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Abstract

The state-space realization of linear systems is of utmost importance in linear systems theory. After the realization problem
for the time-invariant case has been solved, particular attention was paid to the case of linear periodic systems (see, e.g.
1,2,3,4,5,6,7,8). Recently, such systems have regained importance, for instance, in the context of coding theory (see9), where
periodic convolutional encoders play an important role, 10. The majority of the contributions within this area concern the
realization of transfer functions as well as impulse responses, thus excluding the case of input/output linear systems without
coprime representations. By the end of the eighties of the last century, Jan C. Willems (seell,12) suggested an approach
(nowadays known as the behavioral approach) that considers a wider class of systems and allows to overcome this drawback.
According to this approach, the central object in a system is its behavior which consists of all the signals that satisfy the system
laws (also called system trajectories). Consequently, the behavior of a system with an input/output representation that is not
coprime, contains more trajectories than the set of input/output signals defined by the system transfer function. Our work takes
this fact into account. Based on results already obtained in 13,14, we revisit the problem of the realization of linear periodic
MIMO behaviors and give further insight into this problem, which allows setting up an algorithm to compute a low-dimensional

state-space realization of a periodic behavior. The proposed algorithm is based on a chain decomposition of suitable matrices.
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1 | INTRODUCTION

The state-space realization of linear systems is of utmost importance in linear systems
theory. After the realization problem for the time-invariant case has been solved, par-
ticular attention was paid to the case of linear periodic systems (see, e.g. 1234561718}
Recently, such systems have regained importance, for instance, in the context of cod-
ing theory (see”), where periodic convolutional encoders play an important role, 0.
The majority of the contributions within this area concern the realization of transfer
functions as well as impulse responses, thus excluding the case of input/output lin-
ear systems without coprime representations. By the end of the eighties of the last
century, Jan C. Willems (see’ %) suggested an approach (nowadays known as the
behavioral approach) that considers a wider class of systems and allows to overcome
this drawback. According to this approach, the central object in a system is its behav-
ior which consists of all the signals that satisfy the system laws (also called system
trajectories). Consequently, the behavior of a system with an input/output represen-
tation that is not coprime, contains more trajectories than the set of input/output
signals defined by the system transfer function. Our work takes this fact into account.

Based on results already obtained in'314

, we revisit the problem of the realization
of linear periodic MIMO behaviors and give further insight into this problem, which
allows setting up an algorithm to compute a low-dimensional state-space realization
of a periodic behavior. The proposed algorithm is based on a chain decomposition

of suitable matrices.
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The minimal realization problem for linear time-varying systems is a fundamental topic in linear systems theory that has received

several contributions as, e.g.,

112131415161 718

, in the last decades. More recently this issue has been addressed in the context of the

behavioral approach where a strategy was proposed in order to achieve a state-space realization for periodic MIMO behaviors,
seel®. A first step towards the questions this work addresses was initially treated in'l3, where we have analyzed the issue of the
state-space representation of periodic SISO behaviors only for the particular case of period equal to two. Taking this last two
works into account, as a starting point, we present some further results on the matrix chain used in"# to produce such realizations
and provide an algorithm that allows to obtain low-dimensional realizations for periodic MIMO behaviors.

O Abbreviations: SISO, Single-Input Single-Output; MIMO, Multi-Input Multi-Output
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The paper is organized as follows. Section[2]contains some background material, Section[3]is devoted to the construction of the
realizations, Section[d]is devoted to the presentation of a numerical example, and the conclusions are left to Section [5]

2 | PRELIMINARIES/BACKGROUND

In the behavioral framework, see'l! and'2, the notion of a dynamical system T has the behavior as a basic concept. More
concretely, a system X is defined as a triple £ = (T, W, 8B), with T C R the time set, W the signal space, and B8 C WT =
{w: T — W} the system behavior, i.e., the set of all “legal” trajectories according to the system laws. In this paper we consider
the discrete-time case, i.e., T = Z and, moreover, assume that the signal space is W = R?, with ¢ € N.

For 7 € Z, define the z-shift as 67 : (R9)? — (R9)Z, by
(6"w) (k) :=wk +71).

The notion of time-invariance relies on the invariance of the behavior with respect to the time shifts, i.e., 6B = B (seel112),
while periodicity relies on the property oF invariance, for a given P € N, defined next.

Definition 1 (1), A system X is said to be P-periodic, with P € N, if its behavior B satisfies 6°8 = B, and, moreover, P is the
smallest value for which this equality holds.

Observe that, time-invariant behaviors are also periodic behaviors, with period 1. For a deeper insight into the notions of time-
invariance and periodicity in the scope of the behavioral approach, as well as into the lifting technique that will be used here, a
careful reading of works suchI216WI7US g strongly encouraged.

Here we start from periodic MIMO behaviors where the system signal w is partitioned into inputs and outputs, i.e., w = (u, y)
where the sub-vector u contains the inputs and the sub-vector y contains the outputs. Moreover, we assume that such behaviors
are described by input/output difference equations with time-varying periodic coefficients:

(P, (o,67")y) ¢ +Pk)=(Q, (6,67" ) u) (t +Pk), 1=0,...,.P—1,keZ 6))

where, foreacht = 0,...,P— 1, P, (£,&7") € R™? [£,&7!] and Q, (&,£7") € R™™ [£,£7], m, p € N, are matrices having as
entries Laurent polynomials in the indeterminate ¢&.
Note that (T)) can also be written as

(P (o,07")y) ®k)=(Q (c.07")u)(Pk), kEZ, 2)
where
Py (&) 0, (¢.¢7)
P (&&= b @’5_1) and 0(&e) = 0 (?’5_1)
&, (&.¢7") F10,., (6.¢7")

From now on, such systems will simply be called P-periodic MIMO behaviors.

