm+1,n+1,r + )\2Xm+1,n+1,7‘+1 - 8)\Xm+1,n+1,r+1 + 16Xm+1,n+1,r+1>’

PUpmpr  A+2
—— = (Xml,nl,rl()\ - 4)2 - 2Xm71,n71,r()\ - 4)2

022 1152¢2
+ A2 X1 141 — 8AXm—1 1,041 + 16Xm—1.n—1,r41
- 2/\2Xm—1,n,r—1 = 8 Xm—1,n,r—1 + 64X m—1,n,r—1 + 4)\2Xm—1,n,r
+ 16AXm—1nr — 128Xm—1.nr — 222 X141 — 8AXm—1,n,r41
+ 64X m—1,nr41 + A Xm—1n410—1 — 8AXm— 1t 1,r—1 + 16Xm—1,n41,r—1
— 220X m— 141, + 16AXm— 1410 — 32Xm—1n41r + A Xm—1,n41,r41
— 8AXm—1n4 1,41+ 16Xm—1n+ 1,041 — 222 Xmin—1,0—1 — 8AXmn—1,r—1
+ 64X mn—1,r-1 + AN Xmn—1,r + 16AXmn—1,r — 128Xmn—1,r
— 22 X141 — SMXmn—1r41 + 64X mon—1041 + 4N X1
+ 64X\ m.n,r—1 + 256Xm,nr—1 — 8N Xm,nr — 128X\Xm.nr — 512Xm n.r
+ AN X1+ 64N 1+ 256X m i1 — 22 Xt 11
— 8 Xmnt 11 + 64xmmt 11+ 4N Xt 10 + 1A Xmn 10
- 128Xm,n+1,7" - 2/\ZXm,n+1,r+1 - 8>\Xm,n+1,r+1 + 64Xm,n+1,r+1
+ A Xt 1, 1,r—1 — 8AXmt1,n—1,r—1 + 16Xm41,n—1,r—1
- 2/\2Xm+1,n—1,r + 16 AXm+1,n—1,0 — 32Xm41,n—1,r + /\2Xm+1,n—1,r+1
— 8\ X114l + 16Xmatm—1r41 — 222Xt 1 mr—1 — S\ Xt Lnr—1
+ 64X matmr—1 F AN X1+ 16AX a1 — 128Xma 1
— 22ttt — SAXma L1 + 64X ma 1 nrt1 + A Xt L1

- 8)‘Xm+1,n+1,r71 + 16Xm+1,n+1,r71 - 2)\2Xm+1,n+1,r + 16>\Xm+1,n+1,7‘

— 32Xm41n41,r + A Xma Lttt — 8AXmatntt,r+1 + 16Xm+1,n+177‘+1>~
(12)



B Unnr A+2

= A—=4)Xm-1n-1,-1— m—1,n—1,r
0x20y 96h2k<( PXm—tn—tr-1 = 20+ 8)Xm-1,n-1,

+ AXm—1n—1r41 — AXm—1,n41,r—1 + 2AXm—1n+1,r — AXm—1n+1,r+1
= 2XXmn—1,r—1 T 4XMXmn—1,r — 2AXmn—1,r+1 + 2AXmnt1,r—1

— 4XXmon+1,r + 2AXm i+ 1r4+1 + AXmt1,n—1,r—1 — 2AXm+1n—1,r

+ AXm+1n—1,r41 — AXmt1,n+1Lr—1 + 2AXm+1,n41,r — AXm+1,n+1,r+1
—4Xm—1n—1,r+1 F EXm—1,n+1,r—1 + 16Xm—1,n+1,r + 4Xm—1,n+1,r+1
+ 8Xmn—1,r—1 + 32Xmmn—1,r T 8Xmn—1,r+1 — 8Xm,n+1,r—1

= 32Xmn+1,r — 8Xmn+1,r41 — EXm+1,n—1,r-1 — 16Xmt1,n—1,r

- 4Xm+1,n—1,r+1 + 4Xm+1,n+l,r—1 + ]-6Xm+1,n+1,r + 4Xm+l,n+1,r+1>a

PUpnyr  A+2

0220 2 - 96h2q <()\ - 4)Xm71,n71,r—1 — ()\ — 4)Xm71,n71,r+1

= 22 Xm—1,n,r—1 T 22 Xm—1,n041 + AXm—1,n+1,r—1 — AXm—1,n+1,r+1
=22 Xmn—1,r—1 F 22 Xmn—1,041 + 4XXm.n,r—1 — 4XXmn,r+1

