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Abstract

This paper focuses on the compressed sensing $\ell_1-\ell_2-$minimization model and develops new bounds on cumulative
coherence $\mu_1(s)$. We point out that if cumulative coherence $\mu_1(s)$ satisfies (2) or (11), then the sparse signal can

stably recover in noise model and exactly recover in free noise by $\ell_1-\ell_28-minimization model.
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Abstract

This paper focuses on the compressed sensing
{1 — f2—minimization model and develops new
bounds on cumulative coherence p1(s). We point
out that if cumulative coherence ui(s) satisfies
(2) or (11), then the sparse signal can stably re-
cover in noise model and exactly recover in free
noise by #1 — f2-minimization model. .
Keywords: /1 — f2-minimization, Cumulative
Coherence, Sparse Signal, Compressed Sensing,
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1 Introduction

Compression sensing is mainly used to recover high-
dimensional sparse vectors from low dimensional vec-
tors. Its mathematical model can be expressed as {o-
minimization model:

min ||z|lo subject to y— Az € B,

zER

where A € R™*"(m < n), is the measurement matrix,
y € R™ is the measurement vector, x € R" is the sparse
vector to be recovered, ||z||o calculate the number of nonze-
ro components in z, B = {0} indicates a noiseless case, and
B = {¢} indicates a noise case.

The fo-minimization model is NP-hard, and thus com-
putationally not feasible in high-dimensional sets [2]. For-
tunately, however, scholars found that the ¢;-minimization
model can solve the fp-minimization model well when mea-
surement matrix meets certain conditions (1,2, 5].

Although the /;-minimization model yields considerable
results [1, 2, 5], it is not exactly equivalent to the £o-
minimization problem [4]. Hence, the ¢; — ¢2-minimization
model has been proposed to replace the ¢;-minimization
model in the case where the ¢i-minimization model does
not execute well. The ¢; — f>-minimization model can be
expressed as

min ||z|1 — ||z]|2 subject to lly — Az|l2 <e (1)

zeR™

where [|z|ly = 370, |zil, lzll2 = /220, |2l

In the literature, such as the £;-minimization model, the
{1 — f>-minimization model is also solved based on the nul-
1 space property, coherence, restricted orthogonality con-
stants [3], and restricted isometry property [3].

This paper continues to study the ¢; — f2-minimization
model. The main contribution of our study is that we used
the cumulative coherence to solve the ¢; — f>-minimization
model. We point out that if 1 (2s—1) combines with pq (s—
1) satisfies (2) or cumulative coherence satisfies (11) then
the ¢; —{2-minimization model exactly recovers the s-sparse
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signal in the noiseless case and stable recovery in the noise
case.

We introduce related concepts in Section I. In Section II,
we present our main results and we conclude the paper in
Section III.

Notations: For z € R", ||z]ec = mz[n](|xi\, where [n] =

i€[n
{1,2,3,--- ,n}. s € R and Tyqs(s) is defined as the vector
x with all but the largest s entries in absolute value set to
zero, and T_paz(s) = T — Tmaa(s)- For y € R, (x,y) =
> iy T C [n], zr is defined as the vector (zr); = 4,
if i € T and (z7); = 0 otherwise.

2 Preliminary

Definition 1 ( [2]) Let A € R™*™ be a matriz with {2-
normalized columns A1, . , An (that is, ||Asll2 = 1
for alli = 1,...m ). The cumulative coherence function
u1(s) = pi(A, s) of matriz A is defined for s € [n— 1] by

i1(s) = maz maz{3" |(As, A7), S C [n], cord(S) = 5, ¢ 5}
1€[n] s

When the cumulative coherence of a matriz grows slow-
ly, we can informally say that the dictionary is quasi-
incoherent.

The following lemmas are needed in the proof of our main
results and we list them below.

Lemma 1 ( [2]) Let A € R™*" be a matriz with {2-
normalized columns and s € [n]. For all s-sparse vectors
x € R",

(1= pa(s = )lll3 < [[Az]l3 < (1+ (s = )z]5-

Lemma 2 ( [5]) Suppose that x is s-sparse and y is t-
sparse; then,

[(Az, Ay) — (z, )| < pa(s +t = Dz]2][y[l2.
Moreover, if supp(z) N supp(y) = 0, then

[(Az, Ay)| < pa(s + 1 = Dll]l2[lyl]2-

Lemma 3 ( [1]) Let g and r be positive integers satisfying
r < q < 3r. Descending chain of real numbers

ar>az>ar>b > 2bg > > >0

satisfies

q T T
2 :b2—|—§ :cg<zi=10i+2‘lebi.
i=1 ' i=1 T va+r

3 Main result

In this section, we present the main results. Theorem 1
shows that when g1 (3s—1) combines with p(2s—1) satisfy
some conditions, the {1 —fs —minimization model can stably
recover an unknown signal.