By factoring P and Q as, see'l®,

P(&¢™") =PH(E.67) 9,9, 0(&¢e!)=0"(8.¢7) %,
where
T T
Q,@ =1, &1, ~ &1], %, @ =1, &1, - &,
we write down relation (2) as
(P* (6%,67%) @, (0) y) (Pk) = (Q" (6%.67F) Qp, (6)u) (Pk) .k € Z. 3)
Define the lifted input and output trajectories
u (Pk) y (Pk)
ub (k) = (Lu) (k) := : : yh (k) = (Ly) (k) :=

uPk+P—1) y(Pk+P—1)
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seePROISIS, and note that L (6*v) = o (Lv). Then (3) can be written as
(P (0,671 y) (k) = (Q (0,07 ) u") (k), k € Z. 4)

The behavior B’, defined by L (B) := {(Lu, Ly), (u,y) € B}, called the lifted behavior associated with B, is time-invariant,
and equals the set of trajectories

{(ut.y") € (R™) 7 x ()" | @ holds }.
that is,
BL = ker [PL (0', 6_1) -of (6, 6_1)] .
it is shown that the lifted of the i/o P-periodic behavior keeps an i/o structure.
A P-periodic state-space system X (-)=(A(-),B(:),C(-),D ()

In 17118

(ox) (k) = A (k) x (k) + B (k)u (k)
kez, 5)
y(k) = C(k)x (k) + D (k)u (k)

where the matrices A(-),B(-),C(:), D(-) are periodic functions with period P, is said to be a (P-periodic) state-space
realization of a P-periodic input/output behavior B if

B = {(u,y) | Ix such that (u, x, y) satisfies (3} .

The definition of a (time-invariant) state-space realization £ = (A4, B, C, D) for a time-invariant behavior is analogous, see?l. A
state-space realization of a behavior is called minimal if the dimension of the state vector is the smallest among all the realizations
of the same behavior. This holds both in the time-invariant and in the periodic cases.

According to this definition, a state-space realization describes the complete system behavior rather than the input/output tra-
jectories that are obtained by the corresponding transfer function, in the time-invariant case. This is an important issue for the
realization of non-controllable behaviors, 1112,

Given a periodic n-dimensional state-space model (k) with period P, one can obtain a time-invariant formulation (see, e.g.2%)
that preserves the state-space dimension while using the lifting technique for the input and the output signals leading to a
time-invariant (lifted) version, =%, of (k). For that, let

u(Pk) y(Pk)
2(k) = x(PK). dy=| “EEED ] Yy =| YEEED
u(Pk+P—1) y(Pk+P—1)
and, fori,j = 1,...,P, define
o Al —=1)-- A(), ifj<i-1
d)A(l?J) = P .
> ifj=i-1

Then, the evolution of z(k) and y*(k) driven by u” (k) is described by the following time-invariant n-dimensional state-space
model XL =(F,G, H,J):

(cz)(k) = Fz(k) + Gut(k)
(6)

yL(k) = Hz(k) + Ju(k)
with, fori,j=1,...,P,

F = ¢,(P,0) G =(G,G, Gy
Hl
u=| T J =[]
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where
P4(P,0):=AP — 1) --- A(0)
G;:=¢,4(P,j) B -1
H;:=C(i—-1)¢,(—-1,0)
OpXm
Jij =y DGi—1) ifi=j . @)
Ci—-Dp, -1, )H)BG-1)ifi>j

The state-space system X obtained in this way from the periodic state-space system Z(k) is said to be induced by system Z(k).
If X(k) is a periodic state-space realization of the periodic behavior 8B and X! is induced by X(k), then I’ is a time-invariant
state-space realization of the lifted (time-invariant) version of B:

Bl = {(uL,yL> |(u, y) € 23}.

ifi<j

3 | PERIODIC STATE-SPACE REPRESENTATIONS

In the sequel, we provide constructive necessary and sufficient conditions for a time-invariant state-space system to be induced
by a periodic one with period P. However, before proceeding, we give an example where we analyze the structure of an induced
time-invariant system and show how to recover the matrices A(k), B(k), C(k), and D(k) of the original periodic system, from
the induced one. This provides a deeper insight into the general case.

Example 1. Let X(k) =(A(k), B(k),C(k), D(k)) be a periodic n-dimensional state-space model with period 3. Then, taking
into account that
x(3k + 1) = A(0) x(3k) + B(O) u(3k)
xBk+2)=A1)xBk+ 1)+ B(1)u(3k+1)
= A(1)[A(0) x(3k) + B(0) u(3k)]
+B()uBk+1)
x(Bk+3)=A2)x(Bk+2)+ B2)u(3k +2)
= A(2) {A(1) [A(0) x(3k) + B(0) u(3k)]
+ B(HuBk+ 1)} + B2Q)uBk+2),
and
y(3k) = C(0) x(3k) + D(0) u(3k)
y(3k+1)=C()[A0) x(3k) + B(0)u(3k)]
+ D()uBk+1)
yBk+2)=CQ2){A1)[A0)x(3k) + B(0)u(3k)]
+ B(Hu@Bk+ 1)} + DQ2Q)u(Bk + 2),
we can conclude that:
x(3k +3) = A(2) A(1) A(0) x(3k)
+ A(2) A(1) B(O)u(3k)+A2) B(1)u(3k+1)
+ B(2Q)u(3k + 2),

d
" y(3k) C(0) D(0) 0 0 u(3k)
yGBk+1) |=| CO)AW0) [xBk)+| C(1)B(©0) D(1) 0 u(Bk+1) |,
y(3k +2) C(2) A(1) A(0) C(2) A(1) B(0) C2)B(1) D?2) || u(3k +2)
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which, by putting

u(3k) y(3k)
z(k) = x(3k), ut (k) ={ uBk +1) |, yE) =| yGk+ 1) |,
u3k +2) y(3k +2)
leads to
G
———
z2k+1)=Fz(k)+| G| G, G |u"(k)
Hl Jll J12 J13
yik)y = | Hy | z() +| Ty, Joy Ty |ut(K),
H3 J31 J32 J33
H J
with

F = AQ2) A(1) A(0) = ¢,4(3,0)

H, =C(0)=C(0)¢,(0.0)
H, = C(1) A(0) = C(1) $4(1,0)
H; = C(2) A(1) A(0) = C(2) $4(2,0)

G, = A(2) A(1) B(0) = ¢,4(3,1) B(0)

G, = AQ2) B(1) = ¢,4(3,2) B(1)

G; = B(2) = ¢,4(3,3) B2)
Jp=Ji3=Jy3=0

Ji1 =D(0), Jy, = D(1), J33 = D(2)

Jy =C1)B0O)=C(1)¢,(1,1) B(0)

J31 = C(2) A(1) B(0) = C(2) 9,2, 1) B(0)
J3 = C(2) B(1) = C(2) ¢p4(2,2) B(1).