— 2XXmon41,r—1 F 2AXmont1,041 F AXmt1,n—1,r—1 — AXm+41,n—1,r+1
= 2XXm+1,n,r—1 + 2AXm+ 10,041 + AXm+1,n+1,r—1 — AXm+1Ln+1,r+1
—16Xm—1,nr—1 + 16Xm—1,nr+1 — 4Xm—1,n+1,r-1 + 4Xm—1,n+1,r+1
+ 8Xmn—1,r—1 = 8Xmn—1,r4+1 + 32Xm,n,r—1 — 32Xm,n,r+1

+ 8Xm,nt1,r—1 = 8Xmnt+1,r4+1 — EXm+1,n—1,r—1 + 4Xmt1,n—1,r+1

- 16Xm+1,n,r—1 + 16Xm+1,n,r+1 - 4Xm+1,n+1,r—1 + 4Xm+1,n+1,7"+1>7

B Umnr A+2

= )\74 m—1ln—1,r— *)\74 m—1n—1.r
0y20z 96k2q <( )X Ln=1,r-1 ( )X 1,n—1,r+1

= 2Mm—1,n,r—1 + 2AXm—1n,r41 + AXm—1,n41,r—1 — AXm—1,n+1,r+1
— 22 Xmn—1,r—1 F 22 Xmn—1,041 + 4XXm.n,r—1 — 4XXmon,r+1

— 22X mont1,r—1 F 22X mont 1,041 F AXmt1,m—1,r—1 — AXmt1,n—1,r4+1
= 2 XXm+1,n,r—1 + 2AXm+ 10,041 + AXmt1,n4+1,r—1 — AXm+1n+1,r+1
+ 8Xm—1,n,r—1 — 8Xm—1,nr+1 — 4Xm—-1,n4+1,r—-1 + 4Xm—1,n+1,r+1

— 16Xmn—1,r—1 + 16Xm n—1,r41 + 32Xm,n,r—1 — 32Xm,n,r+1

— 16Xmn+1,0—1 + 16Xm nt1,r41 — EXm+1,n—1,r—1 + EXm+1,n—1,r41

+ 8Xm+1,nr-1 = 8Xm+1,mr+1 — EXmt1,n+1,r—1 + 4Xm+1,n+1,7-+1>,

P Upnr A+2

8y8 52 = 96/€q2 (()\ - 4)Xm—1,n—1,r—1 - 2()\ - 4)Xm—1,n—1,r

+ AXm—1n—1,r+41 = AXm—1,n+1,r—1 F 2AXm—1,n41,r — AXm—1,n4+1,r+1
= 2XXmn—1,r—1 + EXXmn—1,r = 2AXmn—1,041 + 2AXm n+1,r—1
— 4AXmn+1,r T 2AXmn+1,r+1 + AXmt1,n—1,r—1 = 2AXm+1,n—1,r
+ AXm41,n—1,r+1 — AXm+1,n41,r—1 + 2AXm+1Lnt+1,r — AXm+1,n+1,r+1
—4dXm—1,n—1,r41 T Xm-1,n41,r—1 — 8Xm—Lnt+1,r + 4Xm—1,n+1,r+1
—16Xmn—-1,r—1 + 32Xmn—1,r — 16Xm,n—1,r+1 + 16Xm nt1,r—1
= 32Xmn+1,r + 16Xmn+1,r+1 — 4Xm+1,n—1,r—1 + 8Xm+1,n—1,r
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— 4AXm+1,n—1,041 T 4Xm+1n+1,r—1 — Xm41,n+1,r T 4Xm+1,n+1,r+1>7

83 Um n,r A + 2
01022 96hq2 A= Dxm-1n-1,r-1 — 2(A —4)Xm—1,n-1,r
+ )\Xm—l,n—lﬂ--l-l - 2)\Xm—1,n,r—1 + 4AXm—1,n,r — 2>‘X7ﬂ—1,n,r+1
+ )\mel,n+1,rfl - 2)\Xm717n+1,r + )\mel,n+1,r+1 - )‘Xm+1,n71,r—1

