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Abstract

This note obtains a new regularity criterion for the three-dimensional magneto-micropolar fluid flows in terms of one veloc-

ity component and the gradient field of the magnetic field, i.e. the weak solution $(u,\omega,b)$ to the magneto-micropolar fluid

flows can be extended beyond time $t=T'$, provided if $u_3\in L"{\beta}(0,T;L"{\alpha}({\R}"3))$ with $\f2{\beta}+\f3{\alpha}\leq\f34+\f1{2'
and $\nabla b\in L "\f{4p}{3(p-2)}(0,T;\dot{M} {p,a}({\R}"3))$ with $1
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1. INTRODUCTION

The aim of this paper is to understand the regularity criterion for the following three
dimensional magneto-micropolar fluid flows without magnetic diffusion

du— (u+X)Au+Vr = —u-Vu+b-Vb—xV xw, (2,t) € R>x (0,7),
Ow — YAw — kVdivw + 2xw = —u - Vw + XV X u, (z,t) € R® x (0,7),
(1.1) Ob+u-Vb=b-Vu, (z,t) € R® x (0,7),
V-u=V-b=0, (z,t) € R® x (0,7),
Ult=0 = ug, w|t=0 = wo, blt=0 = bo, r € R3.

This system is a special case of the classical three dimensional magneto-micropolar fluid flows
1
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du— (u+X)Au+Vr = —u-Vu+b-Vb—xV xw, (2,t) € R>x (0,7),
Ow — YAw — kVdivw + 2xw = —u - Vw + XV X u, (z,t) € R® x (0,7),
(1.2) Ob+u-Vb—vAb=1b-Vu, (z,t) € R® x (0,7),
dive = divb = 0, (z,t) € R® x (0,7),
ult=0 = o, w|t=0 = wo, blt=0 = bo, z € R?,

where u = (u1,us,u3),w = (w1,ws,ws),b = (by,ba,b3) and 7 denote the unknown velocity
field, the micro-rotational velocity, the magnetic field and the unknown scalar pressure at the
point (z,t) € R? x (0,T), respectively. While ug,wp, by are the prescribed initial data and
dive = divb = 0 in the sense of distributions. The constants u, x, s,y are positive numbers
associated to properties of the material: p is the kinematic viscosity, y is the vortex viscosity,
x and 7y are spin viscosities (more details see [11]).

The megneto-micropolar fluid system (1.2) was first proposed by Galdi and Rionero [3].
The existence of global-in-time weak solutions were then established by Rojas-Medar and
Boldrini [14], while the local strong solutions and global strong solutions in bounded domain
for the small initial data were considered, respectively, by Rojas-Medar [13] and Ortega-
Torres and Rojas-Medar [12]. However, whether the local strong solutions can exist globally
or the global weak solution is regular and unique is an outstanding open problem. Hence
there are many regularity criteria to ensure the smoothness of solutions. Gala [2] proved

that if the velocity field satisfies u € L (0,7 Mp7 3(R3?)) or the gradient of velocity field

satisfies Vu € L7 (0,7 Mp7§ (R?)), then the local smooth solution (u,w,b) can be extended
beyond t = T. Zhang and Yao [18] demonstrated that if Vu € LP(0,T; F;ZJ(R3)) with
73

% + % =2, % < g < 00, then the weak solution (u,w, b) is smooth on [0, T].

When the micro-rotational velocity w = 0 and x = 0,the equation (1.2) becomes the
standard magneto-hydrodynamic equations. In recent years, the problem of regularity criteria
involving one components have been investigated for the MHD equation ( see e. g. [4], [5],

[6], [8], [9]). In 2016, Yamazaki [15] proved that if
uz € LP(0,T; LY(R?))

With%+g§%+%q,%<q§ooand

js € LP(0,T; LY (R?))
with 1% + % <2, % < ¢’ < 00, then the weak solution (u, b) is regular, where js is the third
component of V x b = (j1,j2,73). Later Zhang [17] refined the result of Yamazaki’s. He
proved that if

uz € LP(0,T; LY(R?))
with%+§gg+3iq,§<qgooand

js € LF(0,T; LY (R?))

with z% + % < 2,% < ¢’ < 00, then the weak solution (u,b) is regular.