*L =(F,G, H,J) is the time-invariant state-space system induced by (k). Note that this system has 3m inputs and 3p outputs.

Moreover, its J matrix is a lower block triangular matrix with J;; blocks of size p X m.

Now, let us go backwards and recover the matrices of the original periodic state-space system based on the blocks of the matrices

F,G, H, and J of L. For this purpose, construct the following matrix:

F G,
'M = H; I3
H, Ja1
Due to the special form of these blocks,
A(2) A() AO) | A(2) A1) B(0)
'M =| C(@2)AQ1) A0) C(2) A(1) B(0)
C(1) A0) C(1) B(0)
can be factored as
A(2) A(D)
"M =| COAD [ 40) | BO) |
cm
———

n columns

(implying that it has rank less than or equal to n). Based on the factors of ! M, construct the matrices

1h . | A@) AL lo .
o ‘_[C(z)A(l)] S = A(0)
IR :=C() I'T := B(0).

Further, define a new matrix 2M as 2M = [2M | |2M2] , with

le = 1Q, and
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ie.,
20 =[ A A | A2 B() ] '
C2)A(l) | C(2)B(1)
Clearly, >M can be factored as

AQ2)
M =|——|[ A0 | B ],

Cc(2)
——
n columns
implying that, like ! M, this matrix also has rank less than or equal to n. Define 2Q := A(2), 2R := C(2), %S := A(1), and
2T := B(1). The matrices of the original periodic state-space system that induced % are given as follows in terms of the
matrices resulting from the previous factorizations:
A0)='S B)=!T C(0)= H, D(0) = J,,
A(l) =258 B(1)="°T c()y="'R D(1) = J,,
AQ2) =20 BQ2) =G, C2)="’R DQ2) = Jy;.
In order to investigate whether a linear time-invariant state-space system X = (F, G, H, J) of dimension # with mP inputs and
pP outputs is induced by a periodic state-space system with period P, consider for i, j = 1, ..., P the following partitions of G,
H and J:
H,
H,
G=[G, G, ~ Gp], H=|"7] and J =[] (8)
HP

with G; of size n X m, H; of size p X n, and J;; of size p X m.

Note that a necessary, but not sufficient, condition for Z to be induced by a periodic state-space system of period P is that J is
a block lower triangular matrix. This allows us to quickly discard some non-induced realizations. However, if J is block lower
triangular, one must perform a deeper analysis. With this aim, using the previous notation, the following definition is introduced.

Definition 2 (14). Let £ = (F,G, H,J) be a linear time-invariant n-dimensional state-space system with mP inputs and pP
outputs, for a given positive integer P. Define an n-chain of size s generated by X as a sequence of matrices ' M, ...,*M, each
one of rank less than or equal to n, such that:

o 'M :=["M|'M,]| with

F G,
H,

‘M, :=°0=|""|, and 'M, = Jf’l
H, Joi

o “HM =[""'M |"' M| with "' M :=7Q where“Q isa (n+ (P — (£ + 1)) p) X n matrix such that 3R, S, and T

satisfying
p Gy
14 Q 4 4 £+1 . JP 7+1
M = [7s ‘1], and M, = o , £=1,...,s—1.
‘R 2 :
Jr12.041

It follows from Deﬁnitionthat each matrix M, with £ =1, ..., s, has n + (P — £) p rows and n + m columns; the size of the
chain, s, has maximum value P — 1, and clearly, if £ generates an n-chain of size s it also generates an n-chain of size smaller
than s.

This latter definition, where the concept of n-chain is introduced, provides the support to establish necessary and sufficient
conditions for a linear time-invariant n-dimensional state-space system (with mP inputs and pP outputs) to be induced by a
m-input and p-output periodic state-space system with the same state dimension .
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Theorem 1 (1%), Let T = (F,G, H,J) be a linear time-invariant n-dimensional state-space system with mP inputs and pP
outputs, for a given positive integer P. Then, X is induced by a P-periodic state-space system of dimension # if, and only if:

(i) J is a lower block triangular matrix with P X P blocks of size p X m;
(i) X generates an n-chain of size P — 1.

It has been shown in'#, that a linear time-invariant system X =(F, G, H, J) that generates an n-chain of size P — 1 is induced
by a P-periodic state-space system X(k) =(A(k), B(k),C(k), D(k)) such that:

A0y =158 BO)='T C(0)=H, D(0) = J,,
A(l)=2S B(1) =T c)="'R D(1)=Jy
AQ)=3S B(2)=°T C(2)="R D(Q2) = Js
)
AP-2)=Flg B(P-2)="F"IT C(P-2)="?R DP-2)=Jp_1p,
AP-1="10 BP-1)=G, cP-1)="IR D®P - 1) = Jpp,

where the matrices on the right-hand side are obtained from (8)) and the corresponding chain decomposition.

Remark 1. Note that if ¥ =(F, G, H, J) is induced by a P-periodic state-space system, then so are all its algebraic equivalent
realizations g = (SF.S™!,SG, HS™!,J), where S is an invertible matrix.