Theorem 1 Suppose that

pa(3s— 1)+ (%ml(?s —1)<1- (%)2, (@)

then the solution T of 1 — l2-minimization model and the
original signal x satisfies

_ 442v2)s
Iz —alla < GE2VR, | @y,
al a2
where a1 = (2s — V2s)y/1—pui(3s—1) —
(V2s + V25)/1+u(2s—1), a2 = (2s —

V28)/T—m(B3s—1) — (V25 + 25)y/1+ u1(25 — 1),
az = 2v2s+/1 — pu1(3s — 1) + 2v/25/1 + p11(25 — 1)

Proof: Set Sy as the indices of the s largest entries of
x, S1 are the indices of the ¢ largest entries of hsg, Sz are

the indices of the next ¢ largest entries of hse, and so on.
Firstly, we know that the kth largest value of hsg obeys

[hsgli < llhsglli/k.

Set Sp1 = So U Sy; therefore,

g, 115 < [lhselli Y 1/k% < |lhsg |12/t
E>t+1

On the other hand, set x =% — h, then we have
lzll = llzll2 = [lz + hllx — [z + &2
Thus,
IAllz + llzllx = llz + hll2 = llzllz + (2]l = [l + Al
Additionally,
[z + Rl = lI(z+ h)sellr + [[(z + h)sgllx
> |lzsolls = lhsolls + hsglls — llzsglla-

Combining the above two inequalities yield
[hsglle < lhsoll + 2llwsg [l + [A]l2-
The inequalities (4) and (3) give

Ihsg, |2 < (Ihsolln + 2llzsglls + 1R]l2)/VE
< Vs/tlhsollz + @llesgll + 1All2)/VE,
and thus
lhll2 < lhsorll2 + s, [12
< (14 Vs/t)llhsoy 2 + 2llzsg 11/ VE+ [|R]l2/ VE.
This yields

ViE+ /s
ﬁ“hsm||2+

i

From Lemma 1, we have

Vi—1

[[Rll2 < lzsg Il

|[Ahllz = [[Asg, s + ZASihSi”Q

i>2

> HAS(nhSm ll2 — H ZASihSi”

i>2

> [|Asorheso |2 — Z [ As; hs; |2

i>2
1—pa(s+t—Dllhsplla = VI+pat— 1> [lhs, 2

G

Now, we note that for ¢ > 1 and k € S;41,
lhi| < [lPs; 11/t

then , ,
||h5i+1 ”2 < Hhsz Hl/t'
This and inequality (4) give
D sz <3 lias, 11 /VE = llhsgll/
i>2 i>1

V< Vs/tllhs, |1z + 2llesgll/vVE+ [[hll2/VE.

(7)

Combining (6) and (7), we obtain:

JARll2 > (VT a1 (s ¢ = 1) = V/5/tV/T+ (= 1) sy
2¢/1+ pi(t — 1) T+ (t—1)
C ANV T ey — Y TR T .
G llsglh Il
If

VIi—pi(s+t—1)—/s/t\/T+mt—1)>0, (8)

then, by combining ||Ah||2 < 2¢ and the above two inequal-
ities, we have

1 2T+ it — 1) T+m(t—1)
[[hso1 ll2 < a(2€+Tllxsgl\1+Tthlz)
where ay = /1 —pi(s+t—1) — /s/ty/1+ pi(t — 1).
If
(t—VHV/1— pi(s +t —1)—(Vst+vVE) /1T + it — 1) > 0,
9)
it follows from the above two inequalities and inequality (5)
that
Ihls < 2t 4 2V/st
Tt VOVT = pa(s+t—1) — (Vst + V) /1 + pua(t—1)
N 2VE\/1T — pa(s +t — 1) + 2Vt /1 + i (t — 1) e
s¢
(t—VO/I—p(s+t—1)— (Vst+Vt)/T+pu(t—1) °°
(10)

It is easy to know that inequality (9) is sufficient for in-
equality (8), and inequality (9) is equivalent to

Vst Vs+1
Vi—1 Vi—1

Condition (2) ensures that the inequality above holds when
t = 2s. Hence, from inequality (10), we can get the conclu-
sion of the theorem. |
The following theorem provides another condition that
can ensure stable recovery of unknown signals by ¢; —
f>-minimization model. his condition is accompanied
through additional parameters. We can choose appropri-
ate parameters to meet our requirements. The foﬁowing
lemma is needed in the proof of the following theorem.

pa(s+t—1)+( Ppa(t—1) <1—( )%,

Lemma 4 If positive integer a, b > 2, s satisfies

Vs +1
V-1

pi(s+a—1)+ wm(s+a+b—-1) <1,

then
b—Vb—(b—Vb) 1 (s+a—1)—(Vsb+Vb) 1 (s+a+b—1) > 0,
and

17u1(s+a71)7\/%ul(eraerfl)zO.