We further assume that w = x = 0, the system (1.1) is usually named MHD equation
without magnetic diffusion. In order to present our motivation, we list some information
on regularity criteria for 2D-MHD equation without magnetic diffusion. In 2011, Zhou

and Fan [16] proved if Vb € L'(0,7; BMO(R?)), then the local strong solution (u,b) is
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regular. Gala, Ragusa and Ye [7] improved Zhou and Fan’s result. They showed that if
Vb € LP%(O,T; M, ,(R?)) with p > ¢ > 1, the local strong solution (u,b) to the MHD
equation with magnetic diffusion is regular.

Motivated by [2], [15], and [7], we will investigate the regularity criterion on the weak
solution to the magneto-micropolar flows involving one velocity component and the gradient
of magnetic field satisfying (1.3) and (1.4). Our result is stated as follows.

Theorem 1.1. Let (up,bp) € HY(R3) and wy € HY(R3), with the initial data V - ug =
V by = 0. Assume that (u,w,b) be the weak solution to the equations (1.1) defined on [0,T")
for some 0 < T < oco. If (u,b) satisfies

2 3 3 1 10
1.3 LPO,T: L*(R*)), 2 + 2 <+ — —
( ) uz € (’ ) ( ))7B+a—4+2ava>37
and
4 .
(1.4) Vb e LS(’:” (0,75 Mp,q(R?)))v I<g<p<oo,p=>3,

then the solution (u,w,b) to (1.1) can be smoothly extended beyond t = T.

Remark 1.2. In our knowledge, this is the first reqularity criterion result is concerned with
weak solution to the 3D incompressible MHD equations without magnetic diffusion in Mor-
rey Campanato space. The most difficulties that arising is to handle the nonlinear term
Jrs v - Vu - Audz. For the two dimension case, due to [g>u - Vu - Au = 0, the condition

Vb e Ll’%(O,T; M, 4(R?)) is sufficient (see [7]). Compared with the result in [2], due to the
magneto micropolor fluid flows discussed in Theorem 1.1 are lack of magnetic diffusion, it
increases the difficulties to deal with the nonlinear terms in H'-energy estimtes, especially
for the term ng w - Vw - Awdz. Fortunately, L?-energy estimate for w helps us to overcome
these problems.

When w = 0, x = 0, the magneto micropolar equations (1.1) becomes the classical MHD
equations without magnetic diffusion. Theorem 1.1 converts into the following corollary.

Corollary 1.3. Let (ug,by) € H'(R3) with the initial data V -ug = V - by = 0. Assume that
(u,b) be the weak solution to the incompressible MHD equations defined on [0,T) for some
0<T <oo. If (u,b) satisfies

1 10
+oa>—

<
TS 20’ 3

uz € LP(0,T; L*(R?)), %

ISR
NIt

and
4 .
Vb € L5071 (0,T; Myg(R%)),1 < g <p < 00,p > 3
then the local strong solution (u,b) can be smoothly extended beyond t = T.

Remark 1.4. Comparing with the results either in [15] or in [17], though the MHD equations
discussed in Corollary 1.8 are lack of magnetic diffusion and the spatial space of magnetic
field is enlightened, it is hard to say our results have refined the one [15] or that in [17].

The difficulties and strategy are listed as follows:

e The first big tiger is to estimate the nonlinear term [g; u- Vu - Audz. Since [gsu-Vu -
Audx # 0, it is impossible to handle it as in the second dimension. We have to build the
horizontal energy estimate ||Vyu| 2, || Vab|| 2.
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e The second thorn is the nonlinear term fR3 u - Vw - Awdzx. Integrating by part gives
us [gs Au- Vw - wdz and [gs Vu - V2w - wdz. As usual, if we use the Holder inequality and
Young inequality, we get

1 3
| RSU~Vw - Awdz| < lul|ps [ Vool psl| Awll 2 < [[Vull 2] Vol £ | Awll 7,

1
< IAIE: + ClIVul 72 VellZ:,

which doesn’t work. Thanks to L3-norm estimate of w and some suitable interpolating
inequality, which can be referred in section 3, we can overcome these difficulties. More
precisely, These methods helps us to handle ng Au - Vw - wdx and ng Vu - Viw - wdx
successfully.