Since an n-dimensional periodic realization T (k) of B induces an invariant realization X of B’ also with dimension n, the mini-
mal state-space dimension of the realizations =L of B does not exceed the minimal state dimension of the periodic realizations
2 (k) of B. Assume now that X is a minimal n-dimensional realization of 8% which is not induced by any P-periodic realization
of B with dimension ». Then, taking into account Remark [I]together with the fact that the minimal realizations of time-invariant
behaviors are all algebraically equivalent, one can conclude that, if periodic realizations of 8B exist at all, the minimal ones have
a state-space dimension greater than n.

In order to give some insight into how this issue appears and may be treated, consider the following example.

Example 2. Let B be a SISO 3-periodic behavior and consider the corresponding lifted behavior BL. Let further T =
(F,G, H,J) of dimension n, with 3 inputs and 3 outputs, be a linear time-invariant state-space realization of BL. Assume that
X is not induced by a SISO linear 3-periodic state-space system of dimension #, due to the failure of the rank condition on the
matrix ' M (cf. Definition , meaning that

rank 'M =n+1,

since ' M is a(n + 2)x(n + 1) matrix.

Define a new time-invariant state-space system | X = (lF, G H T ) of dimension n + 1, where

lel 01><n | 01><3 01><l lel 01><l
Op; | F | G G, | G | G
[ 0151 ‘ H, 1 H,
H =05 |H | =| 0 | H, |=2| (Hy | (T=[J] =[] =7, ij=123.
UM ‘ H, 1 H;

Note that | 2 has the same input/output behavior as %, since the introduction of the zero rows and columns corresponds to adding
a new state variable which does not influence the dynamics of X. Therefore, | X is also a realization of BL
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Now, for this new system | X, construct the matrix

F G lel ‘len lel
1 16 Ot | Oixus
M= Hy | gy = F | G =l | | (10)
H, 1721 Owizyx1 | Hs I3 Opns2)x1 'M
2 | Ju
Clearly rank}M =rank 'M = n+ 1, and hence }M can be factored as
1
(0]
'M = [1] [ls]iT], (an
1 1 1
1R
——

n+1 columns

where iR has 1 row whereas iS is a square matrix of size n + 1. Similarly to what was done in Example define a new matrix
M as

M =[[M|IM,] (12)
with
20 =1 d M, = 1G2 13
1 I_IQ’ an 1 2_ 1.]32 ’ ( )
1.e.,
0
G 1x1
m=lie] 2 |-l @ |
1Y32 Iy

which is a square matrix of size n + 2.

If rank %M < n+1, then fM can be also factored similarly to }M , hamely:

20
2 = [] 2527 ], (1
1R
——

n+1 columns

where 2R has 1 row whereas *.S and $Q are both square matrices of size n + 1. Now, defining

A(0)=1S B(0)=1T C(0) = H, D) = J,
A =18 B(1)=1T c(l)=1R D(1) = ,J,,
AQ2)=30 B(2) = |G, C(2)=1R D(2) = J33

it follows that | 2(k) = (A(k), B(k),C(k), D(k)) is a 3-periodic state-space system of dimension n + 1 that induces the time-
invariant system ;2. Because X is a realization of BL, it turns out that 12(k) is a(n + 1)-dimensional 3-periodic state-space
realization of the 3-periodic behavior 8.

Suppose now that matrix fM is full rank, i.e., rank ?M = n+ 2, thus not allowing the decomposition made in (T4). In this case,
define a new state-space system ,X = (2F ,0G, o H, T ) of dimension »n + 2, where the matrices , F, ,G, ,H, and ,J are obtained
from | F, |G, | H, and | J similarly as | F, ;G, ; H, and | J were obtained from F, G, H, and J, i.e.,

l O | Orxirry ] l Oz2 | Oz ] lolxsl loml Oni | Onr | Ony
ZF = = 2G = = =
0(n+1)><1 1 F Opr | F G G G, G, G;
2H::[03xl‘1H]:[03x2‘H] ::[2G1‘2G2‘2G3]
015 ‘ H, 2 H,
=| 0o | Hy |=1| ,H, and ,J = [,J,)] =[] = /=, i.j=123.

012 ‘ H, 2 Hj
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Note that, ,X is again a realization of BL but with dimension 7 + 2. As previously, based on ,%, construct the matrix

O | Otxuety | O

F G
2 20 011 | Oina
oM =| LHy | oJy = 1F Gy | = l - ‘ |
H, 2J5 Ouiaxt | 1H3 1431 031 {M
1H, 1421
which, taking (I0) into account, is also given by
[ 02><2 ‘ 02><n 02><1
022 | Oaxus)
oM = F G = l a ‘ N
Oiaxa | H3 I3 O(ni2)x2 . 'M
i H, Ja1
Taking (TT) into account:
(O ‘ 01xns2) 0151 ‘le(n+1) |
. | 0151 ‘ 01t 1 0151 29 Lell
M = O I =[ Opia | @ |X . 1 1 e ST ]
Opn43)x1 IR [15 IT] . Ot 1yx1 S T )
1 - 0151 ‘ R
Define the matrix %M as %M = BMl'%Mz]’ with
[ .G
v, =10, and v, =] 2 |,
| 2/32
i.e.,
0 0 0 0 [0 0
%M _ [ éQ ZfZ ] _ éQ llGle _ l Ix1 ‘ Ix(n+1) 1x1 ] B Ix1 ‘ Ix(n+2) ] ’ 15)
232 1732 0(n+2)><1 }Q %Mz | O(n+2)><1 %M
then
rank %M = rank %M =n+2,
and, consequently, gM can be factored as:
2
o
= |55 fes e,
>R
——
n+2 columns
where 2R has 1 row whereas 3.5 and 5Q are both square of size n + 2. Now, defining
A0 =,8 B(0)=,T C(0) =, H, D) =,
A(l) =38 B(1)=3T c(l)=,R D(1) = ,J,,
AQ) =30 B(2) =,G; C(2)=3R D2) =,J3

it follows that ,2(k) = (A(k), B(k),C(k), D(k)) is a 3-periodic state-space system of dimension n + 2 that induces the time-
invariant system ,X. Because ,X is a realization of 8L, it turns out that ,X(k) is a(n + 2)-dimensional 3-periodic state-space
realization of the 3-periodic behavior 8.