+ 2)\Xm+1,n71,r - )\Xerl,nfl,rJrl + 2>\Xm+1,n,r71 - 4)\Xm+1,n,r

F 2 X mA41,n,041 — AXmtLntlr—1 + 2AXm41,n41,r — AXm+1,n+1,r+1
—AXm—1,n—1,r41 — L6Xm—1,n,r—1 + 32Xm—1,n,r — 16Xm—1,n,r+1

— 4Xm—-1n+1,r—1 + 8Xm—-1,n+1,r — EXm—1,n+1,0+1 + EXmt1,n—1,r—1
= 8Xm+1,n—1,r T 4Xm+1,n-1,741 + 16Xm41,n,r—1 — 32Xm+1,n,r

+ 16X m+1,n,r+1 + 4Xm+1,n4+1,r—1 — SXm+1,n+1,r + 4Xm+1,n+1,7‘+1>7 (13)

PUpmyr  A+2
dxdy?  96hk?

+ )‘Xm—l,n—l,r-i-l - 2)‘Xm—l7n,r—1 + 4AXm—17n,r - 2)‘Xm—l7n,r+1

(()‘ - 4)Xm71,n71,r71 - 2()\ + 8)Xm71,n71,r

F AXm—1,n41,r—1 = 2AXm—1,n+1,r + AXm—1,n+1,r+1 — AXm+1,n—1,r—1
F 2 X mt1,n—1,r — AXmt1,n—1Lr+1 T 2AXm+1,n,r—1 — 4A\Xm+1,n,r

F 2 X mA41,nr41 — AXmtlntlr—1 + 2AXm41,n41,r — AXm+1,n+1,r+1
—AXm—1,n—1,r41 F 8Xm—1,n,r—1 + 32Xm—1,nr + 8Xm—1,nr+1
—4Xm—1n+1,r—1 — 16Xm—1,n4+1,r — 4Xm—1,n+1,7+1 T 4Xm+1,n—1,r—1
+ 16X m+1,n—-1,0 T EXm+1,n—1,r+1 — SXm+1,n,r—1 — 32Xm+1,n,r

= 8Xma1,nr41 T 4Xmi1int1r—1 + 16Xmi1nt1,r + 4Xm+1,n+1,'r'+1>7

In all n-dimensions PDE’s with collocation method we get a system of alge-
braic equations in this form
Ax =0, (14)

We solve the above system using newton’s method to find the unknown values
of x.
3 The error estimates

Lemma 1 Suppose that U is an estimation of smoothness class C2. At that
point error gauges of the insertion on a square work of side h are

. oU  oU oU U oU  oU
“U|| < Boh?, || — 2| < Brh3, || == — || < Boh®, || == — || < Bsh3
IU=Ull < Bo ’Hax aj},llfﬁl ’”az 82”752 ’Hay 6)yllfﬁs ;

92U 92U g2 PU 9*U 92U 92U

oy ou gy _ gy, < 2 Y 9V, o 2
|| 851:2 8.%'2 || — 54 Y || ayz ayz || — ﬁ5h ? || 822 822 H — ﬂ6h’ )
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?U U U U 02U 0%
l5—= = 53 <Bh? 5= — 5l < Bsh? |55 — 55~
Ox0y  O0xdy 0x0z  0xdz Jydz  Oyoz

where the B; are constants.

H S 59h27

The proof of above lemma see [9].

4 The numerical results

Presently, we must know whether this method, which was developed by present-
ing its constructions in different dimensions, is accurate and effective or not. To
prove that this method is of high accuracy, we present in this section various
numerical examples in different dimensions. We also show some figures of the
results obtained. In addition to providing comparisons of our results with pre-
existing results.