The rest of this paper is organized as follow. The definition of some functional spaces and
some useful lemmas are presented in Section 2. The L3-norm of w is given in Section 3. The
proof of Theorem 1.1 is provided in Section 4.

2. PRELIMINARIES

In this section, we will present some information on the Morrey Campanato space and
introduce the definition of weak solution to the magneto microploar equation (1.1).

Definition 2.1. (see [10]) (1)For 1 < q < p < oo,the homogeneous Morrey-Campanato space
M, 4 is deﬁned by

={f € LL,.(R’) | fll;, ,re) = sup sup R#~ q”fHLq R)) < 00}
z€R3 R>0

where B(z, R) denotes the closed ball in R? with center x and radius R.
(2)Let 1 < p' < ¢' < o0, the following homogeneous space Zy o is defined by:

Zp’,q’ = {f S Lp'|f = E gk,where(gk) C Lgomp(R?)),
keN
1

>

keN

i
Hgk||Lq/ < oo, whereV k, dy, = diam(suppgy) < oo}

The following lemma plays a crucial role in proving the regularity criterion for the magneto-
micropolar fluid flows (1.1).

Lemma 2.2. (see [10]) (1)Let 1 < p' < ¢’ < 0o and p,q such that 1%—1— Z% = 1,%—}-% = 1,then

Mp7q 1s the dual space of Z
(2)Let 1 < p/ < ¢ < 2,% —1—}% = 1,%—1—% =1andr = %, there exists C' > 0 such that
Vf € L2(R3) and Vg € H"(R3),h € M, 4(R?) satisfies

/R @)@z < Clly, 1F9lz, , < bl 1A z2lgl g

The Sobolev-Ladyzhenskaya inequality in the whole space R? reads as follows.

Lemma 2.3. (see [1]) There ezists a constant C > 0 such that
p—2 p—2

(2.1) 16l]Lr < CII¢IIL” ||<91¢HL22” H5‘2¢>IILP ||<93¢||L2 :
for every ¢ € HY(R?) and every p € [2,6], where C is a constant depending only on p.
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The definition of weak solution to the magnetic micropolar equation is provided in the
following.

Definition 2.4. Let (ug,by) € L2(R3),
(u,b,w) is said to be a weak solution to (

(i)

w € L2R3) and T > 0. A measurable function
1.1) on (0,T) if
(u,b) € L(0,T; L5 (R%) N L*(0, T; H'(R?)),
and w € L>®(0,T; L*(R3)) N L?(0,T; H'(R?));
(ii) For every ¢, € HY(0,T; H-(R?)) and ¢ € H*(0,T; H'(R?)) with ¢(T) = o(T) =
(T) =0,

T
/0 (—u, 6) + {1 Y, &) + (1 + X){ Vi, V)t

T
_/0 (b- Vb, o) + x(V x w,¢)dt = —(ugp, ¢o),

T
/ (—0, 010 + (w0, Vi) + (Y -0, V - )t
0

T
+ [ e ) + 2w, = 21T X )t = (o o
0
and
T
| 0.0 + (e T} = (0 Vst = (o, o)
0
where L2 = {ulu € L?,V - u = 0}.
3. SOME USEFUL LEMMAS

The following L3-energy estimate is significant to prove our result.