In the first part of the previous example, we have seen that, in case the n-dimensional time-invariant state-space system X
(obtained as a realization of the lifted behavior BL) does not generate an n-chain of size P — 1 (= 2), but allows the construction
of a suitable sequence of P — 1 matrices of rank less than or equal to n + 1. In this case it is possible to construct a P-periodic
state-space system | Z(k) of dimension n + 1 that is a(n + 1)-dimensional periodic state-space realization of 3B.

On the other hand, if X allows the construction of a suitable sequence of P — 1 matrices of rank less than or equal to n + 2,
then it is possible to construct a P-periodic state-space system ,X(k) of dimension n + 2 that is a(n + 2)-dimensional periodic
state-space realization of 8.
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Thus, the possibility of defining suitable sequences of matrices of a certain dimension and the length of such sequences seems to
play an important role in obtaining periodic state-space realizations for a periodic behavior B starting from a invariant state-space
realization of the corresponding lifted behavior B,

This suggests the introduction of the following definition.

Definition 3. Let X =(F, G, H, J) be a linear time-invariant n-dimensional state-space system with mP inputs and pP outputs,
for a given positive integer P. For t = 0, ..., 7, where 7 := max {(P — 1) p, m}, define an (n, t)-chain of size s, generated by X as
a sequence of matrices ltM ey S;M , each one of rank less than or equal to n + ¢, such that:

o 'M :=['M|'M,]| with

0t (U
. 0 F 0t ‘ 0
M, =0 = H, |= ) : (16)
O(n+(P—1)p)><t . 0(n+(P—l)p)><t M1
H2
(U
Gl 0t><
1 _ _ m
M, = I |7 l Ty, 17
. 2
L J21 .

and

o UM ="M |”H M| with*' M| :=70 whereQisa(n+ (P — (£ + 1)) p+ 1)X(n + 1) matrix such that 3/ R, %S,
and /T satisfying

“0
3 _ t
,M—lfR][f;SiT], (18)
t
0t><m
Gf
£+1 . +l _
M= £=1,....5-1
| Jrv2r41 i

It is straightforward to see that Definition [2] is a particular case of Definition [3] for # = 0. We shall call ¢ the offset of the
(n, t)-chain. For the sake of simplicity, whenever the offset ¢ is 0, we drop the z.

Note that, if there exists an (n, t)-chain of size s, < P — 1, then there exists an (n, t*)—chain of size s« > s,, for some t* > ¢. In
the particular case where m = p = 1, there exists an (n, t + 1)-chain of size s,,; > s, + 1. In this case, for P = 2, the existence
of a chain of size s,,; = s, + 1 follows from a procedure similar to the one introduced in'.

Remark 2. From equations eqs. and , it immediately follows that, fort =1, ..., 1,

1 Otxt ‘ 0t><(n+m) lel ‘ le(n+m+t—1)
'M = == : (19)

1 1
0(n+(P— Dp)xt M O(n+(P— Dp+t—1)x1 -1 M

and

O m 0 m
f+£M2=lzﬂf<] =...=lf+ix‘|’ £=1,...,s -1, (20)
M2 t—lM2

allowing us to conclude that
rank 'M = --- = rank IIM
Furthermore, if, for some value of ¢, rank ltM < n+t,then

~1

rankll.M<n+i, fori=t+1,..., 21
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Proposition 1. If rank l_’“;M <n+t-1,witht=1,...,1, then

lel le(n+m+t—l)
f+lrM= ‘ . s L”=1,...,S,—1.
+
0(n+(1=—(£+1))p+r—1)><1 —1 M
Proof. We first prove that, fort =1, ... 1,
O1><1 ‘ 01><(n+m+t—1)

-
M

t—1

if rank I_%M < n+1t— 1. From (21)), we conclude that if rank t_}M < n+t—1, then rank 1IM < n + t allowing us to rewrite

(19) as

0(n+(P—2)p+t—l)><l

O1><1 ‘ 01X(n+m+t—1)
o
lM — t [lS IT] - 1
! Ip [1! ! 0 -1 [ 1 IT]
4 (n+(P—D)p+1—1)x1 IR t—1 -1
-1
011 ‘ 01x(rai—1)
1 lel ‘ 01><(n+t—l) lem
= 0(n+(P—2)p+t—l)><l ,_IQ X ‘ | :
: 0(n+t—l)><1 t_1S t—lT
0p><1 ‘ r—lR
Taking (20) into account, we obtain
0, \ 0 0 0 \ 0
) X1 IX(n+1-1) IxXm Ix1 1x(n+m+t—1)
zM=[th‘2tM2]= ‘ 1 2 - 2
O(n+(P—2)p+t—l)><l ,_1Q t—lMZ 0(n+(P—2)p+t—1)><1 ,_1M
and, therefore, rank 2tM = rank t_%M. If, moreover, rank t_%M < n+t—1,thenrank 2tM <n+t.
This reasoning can be repeated for any value of £ = 2,...,s, — 1 allowing us to conclude that if, for some t = 1,... 1,

rank sz < n+t — 1 (which in turn, by definition, implies that rank If*lM <n+t—1,forall #* = 1,...,7 — 1 and,
consequently, rank © :M = rank tf *lM ), then rank “ M < n + 1. Thus, the matrix 4 M can be written as

lel ‘ 01><
(h+m+t—1)
Caf —
tM - 7 ’
O(n+(P—f)p+t—1)><1 ,_1M
and decomposed as:
[ OIXI ‘ 01x(n+m+z—1)
‘0
‘= |t [f S KT] _ ‘0
! R | ' ! 0 -1 [ x fT]
t (n+(P-2)p+t—1)x1 fR t—1 t—1
B -1
01><1 01><(n+t—1)
’ 01><1 ‘ le(n+t—1) 01><m
=| Opsp—(r+1)prr—1)x1 9 X ‘ , ,
P 0111 -1 S 17
Op><1 ‘ -1 R
Therefore, taking (20) into account, we obtain
£+1M — [fQ|f+1M ] _ lel ‘ 01><(n+t—1) 01><m _ lel ‘ le(n+m+t—l)
t t 72 0 . 4 Q +1 M 0 ‘+1 M
(n+@—=(C+1))p+i—1)x1 —1 -1 (n+@—=(C+1))p+1—1)x1 -1
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Note that, if rank l_f M <n+t—1,with7=1,...,1, then it follows, from Proposition that, for £ = 1, ..., s,,