The first test problem: [18]
We take the first test problem in the 2-dimensional in this form:

umx(x, y) + “yy(xa y) + um(xv y) + Uy(lC, y) - 362I+3y(m2(18y2 - 4y - 5)

+a(5—8y* —6y)) —3y* +3y) =0, x,y € [a,b] (15)
The exact solution to that problem given as follows:
uw,y) = 33X (@ — %) (y — ). (16)
We take the boundary conditions to the first problem in this form:
u(a,y) = u(z,a) = a, u(by) =u(z,b) = f. (17)

By substitution from (4)-(6) into (15) with (17) we obtain the numerical results
as in the next table:
Table 1: The computational results to the first problem at y = 0.5, z,y € [0, 1]

x Numerical Exact results Absolute error | Quadratic
results B-Spline [18]
0.1 | 0.36856 0.36949 9.22844 E-4 1.06992 E-3
0.2 | 0.80015 0.80230 2.15026 E-3 2.32385 E-3
0.3 | 1.28295 1.28617 3.21794 E-3 3.40917 E-3
0.4 | 1.79122 1.79535 4.12938 E-3 4.31609 E-3
0.5 | 2.27931 2.28422 4.90872 E-3 5.04294 E-3
0.6 | 2.67274 2.67835 5.61237 E-3 5.60652 E-3
0.7 | 2.85609 2.86243 6.34146 E-3 6.05466 E-3
0.8 | 2.65652 2.66375 7.23762 E-3 6.46809 E-3
0.9 | 1.82167 1.83010 8.43355 E-3 6.93102 E-3

In Table 1, we compared the results about the 2-dimensions Extended cubic
B-spline method employing a work of 50 x 50 and the exact results together.
We show that our results are accepted with regard to the exact results. In Fig.
1, we introduce the numerical arrangements with the exact solution at y = 0.5.
In Fig. 2, we show the numerical results and the exact solution at z = 0.5.

11



u(x,0.5)

u(0.5,y)

Figure 2: The numerical results with the exact results at = 0.5.

The second test problem: MHD duct flow [7-9,16]

The cross-section of an infinitely long rectangular duct is oriented with its sides
parallel to the x— and y—axes and the origin of coordinates at its center. The
duct width is 2a and height 2b so that the sides of the duct have equations
x = ta and y = +b. A conducting fluid flows in the z direction along the duct
and is subjected to a constant applied magnetic field M acting in a direction
lying in the zy-plane and making an angle ¢ with the y-axis. The equations
governing the flow may be expressed in the normalized form [7,15].

Aox P, Ao, OP,

oP 9
. = z ’ 1
P uwVeVv, + o O o Oy (18)
and the z-component of the curl of Ohm’s law,
ou ouU
2 z z
VoA, + 5#0(14030% + AO?J@T/) =0, (19)

with the boundary conditions: U = A =0 at 2’ = +a,y’ = +b,

where v, p and £ are, respectively, the kinematic viscosity, density and electric
conductivity of the fluid; pg is the magnetic permeability in vacuum; dP/dz is
the constant axial pressure gradient; By, and By, are the 2’ and y’ components
of the applied magnetic field; and U, and A, are the z components of velocity

12



and induced magnetic field, respectively. Following the notation of P. C. Lu [15],
who solved this problem using the Kantorovieh method, Egs. (18) and (19)
become in non-dimensionsized form,

0? o2 0A 0A
Y/ A 20
(ax2+8y2)U+anx+ Vo, 1, (20)
and
0? 02 oUu oUu
(52 + ayQ)A—i—Mz 5 My 3 1, (21)

with boundary conditions U = A = 0, = +«,y = +1. Distance has been
scaled to the duct semi-height b so that z = 2'/b, y = ¢//b, and a = a/b. The
following normalisations have also been used.

U.
U= =map
v dz
A
A= —/— 72
%%MO(VMO%
M, = AOm,b(i)% = Msin(s), (22)
Vi
M, = Aoyb(=)? = M
y — 410y’ (ﬁ) - COS(¢),
1 I
M = Hartmann no. = (Mf + Myz) 7 = Agb(—)2.

The Hartmann number is the ratio of magnetic to fluid viscosity. If M = 0, the
flow field is the classieal laminar pipe flow. If M > 1, the flow field is determined
primarily by the E x A drift. To uncouple (20) and (21), the functions

H, =U+ A, (23)
and
Hy=U — A, (24)
0? 0? OH, OH,
— + —)H, + M, M,— = -1, 25
((‘3302 +8y2) Lt ox My Oy (25)
and
0? 0? OH, OH>
SO YA o B e R 26
(6x2 + 8y2) 2 ox Y oy (26)

with boundary conditions H; = Hy = 0,2 = +a,y = 1.
Thus, if H, is solved as Hy (M, M,) from (26), then

Hy(M,, M) = Hy(—M,,—M,). (27)
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So that the solution is completely determined when either H; or Hy, are known.
Having determined H; the function Hs is found from (27) and hence the velocity
field U from

U= 3 (Hy+ Hy). (25)

Now, we will intreduce some numerical resultes for the flow in a square duct with
an applied magnetic field parallel to the x—axis so that M, = 0. To compare
with earlier results [7-9,14], we give to M, the following values M, = 0,2,5 and
8.