Lemma 3.1. Let (u,w,b) be the weak solution to the magneto-micropolar equation (1.1).
Then

t
3
(3.1) loll 72 +/O IV [w[2[172dr < C(llwoll s [lwol 22, luoll 2 [1boll 2, T),
for any t € [0,T).
Proof. Multiplying (1.1), by |w|w and integrating over R?, we have

1d
3dt

§|/ V X u- |wwdz|,
R3

—[lwllFs +2llwllFs + *HV\wI 172 + *IIIwPVwIILz + *IIIWI2v w||72
(3.2)

where we have used
/ (V- )V - (|w]w)dz :/ V- (0] V - w + wVw|)da
R3 R3
= |||w|%V-w||%2 —I—/ V- w-w-V|wldzs
R3

1 1 1 1
> —[[|w|2V - wl|72 — §|||w\2vw||%2'
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To estimate nonlinear term on the right hand side. Integrating by parts and using the Young
inequality and (4.1) to obtain

V X u- |wwdz §/ lu||w]|V|w||dx +/ lu||w|]V X w|dx
R3 R3 R3

SC/ |ul|w||Vw|dz
R3
1 1
<Cllullzslllw] | e ll|w|2 V| 12
1 1
§Z|||w|2Vw||%g + Cllull7sllwll s
1 1
SZIIIWPVWIliz + Cllull2l[ull s [[wll L2
1 1
SZIIIWPVMII%fs + Ol Vull 2wl s
< MwlzVellze + Sllwllzs + Ol Vul 2,
1 1 1
<Nl 9ulZs + Sl + O(ITuls +1).
Substituting the above inequality into (3.2) gives
d 3 3. 1 1
%HWII‘}» + llwllzs + IVIwlZ Lz + S lllwl2 VellZe + llw]2V - wllZ
<C(|Vul32 +1).
Integrating on [0,¢) and using (4.1) yield
3 ! 302 3 ' 2
ol + [ IVIlE e < ol +C [ (19ulls + 1yar

< C(llwoll s, llwoll 2, luoll L2, [[boll L2, T).

4. PROOF OF THEOREM

In this section, we shall give the proof of Theoreml1.1. We will assume that p = x =v =
k = 1 throughout this paper.

Proof. Let [0,T*) be the maximal time interval for the existence of the local smooth solution.
If T* > T, the conclusion is obviously valid, but for 7% < T ,we would show that

limsupy 7 ([Vu(-,1)|[72 + [V (-, 1) [[72 + [IVO( )[72) < C

under the assumption of (1.3) and (1.4). Hence, according to the definition of 7™, which
leads to a contradiction.
Step 1: L?-energy estimate A standard energy method says

u w 22 t u 22 T t w 22 T
- (u(t), w(t), b(E) 122 + 2 / |Vul2dr +2 / V|24

t t
+2 [V -wlfadr +2 [ olfadr < uo.en, )l
0 0

Step2: H'-Horizontal energy estimate
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We first establish the horizontal gradient of the velocity u and magnetic field b. Taking
V1, on both sides of equation(1.1); and (1.1)5, multiplying by Vju and Vb respectively and
integrating over R3, we get

1d

3 35 IVl + 19301%) + 20V Vule = = [ Vau- V) - Vyuda
R3

(4.2) + /R3 <Vh(b -Vb) - Vyu+ Vi(b-Vu) - Vb —V(u- VD) - vhb> dx

—I—/ Vi(V X w) - Vyude
R3
= Ay + As + As.

We start to estimate Ap. From (1.1), and Lemma 2.2 and the fact V-u = V-b = 0, we know
that (p > 3)

Ay = / Zak (b- Vb)dpudz + / Zak (b- Vu)dybdx — / Zak - Vb)Oybda
R5 R

3
k=1

/ Z (Okb - Vb + Okb - Vudb)da: — / Z@ku Vbbda:
RS

(4.3) s 2=

SC/Rs IVOl[Vul[Vblde < ClIVbl y, (V0| 2([Vull 5

3

1—-3 3
<OVl yy, NVl L2l V]l o [[Aul| 7,
Thanks to the Holder and Young inequality, one deduces

Ag / Zak V X w) 8kuda:
R

3
k=1

4.4 = / V X w - OxOgudz
(4.4) R3; k Ok
<IV x w2 VaVul| 2

1
<5 IVaVulzz + CVellZe.
Now it is time to deal with the first term A;. Integrating by parts, we get