01)(] 01X(n+t—l) lel le(n+t—l)
‘0~ [ | ‘s = |

14 14
0=+ 1)prr—1)x1 9 Ont—1)x1 S
lem
‘p _ 4 ‘o _
tR - [ Op><1 ‘ z—lR ] tT - y :
t—lT

Remark 3. An immediate consequence of Propositionis that rank © “tM = rank "’; i}M ,if rank t_f M < n+t—1. Furthermore,
ifrankf;f}M <n+t- l,thenrankf“tM <n+t.

Given a matrix ”;M , for some # and ¢, and defining the offset gap 5* as the minimum value of § > 1, for which it holds that

rankf;M>n+t and rankl+§M<n+t+5,

it follows that 6* = 1 for SISO systems. In order to see that, define ¢ := min {(P — 1) p, m} and observe that t = 1 in SISO
systems. Thus, since a matrix 4 M has n+P — £) p+1 rows and n+m+1 columns, if rank Y M > n+t, thenrank ’M = n+1+1.
By definition, the premise that the matrix ‘;M exists requires that rank f‘ltM < n+t which, in turn, implies (by Proposition

that rank,jM =n+t+1.

Example 3. Now, recall Example [2| In this particular case, = max {(3 — 1) X 1,1} = 2, meaning that X possibly generates
an (n, 0)-chain (or only n-chain, for the sake of simplicity), an (n, 1)-chain, and/or an (n, 2)-chain, of size P — 1 (= 2). Since
t =min{3-1)x 1,1} = 1 and, by hypothesis, rank M = n+ 1, it follows that rank iM < n + 1, which means that X
may only generate an(n, 1)-chain and/or an(n, 2)-chain, both of size equal to 2, depending on the rank condition of matrix %M .
Taking the result stated in Propositioninto account, regardless of the rank of matrix %M , observe that matrix %M can always
be expressed as in equation , ie.,

011 ‘ 01x(n+2) ]

2

M= l 20
1

The ideas pointed out in Example 3 give us insight into how we can overcome the possible nonexistence of an n-chain of size

P — 1 (generated by a linear time-invariant state-space system of dimension #). A conservative solution consists in noticing that

an (n, ;) -chain of size P — 1 is always generated.

Oy

Theorem 2 (1%). Let B be a linear P-periodic /0 behavior with m inputs and p outputs described by equations (T)). Let B~ be
the corresponding time-invariant lifted behavior with minimal n-dimensional state-space realization £ =(F, G, H, J). Assume
that the direct feedthrough matrix J in the realizations of B’ is a lower block triangular matrix with P x P blocks of size p X m.
Then B has a P-periodic realization of dimension n + 7, where 7 := max {(P — 1) p, m}.

Proof. Assume that X =(F, G, H, J) is a time-invariant state-space linear system, of dimension » that does not generate an n-
chain of size P — 1. Taking a worst-case scenario approach, suppose that this is due to the fact that the rank condition of matrix
I'M does not hold, i.e.,

rank 'M > n.

In this scenario, at least one matrix IIM verifies the rank condition rank lrM < n + ¢. In particular this happens for IIM ,i.e.,
rank ltM <n+t,

with £ = min {(P — 1) p, m}.
Furthermore, from Remark[2] we conclude that

rankltM<n+t, t=t,...,1 (22)
Thus, by Remark[3] we conclude that
rankth =rank M = .. =rank Z;M

1+1

Now, analogously, suppose that the rank condition of matrix %M fails, meaning that

rank2tM >n+t.
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Since the matrix th has size (n +P-2)p+ {) X (n +m+ {) and ¢ > min {(P — 2) p, m}, we may state that
rank%M<n+t,t=£+§,...,;. 23)

This reasoning can be repeated until we have

rank P_th = ... =rank P_';M,

1219 « |
e

rank 7~ ';M <n+t. (24)
Therefore, from the relations in eqs. 22)) to (24)), we conclude that

with

I~ 1~
|
I~
I
~

I~ 1~

I~ 1~
| S
I~
~ 1

allowing us to conclude that

rank I;M <n+f,rank2;M <n+;,...,rankp_1;M <n+t,

i.e., the sequence of matrices l;M, ,S;M has size s; = P — 1, meaning that ¥ =(F, G, H, J) does generate an (n,;)—chain of
size P — 1.
Thus, there exist matrices l;Q, I;R, I;S , and I;T such that

Oni | Oin | O
} 0-.- 0- 1
L A Il P B ) B ] - L]

Xt 1
" : : Oprse-vppi | M R
: : : N _ \ )
0, | Ha Ia1 M -

| . =1y n+t columns

where I;R has p rows whereas I;S has n 4t columns. Analogously, there exist matrices ZEQ, 2;R, 2;S , and Z;T such that

Orsm
G, 20
2 _ |1 2 _ 1 _ t 2 2
;M—[;Q|;Mz]_ 2 I |= 2R [;S ;T]’
: P
J3, N——"

n+t columns

where ZER has p rows whereas Z;S has n+1 columns. Since T generates an (n, ;) -chain of size P — 1 this procedure can be repeated

until we obtain the decomposition of matrix P‘I;M :