By substituting from (4)-(6) in (25) and (26) we get the numerical solutions as
follows:

Table 2: U at the centre of the duct

M, Alexan-| ones and | Bi-CBSG Finite 2- Analytic
der [7] | Xenop- approach [9] | difference | dimensions | [14]
hontos [8] approach Extended
[16] cubic
B-spline
approach
0 | 0.2982 0.2982 0.29468 0.29410 0.29359 0.29468
2 | 0.2632 | 0.2631 0.25890 0.25862 0.25828 0.25890
5 | 0.1743 0.1742 0.17160 0.17147 0.17148 0.17160
8 | 0.1201 0.1201 0.11878 0.11865 0.11875 0.11878

In Table 2, the results of the 2-dimensions Extended cubic B-spline method using
a mesh of 20 x 20 were compared with those the numerical [7-9,16] and also with the
analytic solution of Shercliff [14].

In Fig. 3, we show The profile of velocity with Hartmann numbers 0 (top curve),
to 8 (bottom curve) at [—1, 1] using a mesh of 20 x 20 .

0.30F° ]
o.25f— ]
o_2of— 9

S o.15f 1
0.102— —_— My =2.0 ]
0.05; M =5.0 ]
0.00 — Mx=8.0 ‘ ]
-1.0 -0.5 0.0 0.5 1.0

X

Figure 3: The profile of velocity with various values of Hartmann numbers
In Table 3, some other results are presented where the period with from [-1, 1] to |-

0.5, 0.5] is changed and we also compare these results with Finite difference method [16]
and the analytical solution found in the research [14].
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Table 3: U at the centre of the duct. Finite difference and analytic simulations com-
pared

M, Finite differenc method | 2-dimensions Ex- | Analytic [14]
using a mesh of 50 x 50 | tended cubic B-spline
[16] method 50 x 50

0 0.073648 0.0736279 0.073671

2 0.071109 0.0710908 0.071128

5 0.060838 0.0608273 0.060846

8 0.049359 0.0493563 0.049363

In Fig. 4, we show the profile of the velocity with various values of Hartmann numbers
at [—0.5,0.5] using a mesh of 50 x 50 . For diverse values of the Hartmann number,

0.07f
0.06f

0.055

= 0.04¢
0.03}
0.02f

0.01F

0.00E

Figure 4: The profile of velocity with various values of Hartmann numbers.

the course of action for the speed profile along the z—axis has shown up in figs 4
and 5. As would be expected, growing the appealing field (growing the Hartmann
number) has an affect on the speed of the fluid where it is the speed reduces near to
the center of the channel, this clear affect of the alluring field concentrated is as of
presently known. In this way, we see that the comes about are totally congruous with
the physical meaning of the affect of the alluring field.

The third test problem: [18,33-36]
We take the third test problem in the 2-dimensional in this form:

U’IT(‘T7y7Z) +Uyy(l‘7y,2) - SiH(TI'.CU) Sin(ﬂ-y) = 07 z,y S [(1717} (29)
the exact solution to that problem given as follows:

u(z,y,z) = _7sin(7rx2):21n(7ry). (30)

We take the boundary conditions to the third problem in this form:

u(a,y) =u(z,a,) =a, ulby)=u(z,b)=2_3. (31)

By substitution from (4)-(6) into (29) with (31) we obtain the numerical results as in
the next table:
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Table 4: The numerical resultes for third problem at y = 0.4, z,y € [0,1]

T Numerical results Exact results Absolute error
0.2 | -0.0282154 -0.0283201 1.04701 E-4
0.4 | -0.0456535 -0.0458229 1.69408 E-4
0.6 | -0.0456535 -0.0458229 1.69408 E-4
0.8 | -0.0282154 -0.0283201 1.04701 E-4

In Table 4, we compared the results of the 2-dimensions Extended cubic B-spline strat-
egy employing at 15 x 15 and the exact results together. From our results we can say
that results are accepted with regard to the exact results. In Figs. 5, 6 we show the

numerical results with the exact results at y = 0.5.

u(x,0.4)

u(0.4y)

0.02}f
0.03 |

0.04 |

0.05 L.

Figure 5: The numerical results with the exact results at y = 0.4.