A = / u - Vu - Apudx

2 2
/R Z Z u;0; ujakaku]dl‘ + / , Z Z w; 0;u30L 0 u3de
k=1 1=1

(45) k= l’Lj 1

/R Z Zugf)gu]@kaku]d:c

k=1 j=1
=A11 + A2 + Ass.
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Using integration by parts again and applying the fact that divu = 0, it yields

A = Z Z Oku; 0w Oy + u;0;0ku;O0ru dx
R? k=11,75=1
8 (3 T
/R Z Z i i Opujde + — /RSZ Z Oiu;OpujOpu dx
k= 12] 1 k=11,5=1
/R Z Z Ok u;Ou;Opujdr — /Rszzagug@kujaku]dx
k=11,5=1 k=1 j=1

=— | Osug ((31U2)2 + Oourdrug + (Oour)? + (Orur)? — Orurdous + (32U2)2>d33
3

Je
1 2 2
5 /RB Z Z 83U38ku]6kuj

k=1 j5=1
and
2
A9 = —/ Z Z(akuiaiu;gaku;g + uiaiaku;z,aku?,)dl‘
R* 1=t
2 2
/ Z Z 8]49 UZU38kU3 + 8ku,u38k8 U3 dl’ + = / Z Z 0; ulaku?,aku;;dx
(47) R 1=t Rklzl
’ 2 2 1
/ > D (Ondiusuzdyus + dpususOpdyus)de — o / Z Osu3Ousdyusds
R3 1 o1 Rsk 1
2 2
/ Z Z 8k6 uzu?,akUg + 8kuzu38k8 U3>d.’L' + / Z U3a3akU3akU3d{L'
R =1 i=1 R =1

Substituting (4.6) and (4.7) into (4.5) yields
(4.8) A < C/RS lug||Vu||Vy Vu|dz.
Thanks to the Holder inequality, (2.2) and the Young inequality, we obtain for o > 3
A1 < Cllug|[ el VeVl 2 [ Vull | 2,
< Clus]| = [Va V|2 [Vl 13 * [V
< 0||u3||m||vhw||m||w||;% 1,9l ,%gnagwn 3

2(a—3)

*I!VhVUHLz+CIIU3HEa2HVUHLS‘ * A e

which along with (4.3),(4.4) and (4.2) gives

d
%(HVWH%z +[IVabl72) + 2V Vul 7,

20 2(a— 3 2

(4.10) <Cllu||=* [Vull 57 |Au]| 727 + Ol Vw72

+CIIVbll g, 190l 2 IVl Al 2
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Integrating over [0,¢) and using (4.1), one can verify

s (I3l + 1930032) +2/ IVl 2adr

2(a—3)

_2
(4.11) <C(|IVhuolz2 + I Vaboll72 + 1) +C/ HUSHEaQHVUHLS * lAul 2 dr

e /0 19603, 96l 2V ally? Al adr.

Step 3: H!-full energy estimate
Multiplying (1.1), (1.1), and (1.1)5 by —Au, —Aw and —Ab respectively and integrating
over R3, then adding them to obtain

1d
5 77 IVullZe + [IVwlze + [VbZ) + 2] AullZe + [|Aw]Z2 + [VV - w]7:
(4.12) :/ u-Vu~Audx—/ b~Vb~Audx+/ u - Vw - Awdz
R3 R3 R3

-2 qu-Awdm—i—/
R3 R3
:=DB1 + By + B3 + By + Bs + Bs.

u-Vb-Abdx—/ b-Vu- Abdx
R3

where we have used the inequality

—VV - w)(-Aw)dx = 8 O0jw;jOLOpwidx
j
R3

,jk 1

Z / 0w O Owida

i k=1
=IVV - wli.,
and
V X w-Audr = Aw -V X udz.
R3 R3

Now, we estimate Bs, Bs and Bg. After applying integration by parts, divu = divb = 0, the
Hoélder inequality , Lemma 2.2, the sobolev interpolation inequality and the Young inequality,
we have