OFXm Pl
P-1 _|P-2 P-1 | p=2 _ L P-1 P-1
?M _[ 7Q| FMz] - EQ Gp_i - P-1R [ ?S ‘ ?T ]’
J -
PP-1 i
——

n+t columns

where again P‘IER has p rows whereas P";S has n + ¢ columns. Now, defining

A0) = I;S B(0) = I;T C(0)=H, D) = J,,

Al = is B(1) = T c() = LR D) = J,,

AQ)=1S BQ2)=1T C2)=1R DQ2) = Jy
AP -2) = Pols B(P-2)= T C(P-2)= R DP-2)=Jp 5,

AP-1=""l0 BP-1)=G, Ce-1H=""'R DP—-1)=Jy
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it follows that Z(k) =(A (k), E E(k) D(k)) of dimension n + 1, is a P-periodic state-space system that induces a linear

time-invariant system f =(F.G. H, 7) with mP inputs, pP outputs, and dimension n + 7, with
— — 0?><m Ofxm Ofxm
F = G =
G, G, G,
H:=|— and J :=
[ Opi ‘ Hp |
This system has clearly the same input/output behavior as Z. O

This shows that every periodic input/output behavior 8B has a periodic state-space realization. The procedure presented here in
order to obtain such realization consists in considering the time-invariant lifted version B~ of 8B, constructing a linear time-
invariant state-space realization X% of 8L, and, using X to define a periodic state-space realization of B as shown in the proof
of Theorem

Corollary 1 (14). Let B be a P-periodic input/output behavior, for some positive integer P. Then, 3B has a P-periodic state-space
realization.

Another consequence of Theorem [2]is the establishment of bounds for the dimension of the periodic state-space realizations of
a periodic input/output behavior.

Corollary 2 (1%). Let B be a P-periodic input/output behavior for some positive integer P with m inputs and p outputs. Let
further B~ be the corresponding lifted time-invariant behavior, and assume that the minimal dimension of the time-invariant
state-space realizations of B is ng. . Then, the minimal dimension ng of the periodic state-space realizations of B satisfies the
inequality

Nyr < Ny < Nyl + 1,
where 7 := max {(P — 1) p, m}.

Although these results answer positively to the question of existence of a periodic state-space realization of a periodic i/o
behavior, they do not answer the question of minimality. Indeed, as shown in Example [2] there may exist periodic state-space
realizations with dimension lower than n + 7.

In order to look for such realizations, we apply a step by step procedure as follows. We start with the matrix ' M and investigate
whether this matrix is associated with an n-chain of size P— 1. If this is the case, the periodic state-space realization of dimension
n corresponding to this chain (according to[J) is a minimal realization of the i/o periodic behavior. In case this does not happen
we construct the matrix iM according to Definition 3| and investigate whether this matrix is associated with an (n, 1)-chain of
size P — 1 and proceed as before in order to see whether it is possible to obtain a periodic state-space realization of dimension
n + 1. This process is repeated until a matrix 1M is obtained which is associated with an (n t*) -chain of size P — 1. Due to
Theoremlthls procedure stops at most for t* =t :=max {(P — 1) p, m}.

The (n + t*)-dlmensmnal periodic state-space realization obtained in this way is not guaranteed to be a minimal realization
of the original periodic i/o behavior. This is due to the fact that our strategy corresponds to increasing the dimension of the
time-invariant realizations of the lifted behavior in a particular way. This leads us to non-minimal realizations, which, as is well-
known, are not necessarily algebraically equivalent. Therefore, the fact that a given non-minimal time-invariant realization is not
induced by a periodic state-space realization does not mean that the same happens for all the other time-invariant realizations
of equal dimension.

Nevertheless, in many cases, our procedure allows finding periodic state-space lower-dimensional realizations, i.e., with
dimension smaller than 7 + 7.

The following algorithm presents the procedure in a systematic way.

This algorithm can be synthesized in a flowchart, see Figure[T ].
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Algorithm 1 Matrix chain algorithm

Input: MIMO P-periodic behavior B

Output: Minimal P-periodic state-space representation of B . > X(k) =(A(k), B(k),C(k), D(k))

Step 1 Construct the lifted behavior B
Step 2 Compute a minimal representation X =(F, G, H, J) of BL and its dimension »
Step3Letr=0and ¢ =1
Step 4 Construct matrix f;M as defined in eqs. and
Step 5 If rank “ M < n + ¢ then
Step 5.1 Factorize ° M as in (T8)
Step 5.21f # < P — 1 then
Step5.2.1LetZ =7 +1
Step 5.2.2 Go to Step 4
Else Define t* :=t and go to Step 8
Else Continue
Step6Lett=t+1and? =1

Step 7 Go to Step 4
Step 8 Define matrices A(-), B(-), C(-), and D(-) accordingly to the factorizations of matrices t*lM st _t*lM > The
matrices that result from the (n, #*)-chain
Step 9 Stop
4 | EXAMPLE
Consider the linear 3-periodic input/output behavior described by the following equations:
((6* +30 = 1) y)(Bk) =((o + 19)u; ) Bk) + u,(3k)
((c*+0+3)y)Bk+ D= ((-c*+ 1+ 1807 ") u)Bk+ D +u, Bk + 1), keZ (25)
((6*+20+1)y)Bk+2)=((c+ 1+ 18067) u)) Bk +2) + (07" uy) 3k +2)
Noticing that u = [ul uz]T, these equations can be written as:
-1 3 1 1 19 11000 I,
o> 31 o |ylGk)=|[ 18=6®> 0 1 1 0 0 ol, |u|Bk), ke Z,
26% o3 1 c? 18+06®> 0 0 1 1 0[] 021,
which, applying the lifting technique of Section 2} yields the linear time-invariant input/output behavior:
-1 3 1 19 11000
c 3 1 [ylk=||18=c 1 1 0 0 0 |u*|k), keZ (26)
26 o 1 I8+ 001 10
— N ~ -
Pi(c.0) 0L(c,07")
Note that PL (£,&7") and QF (£,£7") are not left coprime, since the matrix:
RE(&&7") = [PE(ee!) —0" (&™), @7

with normal rank 3, has a rank drop for £ = —1.