This lemma is simple, therefore we can ignore its proof.

€

[l



Theorem 2 Suppose that

Vst
Vbh—1

holds for some positive integers a and b, satisfying 2a <

b <4a. Then, the solution T of {1 — l2-minimization model
and the original signal x satisfy

2(b+ Vsb)\/1+ i (s +a — D,

C1

m(s+a—1)+ m(s+a+b—-1)<1 (11)

[ — |2 < +

C2
a”it—maz(s) Hl

where ¢y = b—vVb— (b—vb)p1(s+a—1)— (V/sb+Vb)pa (s +
a+b—1), co = 2vb—2Vbp1 (s+a—1)+2vbui(s+a+b—1).
Proof: Without a loss of generality, we assume the first

s coordinates of x are the largest in magnitude. Making a
rearrangement if necessary, we may also assume that

(h(s+ DI 2 [h(s +2)[ = -

Set To = {1,2,---,s}, Tx ={s+1,s+2,--- ,s+a} and
Ti={s+a+(GE—-1)b+1,--- ,s+a+ib},i=1,2---, with
the last subset of size less than or equal to b. Let ho = hy,
h* = hT* and hz = hTi fOI‘ 7 Z 1.

First, we divide each vector h; into two pieces. Set T;1 =
{5+a+ (’L— 1)b+ 1,"' ,S+Zb} and TZ'Q = Tz —T“ =
{s+1+ib,---,s+a+1ib}. We note that |T;:| =b—a and
‘Ti2| = q for all ¢ 2 1. Let hi1 = th and hiz = hTi2~
Note that a < b—a < 3a. Applying Lemma 3 to the vectors
hu, hi1, hi2 and h(ifl)g, hi1, hiz for i = 2,3,---, we obtain,

e lls + llhaa ]y
Vb
Ihi-n2lls + [Pl
\/i) )
Additionally, inequality (4) holds.
Buniakowsky—Schwarz inequality and (4) yield

[hazls + ||R2afls
,\/l; ) 7

lRi]l2 < s Thallz <

[|hi]]2 <

Cauchy—

S e < Vel T Wl _ e~ ol
2l = Vb Vb

< Mol + 202 a1 + 12
Vb (12)

5 2|%—mas(s) |1 + [|P]|2
\/;Hhon + /b

5 2[|Z—maa(s) 1 + []]2
< 4/ =|lho + hx .
< \/;H o+ hall2 + NG

From Lemmas 1, 2, and (12), we have
[(Ah, A(ho + h.))|
= [(A(ho + ha), A(ho + h)) + Y _(Ahi, A(ho + ha)))|

i>1
> (1= (s + a— D)llho + Aol
=Y wa(s+a+b—1)|ho + hallz|hill2
i>1
> o+ o1 = s +a— 1) =\ [2(s +a+b

2| —maz(s)ll1 + [1A]]2
Vb

IN

—1))|lho + hull2 —pa(s +a+b—1)

(13)
Additionally, ||Ahll2 = ||A(T — z)|l2 < ||AZ — y||2 + ||Az —
yll2 < 2e. Combining Cauchy-Buniakowsky—Schwarz in-
equality and Lemma 1 yields

|(Ah, Aho + h))| < [ ARIL2l| ACho + Bl

< 2e4/1 +,u1(s +a— 1)Hh0 —+ h*Hg.

).

Combining (13), (14), (11) and Lemma 4 give

7o + hull2 < 2¢/14+ pi(s+a—1) N
T l-m(sta-1)—/Fm(stat+b—1)
p(s +a+b— 1) AE=mere 2

17u1(s+a71)7\/gpl(s+a+b71)'

Therefore, the above inequality and (12) produce

[Bll2 < [lho + Rulla + > [[hilla

i>1

2 J"*mazs + h
§(1+\/§)||ho+h*|\2+ “ <\/>Z,‘)|1 [KE

- 2 —mazx(s h
g((1+\/§)“1(5+“+b D 4 1y 2l2—maseoll + 1A

Cq \/E
(1+\/§)26\/1+M1(8+a71).

Cq

where cs =1 —pi(s+a—1)— \/Fm(s+a+b—1).
Simplifying the above inequality, from (11) and Lemma 4,
We can get the conclusion of the theorem. d

_ Theorem 2 and 1 naturally leads to the following conclu-
sion.

Theorem 3 Assume that the cumulative coherence of the
measurement matriz satisfies condition (2) or (11), and e =
0 in €1 — l2-minimization model, then any s—sparse vector
cand ble accurately recovered through (1 — L2-minimization
model.

4 Conclusion

From this paper, we find that based on some condition of
cumulative coherence, the ¢; — f2—minimization model can
exactly recover s-sparse signals in noiseless cases and stably
recover s-sparse signals in the noise cases.
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