By 4+ Bs 4+ Bg = Vb-Vb-Vudr — Vu-Vb-Vbdx + Vb - Vu - Vbdx
R3 R3 R3
gc/ IVb|| V| Vb da
R3
<C[[Vb| 5, IIVO[[r2[[Vul s
(4.13) o llq_p; 3
<CIIVolly,, V0l L2l Vull o " [ Aull 7,

2(p—3)

*HAuHLz +CHV5H2p 3HVb|!2” IVl z

SZHAUHE + CHVij;’?’(HVbH%a +[[Vullz2).
p.q
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We can infer from the Holder and the Young inequality that

1
(4.14) By <2 | V(Vxu)- Vwdr < ZHAUH; + C||Vw||3,.
R3

Applying integration by parts to obtain

B3y = — Vu - Vw - Vwdzx
RS
(4.15) = Vu-V(Vw) - wdz + / V(Vu) - Vw - wdz
R3 R3
:=Bs1 + Bs2

Thanks to the Holder inequality, interpolation inequality with 3 < o < 9 and Lemma 3.1, we
arrives at

Bu < [ | [Vullawliwlde < 8wz o |Vl 2,
R3 L oa—=2

3379 1_3 3
80 IVl e * [Vl fs

9—a
<[[Aw|[r2lw]l & [lwl]
3,1-2 1-3 3
<l Awl 2l I = 1 Vul 7 | Aul g,
(416) 3,.1-3 1-3 3
<[ Awl| 2| VIw[z || 2 “ [[Vul| 2 * [ Aul| 7
1 3,21-2) 2(1-3) s
SZ‘|AWHQL2+C||V|°U’2HL2 IVull2 7| Aullf,

1 1 3
< 18wlZz + L 1AulZ: + CIVIwlE(Ze | VullZa.
Similarly, the term Bss can be bounded as follows:

Bua < [ | 18] Vallwlde < |[Aul ol o[Vl 2o,
R3 L a—=2

3o

2
L9

9—o -9 1—3 3
<[ Aullpzflofl & llwll 3 Vol * IVwll s

3,.1-2 1-3 3
<l Aula ol 2 Vel * Az,
(417) 3,1-3 1-3 3
<[[Aulz2[[V]w] 2|2 * [Vl 1o * [[Awl| 72

1 3.2(1-2) 2(1-3) s
<<llAu)Z: + ClIVIwlz | = IVell = Awllf.

1 1 3
SZHAuH%a + ZHAwHiz + C||V|w|2 |72 Vwl|Z.-
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For the term Bj, similar to A;, we find that
(4.18)

B = / u-Vu - Ahudx—i—/ u - Vu - 0303udx

/ Z Z Ok u;0;u;Opu dx —/ Z Z u;0; Ok u; O udx —l—/ Z u;0ju;0303ujdx
R3

k= 11] 1 R? 12] 1 ij=1
i dx — iOjuj0zujdx — i10i03u;03u,
/R ;”zzl Ok u;0;ujOpujdx /R3 Z O3u;Oyu;03ujdx /R3 Z 1;0;03u;03ujdx
/ Z Z Op1;0; ujﬁkujdx—/ ZZ@gU,@ ujagu]da:—/ Zagu;z,agu]agu]dx
R =1 j=1 i=1

<c / IVl Vul2de < Cl[Vyull 2] Vul s
R3

1 3
< CIVhul 2l Vul 72l Vul 76
1 1 1 1
< CIVhul 2l Vull 72|01 Vul 72 102V ull 2 [0Vl 7.
1 1
< ClIVaull 2 [Vull 2 [IVaVul 2| Aul| .
Combining (4.13), (4.14), (4.16), (4.17) and (4.18), then (4.12) becomes

d
a(\lwlliz +[VwlZe + [V0lI72) + [[AullZ: + |Aw]|72 + [[Vw| 7.
2p

= 3
(4.19) <O(IVbI3; 2 + IVIwl2 2) (I VullZ2 + IVew]F2 + [ VD Z2)