Thus, the transfer function:

-1 o o0 o0 0 O
L -1\ _(pL -1\l oL - 2% L L 1 1
Ghee) =(PH(ee)) (")) =l & = = = =

-0 £ & B 3

-3

T
w
T
w
oy
|
o8]
e
|
o8]
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Start

LetZ =1land? =0

Construct
T
matrix 4 M /

no
rank’M <n+t >—— Lett=t+1and /=1

yes

Factorize % M

yes
LetZ = ¢ +1 [ £<P-1

no

Define t* =t

|

Consider the
sequence
t} M,... ,Pt‘ .7

l

Define matrices
A(),B(),C(),D()

Stop

FIGURE 1 Periodic state-space representation flowchart

does not describe the full input/output behavior given by (26).

Therefore, rather than obtaining a state-space realization via G*, we shall take the input/output equations (26) as a starting point,
and apply the realization procedure proposed in?! (for further details see?32#2320) For that purpose, following the reasoning of
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Algorithm 2 (cf.22 P- 1066 'the state vector
x =X (G,O'_l) w

W
Wy
W3
w
0 0 w4
0 0 S
We
Wy
Wy

Wy

where w; = yiL ifi=1,2,3,and w; = —uiL ifi =4,...,9, corresponds to a minimal state realization for the kernel of R% (given
by 7). Now, considering the i/o relations (26)), and the obtained state equations

x1=w1+w4
Xy = 2wy + Wy — Wy,

it is an easy task to reach to the following minimal (time-invariant) state-space realization of the lifted input/output behavior

(26):

F G| G, | G
— r ~ ~N
[-10 0o 0|lo oloo],
(“x)(k)_[—7 3]’““‘”[9 ~1]-1 11 o]” ()
: 1 o -1 00 0fo0 0 : (28)

yiky= H,q| =2 1 |x(k)+| 3 0|0 00 0 |u(k)

H, 7 =3 9 1|1 0|0 O

Note that this realization has dimension n = 2.

In order to obtain a periodic state-space realization for the original periodic input/output behavior (23)), consider the matrix:

-1 0 0 O

-7 3 9 -1
‘M= H, Be 1=l 7 5 9
H2 J21

-2 1 30
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It is easy to check that, rank 'M = 4 > n = 2. Define a new time-invariant realization of (26) with increased dimensio
n+ (4 —2) = 4 as follows:

00 0 O 0O 0 0 0O0O
F: lozxz Ozle 00 0 O G l Oz | Oa | On ] 0 0 0 00O
2 = = _ 2 = =
Op | F 00 -10 G, G, G, 0O 0 0 00O
00 -7 3 9 -1 -1 110
01x2‘H1
- 00 1
JH = 0, |H, [=]|00 -2 1 =T
—_— 00 7 -3
01><2‘H3
Further, redefine a new matrix éM as:
[ 0 0 O 0 0 0
0O 0 O 0 0 0
F
g = 2H 2JG1 | oo -1 o0 0 0
27 2H3 J31 | o o -7 3 9 -1
22 2 0 0 7 =319 1
| 0 0 -2 1 30 ]
Since rank éM =4 < n+2,itis possible to factor this matrix as:
[0 0 0 0 |
0 0 00 001 0] o0 0 1
-1 0 00 00 0 1|0 0 Q
Iar — _. | 2= 1 1
M = -7 3 9 -1 0 0 0 0 1 0 - IR [ZS‘2T].
7 -39 1 000 01|01 ?
_—2 1 3 0 ]
Now, define
0 0O 0 O 0O 0
G 0 0O 0 O 0O O
gM_[;QZJZ]= -1 0 0 0 0 0
32 -7 3 9 -1 -1 1
7 =3 9 1 1 O
Since rank %M < 4, one can factor this matrix as:
g 8 8 8 1 00 0] 0 0
010 01 12 20
N L= | el
-7 3 9 —1 0 0 1 O 0 = %R
7 39 1 0 0 0 1 4 1

!Observe that letting ¢ = 1 would not be enough to achieve the desired rank condition.
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In this way, we conclude that the 3-periodic input/output system (25) has a 3-periodic state-space realization X(k) =
(A(k), B(k),C(k), D(k)) of dimension 4, given by:

0010 [0 0
0001 00

A(O):éS: 0000/ B(O):;T: 1ol C(0)=2H1:[0 01 0]’ D(O)=J11:[—1 0]
0000 0 1
(100 0] K (l)'
0100 1 L

AD=3S=|g o1 o BO=T=[ 1| CH=R=[-2130]. DO)=Jyp=[0 0]
0001 4 1
[ 0 00 0 00
0 00 0 00

AQ2) =20 = oo o | BO=20G=|, | C@)=2R=[7 =3 9 1], DQ=Jy=[0 0].
-7 3 9 -1 10

S | CONCLUSION

In this paper, we have shown, in a constructive way, the existence of periodic state-space realizations for periodic behaviors
given by linear periodic input/output equations.

In order to obtain such realizations, we started by defining a time-invariant input/output behavior B~associated with a given
periodic input/output behavior 8B by means of a lifting technique. As a second step, we obtained a state-space realization X
of B! using behavioral methods. Finally, we recovered a periodic state-space realization for B from a suitable matrix chain
constructed with basis on the matrices of the time-invariant realization Z*.

Regarding the minimal dimension of the periodic realizations, we have seen that this may be greater than the minimal dimen-
sion of the corresponding time-invariant ones and gave an upper bound for the former in terms of the latter. Moreover, we
presented an algorithm that yields periodic realizations of the lower dimension than the given upper bound.

Future work includes pursuing the goal of obtaining minimal realizations for periodic input/output behaviors.
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