0.00F
0.01
o.ozf
o.osf

0.04 [

0.05 ¢k

Figure 6: The numerical results with the exact results at x = 0.4.

o) I B A B I

o) I B A I B

Let 15 x 15 grid points, we compar between the results of the proposed method and

the results of using different methods that shown in Table 6 [18,33-36].

Table 5: Maximum absolute error according to the method used for third problem.

The  pro- | Quadratic | MCBDQM | Spline- Haar Cubic
posed B-spline approach based wavelet B-spline ap-
method approach [33] DQM ap- proach [36]
[18] approach proach
34 35
1.69 E-4 3.72 E-5 2.11 E-5 1.62 E-4 3.08 E-4 | 1.67 E-4
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The fourth test problem: [18]

We take the fourth test problem in the 3-dimensional in this form:

o (T, Y, 2) + tyy (2,9, 2) + uzz (2, y, 2) — 2yz(e”V ) Byaz + yr + za — 5a (32)
+2zy—5y—52+9)=0, =z,y,z € [a,b
The exact solution to that problem given as follows:
u(@,y,z) = (z — 2°)(y — y*)(z — 2%)e" 2. (33)

We take the boundary conditions to the fourth problem in this form:

u(b,y, 2) = u(x,b, 2) = u(z,y,b) = 8. (34)

By substitution from (12) into (32) with (34) we obtain the numerical results as in the
next table:

u(a,y,z) = u(x,a,2) = u(z,y,a) = a,

Table 6: The numerical resultes for test problem at z =y = 0.5, z,y,z € [0,1]

T Numerical Exact solution Absolute error Quadratic B-
solution spline method [18]

0.1 | 0.0168635 0.0168984 3.48852 E-5 3.24947 E-5

0.2 | 0.0331304 0.0332012 7.07378 E-5 6.49943 E-5

0.3 | 0.0480531 0.0481595 1.06445 E-4 9.65554 E-5

0.4 | 0.0606859 0.0608280 1.42149 E-4 1.27075 E-4

0.5 | 0.0698464 0.0700264 1.79967 E-4 1.57835 E-4

0.6 | 0.0740704 0.0742955 2.25088 E-4 1.92337 E-4

0.7 | 0.0715583 0.0718456 2.87275 E-4 2.37433 E-4

0.8 | 0.0601139 0.0604965 3.82576 E-4 3.04639 E-4

0.9 | 0.0370736 0.0376082 5.34586 E-4 4.11161 E4

In Table 6, we compared the results of the 3-dimensions Extended cubic B-spline strat-
egy employing at 20 x 20 and the exact results together. From our results we can say
that results are accepted with regard to the exact results. In Fig. 7, we show the

numerical results with the exact results at y = z = 0.5.

= Exact

— ADPD.-

Figure 7: The numerical results with the exact results at y = z = 0.5.
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5 Conclusion

Perhaps by the end of this work, we will have made a clear contribution to solving
some of the problems facing most researchers in various fields through how to deal with
mathematical models of different dimensions. The topic studied is very important and
we believe that most researchers are waiting for its results. Thinking about this work
came after we followed what was presented by some researchers in solutions of partial
differential equations in one, two and three dimensions, and we noticed how difficult
it is for them to deal with these models as the dimension increases. So we thought
to develop the Extended cubic B-spline method that was used previously in solving
one-dimensional mathematical problems and we were able to present a shape for this
method in two and three dimensions. We tested the accuracy and effectiveness of
the derived shapes by providing some numerical examples with different dimensions.
The numerical results were compared with the real solution, and the inferred formulas
were found effective and accurate. From this perspective, we can say that a clear
contribution has been made to overcome the problems of partial differential equations
of different dimensions. Amid long-term work, we are going moreover generalize a few
other B-Splines shapes to serve as a solution to differential equations in n-dimensions.
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