1 1
+O[VwlZz + ClIVhull 2|Vl 22 Ve Vull 2| Aw| .
Integrating over [0, ¢] yields

t
(IVulZe + [VwlZe + [VBIIZ2) +/0 1Au]Z2 + | Aw|Z2dr

(4.20) 20 t Vb o 39 2 2 2
=¢ ) (VoI + VIl l2) (IVullze + [Vwllza +[[Vbl[72)dr

+ C(|Vuoll7z + [ Vewol72 + | Vbol72 + 1) + CG(1).
where

t 1 1
— /0 IV wll 2 V5Vl 2| Val| [ A 2

We restore to estimate G(t). From (4.1) and (4.11), we deduce that
¢ 17 (! 1
G(t) < sup [Vula( [ [VaValfaan)t( [ [Tulf)t( [ Jaulzdr)’
0<r<t 0 0 0

t t
<C(sup [Vyals + [ IVaTuladr)( | |Aulfado)?

0<r<
2(a—3) 2

<C((||thoHL2+||Vhbo|L2+1 / IIU3||Ea2HVUI|L3 * Al dr
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t 1
+ [ 1900, 190 " Al o ([ haulzain

2(a—3)

(thUOHL2+thbOHL2+1 +C/ HU3H2a2HVUHL§ ’ HAUH" 12 dr)

4
3

1 t
+( /0 IV, I VB2Vl Al fadr)d + 5 [ uladr

8 8 1 [t
COIVwlis + 1 ¥abol s + 1)+ 5 [ 1ulaar

t 2a

[ T2 19ulaan 655 [ HAuHde)W 2

~—
SIS

0
2p 2(p=3)
w o[ IV IV vl 0’

8 8 3 [t
CIV sl + IVabolfa + 1)+ 7 [ [18uladr

2(p—3) 2(2p—3)

/ Jusl| 2 [Vulf3adr) 55550 + C( / VBl [980 25  Vul 2 ar) 565

8 8 3
CIVhuoll®s + [VabollFs + 1) + 2 / |Au|,dr

2(2p=3)
/ lus|| 2 [Vuladr) S50 +C/ HVW" PUIVOlZe + Vul2)dr) K

CIVhuoll®s + [VabolEs + 1) / |Au|2,dr

t 2 3a—10

4(a=3)
+O([ Nusllza [ Vull 27 [ Vu HQ(“ 3)dT) 3210
O

3(p—2) 3(p—2) 2(2p—3)

!!Vb!!2” “(Ivoll 3 e IVull 27 )(HVbH2” C+ HVUHQ” )dr)

8 8 3 [t

CUIVhuollE + [ Wnbol 5 + 1) + / |Aul2,dr
t

+ 0 Tl Il adr) [ 19l aar) 55
0
t

c / V8157 IV, + [Vull22)dr)( / IVB]2s + | Vul2adr) 56

0 P 0

8 8 3 [t
C(I ol o + IVaboll o + 1)+ [ 1 Aulfadr
0

4p
+C HU3H3“ 4 Vel ) (IVulze + [IVelzz + [ Vbl72)dr
Inserting the above inequality into (4.20), we have

t
(Va2 [ V] 22 + [VB]22) + /0 (1 Aul2, + | Aw]2)dr

C(IIVuoll72 + [ Vwoll72 + [ Vboll72 + 1)
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2p 8. 4

t » N o ,
+C / (V012 + Vw272 + sl 727 + V0l 7)
0 P P,q

x (IVulgz + | Vwlg2 + [VblZ2)dr,

Gronwall’s inequality and Lemma 3.1 help to achieve

t
(IVulZe + [VwlZe + [ VBIIZ2) +/O (1AulZ2 + | AwlF2)dr

< C(IVuoll72 + Vol z2 + [ Vbol 72 + 1)

2
- 3

T 8a 4p
X eXp{/ (IVOILE ™ + IV]wl2 (72 + lusll 257 + Vo]l 37 )dr}
0 p,q p,q

4

T 8a P
< C(I Vol + [Vl + Vool + D exp{C [ (14 sl ™ + (V357 7,
0 )

which completes the proof of Theorem 1.1. O
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